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Abstract

Within the last years pressure robust methods for the discretization of incompressible flu-
ids have been developed. These methods allow the use of standard finite elements for the
solution of the problem while simultaneously removing a spurious pressure influence in the
approximation error of the velocity of the fluid, or the displacement of an incompressible
solid. To this end, reconstruction operators are utilized mapping discretely divergence free
functions to divergence free functions. This work shows that the modifications proposed for
Stokes equation by Linke (Comput Methods Appl Mech Eng 268:782-800, 2014) also yield
gradient robust methods for nearly incompressible elastic materials without the need to resort
to discontinuous finite elements methods as proposed in Fu et al. (J Sci Comput 86(3):39-30,
2021).
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elements
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1 Introduction

The Stokes equation for steady flow of an incompressible fluid is given as
—vAu—-Vp=f inQ,
V-u=0 ing, (1)
u=0 on¢€,

in a, polygonal, domain  C R?;d = 2,3 for given data f € L*(Q) and v > 0, where u
denotes the fluid velocity and p denotes the pressure. Under the famous inf-sup condition
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for the finite element spaces Vj and Qj, the use of mixed finite elements allows to obtain
discrete approximations u;, € Vj, and p;, € Qy, satisfying an error estimate of the form

c . c .
lu—w,lly < - inf Jlu—vull1 +— inf [Ip —qnllo,
ﬂ vLEV), V qneQn

see, e.g., [3] Here B is the inf-sup constant associated to the choice of V and Qp, || - ||1 and
| - llo denote the H' and L2 norm on 2, respectively. Further, here and throughout the paper
c denotes a generic constant which is independent of all relevant quantities of the estimate
but may take a different value at each appearance.

While the estimate can yield asymptotically optimal orders, provided suitable finite ele-
ment spaces are taken, without the need to utilize exactly divergence free finite element
functions for the approximation of uy, the right hand side of the estimate hints towards an
undesirable influence of the pressure on the approximation error of the velocity. In fact, it
has been observed, e.g., in [1] that indeed complicated pressures can give rise to a large error
in the velocity approximation, even in situations where the true velocity can be represented
in the discrete space Vj,.

A potential remedy, allowing for arbitrary inf-sup stable element pairs while providing
pressure independent velocity has been proposed by [1]. He proposed the use of reconstruction
operators on the right hand side of the equation to map discretely divergence free functions
to divergence free functions. This proposed method has been implemented to a range of
problems and a variety of finite element pairs for the discretization of Stokes equation, such
as non-conforming Crouzeix—Raviart element [4], Taylor-Hood and MINI elements with
continuous pressure spaces [5], on rectangular elements [6], for embedded discontinuous
Galerkin methods (EDG) [7]. For 3-d polyhedral domains with concave edges a pressure
robust reconstruction is given in [8]. While the obtained convergence orders are optimal, the
price to pay, for these methods is a loss of quasi optimality of the method due to Strang’s
first lemma. Recently, [9] showed that a more involved construction of the reconstruction
operator allows for a quasi-optimal discretization.

In this paper, we consider the extension of these results to nearly incompressible linear
elasticity, e.g.,

—2uV-em) —AV(V-u)=f inQ,
u=0 onodf,

where ¢(u) denotes the symmetric gradient, and t, A > 0 are the Lamé parameters. To avoid
the locking phenomenon, e.g., [10, Chapter VI.3], typically a mixed form

—2uV-em)—Vp=f inQ,
1
V-u—ip:() in Q, (2)
u=0 onod<,

is considered. Here the incompressible case, i.e., A = 00, can easily be included by dropping
the term —% p in the second line. It is clear conceptually that the same difficulties as for
the Stokes problem will occur in the incompressible limit. However, the treatment of the
nearly incompressible case requires additional care. To this end, [2] defined a discretization
to be “gradient robust”, if the influence of gradient forces f = V¢ in the discrete solution
vanishes sufficiently fast as A — oo. [2] showed that a standard mixed discretization of (2)
is not gradient robust and provided a gradient robust hybrid discontinuous Galerkin (HDG)
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scheme. Within this article, we will show that mixed methods can be made gradient robust
using the approach proposed by [1] for the mixed discretization of (2).

The rest of the paper is structured as follows. In Sect. 2, we introduce the notion of gradient
robustness and discuss the discretization of (2). Next, in Sect. 3, we show that the proposed
discretization is indeed gradient robust and provide error estimates. We conclude the paper
with a series of examples highlighting the derived results in Sect. 4.

2 Gradient Robustness and Discretization
2.1 Gradient Robustness

We define the spaces VO of divergence free function and its orthogonal complement V= as
VO =fueHj@R): V- u=0},
vi= {u e HI (2 RY) 1 a(u,v) = 0,Vv e VO} ,
where foru,ve V = HOl (§2: RY), we define the bilinear form (scalar product)a: VxV — R
by
a(u,v) =2u(e(), £(v)), 3

with the L?(2)-scalar product (-, -). Now, any function u € V can be uniquely written as
u=u’+uteVig Vv
Using Helmholtz decomposition, f € L?(€2; R) can be uniquely decomposed as

f=Vo+w, “)

where ¢ € H'(Q)/Ris irrotational, w is divergence free and both are orthogonal with respect
to the L2(2)-scalar product, i.e.,

(w,V¢)=0. 3)

With these definitions, the decay of the influence of gradient forces, i.e., w = 0, onto the
solutions u of (2) can be quantified as the following result from [2, Theorem 1] shows:

Lemmal Iff € H~'(Q) is a gradient, i.e., £ = V¢, for some ¢ € L*(Q). Then for the
solution u = u® 4+ ut of (2) it holds u® = 0 and
c

1
ujjp = fufj; =
llully = lu—|| Y

li¢llo-

In particular, |ul; = 0L~ as A — .

Since this bound need not hold for arbitrary, inf-sup stable, discretizations, [2, Definition 2]
introduced the following notion:

Definition 1 A discretization of (2) is called gradient robust, if for any fixed f = V¢ with

¢ € L*(Q), u > 0and any discretization parameter /4 there is a constant ¢;, such that the
approximate solution uy, € V,f and satisfies

Ch
sl = == lllo-
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2.2 Abstract Discretization

In order to discretize (2), we define a second bilinear formb: Q xV — R, with Q = L%(Q),
by

b(g.v) =(p,V-v). (6)

Now we select subspaces V, C V and Q;, C Q such that there is a positive constant 8
satisfying the inf-sup condition

,V.v
(gn ) >
an€Qnv,ev, lgnllollvall

@)

Now, the standard, in general not gradient robust, weak formulation is given as follows:
Find (up, pn) € Vi, x Qp such that

auy, vp) +b(pp, vi) = £, vi) Vv, € Vy,

1 3)
b(gn,up) — X(Ph, qn) =0 Van € Qn.

Under the well known inf-sup condition (7) on Vj, and Qy,, the system (8) is uniquely solvable
[11, Theorem 5.5.2]. Following [11, Proposition 5.5.3] the displacement error is thus bounded
as follows:

c 1 /1
u—wll; <— inf |JJlu—vwvu|i +— 7+l> inf — . 9
o=y = 5 inf u=vil u(x ot llp—anlo ©)
Following [1], we assume that there exists a reconstruction operator
7%V, - (@ RY) = {v e LX(RY): V.ve L2(Q)} ,

to be specified later in Sect. 2.3, mapping discretely divergence free functions to divergence
free functions. Then the modified problem is given as:

a(uy, vi) +b(py, vi) = (£, ™)) Vv, € Vi,
1 (10)
b(qn,wy) — X(ph,q;z) =0 Yagn € Q.

Clearly, by construction, the modified problem (10) admits a solution under the same condi-
tions as (8), since only the right hand side has been modified. In Theorem 4, we will see that
the discretization (10) is gradient robust, under appropriate assumptions on 4", Further, in
Theorem 5, we show the gradient robust displacement error estimate

n h*
lu— gl < ch¥ (1 + \/;> lwllk+1 +CT||P||/¢, (11)

where || - || denotes the norm on H¥(Q) or H*(2; RY); of course assuming sufficient
regularity of u and p and approximation order of Vj;, and Q. While the introduction of a
variational crime in (10) means that instead of a quasi-best approximation error we only
provide an estimate of optimal convergence order the estimate (11) is clearly better than (9)
in view of the asymptotics as A — oo and u — 0.
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Fig.1 Commutative diagram for \V&
the reconstruction operator mdiv Vi _— L2
7.l_div - L2
\Y

2.3 Reconstruction Operator and Assumptions

The construction of the reconstruction operator % proposed by [1] is based on the choice
of a suitable subspace M, ¢ H% (QR?) satisfying the commuting diagram in Fig. 1 where
mL? denotes the L2-projection onto Q.

The commuting diagram is equivalently expressed by the equation

b(qn, ®*™vy) = b(gn, Vi) YV € Vi, qn € Qp, (12)

holds assuming that V - M C Qj,. Further, we define
Vi = (Vi € Vi = blgn, vi) =0 ¥gs € Qn}, (13)
HV(QRY) = (ve HY(@@Q;RY) : V.v =0). (14)

Then clearly, by (12) we have that the restriction of 7% to discretely divergence free functions
maps into divergence free functions, i.e.,

V) — H§V(Q: RY) (15)
and further for any v, € Vj, it holds
7y, n=0 onadQ (16)

where, n is the unit outward normal vector. Analogously to the continuous setting, we can
define the orthogonal complement V,J; by

V,{ = {uh eVy:auy,vy) =0,Vv, € V2}

and the corresponding discrete decomposition u, = u2 + u,Jl- € V2 @ V,J1-.
Before we continue, let us make some, generic assumptions on the considered spaces Vj,
and Q) defined on a shape regular family 7, of decompositions of 2.

Assumption 1 Following [6, Assumptions A1,A2, and A3], we assume, that for some k > 2
and i = 0,1 the finite element space V; is equipped with an interpolation operator
I - H(Q; RY) — V), satisfying

RollIv —vlir < ch Vi Vv e HYPH@Q R, T e 75

where || - ||;,r denotes the respective norm on the element T, and A7 is the element diameter.
. 2 .
For the space O}, we assume that the L2—prOJect10n 7L HK(Q) — Oy satisfies

. 2
hlnt™q —qlir < chbligler Vg € HXQ), T € Th.
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Further, it is assumed that V; and Q, satisfy the inf-sup inequality (7). Finally, we assume

. =~ . L a2
that there exists a subspace Q;, C L*(2; R?) such that the respective L>-projection 7~
satisfies

Wl q —qllir < chiMal-1r Vq e Y@ R, T € 7.
Further requirements on (5;, will be made in Assumption 2.

With these preparations, we can now state the additional assumptions on the reconstruction
operator.

Assumption 2 Following [6, Assumption A4], we first assume, that the reconstruction oper-
ator satisfies the following orthogonality relation

(vi = 7™V, q) =0 Vv € Vi, q € Qp, (17)

where (3;, C L*(Q2:; RY) is given in Assumption 1. Second, we assume the following local
approximation property to hold
div

vy — villo,r < chpIValmr YV €Vy, T €Tp,m =0, L. (18)

Before concluding the assumption, let us note that the assumptions can indeed be satisfied.
To this end, we give an example which we will also use for the numerical results in Sect. 4.

Example 1 Letus assume that the domain can be decomposed into a family 7}, of shape regular
rectangular (d = 2) or brick (d = 3) elements. For the space V;, = V’;l, we consider, paramet-
ric, piecewise Qy and globally continuous finite elements with £ > 2. For the discretization
of Qp = Q’;l_l, we select the space of discontinuous piecewise Py_; functions. Indeed
theses pairs satisfy the inf-sup condition (7), see, e.g., [11, Sec. 8.6.3 & 8.7.2] for k = 2,
for arbitrary k [3, Sec. 3.2] or [12] for mapped pressure spaces. Moreover, [6, Sec. 4.2.1]
showed, that the choice M; = BDM; as space of Brezzi-Douglas-Marini elements yield
the desired commuting diagram property (12) together with the canonical interpolation w41,
Further, they showed [6, Lemma 2.1], that the restriction of w4 to discretely divergence free
functions maps into divergence free functions, i.e.,

i, [vh € Vi : blgn, vi) Ygn € O} — (ve HY( QR : V.v = 0]
and further for any v;, € Vj, it holds
%y, .n=0 onaQ.

Further, [6, Sect. 4.2.1] shows the validity of Assumption 2 where Qy, is the space of discon-
tinuous piecewise P,:l_z functions.

Remark 1 Infact, [6] showed that (12) follow from a set of assumed orthogonality properties
and surjectivity of divergence and normal traces from which suitable choices of M}, and
constructions of %" can be obtained.

3 Error Analysis
In this section, we proceed with error analysis of the modified weak form (10). We split
the analysis in two parts for incompressible materials (A = 00) and nearly incompressible

materials (A # 00).
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3.1 Incompressible Materials

We proceed to the error analysis of incompressible materials, where A = oo and the term
involving % is dropped in (10). The analysis follows, at large, the arguments in [4] with some
minor adjustments to the elasticity case.

Theorem 2 Let Assumptions 1 and 2 be satisfied and . = oo. Then the solution (u, p) €
HM(Q: RY) x HY(Q) of the continuous problem (2) and the solution (uy, pp) € Vi X Qp
of (10) satisfy the error estimate

2 2k 12 2k
o —wsllf <c Y hluliy r < ch®™ g,
TeTy

where | - | denotes the H*-semi-norm, where k > 2 is given by Assumption 1.

Before proving the above theorem, we would like to prove an important lemma which is
need to prove the theorem.

Lemma 3 Let Assumptions 1 and 2 be satisfied and . = oco. Then for any functions u €
HMY(Q: RY)Y and wy, € Vy, it is

[(V - e), ™ wp) + (@), ew)| < ¢ D B JulerrrIwalliz, (19)
TeTy

where | - |k, T denotes the H*-semi-norm on T, where k > 2 is given by Assumption 1.
Proof We add and subtract (V - £(u), wy,) on the left to obtain
(V- e(w), 7Mwy) + (), e(Wp)) = (V - e (@), #%w), — wy,)

(20)
+ (e(m), e(wp)) + (V- e(w), wy).

Since V - e(u) € L%(22; RY), we can apply the projection I?Lz, from Assumption 1, to get
7’V . e(u) € (311. By the assumed orthogonality in (17), we have
(Esz ce(u), 1wy, — wh) =0, Vw,eV,.
Using Assumption 1 and (18), we obtain, for the first summand on the right of (20),
(V ceu), tWwy, — wh> = (V ce(u) — 7'y . c(u), W wy, — wh>

~L? di
< D V- =7V e@llo.rm ™ wh — wallo.r

T€771
_ 21
< D TNV e@nrhrlwallr
TeTy,
< Y chilulgrrlwalliz.
TeTy
For the last two summands of (20), we apply Gauss divergence theorem to get
(V- e(u), wy) + (e(u), e(wp)) = /8(“) ‘nw,ds =0 (22)

a0
since w, = 0 on 9<2. Combining (20) with the bounds (21) and (22) the assertion is shown.
O
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Now, we continue to prove Theorem 2

proof of Theorem 2 Let uy, be the solution of (10), with A = oo, and let v, € V2 be arbitrary.
Defining w, =u;, — v, € Vg and applying the triangle inequality gives

lu—wlly = flu—wp —valli < [l@=vplli + [Wall1. (23)

In view of the interpolation estimate in Assumption 1, we are left to estimate || wy||1. From
Korn’s inequality, we have

2 2
clwnlly < llewn)llg-
From this, we conclude

2
2uclwilly < a(Wp, Wg)

=a(u, — Vi, Wp)

24
=a(u; — vy, +u—u,wp)
< la(—vy, wp)| + la(u, —u, wy)|.
For the first summand on the right of (24) we use Cauchy-Schwartz inequality to get
la(u —vp, wp)| < 2ulle(u—vp)llolle(wWn)llo = 2ullw — valli[walli- (25)

Before we come to the bound of the second summand in (24), we make some preliminary
calculations. Since uy, is the solution of (10), choosing v, = wj, € Vg gives

a(uy, wi) = a(up, wp) +b(py, wi) = (£, 7% w,). (26)
Further, since u is the solution to the equation (2) multiplication with 74
yields

wj, and integration

—ZM/V ce(wyrWw, dx — / Vp nWw, dx = /fndivwh dx
Q Q Q

by the compatibility of the reconstruction with the kernel of the divergence, i.e., (15) and (16),
this gives

—2u(V - e(m), Ww;) = (£, t%Vwy,)
Combining this with (26), we get
a(uy, wp) = —2u(V - e(u), 7%wy,). (27)
Now, we can bound the second summand on the right of (24), using (27) we get
la(uy, —u, wy)| = \—2u(v -e(w), 7wy — 2u(e(w), s(wh»\
= 20|(V - (), 7 wy) + (W), ewi)|

By the previously shown lemma, i.e., (19), we can bound the right hand side to get

k
lauy —w,wi)l = 2pe Y (W5 uleerrlwalr)
TeTy

3 (28)

2k 412
<2uc Z hr laliyy 7 lwnlli-
TeT),
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Now combining (24) with the two bounds (25) and (28), we get

2% 12
Iwalli < cllw—vplli + ¢ Z hy i 7

TeT),
Substituting this in (23) yields
3
o —wili <clu—vili+c| Y rfmliiy, o] - (29)
TeT),

To bound the best approximation error on V2 in this inequality, we proceed using inf-sup
condition as in [3, Chapter 2, (1.16)] and the assumed interpolation estimate on Vy, in Assump-
tion 1, to get the estimate

: : 2k 2
inf [lu—wul; <c inf Jlu—vwull1 <c E haliyy 7
Vh€V2 viEVy TeT,

Using this in (29) gives the desired estimate. O

3.2 Nearly Incompressible Materials

For the nearly incompressible case, i.e., (A # 00), we start by assuming a gradient force
f = V¢, for some ¢ € L?($2). From Lemma 1, we have that the solution of (2) for such an f
is u = ut. The following result shows, that our mixed discretization (10) is gradient robust
in the sense of Definition 1.

Theorem 4 Let Assumptions 1 and 2 be satisfied. If the right hand side £ € H~1(Q; RY)
of equation (10) is a gradient field, i.e., f = V¢, for some ¢ € L*(Q), then the solution
(up, pn) € Vi x Qp of (10) with A # oo satisfies uy € V,f and the gradient robust bound

1
At

lléllo- (30)

luplly <c

with a constant c¢ independent of h.

Proof Consider v;, = uy in equation (10) with f = V¢. Then integration by parts for the
right hand side, using the zero trace from (16), we get

a(uy, up) + b(pp,wy) = —($, V - 18uy). 31)

Since V - 7%Vu;, € Qj, we can rewrite the right hand side as
¢. V- 1Wwy) = @9, V- nuy,). (32)
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. 2 . . . ..
Since 7LV - u;, € Qp, we can use it to test the second line in (10) giving

(JTLZV-uh,nLZV -up) = (nLZV -up, V-up)

1 2
X(ph,ﬂL V.-uy)

1 v (33)
= X(Ph, “up)
L, w)
= - ,up).
Y Ph, Up
Substituting (32) and (33) in (31), we get
a(upu) + 2@V oy 7PV w) = @ o, v oWy, (34)
Now andb € Qp and uy, € Vy, hence, by (12), it holds
@ V- aWuy) = @9,V - wp).
Filling this into (34) gives
2p (e(up), e(up)) + A (nLZV w7V uh) - (ﬂL2¢, v u,,) (35

Using Cauchy-Schwartz inequality, we get
2 2 2 2
2ulle@plf + 27 E Vgl < 175 llol7™ V- wpllo < llgllollw™ V- wyllo. (36)

Now, to estimate the H'-norm of uy,, we notice that by the choice of f and (15), testing
the first equation in (10) with a function vj, € Vg yields

a(uy, vp) = =b(pn. Vi) — (6. V- 71™v;) =0
and thus uy, € Vfl-. Hence by, e.g., [13, Lemma 3.58] it holds
2
lunlly < cllr™"V - wyllo (37)

with a constant ¢ depending on the inf-sup constant 8 from (7), since v uy, € Qp.
Using Korn’s inequality, (36), and (37), we get

2
(4 Mg l} < cplle@p) 3 + rclz™ v -uy 1}

= cligllolfuall,

(38)

and thus the assertion is shown. ]

Theorem 5 Let Assumptions | and 2 be satisfied. Then the solutions (u, p) € V x Q, of the
problem (2) and (uy,, py) € Vi, x Qy, of (10) satisfy the error estimate

m h¥
lu—uylly < ch <1 + \/;) llalle+1 + CTHPHk, (39

provided the regularity (u, p) € HHQ: RY) x HK(Q) is given, where k > 2 is given by
Assumption 1.
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Proof As in the proof of Theorem 2, we could split the error

W=y, p—pp)=@=Vy, p—qn) + (Vo = W, gn = Ph)
with arbitrary v, € Vj, and ¢, € Q). However, as it will turn out to be useful, we will select
qn = nl? p and vy, as a particular Fortin operator applied to u, i.e., satisfying the following

equation

(e(va), £(@p)) + b(Pn, ) = (e (W), £(9))) Vo, € Vi,
b(sn, Vi) = b(sp, w) Vsh € Qh. (40)
Clearly, the solution to the continuous counterpartis (v, p) = (u, 0). Since the above equation
is uniquely solvable, see, e.g. [11, Theorem 4.2.3], we have the orthogonality b(JTL2 p—

pr,u — vp) = 0 and the approximation error satisfies, e.g., [11, Theorem 5.2.2].

o= vplli + 1P — prllo < ¢ inf Jlw—gylli +¢ inf [0 —spllo, (41)
@,V sh€Qhn

which gives

lu—vulli <c inf [lu— gl (42)
@RV

Due to the interpolation estimates in Assumption 1, we are left with bounding w;, =
u, — vy € Vyandr, = pp, — gqn € Qpn. We split wy, = w2 + W;f S V2 (&) Vﬁ. By definition
of the bilinear forms a and b, i.e., (3) and (6), and the first line in (10) and (2), the remainder
wy, and ry, satisfy, for any discrete function ¢, € Vp,

a(Wp, @) +b(ry, @) = a(y, — v, @) +b(pr — qn, @)

— f div _ _ _ (43)
=E ", —@p) ta@— vy, ) +b(p—qn. o).

Analogously, from the second line in (10) and (2), we get for arbitrary s, € Qp
b(sn, Wp) — %(rh, sp) = b(sp, up — vp) — %(Ph = qh, Sh)
=b(sp, up) — %(Ph, sn) — (b(sn, Vi) — %(Qh, sp)  (44)
=b(sp,u—vp) — %(P = qh, Sh)-
Testing (43) and (44) with ’;, = wy and 55, = r, we get

1 1
cilwall} + anhn% < a(Wn, Wa) + (. 72)

1
:a(wh’wh)‘f‘b("hvwh)_b(rh,Wh)‘i‘X("h,rh) 43)

= (f, 7w, — wp) +ala — vy, wp)

1
+b(p — qn, Wp) — b(rp,u—vp) + X(p —qn,Th)-
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Using (19) and (2), we obtain a bound on (f, 7w, —wy,) as follows

. 1Ww;, —wp) = —2u(V - e(m), 8w, —wp) — (Vp, 1w, — wy)
= —2u(V - e(m), x™w;) — 2u (e(u), e(wp)) + b(p, 2™ w), — wy)

k di
<cp Y Wi uliprrliwallur + b(p, m ™ wy, — wy)
TeT)
1

2

2k 112 di
<2uc| D hFiy | Iwal + b, m Wy — wa).
TeTy

Substituting this in (45), we get

1

2

1
2 2 2k 1112
cullwrlly + X||Fh||o =< 2uc E hrlaligrr | Iwalh
TeT)

. (46)
+ (b(P, xwy, —wy) + b(p — gn, W) — b(rp,u— Vh))

1
+ (a(ll — Vi, Wp) + X(P — qn, rh))-
The last line can be estimated as

1 cu ol 2 1 2 1 2
— —(p — < “u- = —1lp— — .
a(u—vu, wp) + )\(P G, Th) < 5 lu —vplly + > lwnlly + 7 P —anlly + 2}Lllrhllo

From (12), we have that (g, 79w, — w;,) = 0. Hence the second line in (46) becomes

b(p, w "Wy, — W)+ b(p = qn, Wi) — b(rp, u = V)
=b(p — qn. #wWy, — W) +b(p — g, W) — b(rp, u — V)
= b(p — qn. *"wi) = b(p — qn, u — Vj)
= b p — g, ¥ wi) — b(pr — g u — Vi)

2
= bt p — qun, wi) — b(py — qn, u — Vi)

. . . 2 . .
where we used the properties of the L? projection 7, the commutative diagram (12) and

V.- M; C Qp. Now, we utilize the choice g, = nl? p to further simplify the representation
of the second line in (46) to be

b(p, T Wy — Wi)+b(p — g, Wh) — b(rp, w — V)
2
= b p— qn, wh) — b(pn — qn, u — V)
2
=b(@" p— pr.u—vp)

=0
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by our choice of v,. This provides the bound

1

2

cu 1
— IWnllE - o lllg < 2ue | 3 At Tuliy | Iwall
ret, @7)

cu , 1 2
—Ju—v —lp— .
+ =il + e = anlly

Of course (47) provides a bound on w, but as it is suboptimal, in view of the A dependence,
we continue by splitting wy, = wg + w}f.

We first bound ||w2 |l1. Consider C/L||W2 |I1 and using that a(wﬁ, w2) = 0, we have,
using (13), (43), and the choice of v, by (40) that

culwhlli < a(wh. wp) = a(wi, wj) = a(wh. wy) + b(ri. wy)
= (/. n M wj) —wj)
< (-2uV-e@) + Vp, a VWl — w2)
< (—2uV - e(w), v™w) — W) + (Vp, zw) — w))
< (—2uV - em), t™w)) — u (e(u), e(w)))
< n(=2V-e@), NwW)) — 1 (e(u), e(w))) .

Thus, by Lemma 3, we conclude

02 k 0 k 0
culwhllf < pe Y B lullecrzIwhller < cph®flulles Iwy
TeTy

and hence
Iwhll < ch*lluflgs1. (48)
For ||W,J1‘||1, we utilize wf; c Vfl-, ie.,
(V- Wi, qn) = (V'lequh) Yan € Qn
meaning
L? _ L? 1
7= V.owp=7"V-w.
Using [13, Lemma 3.58], we get with a constant ¢ depending on the inf-sup constant
2
Iwir lh < el (V- wi) llo
2 2
<V w =7V vl
Ph
A

2
SCH -t V~uH0

from the definition of v;, in (40). Hence, noting that V - u = % p, we obtain
1 c c
Wy Il < X”Ph —gnllo = Xllrhllo-
We conclude from (47)

h2k

2 2 2
Irally < curh™ alliyy +cllp — anlly
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and thus we obtain the final bound on W;J[

1 C
Wil = < lizllo

</ Erk e + S1p - “
< \/;j k+1 AIU’ gnllo
Now, we can bound ||wy, |1 using (48) and (49)
Iwalli < Wyl + w I
< ch fullesr + S lrnllo
(50)

" c
< ch* a1 + c,/xhknunkﬂ + 1P = anllo

" c
“e (1 N \/:> Wl + 5 p — gl

Finally, we arrive at the desired bound

la —wplly < lw—vulli + (Wl

m c (51)
<c (1 + \/:) RE [l + Xh"npnk

by definition of g, and Assumption 1. O

4 Numerical Results

For our computation, we use DOpElib [14] based on the deal.Il [15] finite element library
with rectangular meshes. All examples are posed on square domains and the meshes are
obtained by bisection.

For the computation we considered the inf-sup stable Taylor-Hood element (Q> x Qy),
for comparison of our results with [2]. Further, we utilized the inf-sup stable discretization
0> x DGP; (discontinuous Pj pressure) and its gradient robust modification by interpolation
into BDM3 as discussed in Example 1.

First, we present an example for incompressible materials.

Example 2 For the first numerical example, we consider a small variation of Example 5.1 in
[1], where the displacement and pressure on the domain € = (0, 1) is given as

~ [ 200x2y(1 — x)%(1 — y)(1 —2y)
ulx, y) = [—200y2x(1 — 1 =01~ ZX)]

(x,y)=—10 1320 ) AN (53)
plx,y) =— <x—2>y+ - X (y—2> +8 .

for the incompressible linear elasticity equation

—2uV-em)+Vp =1,
V-u=0

(52)

(54)

with homogeneous boundary conditions on u and thus define f, of course the pressure is
defined up to a constant only.
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Fig.2 Comparing displacement 10° T T T T T
i 1 1 | —— Q2Q1 Non-Robust .
error in H' norm vs. - for
. £ —— Q2DG P, Non-Robust
Example 2 with and without —— QDG P, Robust Modification
gradient robust modification for )
64 square elements 1071 .
3
| 10| .
=
10°1 1
10-1-¢ —

10° 10" 10* 10° 10* 10° 10°
1

I

Comparing (9) with Fig. 2, we notice that the H'-norm displacement error without inter-

polation asymptotically grows linearly w.r.t i as predicted due to the appearance of the

1 ing lp — gnllo in (9). The error is independent of w, highlighting the
qn€Ch

prediction of Theorem 2.

For future examples, we consider nearly incompressible materials given by equation (2).

pressure term

Example 3 For the second numerical example, we set the right hand side f = V¢; ¢ =
x0 4+ y6 on the domain © = (0, 1)? and consider nearly incompressible elasticity, i.e.,

—2uV-egm)—Vp=H{,
1
Vu——-p=0
Py p
with homogeneous boundary conditions on u as in [2, Example 2].

From Lemma 1, the solution for Example 3 in the limiting case (A = 00) is given as
u® = 0and p*® = x°® + y°. From equation (30), we have the bound for the solution “2 as

c

A A
u® —wy = flugll <

=T ¢l

on the discrete function for a gradient robust discretization. For i = 107>, we have A + u ~
A, VA > 1. Hence, we see a green line with positive slope in Fig. 3a for the gradient robust
method, while the non robust method shows an almost constant ||u2||1 # 0. However, for
A = 10° we have ﬁ ~ c(constant) VO < p < 1, which is seen in the flat green line in
Fig. 3b.

For non-gradient robust methods, we have

it < < (% T 1) 610
from equation (9). For u = 107, the term (% + 1) — 1 as A — o0. The same is shown
by the flat red line in Fig.3a. However, for A = 1073, we have ||u2||1 < ﬁ||¢||0. Which is
shown by the red line with negative slope in Fig. 3b.
It should be noted in this example, that the (blue with triangles) line for the non-gradient
robust Q> x DGP| method coincides with the (green with dots) line for the gradient robust
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102 - - 103 - T T T T T -
—— @201 Non-Robust
10t | | 102 || —e— Q2 DG P, Non-Robust 1
—4— ()2 DG P, Robust Modification
10} 1w |
10-| 1wy |
«? 102} ] «? 1071 .
I 10-3) 41 1072 1
2 3
2 104 {£ 107 1
10-f 1 07 |
e -5l i
1070 —— @201 Non-Robust ] 10
—— Q2 DG P, Non-Robust 10-6 |} ° o o ® o o o |
—a— ()2 DG P, Robust Modification
1076 1075 1074 1073 1072 1071 100 100 101 102 103 104 105 106
1
X i
(a) [[u™ —uplly vs. + with p=10"° (b) [u™ —wjly vs. & with A = 10°

Fig.3 Comparing displacement error in H'" norm for Example 3 with and without gradient robust modification
for 64 square elements

modification. However, this appears to be due to the particular problem data hiding the non-
gradient robustness of the Q> x DGP; discretization. That indeed, the standard Q> x DGP;
method is not gradient robust is shown in the following example.

Example 4 For the third numerical example, we consider the right hand side f = V¢; ¢ =
— (IO(x — 0532+ (1 -3y —0.5)3+ 1/8) in Example 3 while keeping the homoge-
neous boundary values, and the equation, for u.

Figure 4 shows our previous statement, that Example 3 failed to show the missing gradient
robustness of the standard Q, x DGP; discretization. Indeed, in this example, both Q; x Q;
and Q> x DGP discretization show the undesirable blowup for 4 — 0 and the constant
value as . — oo, while the gradient robust modification shows the desired convergence.

Example 5 For the fourth numerical example, we consider, again, the nearly incompressible
case with homogeneous boundary conditions on u, the values of u® and thus f are given as
in Example 2 and the domain Q = (0, 1)2.

In this example, for & = oo, the solution u® is known, i.e., it is given in (52). We denote
the solution, for A # oo, as (u*, p*). We compute the error [[u™® — u};||; in our numerical
results, where uﬁ is the discrete approximated solution for a given value of 1. Since, Theorem 5
provides an estimate, for |Ju* — uz Il1, we use the triangle inequality to get

A A A A
[u® —wylly < [u™ —wu*| + u* —uzl,

2 55)
" ch (
< u® -t +c (1 + \/:) R w5 + Tllp’\llz-

Figure 5b follows the same pattern as Fig. 4b. However, there is a slight difference between
Figs.4a and 5a, which can be explained by (55). In the limit 4 — oo and fixed = 1072,

we have (1 + ﬁ) — 1 and |Ju® — u*||; — 0, and we observe

W 2
™ =yl — 0™ —w®ll < ch”[[u™|i3 (56)
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102} | 103 H— @201 Non-Robust ]
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(a) [[u® —upl1 vs. % with g =107° (b) [u®® —up|lx vs. 4 with A =10

Fig.4 Comparing displacement error in H ! horm for Example 4 with and without gradient robust modification
for 64 square elements

o ] T T T T T
10 103 | —— @Q,Q, Non-Robust .
—— Q2DG P, Non-Robust
—a— (92 DG Py Robust Modification
ol | 102} 1
= —— @->Q1 Non-Robust %
= —— Q2 DG P, Non-Robust =
‘ —+— (DG P, Robust Modification | 10'f .
8:: 8;1
= 10°F 1 =
_/ b |
1071 i I I I I I I I | 1071 Bl 1 T T *
-6 10-5 104 10-3 10-2 10-! 0 . — — - -
107° 107 10 101 107° 10 10 10-6 10~° 10~% 10-3 102 10-! 10°
by H
. - oo A 1 . 5
(a) ||11Oo — uﬁ“l VS. % with ¢ =10 5 (b) Hu — uh”l vs. with A = 10

Fig.5 Comparing displacement errorin H ! norm for Example 5 with and without gradient robust modification
for 64 square elements

for fixed refinement as it is shown in Fig. 5a. Figure 5a further confirms (56) as we can see
the order O(h?) for |[u®> — uz |I1 for large values of A. In Fig. 5b, we observe the convergence
[u®® — u2||1 — ||[u® —u*| as h — 0 and the decay of the error [[u® —u*|| = Oas A — 0

Example 6 Finally, we would like to compare our results with the thermo-elastic solids exam-
ple given in [2, Sect. 6]. The gradient force f is given by a temperature 6 as

f=—-Qu+31)aVve.

The material used is a nearly incompressible hard rubber with Young’s Modulus £ = 5 X
107[Pa], Poisson ratio v = 0.4999 and the thermal expansion coefficient o = 8 x 1073[1/K].
Hence the Lamé parameters are A = 8.332 x 10'°[Pa] and w = 1.6667 x 107[Pa]. We take
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Fig.6 Comparing displacement error in /" norm for the robust modification of Example 5 for yu = 1075

' 1.2e-05|

I 0.0e+00

(a) 16 elements (b) 64 elements

Fig.7 Displacement vector for different number of elements with @y x DGP| x Q; with BDM Interpolation

the domain € = (0, L)? with L = 0.1[m]. The temperature field is obtained as the solution
to the stationary heat equation:

—V.yVo = f,

where y = 0.2[W/(mK)] is the thermal conductivity coefficient and f = 4 x
exp(—40r2)[W/m?] is the heat source, with r2 = (x — 0.5L)> + (y — 0.5L)%. Homo-
geneous Dirichlet boundary conditions are applied on both temperature and displacement. It
is important to note that ¢ € H'($2) and thus f € L?(; R?). For numerical computation,
we additionally solve the temperature equation by a standard H '-conforming finite element
discretization. Hence, the finite element spaces now consist of three components, the first
two denote the displacement and pressure discretization as before. The third element, always
Q», is used to solve the equation for the temperature 6.

In Fig. 7, we can see that we achieve a well represented solution for the displacement with
only 64 elements using a gradient robust method, and the magnitude is already captured with
only 16 elements. In comparison, the non gradient robust methods require 256 and 1024
elements, respectively, to get a solution of similar shape and magnitude, see Figs.8 and 9.
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(a) 16 elements (b) 64 elements

Fig.8 Displacement vector for different number of elements with Qp x Q1 x Oy

(a) 64 elements (b) 256 elements (c) 1024 elements

Fig.9 Displacement vector for different number of elements with Q x DGP| x Qp

5 Conclusion

In this paper, we have shown that a gradient robust modification of nearly incompressible
elasticity is possible by the same techniques proposed for incompressible flows. For this gra-
dient robust methods, we have shown convergence estimates of optimal order w.r.t the mesh
size and optimal dependence on the Lamé-constants. Several numerical examples highlighted
the proven convergence rates.
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