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Abstract In this paper, a higher-order method for the solution of a nonlinear scalar
equation is presented. It is proved that the new method is locally convergent with an
order of (m+2), where m is the highest order derivative used in the iterative formula.
Some numerical examples are used to demonstrate the new method.

Keywords Nonlinear equation · Iterative method · Simple root · Convergence

1 Introduction

One of the most basic problems in numerical analysis is finding a simple root of a
nonlinear equation in one variable:

Find x∗ ∈ R such that f (x∗) = 0.

The Newton method is the most popular solution for such a problem. Although it has
local quadratic convergence under proper conditions, a higher convergence rate may
be needed sometimes. Thus some algorithms with higher orders of convergence were
developed, such as the Halley method [1–3] and the Chebyshev method [4].

Recently, by using only the first-order derivative, various rates of convergence
can be obtained. In [5], the author presents a variant of the Newton method, which is
locally convergent with an order of three. In [4], by adding extra terms in combination
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with the Chebyshev-Halley method, the order of convergence of that algorithm is
proved to be four, by proper choice of some parameters. In [1], the author presents a
modified Halley method which has a quintic convergence by adding a right predictor-
corrector in the updating formula.

For the general case, the order of convergence (m + 1) can be obtained, where
m is the highest order of derivative used in the iterative formula. In [6], a sequence
of updating formulas is presented to achieve the above up to m = 4. For the general
m, a hypothesis is proposed. A different method with higher order of convergence is
given in [7], which is proved to be locally convergent with order of (m + 1). Based
upon [7], we propose a new algorithm, which has the convergence rate with one order
higher than that in [7]; that is, the order of convergence is (m + 2).

The paper is organized as follows. In Sect. 2, some results in [7] are reviewed,
which will be used later. In Sect. 3, the new method is presented. In Sect. 4, the
convergence analysis is provided. In Sect. 4.1, the case m = 1 is analyzed in details
to motivate the convergence analysis for the general case. In Sect. 4.2, the main result
regarding the order of convergence is presented. In Sect. 5, some numerical examples
are used to demonstrate the new method. In Sect. 6, a short discussion is given.

2 Review

Since our convergence analysis is closely related to the result in [7], we will first
review the essential idea in [7]. Let us denote α as a solution of f (x), i.e. f (α) = 0.
In the rest of the paper, it is assumed that

f ′(α) �= 0 (1)

and the given function will be smooth. Moreover, it is assumed that the starting point
x0 will be close to α, when discussing the convergence rate of an algorithm.

Basically, its approach is motivated by solving the system of n equations.

f i(x̂) = 0, i = 1, . . . , n, (2)

where f i(x̂) := (f (x̂))i is the i-th power of f (x̂), which of course has the same
solution as that of the original problem. The functions f , f 2, . . . , f n are then ap-
proximated by n-degree Taylor polynomials. In other words, we have the following
equation

⎡
⎢⎣

f (x̂k)
...

f n(x̂k)

⎤
⎥⎦ +

⎡
⎢⎣

f (1)(x̂k) · · · f (n)(x̂k)/n!
...

. . .
...

(f n)(1)(x̂k) · · · (f n)(n)(x̂k)/n!

⎤
⎥⎦

⎡
⎢⎣

(x̂ − x̂k)
...

(x̂ − x̂k)
n

⎤
⎥⎦ = 0, (3)

where (f )(j)(x̂k) represents the j -th order derivative of the function f (x̂) evaluated
at the point x̂k , and

(f i)(j)(x̂k) := (f i(x̂))(j)|x̂=x̂k
, i, j = 1, . . . , n. (4)
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Then, the iterative equation is determined by solving the following linear equation:

fn(x̂k) + Fn(x̂k)

⎡
⎢⎣

ŷ1,k

...

ŷn,k

⎤
⎥⎦ = 0, (5)

where

fn(x̂k) :=
⎡
⎢⎣

f (x̂k)
...

f n(x̂k)

⎤
⎥⎦ , (6)

Fn(x̂k) =
⎡
⎢⎣

f (1)(x̂k) · · · f (n)(x̂k)/n!
...

. . .
...

(f n)(1)(x̂k) · · · (f n)(n)(x̂k)/n!

⎤
⎥⎦ . (7)

Once the unique solution ŷi,k of linear equation (5) is obtained in [7], the iterative
formula takes the form

x̂k+1 = x̂k + ŷ1,k. (8)

As presented in [7], ŷi,k is obtained iteratively by the following steps:

ŷn,k = (−f (x̂k))
n/[Un(f ; x̂k)]n+1,n+1, (9)

ŷi,k =
(

(−f (x̂k))
i −

n+1∑
j=i+2

[Un(f ; x̂k)]i+1,j · ŷj−1,k

)
/[Un(f ; x̂k)]i+1,i+1, (10)

where Un(f ; x̂k) is a upper triangular matrix with dimension of (n + 1) × (n + 1),
and the first row, except from the first component, is null. Mathematically, it is given
as

[Un(f ; x̂k)]1,1 = 1, (11)

[Un(f ; x̂k)]1,i = 0, 2 ≤ i ≤ n + 1, (12)

[Un(f ; x̂k)]i,i = (f (1)(x̂k))
i−1, 2 ≤ i ≤ n + 1, (13)

[Un(f ; x̂k)]i,j =
j−1∑

h=i−1

[Un(f ; x̂k)]i−1,h · f (j−h)(x̂k)/(j − h)!,

i < j and i, j = 2,3, . . . , n + 1. (14)

It is proved in [7] that the order of convergence of the method is at least (n + 1),
where n represents the highest order derivative of f (x̂) in the iterative formula. Note
that the method is reduced to the Newton method if n = 1. When n = 2, it is reduced
to the Chebyshev method as below:

x̂k+1 = x̂k − f (x̂k)

f (1)(x̂k)
− f 2(x̂k)f

(2)(x̂k)

2(f (1)(x̂k))3
. (15)
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When n = 3, it has the updating formula

x̂k+1 = x̂k − f (x̂k)

f (1)(x̂k)
− f (2)(x̂k)f

2(x̂k)

2(f (1)(x̂k))3
− (f (2)(x̂k))

2f 3(x̂k)

2(f (1)(x̂k))5
+ f (3)(x̂k)f

3(x̂k)

6(f (1)(x̂k))4
.

(16)
For the notational simplicity, we denote the updating formula as follows.

x̂k+1 = �̂n(x̂k) = ĝn−1(x̂k) + ĥn(f
(n)(x̂k)), (17)

where the index of �̂n(xk) denotes the highest order n of the derivative used in the
updating formula. The term ĥn(f

(n)(x̂k)) contains only the term with the highest
order n of the derivative, and ĝn−1(x̂k) is the collection of the remainders up to the
order (n − 1) of the derivative.

3 A Higher-Order Method

The basic idea of the new method is to use the linear approximation of f (n)(xk) as
follows:

f (n)(xk) ≈ f (n−1)(xk) − f (n−1)(zk)

xk − zk

. (18)

We will assume through this paper that

f (1)(α) �= 0. (19)

Due to this, we can always find a neighborhood of α such that f (1)(xk) �= 0. Thus,
we can choose in this neighborhood

zk = xk − f (xk)/f
(1)(xk). (20)

By substituting (18) into (17), we obtain our updating formula

xk+1 = �̂n(xk) = ĝn−1(xk) + ĥn

(
f (n−1)(xk) − f (n−1)(zk)

xk − zk

)
(21)

or

xk+1 = �m(xk) = gm(xk) + hm(f (m)(xk)), (22)

where m = n − 1. Thus we have

gm(.) = ĝn−1(.); hm(f (m)(xk)) = ĥn

(
f (n−1)(xk) − f (n−1)(zk)

xk − zk

)
. (23)

When n = 2, the updating formula is

xk+1 = xk − f (xk)

f (1)(xk)
− f (1)(xk)f (xk) − f (1)(zk)f (xk)

2(f (1)(xk))2
, (24)
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which is different from the formula in (15) only in its last term.
When n = 3, the updating formula is

xk+1 = xk − f (xk)

f (1)(xk)
− f (2)(xk)f

2(xk)

2(f (1)(xk))3
− (f (2)(xk))

2f 3(xk)

2(f (1)(xk))5

+ (f (2)(xk) − f (2)(zk))f
2(xk)

6(f (1)(xk))3
, (25)

which is also different from (16) only in its last term.

4 Convergence Analysis

In this section, we will present the convergence analysis of the new method, which has
the order of convergence (m + 2), where m represents the highest order of derivative
used in the iterative formula. In Sect. 4.1, two different proofs for the case of m = 1
are given to motivate the proof for the general case. In Sect. 4.2, the main result
regarding the order of convergence is presented.

4.1 Motivation

As mentioned, we will compute the convergence coefficient explicitly in Lemma 4.1,
and thus show that the order of the convergence rate is three when m = 1.

Lemma 4.1 Let I ∈ IR be an open interval and α ∈ I be a simple zero of sufficiently
differentiable function f : I → IR. If x0 is sufficiently close to α, then the order of
convergence of the method defined by (20) and (24) is three. It satisfies the error
equation:

ek+1 =
(

2c2
2 + 1

2
c3

)
e3
k + O(e4

k), (26)

where ei = xi − α and ci = f (i)(α)

f (1)(α)·i! , i = 2, . . . , k + 1.

Proof From the definition, using Taylor series expansion, we have

f (xk) = f (1)(α)(xk − α) + 1

2!f
(2)(α)(xk − α)2

+ 1

3!f
(3)(α)(xk − α)3 + o(xk − α)4

= f (1)(α)[ek + c2e
2
k + c3e

3
k + o(e4

k)], (27)

f (1)(xk) = f (1)(α)[1 + 2c2ek + 3c3e
2
k + o(e3

k)]. (28)

From (27) and (28), we can get

f (xk)

f (1)(xk)
= ek − c2e

2
k − (2c3 − 2c2

2)e
3
k + O(e4

k), (29)
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zk = xk − f (xk)

f (1)(xk)

= α + c2e
2
k + (2c3 − 2c2

2)e
3
k + o(e4

k). (30)

By using Taylor series and (30), we can also write f (zk) and f (1)(zk) in terms of α

and zk :

f (zk) = f (1)(α)(zk − α) + 1

2!f
(2)(α)(zk − α)2 + · · ·

= f (1)(α)[(zk − α) + c2(zk − α)2 + · · ·]
= f (1)(α)[c2e

2
k + (2c3 − 2c2

2)e
3
k + o(e4

k)], (31)

f (1)(zk) = f (1)(α) + f (2)(α)(zk − α) + · · ·
= f (1)(α)[1 + 2c2(zk − α) + · · ·]
= f (1)(α)[1 + 2c2

2e
2
k + 4c2(c3 − c2

2)e
3
k + o(e4

k)]. (32)

From (28) and (32), we have

f (1)(zk)

f (1)(xk)
= 1 − 2c2ek + 3(2c2

2 − c3)e
2
k + o(e3

k). (33)

The last term in (24) equals

(f (1)(xk) − f (1)(zk))f (xk)

2(f (1)(xk))2
= f (xk)

2f (1)(xk)

(
1 − f (1)(zk)

f (1)(xk)

)

= c2e
2
k +

(
3

2
c3 − 4c2

2

)
e3
k + o(e4

k). (34)

Note that the minimum order of the first term in (34) is ek; the second term only
needs to contain order up to e2

k . Finally,

xk+1 = α +
(

2c2
2 + 1

2
c3

)
e3
k + o(e4

k), (35)

ek+1 = xk+1 − α =
(

2c2
2 + 1

2
c3

)
e3
k + o(e4

k). (36)

�

Although it has been proved in [7] that the order of convergence, by using (15),
is three, we will now compute explicitly the coefficient of convergence by following
the same approach as in Lemma 4.1.

Lemma 4.2 Let I ∈ IR be an open interval and α ∈ I be a simple zero of sufficiently
differentiable function f : I → IR. If x̂0 is sufficiently close to α, then the order of
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convergence of the method defined by (15) is three. It satisfies the error equation:

êk+1 = (2c2
2 − c3)ê

3
k + o(ê4

k), (37)

where êi = x̂i − α and ci = f (i)(α)

f (1)(α)·i! , i = 2, . . . , k + 1.

Proof The proof is similar to that in Lemma 4.1. By using the Taylor series expan-
sion, we have

f (x̂k) = f (1)(α)(x̂k − α) + 1

2!f
(2)(α)(x̂k − α)2

+ 1

3!f
(3)(α)(x̂k − α)3 + o(x̂k − α)4

= f (1)(α)[êk + c2ê
2
k + c3ê

3
k + o(ê4

k)], (38)

f (1)(x̂k) = f (1)(α)[1 + 2c2êk + 3c3ê
2
k + o(ê3

k)], (39)

f (2)(x̂k) = f (1)(α)[2c2 + 6c3êk + o(ê2
k)]. (40)

From (38) and (39), we can get

f (x̂k)

f (1)(x̂k)
= êk − c2ê

2
k − (2c3 − 2c2

2)ê
3
k + o(ê4

k). (41)

Note that

f 2(x̂k)f
(2)(x̂k)

2(f (1)(x̂k))3
=

(
f (x̂k)

f (1)(x̂k)

)2

· f (2)(x̂k)

2f (1)(x̂k)
, (42)

and the minimal order of the first term of (42) is ê2
k . Thus, the second term only needs

to contain order up to êk .

f (2)(x̂k)

2f (1)(x̂k)
= c2 + (3c3 − 2c2

2)êk + o(ê2
k). (43)

Substitute (41) and (43) to (42), we have

f 2(x̂k)f
(2)(x̂k)

2(f (1)(x̂k))3
= c2ê

2
k + (3c3 − 4c2

2)ê
3
k + o(ê4

k). (44)

Finally,

x̂k+1 = α + (2c2
2 − c3)ê

3
k + o(ê4

k),

êk+1 = x̂k+1 − α = (2c2
2 − c3)ê

3
k + o(ê4

k). �

Remark Since all the equations remain the same during the derivation if we replace
x̂k by xk and êk by ek , (44) is still true with such substitutions. That is, we have

f 2(xk)f
(2)(xk)

2(f (1)(xk))3
= c2e

2
k + (3c3 − 4c2

2)e
3
k + o(e4

k). (45)
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From the proofs of Lemma 4.1 and Lemma 4.2, we can see how they are related.
We will give an alternative proof of Lemma 4.1 by observing the difference of the
proofs of Lemmas 4.1 and 4.2. Now, we restate Lemma 4.1 in Lemma 4.3 and present
the alternative proof.

Lemma 4.3 Let I ∈ IR be an open interval and α ∈ I be a simple zero of sufficiently
differentiable function f : I → IR. If x0 is sufficiently close to α, then the order of
convergence of the method defined by (20) and (24) is three. It satisfies the error
equation:

ek+1 =
(

2c2
2 + 1

2
c3

)
e3
k + O(e4

k), (46)

where ei = xi − α and ci = f (i)(α)

f (1)(α)·i! , i = 2, . . . , k + 1.

Proof Let us present the iteration formula (20) and (24) in terms of the format of the
general updating formula in (22) by using m = 1:

xk+1 = �1(xk) = g1(xk) + h1(f
(1)(xk)), (47)

where h1(f
(1)(xk)) = −f (1)(xk)f (xk)−f (1)(zk)f (xk)

2(f (1)(xk))
2 and

g1(xk) = xk − f (xk)

f (1)(xk)
.

The updating formula (15) in Lemma 4.2 can be expressed by using the general for-
mula (17) with n = 2:

x̂k+1 = �̂2(x̂k) = ĝ1(x̂k) + ĥ2(f
(2)(x̂k)), (48)

where ĥ2(f
(2)(x̂k)) = −f 2(x̂k)f

(2)(x̂k)

2(f (1)(x̂k))
3 and

ĝ1(x̂k) = x̂k − f (x̂k)

f (1)(x̂k)
.

Note that both m and n represent the highest order of derivative in the iteration for-
mula.

We know that the convergent order of the method defined by (48) (for n = 2) is
three. So, we can assume

x̂k+1 − α = ĝ1(x̂k) + ĥ2(f
(2)(x̂k)) − α = −α + K2ê

3
k + o(ê4

k), (49)

where K2 ∈ IR is a constant.
By using Taylor expansion, after computation (see the proof of Lemma 4.2 for

details), we know

ĥ2(f
(2)(x̂k)) = −f 2(x̂k)f

(2)(x̂k)

2(f (1)(x̂k))3
= −(c2ê

2
k + (3c3 − 4c2

2)ê
3
k + o(ê4

k)). (50)
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Substituting (50) to (49), we have

ĝ1(x̂k) = −α + c2ê
2
k + (K2 + 3c3 − 4c2

2)ê
3
k + o(ê4

k).

Then, from the functional relationship gm(.) = ĝn−1(.) with m = n − 1, we get

g1(xk) = −α + c2e
2
k + (K2 + 3c3 − 4c2

2)e
3
k + o(e4

k). (51)

Substituting (51) to (47), we have

xk+1 = −α + c2e
2
k + (K2 + 3c3 − 4c2

2)e
3
k + h1(f

(1)(xk)) + o(e4
k).

By using again Taylor expansion, after some steps of computation (see the proof of
Lemma 4.1 for details), we know

h1(f
(1)(xk)) = − (f (1)(xk) − f (1)(zk))f (xk)

2(f (1)(xk))2
= −

(
c2e

2
k +

(
3

2
c3 −4c2

2

)
e3
k +o(e4

k)

)
.

(52)
Finally, we can get

xk+1 = −α + c2e
2
k + (K2 + 3c3 − 4c2

2)e
3
k −

(
c2e

2
k +

(
3

2
c3 − 4c2

2

)
e3
k

)
+ o(e4

k)

= −α +
(

K2 + 3

2
c3

)
e3
k + o(e4

k),

ek+1 = xk+1 − α =
(

K2 + 3

2
c3

)
e3
k + o(e4

k).

�

Thus, the method defined in (20) and (24) has the order of convergence three.
Furthermore, we know from Lemma 4.2 that K2 = 2c2

2 − c3. Thus, the result is the
same as that in Lemma 4.1.

4.2 Main Result

From the proof of Lemma 4.3, we can see that it can be extended to general cases
except that we need to prove: (1) There is only one term in the highest order of
derivative in �̂n(x̂k); (2) The Taylor expansions of hm(f (m)(xk)) and ĥn(f

(n)(xk))

have the same coefficients up to en
k , where m = n − 1. In Lemma 4.4, we prove the

former fact and in Lemma 4.5 the latter one.

Lemma 4.4 For the method defined by

x̂k+1 = �̂n(x̂k) = ĝn−1(x̂k) + ĥn(f
(n)(x̂k)), (53)

it satisfies

ĥn(f
(n)(x̂k)) = (−1)n+1 f (n)(x̂k)f

n(x̂k)

n!(f (1)(x̂k))n+1
. (54)
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Proof According to [7], which is related to the unique solution of linear equation (5),
can be expressed as

�̂n(x̂k) = x̂k + ŷ1,k,

where ŷ1,k can be solved iteratively by (9), (10), (11), (12), (13) and (14).
From (14), we know

[Un(f ; x̂k)]2,j =
j−1∑
h=1

[Un(f ; x̂k)]1,h · f (j−h)(x̂k)/(j − h)!, 3 ≤ j ≤ n + 1.

From (11), (12) and (13), we can have

[Un(f ; x̂k)]2,j = f (j−1)(x̂k)/(j − 1)!, 2 ≤ j ≤ n + 1. (55)

From (55), we know that only [Un(f ; x̂k)]2,n+1 has the highest n-th order derivative
of f (x̂). We can prove by induction that the other row components of Un(f ; x̂k) do
not contain the n-th order derivative of f (x̂).

From (14), we also know

[Un(f ; x̂k)]3,j =
j−1∑
h=2

[Un(f ; x̂k)]2,h · f (j−h)(x̂k)/(j − h)!, 4 ≤ j ≤ n + 1. (56)

Since 2 ≤ h ≤ j −1 ≤ n and j −h ≤ n−1, the term of [Un(f ; x̂k)]2,h and f (j−h)(x̂k)

will not contain the n-th order derivative of f (x̂). Thus, the components of the third
row of Un(f ; x̂k) do not contain the n-th order derivative of f (x̂).

Now, by assuming that the components of the s-th row of Un(f ; x̂k) do not contain
the n-th order derivative of f (x̂) is true for 3 ≤ s ≤ n, we will prove that the same is
also true for (s + 1). From (14), we can get

[Un(f ; x̂k)]s+1,j =
j−1∑
h=s

[Un(f ; x̂k)]s,h · f (j−h)(x̂k)/(j − h)!, s + 1 ≤ j ≤ n + 1.

(57)
Since s ≤ h ≤ j − 1 ≤ n, we have j − h ≤ n + 1 − s ≤ n − 2. Thus, the compo-
nents of the (s + 1)-th row of Un(f ; x̂k) do not contain the n-th order derivative of
f (x̂). Therefore, the components of Un(f ; x̂k) do not contain the highest n-th order
derivative of f (x̂) except [Un(f ; x̂k)]2,n+1.

From (10), we have

ŷ1,k =
(

−f (x̂k) −
n+1∑
j=3

[Un(f ; x̂k)]2,j · ŷj−1,k

)
/[Un(f ; x̂k)]2,2. (58)

From (58), by considering the property of Un(f ; x̂k), we know the n-th derivative of
f (x̂k) in ŷ1,k must come from the term [Un(f ; x̂k)]2,n+1 · ŷn,k/[Un(f ; x̂k)]2,2. Thus
we have

ĥn(f
(n)(x̂k)) = [Un(f ; x̂k)]2,n+1 · ŷn,k/[Un(f ; x̂k)]2,2. (59)
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From (9) and (13), we can get

ŷn,k = (−f (xk))
n

(f (1)(xk))n
. (60)

Substitute (55), (60) to (59), we have

ĥn(f
(n)(x̂k)) = −f (n)(x̂k)

n! · (−f (x̂k))
n

(f (1)(x̂k))n
/f (1)(x̂k) = (−1)n+1 f (n)(x̂k)f

n(x̂k)

n!(f (1)(x̂k))n+1
.

�

Lemma 4.5 Let I ∈ IR be an open interval and α ∈ I be a simple zero of sufficiently
differentiable function f : I → IR. If xk is generated by the method defined by (20)
and (22), x̂k is generated by the method defined by (17) (presented in [7]). Then, for
an arbitrary integer n, it satisfies

f (n)(x̂k)f
n(x̂k)

n!(f (1)(x̂k))n+1
= Anê

n
k + B̂nê

n+1
k + o(ên+2

k ), (61)

f (n)(xk)f
n(xk)

n!(f (1)(xk))n+1
= Ane

n
k + B̂ne

n+1
k + o(en+2

k ), (62)

f n−1(xk)(f
(n−1)(xk) − f (n−1)(zk))

n!(f (1)(xk))n
= Ane

n
k + Bne

n+1
k + o(en+2

k ), (63)

where ek = xk − α, êk = x̂k − α,An ∈ IR,Bn ∈ IR and B̂n ∈ IR.

Proof We will prove this Lemma by induction. From the proof of Lemma 4.1 and
Lemma 4.2, we know

f 2(x̂k)f
(2)(x̂k)

2(f (1)(x̂k))3
= c2ê

2
k + (3c3 − 4c2

2)ê
3
k + o(ê4

k),

f 2(xk)f
(2)(xk)

2(f (1)(xk))3
= c2e

2
k + (3c3 − 4c2

2)e
3
k + o(e4

k),

(f (1)(xk) − f (1)(zk))f (xk)

2(f (1)(xk))2
= c2e

2
k +

(
3

2
c3 − 4c2

2

)
e3
k + o(e4

k).

It shows that (61), (62) and (63) are true for n = 2. Now, assume (61), (62) and (63)
are true for a given 1 ≤ i ≤ n . From (61), we have

f (i)(x̂k) = [Aiê
i
k + B̂i ê

i+1
k + Miê

i+2
k + o(êi+3

k )] i!(f
(1)(x̂k))

i+1

f i(x̂k)
, (64)

where Mi ∈ IR is the coefficient of the first component of its last term. By taking the
derivative of (64), we can get

f (i+1)(x̂k) = [iAi ê
i−1
k + (i + 1)B̂i ê

i
k + (i + 2)Miê

i+1
k + o(êi+2

k )] i!(f
(1)(x̂k))

i+1

f i(x̂k)
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+ [Aiê
i
k + B̂i ê

i+1
k + Miê

i+2
k + o(êi+3

k )]

×
[
(i + 1)(f (1)(x̂k))

if (2)(x̂k)

(f (x̂k))i
− i(f (1)(x̂k))

i+2

(f (x̂k))i+1

]
i!.

Then,

f (i+1)(x̂k)(f (x̂k))
i+1

(i + 1)!(f (1)(x̂k))i+2

= (iAi ê
i−1
k + (i + 1)B̂i ê

i
k + (i + 2)Miê

i+1
k + o(êi+2

k ))
f (x̂k)

(i + 1)f (i)(x̂k)

+ (Ai ê
i
k + B̂i ê

i+1
k + Miê

i+2
k + o(êi+3

k ))

(
f (x̂k)f

(2)(x̂k)

(f (1)(x̂k))2
− i

(i + 1)

)
. (65)

From (41) and (43), we know

f (x̂k)

f (1)(x̂k)
= êk − c2ê

2
k − (2c3 − 2c2

2)ê
3
k + o(ê4

k), (66)

f (x̂k)f
(2)(x̂k)

(f (1)(x̂k))2
= 2c2êk + (−6c2

2 + 6c3)ê
2
k + o(ê3

k). (67)

Substituting (66) and (67) into (65), we get

f (i+1)(x̂k)(f (x̂k))
i+1

(i + 1)!(f (1)(x̂k))i+2

=
(

B̂i − i

i + 1
c2Ai − i

i + 1
B̂i + 2c2Ai

)
êi+1
k

+
(

i + 2

i + 1
Mi − c2B̂i − i

i + 1
Mi + 2c2B̂i + Ai(−6c2

2 + 6c3)

− i

i + 1
Ai(2c3 − 2c2

2)

)
êi+2
k + o(êi+3

k )

=
(

i + 2

i + 1
c2Ai + 1

i + 1
B̂i

)
êi+1
k

+
(

2

i + 1
Mi + c2B̂i + 2i + 3

i + 1
Ai(2c3 − 2c2

2)

)
êi+2
k + o(êi+3

k ).

That is,

f (i+1)(x̂k)(f (x̂k))
i+1

(i + 1)!(f (1)(x̂k))i+2
= Ai+1ê

i+1
k + B̂i+1ê

i+2
k + o(êi+3

k ), (68)

where Ai+1 = i+2
i+1c2Ai + 1

i+1 B̂i and

B̂i+1 = 2

i + 1
Mi + c2B̂i + 2i + 3

i + 1
Ai(2c3 − 2c2

2).
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Thus, (61) is true for i + 1.
For the same reason as in (45), if we replace x̂k by xk and êk by ek , (68) is still

true. That is, we also have

f (i+1)(xk)(f (xk))
i+1

(i + 1)!(f (1)(xk))i+2
= Ai+1e

i+1
k + B̂i+1e

i+2
k + o(ei+3

k ). (69)

Equation (62) is true for i + 1.
Recalling the Taylor expansion, we have

f (i)(zk) = f (i)(xk) + f (i+1)(xk)(zk − xk) + 1

2
f (i+2)(xk)(zk − xk)

2 + o(zk − xk)
3.

Then,

f (i)(xk) − f (i)(zk) = f (i+1)(xk)(xk − zk) − 1

2
f (i+2)(xk)(xk − zk)

2 + o(xk − zk)
3

= f (i+1)(xk)
f (xk)

f (1)(xk)
− 1

2
f (i+2)(xk)

(
f (xk)

f (1)(xk)

)2

+ o

(
f (xk)

f (1)(xk)

)3

.

Thus,

(f (i)(xk) − f (i)(zk))f
i(xk)

(i + 1)!(f (i)(xk))(i+1)

= f (i+1)(xk)f
i+1(xk)

(i + 1)!(f (i)(xk))(i+2)
− f (i+2)(xk)

2(i + 1)!f (1)(xk)

(
f (xk)

f (1)(xk)

)i+2

+ o

(
f (xk)

f (1)(xk)

)i+3

. (70)

Since the minimal order of f (xk)

f (1)(xk)
is ek, o(

f (xk)

f (1)(xk)
)i+3 is equivalent to o(ei+3

k ).
Substituting (66) and (69) into (70), after some steps we get the following:

(f (i)(xk) − f (i)(zk))f
i(xk)

(i + 1)!(f (i)(xk))(i+1)
= Ai+1e

i+1
k + B̂i+1e

i+2
k

− f (i+2)(xk)

2(i + 1)!f (1)(xk)
ei+2
k + o(ei+3

k )

= Ai+1e
i+1
k + Bi+1e

i+2
k + o(ei+3

k ),

where Bi+1 = B̂i+1 − f (i+2)(xk)

2(i+1)!f (1)(xk)
. In other words, (63) is true for i + 1. �

Theorem 4.1 Let I ∈ IR be an open interval and α ∈ I be a simple zero of suffi-
ciently differentiable function f :I → IR. Assume f (1)(α) �= 0 and x0 be sufficiently
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close to α. Then the order of convergence of the algorithm defined by (20) and (22)
is (m + 2).

Proof From Lemma 4.4, we know,

x̂k+1 = �̂n(x̂k) = ĝn−1(x̂k) + ĥn(f
(n)(x̂k)), (71)

where ĥn(f
(n)(x̂k)) = (−1)n+1 f (n)(x̂k)f

n(x̂k)

n!(f (1)(x̂k))
n+1 .

From m = n − 1 and the definition of the algorithm, we have

xk+1 = �m(xk) = gm(xk) + hm(f (m)(xk)), (72)

where

hm(f (m)(xk)) = ĥn

(
f (n−1)(xk) − f (n−1)(zk)

xk − zk

)

= (−1)n+1 f n−1(xk)(f
(n−1)(xk) − f (n−1)(yk))

n!(f (1)(xk))n
.

From [7], we know the order of convergence of �̂n(x̂k) is at least (n + 1). From
Lemma 4.5 and (71), we have

�̂n(x̂k) − α = (−1)n+1 f (n)(x̂k)f
n(x̂k)

n!(f (1)(x̂k))n+1
+ gn−1(x̂k) − α

= (−1)n+1(Anê
n
k + B̂nê

n+1
k ) + o(ên+2

k ) + gn−1(x̂k) − α

= Knê
n+1
k + o(ên+2

k ),

where Kn ∈ IR is a constant. Thus,

ĝn−1(x̂k) − α = −(−1)n+1Anê
n
k + (Kn − (−1)n+1B̂n)ê

n+1
k + o(ên+2

k ). (73)

Note that gm(.) = ĝn−1(.), we have

gm(xk) − α = −(−1)n+1Ane
n
k + (Kn − (−1)n+1B̂n)e

n+1
k + o(en+2

k ). (74)

Substituting (74) and (63) into (72), we get

�m(xk) − α = (−1)n+1 f n−1(xk)(f
(n−1)(xk) − f (n−1)(yk))

n!(f (1)(xk))n
+ gm(xk) − α

= (−1)n+1(Ane
n
k + Bne

n+1
k ) − (−1)n+1Ane

n
k

+ (Kn − (−1)n+1B̂n)e
n+1
k + o(en+2

k )

= [Kn + (−1)n+1(Bn − B̂n)]en+1
k + o(en+2

k ). (75)

Since m = n − 1, we finally have

�m(xk) − α = [Km+1 + (−1)m+2(Bm+1 − B̂m+1)]em+2
k + o(em+3

k ).
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Thus, the order of convergence of �m(xk) is (m + 2). �

5 Numerical Results

We implemented the new method in Matlab and tested it on five numerical examples.
We also compared the results obtained by the method presented in [2] and [7], using
the same stopping criterion |f (xk)| ≤ 10−10.

For each example, we chose three different starting points, which ensured that the
solution stayed the same for the same example for whatever method used. Therefore,
we compared these methods by evaluating the number of iterations required to per-
form them. The following are the test functions, and the solution α found by those
methods:

Example 1: f (x) = xex + 2ex − 1, α = −0.4428544009
Example 2: f (x) = x7 + 2x5 + 3x3 + x2 + x + 1, α = −0.5841144224
Example 3: f (x) = xex2 − sin2 x + 3 cosx + 5, α = −1.2076478271
Example 4: f (x) = x2 − ex − 3x + 2, α = +0.2575302854
Example 5: f (x) = −0.5x7 +0.1x5 +10x3 −10x2 −70x −7, α = −0.1016253384

It is known that not only the number of iterations counts, but also the cost of each
iteration counts. In the sense of Ostrowski [8], its asymptotic efficiency index is equal
to (m + 2)1/c , where c is the number of arithmetic operations per iteration. Since for
complicated functions the number p of function evaluations per iteration dominates
the other arithmetic operations, it is reasonable to take c = p. The efficiency index of
the new method equals (m + 2)1/(m+2).

The iteration formulae of the Traub’s method [2] for given xk are as follows.

x0
k = xk; x

j+1
k = x

j
k − f (x

j
k )/f (1)(xk), j = 0, . . . ,m − 1; xk+1 = xm

k .

It has an order of (m + 1) and requires (m + 1) functions per iteration. Hence its
efficiency index is (m + 1)1/(m+1). Note that our method uses higher derivatives,
which in some cases may be difficult to compute.

Tables 1 through 5 show that for each example, respectively, the number of it-
erations (listed under column “I”) is performed by the methods starting from three
initial points x0. Column “F” indicates the total number of function and derivative
evaluations. The methods in the tables are denoted as follows:

“Previous method with m = 1” is the Newton method;
“Previous method with m = 2” is the Chebyshev method (defined by (15));
“Previous method with m = 3” is defined by (16);
“New method with m = 1” is defined by (20) and (24);
“New method with m = 2” is defined by (20) and (25);
“New method with m = 3” is defined by (20) and (22) when m = 3.

The column “Traub” is the Traub method described.
Tables 1 to 5 indicate that the new method has a higher convergent rate than the

previous method, when using the same highest order derivative. Table 5 suggests
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Table 1 Results for Example 1

Initial x0 = 2 x0 = 4 x0 = 6

Meth Prev New Traub Prev New Traub Prev New Traub

I F I F I F I F I F I F I F I F I F

m = 1 8 16 6 18 8 16 10 20 7 21 10 20 12 24 9 27 12 24

m = 2 5 15 4 16 5 15 7 21 6 24 7 21 8 24 7 28 9 27

m = 3 4 16 4 20 5 20 6 24 5 25 6 24 7 28 6 30 7 28

Table 2 Results for Example 2

Initial x0 = −5 x0 = −2 x0 = −1

Meth Prev New Traub Prev New Traub Prev New Traub

I F I F I F I F I F I F I F I F I F

m = 1 15 30 11 33 15 30 10 20 7 21 10 20 6 12 4 12 6 12

m = 2 10 30 10 40 11 33 7 21 6 24 7 21 4 12 4 16 4 12

m = 3 9 36 8 40 9 36 5 20 5 25 6 24 4 16 3 15 4 16

Table 3 Results for Example 3

Initial x0 = −5 x0 = −3 x0 = −1

Meth Prev New Traub Prev New Traub Prev New Traub

I F I F I F I F I F I F I F I F I F

m = 1 30 60 23 69 30 60 13 26 10 30 13 26 5 10 4 12 5 10

m = 2 20 60 17 68 22 66 9 27 8 32 10 30 3 9 3 12 4 12

m = 3 16 64 14 70 18 72 7 28 6 30 8 32 3 12 3 15 3 12

Table 4 Results for Example 4

Initial x0 = 0 x0 = 2 x0 = 7

Meth Prev New Traub Prev New Traub Prev New Traub

I F I F I F I F I F I F I F I F I F

m = 1 3 6 2 6 3 6 4 8 4 12 4 8 9 18 7 21 9 18

m = 2 2 6 2 8 2 6 3 9 3 12 3 9 7 21 6 24 7 21

m = 3 2 8 2 10 2 8 3 12 3 15 3 12 6 24 5 25 6 24

that the new method, when using a derivative with one order lower, could have a
faster convergence rate for some problems. This can be seen from the convergence
coefficients in Lemmas 4.1 and 4.2.

However, if we take the total number of function evaluation as our criterion, the
new method is comparable to the Traub’s method. The comparison of the efficiency
indices reveals that the maximum is achieved at m = 2 for the Traub’s method and
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Table 5 Results for Example 5

Initial x0 = −9 x0 = 2.5 x0 = 4.5

Meth Prev New Traub Prev New Traub Prev New Traub

I F I F I F I F I F I F I F I F I F

m = 1 20 40 14 42 20 40 7 14 5 15 7 14 10 20 7 21 10 20

m = 2 73 219 32 128 132 396 23 69 5 20 5 15 8 24 6 24 7 21

m = 3 61 244 19 95 10 40 86 344 63 315 4 16 7 28 5 25 6 24

at m = 1 for our method. We can also compare the efficiency indices for some other
methods. There are two methods in [9]. The first one has the order of convergence 3
and requires 3 function evaluations per step, and its efficiency index is 31/3 = 1.4422.
The second one with the order 1+√

2 requires only two function evaluations per step,
and its efficiency index is (1 + √

2)1/2 = 1.5538. In [10], the two methods have the
efficiency indices 1.5538 and 1.67, respectively. In [11], the order is 1.839 and only
one function estimation per step is required, and its efficiency index is 1.839. In [12],
the efficiency index of several iterative procedures for solving nonlinear equations in
Banach spaces is discussed.

6 Concluding Remarks

We have proposed in this paper a new algorithm for finding the simple root of a non-
linear equation. Not only have we given its motivation, but also we have proved that
the order of convergence of the new method is (m + 2), where m is the highest order
derivative used in the iteration formula. Its proofs are explained in stages for better
understanding. Before the main result is presented, the case m = 1 is analyzed in de-
tails to motivate the convergence analysis. It also uses the results of a previous paper,
where the order of convergence is (m + 1). Numerical examples are used to demon-
strate the new algorithm with the same stopping criteria as some previous papers.
The limited numerical experience suggests that the new method would be a valuable
alternative for solving such a problem.

Open Access This article is distributed under the terms of the Creative Commons Attribution Noncom-
mercial License which permits any noncommercial use, distribution, and reproduction in any medium,
provided the original author(s) and source are credited.
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