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Abstract We propose two unconditionally stable, linear ensemble algorithms with pre-computable shared
coefficient matrices across different realizations for the magnetohydrodynamics equations. The viscous terms
are treated by a standard perturbative discretization. The nonlinear terms are discretized fully explicitly
within the framework of the generalized positive auxiliary variable approach (GPAV). Artificial viscosity
stabilization that modifies the kinetic energy is introduced to improve accuracy of the GPAV ensemble
methods. Numerical results are presented to demonstrate the accuracy and robustness of the ensemble
algorithms.
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1 Introduction

Magnetohydrodynamics (MHD) flow describes electrically conducting fluid moving through a magnetic field.
It has important applications in fusion technology, submarine propulsion system, liquid metals in mag-
netic pumps, and so on. The mathematical model comprises the Navier-Stokes equations for fluid flow and
Maxwell’s equations for electromagnetics. In practical applications, the problem parameters such as viscosity
and magnetic resistivity, external body forcing and initial conditions, are invariably subject to uncertainty.
To quantify the impact of uncertainty and develop high-fidelity numerical simulations, one usually computes
the flow ensembles in which the MHD equations are solved repeatedly with different inputs. The aim of this
article is to develop efficient second-order accurate ensemble algorithms that are unconditionally stable and
suitable for long-time simulations. Therefore we consider solving J times the following MHD equations: for
i=1,2,..,J,

wj¢+u;-Vu; —sB; - VB; —vjAu; + Vp; = f; in 2 x (0,7),

V-u; =0, in 2x(0,7T),

B;i+u; - VB; —B;-Vu; —v,AB; + V\; =V x g; in 2 x (0,T), (1)
V-B; =0, in 2 x (0,T),

u;j(z,0) = u?(m), in 2, Bj;(z,0)= B?(m), in £2.
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Here u; is the fluid velocity, p; the pressure, B; the magnetic field and A; is a Lagrange multiplier corre-
sponding to the solenoidal constraint on Bj [1]. The body force f;(x,t) and V x g; are given, s is the coupling
number, v; is the kinematic viscosity, and ~; is the magnetic resistivity. Dirichlet boundary conditions will be
imposed for both u; and Bj, though the numerical methods are also applicable to other boundary conditions
including V x B; = 0 on 042. Note that we have adopted an equivalent formulation of the MHD equations,
cf. [1H4].

Ensemble methods have been extensively developed for solving the Navier-Stokes equations and related
fluid models [5H14]. The central idea in these ensemble methods is a perturbative time discretization that
utilizes the ensemble mean corrected by explicit treatment of the fluctuations in time marching of each
realization. As a result, at each time step the coefficient matrix of the resulting linear systems is identical
for all realizations, saving both storage and computational cost. Moreover, under some constraint on the
time-step and the size of fluctuations it is shown that the ensemble algorithms are long-time stable. A
similar ensemble method is developed in [15] and [16] for solving a reduced MHD system at low magnetic
Reynolds number. Based on the Elsasser formulation [17] and the perturbative time discretization, a first-
order decoupled and unconditionally stable ensemble algorithm is proposed and analyzed in [1,/4] for solving
the full MHD model. An artificial eddy viscosity term is employed to ensure unconditional stability. Due to
the usage of Elsasser variables, the method appears to be limited to the case of Dirichlet boundary conditions.

Further computational efficiency gains can be achieved by fully explicit discretization of the nonlinear
terms so that the exact same coefficient matrix is shared across different time steps in ensemble simulations.
This approach would often incur a CFL condition that hinders the efficiency of the algorithm for long-
time simulation or for problems involving multiple scales. One remedy is the introduction of a Lagrange
multiplier for enforcement of the underlying energy estimate (energy dissipation or conservation). This idea
leads to recent development of the so-called Invariant Energy Quadratization (IEQ) method [18H21], and
the Scalar Auxiliary Variable (SAV) approach [22,23] for solving phase field models. Extensions of these
methods are reported in [24-27] on the design of linear, decoupled, unconditionally stable numerical schemes
for solving general nonlinear equations satisfying an energy law. Based on the SAV approach proposed in [24],
a stabilized SAV ensemble algorithm is developed in [28] for parameterized flow problems where superior
accuracy is observed thanks to a penalization of the kinetic energy causing the high frequency mode to
quickly roll-off in the energy spectrum [29]. Stability and error analysis of a SAV method for the MHD
equations is recently conducted in [30].

In this article we propose two linear, second-order accurate, unconditionally stable ensemble methods
with shared coefficient matrix across different realizations and time steps for solving the MHD model. The
parameters are treated by the usual perturbative method. We employ the Generalized Positive Auxiliary
Variable framework (GPAV) from [25] in the discretization of the nonlinear terms. The advantages of the
GPAV method include: linearity of the algebra equation for the scalar variable; provable positivity of the
scalar variable; and flexibility in handling complex boundary conditions. These Lagrange multiplier type
approaches often suffer from poor accuracy especially for long time simulation of advection-dominated flow,
cf. [31] for a careful benchmark comparison study of the SAV approach. This drop in accuracy is also discussed
and demonstrated in the numerical tests from [25]. In [32] a post-processing procedure is introduced to
improve accuracy of the SAV method for the Cahn-Hilliard equation. In our method we adopt the stabilization
technique of artificial viscosity that proves robust and efficient in past studies [28,/29]. The stabilization
introduces a penalty term in the kinetic energy which leads to a quick roll-off of the under-resolved modes in
the energy spectrum thus curtailing the inertial range and making the system more computable, cf. [29]. This
mechanism is well-known in the Navier-Stokes-a model for large eddy simulation of turbulence [33}[34]. We
perform extensive numerical tests to gauge the accuracy, efficiency and robustness of the proposed ensemble
methods.

To start, we define the ensemble mean and the fluctuation of the viscosity terms v}' and the electric
potential 77 at timestep n respectively

J J
1 1
-n __ - n ~n _ n
7= E vi and H" = 7 E V5 s (mean)
j=1 Jj=1
V}n _ V;L _ 5" and ,y;,n — Jn — 3", (ﬂuctuation)

/
max

- m A n
Vi = a1 77 (2)] - and 7l = max max |} (@)
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where in our considerations vi' = v;, 7' = ~; are constants and ¢, = nAt (n=0,1,2,...). Define

1

,vn+1/2 — 5(,Un-',-l + ,Un)’ ,l~]n+1/2 — 2,Un—1/2 o ,Un—3/27 (2)
*n+1/2 3 n 1 n—1 ~n+1 n n—1
v = vt - vt VT = 20" — 0" (3)
We define a shifted energy of the form
1
Ej(t) = E[’U,j,Bj] = / f|uj|2df2 +/ lejlng + Co, (4)
02 0?2

where Efu;, B;] is the total kinetic energy of the system, which for physical examples is bounded from below,
and Cj is an arbitrarily small positive constant chosen in such a way that E;(t) > 0 for 0 < ¢ <T. Next, let
Z be any one-to-one increasing differentiable function with .# ~! = & such that

{f(x)>0, x>0, (5)
G(0) >0, x>0. (6)
The scalar variable R;(t) is defined by
R;(t) = 9(E;) (7
Ej(t) = 7 (R;). (8
With E; as in (), R;(¢) then satisfies
dR; ou; 0B;
7' (Rj)—2 = o —2df / B; - —1dn.
Fr) G = [ w-TGrdes [ s, )
Since @ =1 for all j, we may write
dR; ou; 0B; F (R,
jI(R])TtJ:/Q |:UjautJ+SBj8tj:| df + |:£(Cj)1:| |:/Q’U,J <1/]Auijj+fJ)dQ (10)
J

+/ SB]‘ . (’YJAB] — V)\] + V x gj)d9:|
9}

F(R;)
+ E u; - [Bj . VBj —Uuj - V'u]]d.Q — u; - [Bj . VBj —Uj - V’u]]dﬁ
J 9] (7]

+/ SB]' . [Bj . Vuj —Uuj - VBJ]dQ —/ SBj . [Bj . V’U,j - ’U,j . VBJ]CZQ:|
2 2

- ) 8uj ) 8Bj

F(R;
7\/9’114]' . (l/jAUj —ij + é])[BJVBJ —Uuj Vu]] +f]>dﬂ
J

7 (R))
— SB]‘ . rYjABj — V)\] + E [B] . VUJ' —Uuj - VBJ] + V x g; ds?
? J

7 (R;)

+Ej

|:/ ’U,J[BJVBJ—U,JV'U/J—FfJ]dQ

n

+/sBj-[Bj-Vuj—uj~VBj+ngj]dQ].
n

Note that all the additional terms above amount to adding zero to @ Using integration by parts we get
the equality

/ 'l,Lj . [BJ . VBJ — uj . Vu]' 4+ f]]d0+/ SBj . [B] . VUj — ’Ll,j . VBJ =+ V X g]]d.Q (11)
2 2
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= —/ (Vj|VUj|2 + S’}/j‘VBjP)dQ +/ (.f] s Uj + S(V X gj) . BJ)dQ +/ BS(Uj7Bj)dF,
2 2

r

where Bg(uj, Bj) represents the forcing terms on the boundary, defined as
1 2 S 2
Bs(uj, Bj) = - Sluiluy = SIBj[ uy + vV - u; — pju;
+ S(B]' . Uj)Bj + S’}/jVBj . B]' — SAij) . ’ﬁ df

and n is the unit normal vector to the boundary. We use this equality and write

F (R

_/ u, - (Z/jAuj—vijr SEJ)[B VB, —u, - Vu]]+f]>d.(2

J

F(Ry)
E;

—/ SB]‘ . (’}/]ABJ - VAJ +
2

T (R;)
E;

+ /F Bs(uj,Bj)dr}

+

op-

E;

[Bj . V’u]‘ —Uj - VBj] +V x gj)dﬁ

[— /Q(ijuj\g + s'yj|VBj\2)dQ + /Q(fj ~uj + s(V x g;) - B;)df?

/ (f] “u; + S(V X gj) . Bj)d.Q +/ Bs(Uj,Bj)dF ,
2 r

(12)

(13)

As will be seen later, we consider this reformulation (including the addition of the terms within absolute
value brackets) as a means of constructing numerical schemes that inherit unconditional stability with re-
spect to the modified energy % (R;) and guaranteed positivity of a computed scalar variable £; to be defined.

With Dirichlet boundary conditions, a Crank-Nicolson scheme for [1| becomes

n+1 Bn+1 n+1

Algorithm 1. Given uj, B}, qj and p}, find u; . q; " and p?“ satisfying

ujtt - un +1/2 +1/2 +1/2 on+1/2 +1/2

J n ~ T TL n —n TL

g & (V) @t s (BT V) BT 4 Au
+ Vj'-”Aﬁ;LH/Q - Vp?H/Q + f;LH/Q,

V- u}H'l =0,

Byt — B} n+1/2 1+1/2 1+1/2 ~nd1/2 1+1/2
J n -n ~n n _ n
< A ) =& (B2 V) ap g (a2 ) B 45 AB

+ ,yjnABnJrl/Q v)\;l+1/2 +V x g;LJrl/Q,
n+1 __
VBt =0,
Lg‘(RgH-l)

—n+1 pnt+ly’
E(u}™, B} )

&=

B(aj*™, Bt = IIU”HII2 IIB§’+1H2+007

y(R;H_l) - ng(R;l) n+1/2 “?H —u} n+1/2 B;L—H - B?

_/ un+1/2_[ gJ( ~n+1/2 V) a;_z+1/2+5€j( BrtL/2 V) BrtL/2
o}

J J
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A g AT gy —i—ff“m]d()
_/ sB}lHﬂ. |:§j (ngr_zﬂ/z . V) ~n+1/2 —¢ (a ( ~n+1/2 V) Bg;_z+1/2
+A"ABITYE 4y ABITYE N v < gl Y 2] ds2
+£j|:/Q(Vjvu;‘L+1/2|2+57jVB;L+1/2|2 d9+/9f}”1/2.a?“/2d9
/Q (Vxg!"?) . B n+1/2d0+/B T2 G gitl2 g/ el

J
F(1-g) /Qf;zﬂ/z . ﬁ;lH/QdQ—i— /Q (V x gn+1/2) ;1+1/2dQ

+/ Bs( ;1“/2 V><g”+1/2. a;?“/{B;L“/Q)dr‘.
I

_n+3/2 5 >, 3 +3/2 3/2
oa R Bt and BI Y w2 B and BT

Here ﬁ? are second order approximations ofu u; . BT,

that will be defined later.

Again for Dirichlet boundary conditions, a BDF2 scheme is

n+1 Bn+1 n+1

Algorithm 2. Given uy, B}, qj and p}, find u; . q; " and p}”’l satisfying

+1
<3u? —4uj +u

n—1
AL ) ==& (aj™ - v)aitt + s (B;LH .v) Bt + 0" Au ! (21)

+ V;nﬂﬁ?+1 - Vp?“ + ff“,

Veupth =0, (22)
3B§L+1 _ 4B}L + B;Fl g+l gl sntl pn+l | =n n+1
2At =& (B J 'V) ajtt =& (af" - V) BT 4+ 9" AB; (23)
+ ’anABnJrl v)\nJrl + V % gn+1’
V- BT =0, (24)
g‘(ﬁﬂ”/?)
£ = _n+3/; —n+3/2)° (25)
E(u; . B; )
_n+3/2 n+3/2 T 3/2 >n+3/2
B, B = || PR 4 2B 4 Co, (26)
Xn+3/2 n+1/2 n n—
F (R )—9@.*/)/ O e R A P
At P 2AL
3B —4B” + B!
Bﬂ"!‘l . J J J d.Q 2
v, ( 240 (27)

[ e (a9 By
+ 0" AU Ayt — vpitt 4 f;’“} e,
— /{ Z sBj {fj (B;+1 : v) ajtt — ¢ (ajtt - v) Byt

+AMABIT 4 AP ABPT - VAT 4V x gy+1] g
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+€j[—/9(VjIVu?+1|2+svj|VB;+1|2) d9+/Q e artlae
/ (V % g’rr‘rl) Bn+1dQ+/ BS 7l+1 v Xgn+1 7—n+1 Bn+1)d1—|
2

+(1=¢;)

/Q e artdo + / s(V x g Y- Bitlde
+ /F Bs(fi* .V xg"+1j,u?+1,B;‘+1)dF’.

Similarly u;”rl ﬁ?+1/2 B"+1 and BnH/2

B;l+1/2 to be defined later.

, and

n+1/2
are second order approximations of u"Jr1 Y , B}”l

J

The rest of the paper is outlined here. Section 2 gives mathematical preliminaries and defines notation.
In Section 3, we prove the long time stability of the proposed algorithm. Section 4 presents an efficient way
to implement our numerical algorithm. Section 5 numerically tests the proposed algorithm and illustrates
theoretical results. Final conclusions and future directions are discussed in Section 6.

2 Notation and preliminaries

Throughout this paper the L?(f2) norm of scalars, vectors, and tensors will be denoted by || - || with the
usual L? inner product denoted by (-,-). H*(£2) is the Sobolev space W¥(£2), with norm || - ||.. For functions
v(z,t) defined on (0,7, we define the norms, for 1 < m < oo,

T m 1/
oo = BssSuponlio(-Ollc — and ol = ([ o0l d)

The function spaces we consider are:
X :=Hy(2)"={veL?(2)*:Vve L*(2)"™" and v = 0 on 902},

Q::L(Q)(_Q):{qELZ(.Q):/Qqalarz()}7
Vi={veX:(V-v,q9) =0,Yq€Q}.

A weak formulation of the full MHD equations is: Find u; : [0,T] - X, p; : [0,T] - Q, B; : [0,T] = X
and A; : [0, 7] — @ satisfying
(w).1,v) + (w; - Vuy, v) = 5 (B; - VBj, v) + v (Vuy, Vo) — (p;, V- v) = (fj,v), Vv e X,
(V-u;,l) =0, Vie@,
(Bjt,x) + (u; - VBj, x) — (Bj - Vuy, x) +7; (Vuy, V) — (A, V- x) = (g5, x) . Vx € X,
(V-Bj,)=0, YyYeq.

We denote conforming velocity, pressure, potential finite element spaces based on an edge to edge trian-
gulation (d = 2) or tetrahedralization (d = 3) of {2 with maximum element diameter h by

XpCcX,QnrCQ.

We also assume the finite element spaces (X, Q) satisfy the usual discrete inf-sup /LBB”" condition for
stability of the discrete pressure, see [35] for more on this condition. Taylor-Hood elements, e.g., [36], [35],
are one such choice used in the tests in Section[5}] We define the standard explicitly skew-symmetric trilinear
form

1 1
b* (u, v, w) := i(u-VU,w) - §(u~Vw,v)

The full discretization of the proposed partitioned ensemble algorithm with Crank-Nicolson scheme is
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. . n n+1 n+1 n+1 n+1
Algorithm 3. Given uly, By, 4y, Py and A7y, find ul, BJ W Qi Pig and

any vn, Xn € Xp and Iy, Yn € Qn,

)\;-”,gl satisfying for

At
g (V /2 Vvh> v (Vﬁﬁl/27v’t)h) (p;zzlﬂ V~vh)

—oh (V(U?ng _ U?,h>7vvh) + (f;?;lm?vh) )

u'tt—un, 1/2 1/2 1/2 gHn+1/2
(v ) = —gbr (@) 2@ on) 4 s&b (B2 B on) (28)

(Veupttim) =0, (29)
B/ - By, +1/2 +1/2 1/2 pntl/2
(WaXh) = f]b*( B! ﬁ;lh s Xh) — f]b*( n+ / Bjnjl_ / s Xh) (30)

—A" (VBZZl/z,VXh) -5 (VBzZI/Q,VXh) + (/\nﬂ/2 V- xh)

—auh (V(BJ = B}). Vxn ) + (V x g7 xn)

n+1
= Ui (32)
E( n+1 BnJrl)
Ujh
E(a}t, B = *II IR+ *IIB”“HQ + Co, (33)
n+1 n+1 n n
y(Rj,-}t ) — *gZ(Rj,h) _ u‘]-;L_ —uj, n+1/2 Bj,;zi_l - B}, B2 34
At - VR L AL ik (34)
x/~n+1/2 ~n+1/2 n+1/2 * n12”n12 n+1/2 o n+1/2
+ &b (u +/7UJZ/ “j;/) s&;b" (B +/7Bj,2/7uj,2/) [Vu +/||2

_n+1/2 +1/2 +1/2 +1/2
U (w;h V! ) - (p;h 2Vl /)

+ ah (V(u;”}:l —ujp), V’Uh) - (.f;?fjl/{u?;l/z)

)
. (VBJ";EVB;L;”Q) s (A ;';1/2 v B"+1/2) +saMh (V(Bﬁ;l ,h),VB’?“/?)

_S(VXgn+1/2 BZ:1/2)+§J{_/ (uJ\Vuﬁgl/ﬂQ—i— %|VBn+1/2| d(2+/ Pk _n+1/2d0
17

/ (v « gn+1/2) By:l/QdQ+ABS(f;;1/27V % 9221/27'&;:1/2 B;L;‘,L-l/Z)dF]

+(1-¢)

n+12 n+1/2 —_n+1/2 pnt+l/2
/B PV gli 2l Bjj:/)dF’.

/ n+1/2 ,n+1/2d9+/ (ngn+1/2) ;L;Lrl/zdg
0 ,

The full discretization of the proposed partitioned ensemble algorithm with BDF2 scheme is

nr B g pt i and AT satisfying for

Algorithm 4. Given u},, B?}, 4}y, pj) and A}, find wiy, BUyC, 4y, iy,
any vp, Xn € Xp and lp, hn € Qp,

3ultt —du?, +uly? i ) )
< = QA; - » Uh é-]b ( 32171‘1’]217 h) + sé]b (Bj,?l»17Bj:}i;17vh) (35)

- (Vu;“}:l,Vvh) — V] (Vu?;:l,Vvh) + (p?j;l,v . vh)
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—ah (V(3u;§;1 — a4+l ), wh) n (f;jgl, vh) ,

(Vi) =0, (36)
3B"f' —4B?, + B! } ) ~ i
< A X | = GBI AR xn) = €07 (@ B Xn) (37)

=" (VB Vn) =2 (VB V) + (AL V- xn)

—awmh (V(?)Bﬁl —4B7), + B;L’;l),VX’J " <V X g;i;‘:b-lvxh) 7

(V : B}‘,Zl,wh) =0, (38)
>kn—i—l
6 — F(Rj5) (39)
J —n+1 pnt+ly’
E(ujyt, B}
_n+3/2 mn+3/2 1. py3/2 5\ mn+3/2
By, By = S1ais 1P + SIBE IR + Co (40)
*n+3/2 *n+1/2 n n n—
F (7% = 7 () Buly' —dup, +ulyt
= u':
At 2At P
3B"t —4B", + B!
+s < £ th”‘ L B+ gt (@l it ) (41)

—s&b" (B B wi ) + 7 [V P vy (Ve V)

- (p;{zl, V- u;{;l) +ah (V(gugﬁzl — a4l ), Vvh) - ( i, u;%f)

— s (B w L B + st (@t B By + s VBL R + s (VB VB
s ()\;{ng, v. BZ;{l) + sah (V(3B;‘j{1 — 4By, + B, VXh) e (v x gt B;.@;l)

+¢ {— /Q (v Va2 + s VB ?) a2 + /n £ artde

+ /Q s(V x gitt) - Britdn +/FBS(f;j;1,v x g;f;:l,ﬁzzl,B;Zl)dF}

+(1-=¢)

| mtagtan s [ svxgri) - Bytae

+ [ sty v - g;tz%uzz&B;%wF].
I

There’s also the addition of two regularization terms in Algorithms and ,

n+1 n n+1 n n—1
ahdlujn —uin) o, ahA(ujy —duj, Ui ). g ppFY,
anhA(BIF = Br,), anhABBI}' — 4B, + Bl Y,

These terms are highly effective at reducing the considerable error that eventually appears when the timestep
is not sufficiently refined. Significant improvement in accuracy will be seen later in the numerical tests. It’s
noted in [29] that this improvement cannot be explained by the stability or error analysis alone. Instead,
an explanation is offered through analysis of a modified form of the equations under consideration. In the
modified equations, the addition of the term —ahkAu; (in the case of velocity) and —ahkAB; (in the case
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of magnetic field) are added to the left-hand sides,

[u;+ —ahkAu;s| +u; - Vuj — sB; - VB; —vjAu; + Vp; = f; in 2 x (0,T),

V'Uj = 0, in £2 x (07T),

[Bj,t — Sa]uhkABLt] +u; - VB] — Bj . VUj — ’YjABj + V)\J =V x gj in 2 % (O,T), (42)
V-B; =0, in 2x (0,T),

u;(z,0) = u?(m), in 2, Bj;z,0)= BJO-(.’L'), in £2.

This results in a modified kinetic energy corresponding to the equation. In our case, the resulting modified
kinetic energy would be

lu)I* + ahk||[Vu®)|* + s B#)* + sanhk|VB(©)]*.

Following Kraichnan’s theory [37], it is argued in [29] that the penalty term in the kinetic energy induces
an enhanced energy decay rate for numerically under-resolved modes while preserving the correct energy
cascade above the cut-off length scale. The quick roll-off in the energy spectrum is also exploited in the
Navier-Stokes-a model (NS-a)—a nonlinearly dispersive modification of the Navier-Stokes equations for large
eddy simulation of turbulence [33]34]. This roll-off mechanism shortens the inertial range and makes the
system more computable.

3 Stability of the method
3.1 Crank-Nicolson

Theorem 5 With homogeneous boundary conditions and forcing terms equal to zero, Algorithm s un-
conditionally stable with respect to the modified energy & (R;).

Proof. Stablhty follows dlrectly from [25]. Set vy, to unH/2 in ., Xhn to anH/2 in , add each of
these to and note ) and (31f). Then one gets

(Rn‘;‘l) 1/2 1/2
F (R — F(R" :—Até/ Va2 4 sy VB 12) de 43
( 3,h ) ( ],h) E( ;L-;L-I’B;L-]—‘,L-l) Q( .7‘ | J| I ) ( )
( n-}ll-l) ( n+1)
1—— 0l 2 | S|At+ —— 3" T g At
* E(al;, BT 5ol " i@ L B

Where So = [, f; nH/Q _nH/de + [ s(V x gnH/z) nH/de Solving for Q(R"H) gives
F(R2) + S0l At

F (B35 = = P VT L (44)
1+ BE(@) B [frz (VJW“ 2+ sy VB], 7| ) df2 + (|50 — So)]
If fj=0and V x g; =0, then Sy =0 and
F (Rj)
F(R3) = 2. (45)

_n+1/2 n41/2 :
1+ 7E(un+1 BT Jo (1/]|V 1/ |2 +S'y]|VBj; / |2) dn

Note the denominator in is greater than or equal to 1. By definition (5), if R}, > 0, then .Z(RJ,) > 0.
In fact RY, would be initialized as 4 (E[u}(z), BY(z)]), which by deﬁnition @ is guaranteed positive. Then
by induction for any timestep n, Q(R?ng) > 0, giving us

F(RIY) < F(R},),  n>0. (46)

This completes the proof. B
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3.2 BDF2

Theorem 6 With homogeneous boundary conditions and forcing terms equal to zero, Algorithm s un-
conditionally stable with respect to the modified energy F (R;) as long as the approzimations of R;(t) at
timestep % are positive.

Pmof If one sets vy, to u"Zl in and xp to SB”Jr1 in , subtracts each of these from and notes
) and (38), the proof follows 1dentlcally to [25). We have

F(RT?) - 2RV = — A “@(R?:m) / Va2 + sy VB )d2  (47)
ih ) joh - Sy R——y (VJ u 573 )
’ ’ B}, B);*?) Ja
x 2 An+3/2
F(H5") ] 7 (155°")
+|1- Lo |So| At + L0 SpAt.
_n+3/2 /nt3/2 _n+3/2 /nt3/2
B(aj,*”, By Bag,*? B )
Where So = [, f; it ’;L',tld.Q + [ 5(V x g"“) anld(). Solving for ﬂ(Rﬁf/z) gives
n+1/2
32 FET) + 15|
F(BG,,7) = At n+lpg n+lg : (48)
Ut gt o (v VL2 + 7 VB 2) df2 + (10| — So)]
If f;=0and V x g; =0, then Sy =0 and
X
TR
FE) = Win ) . (49)
” L+ s (y Va2 4 s .|vB”+1|2) e,
B@ B e\l Vi ik

The denominator above is greater than or equal to 1. Now by definition (b)), if it’s ensured the approximation

of R;(t) at timestep 1/2 is positive, i.e. R1/2 > 0, then & (R1/2) > 0. Then by induction for any timestep n,

F(R}7*?) > 0 and

0<Z(RP) <@V, nxo (50)
This completes the proof. B

Note that for the choice of F# ( ) =x? >0 for all Y € (—o0,00), and unconditional stability will
hold regardless of whether Rl/ .

4 Implementation
Since the schemes are linear and the auxiliary variables are scalar functions of time variable, the resulting

systems can be solved conveniently by superposition of a series of Stokes-type equations. We illustrate the
idea by presenting the algorithms in strong form.

4.1 Crank-Nicolson

To efficiently implement Algorithm , we proceed in the following manner. Assume

n+1 An+1 un+1 n+l _ an+1 vn+1
’U,j + fj ’ p] p] +E]

n+1l _ n+1 .pn+l n+l _ y\n+1 An+1
Bl = Bt g Brtl = Rty g Xnt

Then solving Algorithm is equivalent to solving the following subproblems,
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Algorithm 7. Given u}, B} and p},
Sub-problem 1: find 11?"'1, B;“H, f);H'l and X?'H satisfying

1 ., n n ntt/2 1 n oA ~nt1/2
Euj+ Au oy V =7 Tz Ztu] + vt Aa) 1/ (51a)
+ —Au” - *Vp?, V-altt =0,
Bn+1 ’7 ABn+1 n+1l __ 7l+1/2 Bn 2AB“ 1
B n VA —Vxg e LBy (51b)

+ %mB”*”2 w;%, VBt =0,

Sub-problem 2: find '&;H'l, B;"H ;5;“'1 and S\?'H satisfying

1., e “n n+1/2 Snt1/2 _nt1/2 412

A A 5 —Au H + V =5 (BJ+ / V) Bj+ /2 _ (uj+ / -V) uj+ / , (52a)

Vet =0, (52b)
1 " > 7 ~ 7 ~M 7

AtB”“ + VA - g ABH = (Bj+1/2 : v) @t (uj+1/2 : v) B2, (52¢)

V-B' =0. (52d)

Remark 1 For inhomogeneous Dirichlet boundary conditions, let
Wt =gz, ™), wltt =0, Byt =h(z,t"h), BT =0 onon.

We use the following approximations,

1—);1+1 An+1_|_,un+1 (53)
n 1 -n n
o= St ), (4)

We then update &; as

‘ F(RY) +|SolAt -
Jj = _ — )
Blaj ™, Byt + At [, (vvay 2R 4 sy VBT 2) a2 + A1 - So)

where

J

50:/ ff+1/2-ﬂ?+1/2d(2+/
(9]

s(V x g2 B 2a0 + / Bs(a;™"? BITV?yar. (56)
2 r

Notice &; is updated via a linear equation and is very direct. Once we have §; we update
R";L—'—l (§ E( n+1 Bn+1)) (57)

and proceed to the next timestep iteration. Since ¢; is a ratio of the SAV to itself, we should expect the
result to be close to one. With our ensemble approach in -, all J realizations have the same coefficient
matrix in each timestep so should be computationally efficient.

Theorem 8 The scalar &; in and R;"H n are guaranteed to be positive at all timesteps.

Proof. By definition 7 ﬁ(R?) > 0 so long as R]Q > 0. It’s explained in that R? will be positive.
The energy function E(u, B) is always positive and [, (v|Vu|? + sy|VB|?) df2 > 0. Since |So| — So > 0, the
initially computed &; is ensured positive. Then by induction, {; at any timestep is guaranteed positive.

Once it’s ensured &; > 0, from the definition @ we can guarantee R}‘H in is positive. This completes
the proof. B
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4.2 BDF2

For Algorithm , we develop an efficient implementation with the same approach. Note solving Algorithm
(2) is equivalent to the following,

Algorithm 9. Given uj, B} and p7,
Sub-problem 1: find '&;H'l, B;H'l, ﬁ?“ and 5\;-”1 satisfying

3 ~n+1 —n n+1 An+1 n+1 2 1 n—1 m
EU:J — UV A —+ V f + E'LL] — Euj —+ I/ A (583)
V- A;?“ =0, (58b)
3 Hn+1 _ Hn+1 AnJrl n+1 2 n— 1
V- B;l“ =0, (58d)
Sub-problem 2: find 11?“, B;lﬂ ]5;“’1 and S\?H satisfying
3vn1 7 vnl vnl pn+1 pn+1 ~n+1 ~n+1
2Atu]+ ALVt = s (B V) By - (gt v) @t (59a)
V. 'u,j =0, (59b)
3 +1 —n Hn+1 In+1 Hpn+1 ~n+1 ~n+1 H»n-+1
QAtB;” ABJT 4 VA = (B V) aptt - (@t v) By (59¢)
We use the following approximations,
1—);1+1 _ A;z+1 +% vn+1 (60)
_n+3/2 3 - 1.,
'Uj+ / 5 j+1 i'v . (61)
We update §; as
F(RIM?) 4 |So| At
& = _nt3/2 /nt3/2 12 Sntl2 ' (62)
E(uj , Bj )+ At fQ (1/|Vuj |2 + S'y|VBj | ) ds2 + At(|So| — So)
where
So = /!2 Firtattde + /!2 (Vxgjth)-Bittdn + /F Bs(aj*t, Bythydr.
Once we have &; we update R;LH as follows:
Rn+3/2 — g (Ej ( n+3/2 B;_z+3/2>) 7 (63)
n+l 7l+3/2 n
Ry = gRj + §Rj' (64)

and proceed to the next timestep iteration.

Theorem 10 The scalar &; in @D and R;L'H in (64) are guaranteed to be positive at all timesteps if the
*
approzrimation R;/2 > 0.

* x
Proof. Again by definition (5 (le/ 2) > 0 so long as approximation R;/ > > 0. The argument for positivity
of &; proceeds identically to that made in the proof of Theorem ( .
Once it’s ensured §; > 0, again from definition @ we can guarantee Rn+3/ % in is positive. It’s also
guaranteed R is positive from the previously stated point that it would be 1n1t1ahzed as 9 (E(uf(x), BY(x))).
Thus we conclude R}LH in remains positive. This completes the proof. B
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5 Numerical tests

This section will present numerical results for Algorithms and (4) to demonstrate the expected conver-
gence rates and the stability proven previously. We set .% (x) = x? and the corresponding 4 (x) = VX in
every experiment. Throughout these tests we’ll use the finite element triplet (P?-~P!-P?), and the finite
element software package FEniCS [38§].

5.1 Convergence Test

To verify the expected convergence rates, we will use a variation of the test problem in [39]. Take the time
interval 0 < ¢ < 1 and domain 2 = [0, 1]2. Define the true solution (u,p, B) as

ue = (y° +12,2° +12) (1 +¢),

pe =102z — 1)(2y — 1)(1 + t2)(1 +€),

B, = (sin (my) + t2,sin (7z) + t2) (1 +¢),
where € is a given perturbation. For this problem we will consider two perturbations ¢; = 107! and e; =
—1071. The kinematic viscosity and magnetic resistivity are defined as v, = 0.5-(1+¢€) and 7. = 0.5- (1 +¢).

The source terms and initial conditions correspond with the exact solution for the given perturbation. The
results are displayed in tables - both with regularization and without (o = apr = 0).

h At lur —uipllc,0 | Rate | [Vur — Vug 2,0 | Rate
/10 | 1/8 9.191 e-4 - 4.985 e-3 —
1/20 1/16 2.088 e-4 2.138 1.399 e-3 1.834
1/40 1/32 4.810 e-5 2.118 3.679 e-4 1.927
1/80 1/64 1.154 e-5 2.060 9.422 e-5 1.965
1/160 | 1/128 2.889 e-6 1.998 2.384 e-5 1.983

Reg with o = apy = 0.5
1/10 1/8 3.912 e-4 — 4.741 e-3 —
1/20 1/16 6.032 e-5 2.697 1.355 e-3 1.807
1/40 | 1/32 9.532 e-6 2.662 3.579 e-4 1.920
1/80 1/64 2.208 e-6 2.110 9.179 e-5 1.963

Table 1: Crank-Nicolson error and convergence rates for the first ensemble member in u, and Vuy,.

h At ||Bl = Bl,h”oo,O Rate ||VBl = VBlyh”g’o Rate
1/10 1/8 2.566 e-4 — 3.013 e-3 —
1/20 1/16 5.0568 e-5 2.343 8.451 e-4 1.834
1/40 1/32 1.150 e-5 2.136 2.223 e-4 1.927
1/80 1/64 2.746 e-6 2.067 5.694 e-5 1.965
1/160 | 1/128 6.869 e-7 1.999 1.440 e-5 1.983

Reg with a = apr = 0.5
1/10 1/8 1.512 e-4 — 2.909 e-3 —
1/20 1/16 2.138 e-5 2.822 8.298 e-4 1.810
1/40 1/32 3.082 e-6 2.795 2.191 e-4 1.921
1/80 1/64 6.830 e-7 2.174 5.619 e-5 1.964

Table 2: Crank-Nicolson error and convergence rates for the first ensemble member in By, and VBj,.

h At [luz — u2,h||oo,0 Rate [Vua — V’u.z’h“z,o Rate
1/10 1/8 2.020 e-3 — 5.498 e-3 —
1/20 1/16 4.897 e-4 2.045 1.433 e-3 1.940
1/40 1/32 9.342 e-5 2.390 3.701 e-4 1.953
1/80 1/64 1.560 e-5 2.582 9.440 e-5 1.971
1/160 | 1/128 2.923 e-6 2.416 2.385 e-5 1.985

Reg with o = apy = 0.5
1/10 1/8 4.070 e-4 — 4.753 e-3 —
1/20 1/16 6.277 e-5 2.697 1.357 e-3 1.809
1/40 1/32 1.134 e-5 2.469 3.584 e-4 1.921
1/80 1/64 2.649 e-6 2.097 9.190 e-5 1.964

Table 3: Crank-Nicolson error and convergence rates for the second ensemble member in u; and Vuy.
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h At [ IB2— Banlleo,o | Rate | [[VB2 — VBa pll2,0 | Rate
1/10 1/8 7.455 e-4 — 3.376 e-3 —
1/20 1/16 1.666 e-4 2.162 8.700 e-4 1.956
1/40 1/32 3.097 e-5 2.427 2.239 e-4 1.958
1/80 1/64 5.113 e-6 2.598 5.706 e-5 1.973
1/160 1/128 7772 e-7 2.718 1.442 e-5 1.985

Reg with a = ajpr = 0.5
1/10 1/8 1.567 e-4 — 2.915 e-3 —
1/20 1/16 2.222 e-5 2.818 8.308 e-4 1.811
1/40 1/32 3.664 e-6 2.600 2.193 e-4 1.922
1/80 1/64 8.188 e-7 2.162 5.622 e-5 1.964

Table 4: Crank-Nicolson error and convergence rates for the second ensemble member in By, and VBj,.

h At lur —uipllec,0 | Rate | [Vur — Vug pll2,0 | Rate
1/10 1/8 7.413 e-4 — 5.804 e-3 —
1/20 1/16 1.891 e-4 1.971 1.495 e-3 1.957
1/40 1/32 4.790 e-5 1.981 3.793 e-4 1.978
1/80 1/64 1.183 e-5 2.018 9.557 e-5 1.989
1/160 | 1/128 2.944 e-6 2.006 2.399 e-5 1.994

Reg with o = apy = 0.5
1/10 1/8 4.528 e-4 — 5.601 e-3 —
1/20 1/16 6.215 e-5 2.865 1.453 e-3 1.947
1/40 1/32 7.946 e-6 2.968 3.694 e-4 1.976
1/80 1/64 1.339 e-6 2.570 9.310 e-5 1.988

Table 5: BDF2 error and convergence rates for the first ensemble member in u;, and Vuy,.

h At IB1 — Bi,nlloo,o | Rate | [[VB1 — VBj pll2,0 | Rate
1/10 | 1/8 1.868 e-4 - 3.502 e-3 —
1/20 1/16 3.792 e-5 2.301 9.005 e-4 1.960
1/40 1/32 9.133 e-6 2.054 2.285 e-4 1.979
1/80 1/64 2.300 e-6 1.990 5.756 e-5 1.989
1/160 | 1/128 5.816 e-7 1.983 1.445 e-5 1.994

Reg with a = ajp; = 0.5
1/10 | 1/8 1.649 e-4 - 3.438 e-3 —
1/20 1/16 2.185 e-5 2.916 8.904 e-4 1.949
1/40 1/32 2.772 e-6 2.978 2.263 e-4 1.976
1/80 1/64 4.182 e-7 2.729 5.705 e-5 1.988

Table 6: BDF2 error and convergence rates for the first ensemble member in By, and VBy,.

h At [luz — u2,h||oo,0 Rate [Vua — V’u.z’h“z,o Rate
1/10 1/8 7.762 e-4 — 5.806 e-3 —
1/20 1/16 1.880 e-4 2.045 1.495 e-3 1.957
1/40 1/32 4.699 e-5 2.001 3.795 e-4 1.978
1/80 1/64 1.186 e-5 1.987 9.561 e-5 1.989
1/160 | 1/128 2.964 e-6 2.001 2.400 e-5 1.994

Reg with o = apy = 0.5
1/10 1/8 4.531 e-4 — 5.603 e-3 —
1/20 1/16 6.218 e-5 2.865 1.453 e-3 1.947
1/40 1/32 7.964 e-6 2.965 3.695 e-4 1.976
1/80 1/64 1.547 e-6 2.364 9.314 e-5 1.988

Table 7: BDF2 error and convergence rates for the second ensemble member in up and Vuy,.
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h At [ IB2— Banlleo,o | Rate | [[VB2 — VBa pll2,0 | Rate
1/10 1/8 1.918 e-4 — 3.505 e-3 —
1/20 | 1/16 3.930 e-5 2.287 9.013 e-4 1.960
1/40 1/32 9.605 e-6 2.033 2.287 e-4 1.979
1/80 1/64 2.425 e-6 1.986 5.761 e-5 1.989
1/160 1/128 6.129 e-7 1.984 1.446 e-5 1.994

Reg with a = ajpr = 0.5
1/10 1/8 1.649 e-3 — 3.439 e-3 —
1/20 1/16 2.185 e-4 2.916 8.906 e-4 1.949
1/40 1/32 2.772 e-4 2.978 2.264 e-4 1.976
1/80 1/64 4.880 e-5 2.506 5.706 e-5 1.988

Table 8: BDF2 error and convergence rates for the second ensemble member in B, and VBj,.

5.2 Stability

Here we analyze the stability of the second order ensemble methods. For the test problem, we will exclude
external energy and body forces so that in observation if the method is stable, the system energy should
decay to zero as time passes. We also use the initial conditions,

u = (z%(x = D?y(y — D2y - 1)1+ 6), —y*(y — D?z(z — )2z - 1)(1 +¢)),
Pl =0,
B? = (sin (72) cos (7y) (1 + €), — sin (7y) cos (7z)).

€

We fix the coupling term s = 1 and choose two different sets of viscosity and magnetic viscosity to test,
v =5 =0.1 and v = v = 0.02. The mesh discretization is fixed at h = 1/50 and several time steps are
employed, with final time T = 5.

0.25 4 — dt=1/5 0.25 1 — dt=1/5
Sodt=1/10 | N e dt=1/10
-—- dt=1/50 --- dt=1/50
0.20 1 0.204
> >
B 0.15 4 o
o o 0.15 4
& &
s R s
el u el
© 0.10 ©
‘\ 0.10 4
0.05
0.05 4
0.00 1
0.0 0.5 1.0 15 2.0 25 3.0 35 4.0 4.5 5.0 0.0 0.5 1.0 15 2.0 25 30 35 4.0 45 5.0

t t

(b) Decay of total system energy to T'= 5 for Algorithm

(a) Decay of total system energy to T'=5 for Algorithm
with v = v = 0.02.

with v =~ =0.1.
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— dt=1/5 0.25 1 — dt=1/5
- dt=1/10 dt=1/10
=== dt=1/50 === dt=1/50

0.25 4

Total Energy
Total Energy

0.05

0.00 4

0.‘0 0.‘5 1.‘0 1:5 2:0 2.‘5 3.‘0 3.‘5 4.‘0 4:5 5.'0 0.‘0 0.‘5 1:0 l:S 2:0 2.‘5 3.‘0 3.‘5 4.‘0 4:5 5.‘0
t t
(c) Decay of total system energy to T' = 5 for Algorithm (d) Decay of total system energy to T'= 5 for Algorithm
(@) with v =y =0.1. (@) with v =~ = 0.02.

5.3 Chamber Flow

In this numerical test, we consider a channel flow in a rectangular domain of length 2.2 units and height
0.41, with a cylinder of radius 0.05 centered at (0.2,0.2), in the presence of a magnetic field. On the walls
and around the cylinder, a no-slip boundary condition is applied for velocity while magnetic field is kept
constant as B =< 0,0.1 >T. We set the inflow and outflow conditions equal, choosing u =< 6y(0.41 —
y)/0.412 sin (7t/16.0),0 >T and B =< 0,0.1 >T. The coupling term is set to s = 0.01 and for all realizations
we fix 7 = 0.1 then consider two cases, v = 1/50 and v = 1/1000.

We'll use an ensemble of two different solutions with the initial and boundary conditions perturbed by
multiplicative factors of (1 + €). We simulate the flow with Algorithms (3) and () till final time T" = 8.8
with a mesh discretization fixed at h = 1/100. We set o« = ajpr = 0 such that these tests are performed
without the regularization terms involved. In order to maintain accurate results up unto 7' = 8.8, we find it
necessary to choose a time step of roughly At =1/1000 when v = 1/50 and At = 1/2000 when v = 1/1000.
The solutions under each perturbation for velocity are shown in — and for magnetic field in Figures
@—@D. We also provide results of a traditional scheme with no perturbation, i.e. € = 0,

ﬁ (U?,Zl, vh) y (Vu?j;l, vh) +ah (Vu;ﬁ;l, Vvh) (65a)
+b*(u?,h,u?7',tl,vh) — sb*( Zh,B?,Zl,vh) — (p;',tl,v . 'Uh> — Ait (u;‘l,hvvh)
+ah (Vu},, Vor) + (f;f;:l,vh) ,

(V ~uf i lh) =0, (65b)

ﬁ (Byxn )+ (VB Vxn) + aarh (VB Vxn) (65¢)
+0% (uf y, B xn) — b5 (B, wlr xn) — (A}ﬁ;l,v . Xh) _ ﬁ (B2 xn)
o (VB Vxn) + (V% g3t xn)

(v : B]’f;[l,z/;h) —0. (65d)

for comparison.
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e=-0.1

£=0.1

Fig. 1: Ensemble solutions for velocity at time 7' = 8.8 for Algorithm with v = 0.02, v = 0.1 and
At = 0.001.
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Fig. 2: Ensemble solutions for velocity at time T = 8.8 for Algorithm with v = 0.001, v = 0.1 and
At = 0.0005.
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Fig. 3: Ensemble solutions for velocity at time T = 8.8 for Algorithm @) with v = 0.02, v = 0.1 and
At = 0.001.
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Fig. 4: Ensemble solutions for velocity at time 7' = 8.8 for Algorithm @ with v = 0.001, v = 0.1 and
At = 0.0005.
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2.1e+00
[1.5
—1

[ 05
0.02+00
(a)

Fig. 5: Ensemble solutions for velocity at time 7' = 8.8 for primitive scheme with » = 0.001, v = 0.1
and At = 0.001.
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Fig. 6: Ensemble solutions for magnetic field at time 7' = 8.8 for Algorithm with v = 0.02, v = 0.1 and
At = 0.001.
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Fig. 7: Ensemble solutions for magnetic field at time 7' = 8.8 for Algorithm with v = 0.001, v = 0.1 and
At = 0.0005.
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Fig. 8: Ensemble solutions for magnetic field at time T' = 8.8 for Algorithm @ with v = 0.02, v = 0.1 and
At = 0.001.
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Fig. 9: Ensemble solutions for magnetic field at time 7" = 8.8 for Algorithm (ED with v = 0.001, v = 0.1 and
At = 0.0005.
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Fig. 10: Ensemble solutions for magnetic field at time 7" = 8.8 for primitive scheme with v = 0.001,
v =0.1 and At = 0.001.

5.4 Chamber Flow with Regularization

Here we present the same chamber flow problem implementing Algorithms and @ with nonzero regu-
larization coefficients. We choose o« = v and aj; = 7y in each test. We're able to achieve similar accuracy to

the previous section with coarser time step. The following numerical results are achieved:



22 John Carter, Daozhi Han and Nan Jiang

Magnitude

e=-0.1

Magnitude

€=0.1

Fig. 11: Ensemble solutions for velocity at time 7" = 8.8 for Algorithm with regularization and v = 0.001,
v =0.1 and At = 0.001.
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Fig. 12: Ensemble solutions for magnetic field at time 7" = 8.8 for Algorithm with regularization and
v =0.001, vy = 0.1 and At = 0.001.
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5.5 Accuracy Comparison

In this section we present a comparison test between the errors of the scheme with and without the regular-
ization terms introduced in Section [5.4] We use the same test as in[5.1] except this time we set v = 1.0 and
v = 0.2. We choose two perturbations of ¢ = 0.1 and € = 0.2, with final time 7" = 2.5. For the stabilization
coeflicients « and s, we set them equal to the viscosity and magnetic resistivity correspondingly.

h At SAV-CN | SAV-BDF2 | Stab-SAV-CN | Stab-SAV-BDEF2
1/25 1/8 6.201 e-2 3.729 e-2 2.865 e-5 3.508 e-5
1/25 1/16 1.036 e-1 6.114 e-2 3.087 e-5 3.204 e-5
1/25 1/32 1.494 e-1 9.843 e-2 3.223 e-5 3.252 e-5
1/25 1/64 1.451 e-1 1.013 e-1 3.261 e-5 3.268 e-5
1/25 1/128 | 1.273 e-1 9.343 e-2 3.271 e-5 3.272 e-5
1/100 1/8 6.306 e-2 3.789 e-2 6.567 e-6 8.040 e-6
1/100 1/16 1.064 e-1 6.229 e-2 8.492 e-6 4.458 e-6
1/100 1/32 1.436 e-1 8.644 e-2 2.178 e-6 2.279 e-6
1/100 1/64 1.530 e-1 9.920 e-2 1.098 e-6 1.120 e-6
1/100 | 1/128 | 1.277 e-1 8.957 e-2 5.982 e-7 1.129 e-6

Table 9: Error for the first ensemble member in wuy,.

h At SAV-CN | SAV-BDF2 | Stab-SAV-CN | Stab-SAV-BDEF2
1/25 1/8 2.144 e-1 1.291 e-1 8.263 e-5 8.146 e-5
1/25 1/16 3.016 e-1 1.926 e-1 3.856 e-5 3.598 e-5
1/25 1/32 3.715 e-1 2.419 e-1 1.247 e-5 1.153 e-5
1/25 1/64 3.573 e-1 2.433 e-1 1.189 e-5 1.240 e-5
1/25 1/128 | 3.119 e-1 2.174 e-1 1.867 e-5 1.887 e-5
1/100 1/8 2.180 e-1 1.312 e-1 2.372 e-5 2.361 e-5
1/100 1/16 3.101 e-1 1.962 e-1 4.695 e-5 1.249 e-5
1/100 1/32 3.594 e-1 2.331 e-1 6.428 e-6 5.910 e-6
1/100 1/64 3.583 e-1 2.385 e-1 2.726 e-6 2.400 e-6
1/100 | 1/128 | 3.057 e-1 2.115 e-1 8.643 e-7 5.897 e-6

Table 10: Error for the first ensemble member in Bjy,.
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