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THE ROCKET PROBLEM IN GENERAL RELATIVITY

PEDRO G. HENRIQUES AND JOSÉ NATÁRIO

Abstract. We derive the covariant optimality conditions for rocket trajecto-
ries in general relativity, with and without a bound on the magnitude of the
proper acceleration. The resulting theory is then applied to solve two specific
problems: the minimum fuel consumption transfer between two galaxies in
a FLRW model, and between two stable circular orbits in the Schwarzschild
spacetime.

1. Introduction

The theory of optimal rocket trajectories in the context of Newtonian mechanics
is beautifully developed in the classical reference [1]. In this paper, we generalize
this theory to the general relativity setting. We find that it is possible to formulate
the theory in a fully covariant fashion, with all relevant auxiliary variables having
geometric meaning.

While it can be argued that this generalization is of little practical interest (we
are quite far from being able to build a rocket capable of moving at relativistic
speeds!), it turns out that the geometric perspective of general relativity brings
fresh insights into this classical application of control theory – for instance, the
relation of the primer equation with the Jacobi equation (Theorem 4.1), or the fact
that ignorable coordinates restrict variations to geodesics with the same Killing
conserved quantities (Theorem 8.1). Moreover, this theory can be used to address
theoretical issues in general relativity [2].

The structure of the paper is as follows. In Section 2, we derive the well known
rocket equation in general relativity, relating the initial and final rest masses of a
rocket following a given spacetime trajectory. This is done mainly for the reader’s
convenience, as well as to fix the notation. In Section 3, we recall the details of
Mayer problem in optimal control theory, which we use in Section 4 to derive the
optimality conditions under the assumption that the magnitude of the proper accel-
eration is bounded. These conditions are essentially a covariant differential equation
for an auxiliary vector field defined along the trajectory, called the primer, whose
direction gives the direction of the acceleration, and whose magnitude determines
whether the rocket is undergoing maximum acceleration, intermediate acceleration,
or free-falling. In Section 5, we examine the behavior of the optimal trajectories
as we let the bound on the acceleration tend to infinity. We find that the maxi-
mum acceleration arcs collapse to instantaneous accelerations, whose locations and
directions are again determined by the primer. In Section 6, we study the general
1-dimensional problem, which we then particularize in Section 7 to the problem of
finding the minimum fuel consumption transfer between two galaxies in a FLRW
model. Besides the general theory, we use a Lorentzian version of the Gauss-Bonnet
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Theorem to find these optimal trajectories, under the assumption that the expan-
sion of the universe is either accelerating or non-accelerating. In Section 8, we study
the role of ignorable coordinates, which we use in Section 9 to solve the problem of
finding the minimum fuel consumption transfer between two stable circular orbits
in the Schwarzschild spacetime.

We use the conventions of [3], including geometrized units (in which the speed
of light and Newton’s gravitational constant are set equal to 1) and the Einstein
summation convention; when using the latter, Greek letters will always represent
spacetime indices.

2. Rocket Equation in General Relativity

To study a relativistic rocket moving in d space dimensions, we must consider a
(d+1)-dimensional spacetime (M, g), that is, a smooth1 (d+1)-dimensional manifold
M endowed with a Lorentzian metric g. We assume (M, g) to be time-orientable,
with a definite choice of time orientation. If the rocket’s size is sufficiently small (as
compared to the local radius of curvature), so that it can be modelled as a point
particle, then its spacetime trajectory is given by a smooth future-directed timelike
curve c : [τ0, τ1] ⊂ R → M , which we assume to be parameterized by the proper
time τ (that is, the spacetime velocity ċ is a unit vector, g(ċ, ċ) = −1). Since the
rocket must eject particles to accelerate, its rest mass will not be constant, but will
be given instead by a smooth function m : [τ0, τ1] → R

+. For the same reason, the
rocket’s energy-momentum vector mċ will not be conserved, and so we will have

(1) ∇ċ (mċ) + J = 0,

where∇ is the Levi-Civita connection of g and J is a vector field along c representing
the instantaneous rate (with respect to proper time) at which energy-momentum is
being carried away by the exhaust. The only a priori restriction to J is that it must
be timelike or null and future-directed, corresponding to the physical requirement
that the speed of the exhaust particles must not exceed the speed of light. Rewriting
(1) as

(2) J = −ṁċ−m∇ċċ,

and noting that the covariant acceleration ∇ċċ is orthogonal to the unit tangent
vector ċ (hence spacelike), we see that the a priori restriction on J requires that
ṁ ≤ 0 (so that J is future-directed), that is, the rocket’s rest mass is a nonincreasing
function. Moreover, we must have J = 0 whenever ṁ = 0 (because J cannot be
spacelike), and so

(3) J = −ṁ(ċ+ V )

for some spacelike vector field V orthogonal to ċ satisfying g(V, V ) ≤ 1 (so that J

is timelike or null). Note that the norm |V | := |g(V, V )| 12 can be interpreted as the
instantaneous speed of the exhaust particles as measured by the rocket. Comparing
(2) and (3), we have

(4) m∇ċċ = ṁV ⇒ ṁ|V | = −m|∇ċċ|
(the minus sign coming from the fact that m is nonincreasing).

In this paper, we will be interested in the case where speed of the exhaust
particles is constant, that is, |V | = v for some constant v satisfying 0 < v ≤ 1 (the

1By smooth we mean C∞.
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extreme case v = 1 corresponding to the exhaust particles moving at the speed of
light, that is, a photon rocket). Integrating (4) we then obtain the following result
(see also [4, 5, 6, 7, 8, 9, 10]).

Theorem 2.1. For the relativistic rocket model specified above, the final rest mass
m1 := m(τ1) is related to its initial rest mass m0 := m(τ0) by the formula

(5) m1 = m0 exp

(

−1

v

∫ τ1

τ0

|∇ċ ċ |dτ
)

.

To minimize the fuel consumption, one must then minimize the action deter-
mined by the second order Lagrangian L := |∇ċ ċ |, which is not differentiable
along its zero level set. For this reason, the standard Euler-Lagrange equations
cannot be used directly, and one must turn to optimal control theory.

3. Mayer Problem

In this section, we briefly review the Mayer problem in optimal control. For
more details see [1, 11] and references therein.

The setup of the Mayer problem is as follows: on a compact interval [τ0, τ1] we
consider n continuous, piecewise smooth2 functions xi : [τ0, τ1] → R, called the
state variables, and m piecewise smooth functions uj : [τ0, τ1] → R, called the
control variables. Each choice of the control variables completely determines the
state variables via the Cauchy problem

{

xi(τ0) = xi
0,

ẋi(τ) = f i(x1(τ), . . . , xn(τ), u1(τ), . . . , um(τ), τ),

(where the functions f i are smooth3). We require the control variables to satisfy
the p < m independent4 constraint equations

gk(x1(τ), . . . , xn(τ), u1(τ), . . . , um(τ), τ) = 0

for each τ ∈ [τ0, τ1], and the state variables to satisfy the endpoint conditions

xi(τ1) = xi
1,

for i = 1, . . . , q ≤ n. The Mayer problem consists in choosing the control variables so
that J(xq+1

1 , . . . , xn
1 ) is minimized, where J : Rn−q → R is a given smooth function

and xi
1 := xi(τ1) for i = q + 1, . . . , n. The problem can be slightly generalized by

letting τ1 be variable, in which case J may also depend on τ1.
The solution of the Mayer problem is obtained from the Pontryagin Maximum

Principle as follows: we introduce n additional variables pi, called the momenta,
and define the Hamiltonian

H(x1, . . . , xn, p1, . . . , pn, τ) := max
(u1,...,um)

pif
i(x1, . . . , xn, u1, . . . , um, τ),

2We take piecewise smooth functions on [τ0, τ1] to be given by restrictions of smooth functions
defined on R to the subintervals of a partition of [τ0, τ1]; in particular, piecewise smooth functions
and all their derivatives have one-sided limits at all points.

3It is possible to formulate the Mayer problem with much lower regularity; here, for simplicity,
we consider only (piecewise) smooth functions, as is usual in differential geometry.

4That is, the Jacobian matrix
(

∂gk

∂uj

)

has rank p.
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where the maximum is taken over all uj satisfying the constraint equations at time
τ . Then J is minimized for state variables solving Hamilton’s equations

{

ẋi = ∂H
∂pi

,

ṗi = − ∂H
∂xi ,

with the initial conditions pi(τ0) chosen such that xi(τ1) = xi
1 for i = 1, . . . , q and

pi(τ1) = − ∂J

∂xi
1

for i = q + 1, . . . , n. If τ1 is allowed to vary, then its value can be determined from
the additional endpoint condition

H(τ1) =
∂J

∂τ1
.

Computing the Hamiltonian is a constrained maximization problem, and leads
to the conditions

∂F

∂uj
= 0,

where F is the Lagrange expression

F (x1, . . . , xn, p1, . . . , pn, u
1, . . . , um, µ1, . . . , µp, τ) :=

pif
i(x1, . . . , xn, u1, . . . , um, τ)− µkg

k(x1, . . . , xn, u1, . . . , um, τ).

These conditions, together with the constraint equations, yield uj and µk as func-
tions of the variables (x1, . . . , xn, p1, . . . , pn, τ), thereby introducing p additional
piecewise smooth functions µk : [τ0, τ1] → R, which are called the Lagrange mul-

tipliers.5

It is possible to use the Lagrange expression to obtain a shortcut for writing
Hamilton’s equations. Indeed, if the constraints are satisfied, then

∂gk

∂xl
+

∂gk

∂uj

∂uj

∂xl
= 0,

and hence

∂H

∂xl
= pi

∂f i

∂xl
+ pi

∂f i

∂uj

∂uj

∂xl
= pi

∂f i

∂xl
+ µk

∂gk

∂uj

∂uj

∂xl

= pi
∂f i

∂xl
− µk

∂gk

∂xl
=

∂F

∂xl
.

Therefore, Hamilton’s equations can be written as
{

ẋi = ∂F
∂pi

,

ṗi = − ∂F
∂xi ,

without the need to explicitly compute the Hamiltonian H .

5The multiplier µk gives the rate of change of the Hamiltonian as the value of the constraint
gk is varied.
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4. Optimality Conditions

We now set up the problem of finding minimum fuel consumption trajectories
as a Mayer problem. For that, we choose local coordinates (x0, x1, . . . , xd) on our
spacetime manifold M . In this coordinate system, the metric is given by some
matrix gµν = gµν(x

0, x1, . . . , xd), and the Levi-Civita connection is determined by
the Christoffel symbols Γµ

αβ = Γµ
αβ(x

0, x1, . . . , xd), which can be computed from
the metric by the formula

(6) Γµ
αβ =

1

2
gµν (∂αgβν + ∂βgαν − ∂νgαβ) , (gµν) := (gµν)

−1.

If the rocket’s trajectory c : [τ0, τ1] → M is given in these local coordinates by
xµ = xµ(τ), then its spacetime velocity U := ċ has components Uµ = ẋµ, and its
covariant acceleration A := ∇ċċ = ∇UU has components

(7) Aµ = U̇µ + Γµ
αβU

αUβ .

As we have seen, the covariant accelerationA is orthogonal to the spacetime velocity
U , hence spacelike. Consequently, A = aN , where a := |A| andN is a unit spacelike
vector (that is, g(N,N) = 1). The reasonable assumption is that the rocket is able
to control the direction and intensity of its exhaust, hence N and a. We therefore
choose a and the components Nµ of N as our control variables. Moreover, it is
physically natural (and, as it turns out, mathematically desirable) to assume an
upper bound ā on the acceleration that the rocket is able to achieve. This leads
to the constraint a ≤ ā, which we will implement by introducing an extra control
variable α. Therefore, we have d+ 3 control variables (a,N0, N1, . . . , Nd, α).

As state variables, describing the rocket’s trajectory, we must then choose the
rocket’s spacetime coordinates xµ and the components Uµ of its spacetime velocity.
Moreover, we introduce an additional variable I (called the cost), which we will
use to measure the fuel consumption. Therefore, we have 2d + 3 state variables
(x0, x1, . . . , xd, U0, U1, . . . , Ud, I). From (7), the evolution of the first 2d + 2 state
variables will be given by the equations

{

ẋµ = Uµ,

U̇µ + Γµ
αβU

αUβ = aNµ,

and we choose
İ = a.

By (5), the final mass of the rocket is will then be

m1 = m0 exp

(

−I1

v

)

,

where I1 := I(τ1). Therefore, minimizing the fuel consumption is equivalent to
minimizing the final cost, J = I1. We will, however, keep J general, as it makes
little difference in the minimum conditions.

The fact that we want to use the proper time τ as the time parameter must be
specified through the constraint equation

(8) gµνU
µNν = 0.

This guarantees that A = ∇UU is orthogonal to U , implying that the length of U
is constant; we will assume the initial conditions to be chosen so that

(9) gµνU
µUν = −1
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(note that this is not an extra constraint6). A further constraint is necessary to
specify that a is the norm of the acceleration, or, equivalently, that N is a unit
vector, namely

(10) gµνN
µNν = 1.

Finally, it is necessary to require that 0 ≤ a ≤ ā. These inequalities can be
accommodated by the constraint equation

a(ā− a) = α2.

We can now write the minimum conditions. The Lagrange expression is

F = pµ

(

−Γµ
αβU

αUβ + aNµ
)

+ pµ+d+1U
µ + p2d+2 a(11)

− µ1gµνU
µNν − µ2 (gµνN

µNν − 1)− µ3

[

a(ā− a)− α2
]

.

Therefore, we have the Hamilton equations

(12)











ṗµ = − ∂F
∂Uµ = 2pγΓ

γ
αµU

α − pµ+d+1 + µ1gµαN
α,

ṗµ+d+1 = − ∂F
∂xµ = pγ∂µΓ

γ
αβU

αUβ + ∂µgαβ
(

µ1U
αNβ + µ2N

αNβ
)

,

ṗ2d+2 = −∂F
∂I

= 0,

and the Pontryagin conditions

(13)











0 = ∂F
∂Nµ = pµa− µ1gµνU

ν − 2µ2gµνN
ν ,

0 = ∂F
∂a

= pµN
µ + p2d+2 + µ3(2a− ā),

0 = ∂F
∂α

= 2µ3α.

The last Pontryagin condition (13) implies that either α = 0 (in which case we must
have a = 0 or a = ā) or µ3 = 0 (in which case we may have 0 < a < ā). Therefore,
the rocket’s trajectory is naturally divided into zero acceleration (ZA) arcs (a = 0),
maximal acceleration (MA) arcs (a = ā) and intermediate acceleration (IA) arcs
(0 < a < ā).7

Assume first that a > 0. Then the first Pontryagin condition (13), together with
(8), (9) and (10), implies

(14) pµ + (pαU
α)Uµ = ρNµ,

where

ρ := pµN
µ.

Since N has to be chosen so that Lagrange expression (11) is maximized, we must
have ρ ≥ 0 (because otherwise it would be possible to increase ρ, and so F , by
reversing N). If the constraints are satisfied, the terms proportional to a in the
Lagrange expression are

(15) (ρ+ p2d+2)a =: ka.

6We cannot use (9) directly as the constraint because its Jacobian matrix, with respect to the
control variables, vanishes.

7If we are minimizing the fuel consumption, then the IA arcs, where the acceleration is not
constrained, must be solutions of the Euler-Lagrange equations for the second order Lagrangian

L(x0, . . . , xd, ẋ0, . . . , ẋd, ẍ0, . . . , ẍd) =
[

gµν

(

ẍµ + Γµ
αβ

ẋαẋβ
)(

ẍν + Γν
γδ ẋ

γ ẋδ
)] 1

2
,

subject to the constraint gµν ẋ
µẋν = −1.
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Since again the choice of a has to maximize the Lagrange expression, we must
have k ≥ 0 on a MA arc (because otherwise it would be possible to increase F by
decreasing a) and k = 0 on a IA arc (because otherwise it would be possible to
increase F by either increasing or decreasing a).

On a ZA arc, the control variables Nµ can be chosen arbitrarily (as long as they
satisfy the constraint equations). Therefore, we keep the choice

Nµ =
Pµ

ρ
,

whenever ρ 6= 0, where

Pµ := pµ + (pαU
α)Uµ

are the components of the projection of the vector p on the hyperplane orthogonal
to U and

ρ := (gµνPµPν)
1
2 = pµN

µ.

With this choice, (14) and (15) still hold, and so maximizing the Lagrange expres-
sion with respect to to a requires k ≤ 0 on a ZA arc (because otherwise it would
be possible to increase F by increasing a).

The Lagrange multipliers µ1 and µ2 can be determined by contracting the first
Pontryagin condition (13) with U and N , which yields

(16) apµU
µ + µ1 = 0

and

(17) aρ = 2µ2.

The first Hamilton equation (12) can be rewritten as

(18) ∇Upµ = −qµ + µ1Nµ,

where

(19) qµ := pµ+d+1 − Γγ
αµpγU

α.

The second Hamilton equation (12) then yields

∇Uqµ =q̇µ − Γγ
αµqγU

α

(20)

=ṗµ+d+1 − ∂βΓ
γ
αµpγU

αUβ − Γγ
αµṗγU

α − Γγ
αµpγU̇

α − Γγ
αµqγU

α

=∂µΓ
γ
αβpγU

αUβ + ∂µgαβ
(

µ1gαβU
αNβ + µ2N

αNβ
)

− ∂βΓ
γ
αµpγU

αUβ

− Γγ
αµ

(

Γδ
βγpδU

β − qγ + µ1Nγ

)

Uα − Γγ
αµpγ

(

−Γα
βδU

βU δ + aNα
)

− Γγ
αµqγU

α

=
(

∂µΓ
γ
αβ − ∂βΓ

γ
αµ + Γγ

µδΓ
δ
αβ − Γγ

βδΓ
δ
αµ

)

pγU
αUβ

+ ∂µgαβ
(

µ1U
αNβ + µ2N

αNβ
)

− µ1Γ
γ
αµNγU

α − µ1Γ
γ
αµUγN

α − 2µ2Γ
γ
αµNγN

α,

where we have used (14), (16) and (17) to write

apγ = −a
(

pδU
δ
)

Uγ + aρNγ = µ1Uγ + 2µ2Nγ .
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Now, using (6), we have

∂µgαβU
αNβ − Γγ

αµNγU
α − Γγ

αµUγN
α

= ∂µgαβU
αNβ − 1

2
gγβ (∂αgβµ + ∂µgβα − ∂βgαµ) (NγU

α + UγN
α)

= ∂µgαβU
αNβ − 1

2
(∂µgαβ + ∂αgβµ − ∂βgαµ)

(

UαNβ +NαUβ
)

= ∂µgαβU
αNβ − 1

2
∂µgαβ

(

UαNβ +NαUβ
)

= 0,

and, similarly,

∂µgαβN
αNβ − 2Γγ

αµNγN
α

= ∂µgαβN
αNβ − gγβ (∂αgβµ + ∂µgβα − ∂βgαµ)NγN

α

= (∂µgαβ − ∂αgβµ − ∂µgβα + ∂βgαµ)N
αNβ = 0.

Therefore, the terms proportional to µ1 and µ2 drop out of (20), and we are left
with

∇Uqµ = R
γ

µβ αpγU
αUβ = RµαβγU

αpβUγ = RµαβγU
αP βUγ .

It is convenient to write the Hamilton equations using the modified momentum
variables Pµ. We have

∇UPµ = ∇U (pµ + (pαU
α)Uµ) = ∇Upµ + fUµ + (pαU

α) aNµ(21)

= −qµ + µ1Nµ + fUµ − µ1Nµ = −qµ + fUµ,

where we used (18) and (16), and defined

f :=
d

dτ
(pαU

α) .

This function can be determined from the Hamiltonian first integral

H = pµ

(

−Γµ
αβU

αUβ + aNµ
)

+ pµ+d+1U
µ + p2d+2 a,

which, in view of (15) and (19), can be written as

H = qµU
µ + ka.

In fact, if we contract (21) with U , we obtain

f = − (∇UPµ)U
µ − qµU

µ = Pµ (∇UU
µ)−H + ka = ρa+ ka−H.

If τ1 is not specified, then

H =
∂J

∂τ1
.

The remaining endpoint conditions depend on the exact nature of the problem. The
standard problem of minimizing the fuel consumption, as we have seen, corresponds
to J = I1. In this case, the values of all state variables except I are fixed at τ = τ1,
and we have the additional endpoint condition

p2d+2 = − ∂J

∂I1
= −1.

Moreover, if τ1 is not fixed, then H = 0.
Following [1], we shall call the spacelike vector field P and the function k the

primer and the switching function of the trajectory. Like all variables in our
problem, they are piecewise smooth. Moreover, it is known from the general theory
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of the Mayer problem that both the momentum variables and the Hamiltonian
must be continuous along the optimal trajectory. Therefore, both the primer and
the switching function are continuous. The continuity of H then implies that k

must vanish at the discontinuities of a.
To summarize, we have proved the following result.

Theorem 4.1. The optimal motion of the rocket is obtained from the motion equa-
tion

∇UU
µ = aNµ

by choosing

Nµ =
Pµ

ρ
,

where

ρ := (gµνPµPν)
1
2 ,

and the primer Pµ satisfies

(22)

{

∇UPµ = −qµ + (ρa+ ka−H)Uµ,

∇Uqµ = RµαβγU
αP βUγ

and

PµU
µ = 0.

Here, the switching function k := ρ+ p2d+2, with p2d+2 constant, satisfies k ≥ 0 on
MA arcs, k = 0 on IA arcs and k ≤ 0 on ZA arcs, and the Hamiltonian integration
constant H = qµU

µ + ka is given by

H =
∂J

∂τ1

if τ1 is not fixed. Moreover, p2d+2 = −1 for the fuel minimizing problem.

5. Instantaneous Accelerations

The problem is simplified if we take the limit ā → +∞, corresponding to situ-
ations where the duration of the maximum acceleration periods is negligible. We
assume that this limit exists and that all functions converge to piecewise smooth
functions. In this limit, the MA arcs collapse to points where we have instantaneous
(Dirac delta) accelerations.8 At such points we have:

(a) xµ is continuous, because dxµ

dτ
= Uµ is at most discontinuous;

(b) qµ is continuous, because ∇Uqµ = RµαβγU
αP βUγ is at most discontinuous;

(c) Uµ and Pµ have a discontinuity given by a (positive) boost in their plane,
because PµU

µ = 0, ∇UU
µ is a positive multiple of Pµ, and, in the limit, ∇UP

µ

is a positive multiple of Uµ (in particular, ρ, and hence k, are continuous);
(d) k = 0, because this always happens at the endpoints of a MA arc.

Both k and ρ attain their maximum at the instantaneous acceleration, where we
must therefore have ρ > 0. Statement (c) can then be written as

(23)

{

U
µ
+ = U

µ
−

coshu+ 1
ρ
P

µ
−

sinhu,

P
µ
+ = ρU

µ
−

sinhu+ P
µ
−

coshu,

8See [12] for a general framework dealing with impulsive controls.
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for some u > 0, where the indices − and + denote the limits at the instantaneous
acceleration from the left and from the right. Since ka = 0 on both ZA and IA
arcs, the Hamiltonian integration constant yields

qµU
µ
−

= qµU
µ
+ = H,

which, together with (23), imply

qµP
µ
+ = ρH

coshu− 1

sinhu
= −qµP

µ
−

.

Since by (22)
ρρ̇ = Pµ (∇UPµ) = −Pµqµ,

we have

(24) ρ̇
−
= H

coshu− 1

sinhu
= −ρ̇+,

that is, ρ̇ reverses its sign at the instantaneous acceleration.
If H = 0 (as is the case if τ1 is not specified and J does not depend on τ1), then

(24) implies that ρ is continuously differentiable with ρ̇ = 0 at an instantaneous
acceleration.9 In fact, in this case, ρ is actually a C2 function: using ka = 0 on ZA
and IA arcs, whence qµU

µ = 0, and PµU
µ = 0, we have

ρ̇2 + ρρ̈ = (∇UP
µ) (∇UPµ) + Pµ (∇U∇UPµ)

= (−qµ + ρaUµ) (−qµ + ρaUµ) + Pµ (−∇Uq
µ + ρa∇UU

µ)

= qµqµ − ρ2a2 − PµRµαβγU
αP βUγ + ρ2a2 = qµqµ + ρ2K,

where K := −RαβγδU
αNβUγN δ is the sectional curvature of the plane spanned by

U and P , and so ρ̈ is continuous at an instantaneous acceleration.
We collect all these results in the following statement.

Theorem 5.1. At an instantaneous acceleration we have:

(a) U and P have a discontinuity given by a (positive) boost in their plane;
(b) ρ reaches its maximum and is continuous;
(c) ρ̇ reverses sign;
(d) if H = 0, then ρ is a C2 function.

6. 1-Dimensional Problems

We now consider the simplest case d = 1, corresponding to problems where the
rocket moves along a line. The spacetime (M, g) is thus 2-dimensional.

Because ρ is constant on IA arcs, we have from (22)

Pµqµ = −Pµ∇UPµ = −ρρ̇ = 0.

Since {U,N} is an orthonormal frame and qµU
µ = H , we must have

qµ = −HUµ,

and hence, from the Hamilton equations (22),

−HaNµ = RµαβγU
αP βUγ ⇔ Ha = ρK

(where K is the sectional curvature). It immediately follows that, if H = 0 (as will
be the case if τ1 is not specified and J does not depend on τ1), then IA arcs can

9Note that this does not have to be true for instantaneous accelerations at the endpoints of
the optimal trajectory.
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only exist in a flat spacetime. Even if H 6= 0, IA arcs can only exist if the curvature
has the same sign as H .

On ZA arcs, on the other hand, we have ∇UU = 0, i.e. U is parallel transported.
Since {U,N} is an orthonormal frame, it follows that N is also parallel transported.
Using P = ρN , the Hamilton equations (22) reduce to

ρ̈Nµ = −RµαβγU
αP βUγ ⇔ ρ̈ = Kρ.

In summary, we have the following result.

Theorem 6.1. If (M, g) is 2-dimensional, then:

(a) Ha = ρK on IA arcs;
(b) ρ̈ = Kρ on ZA arcs.

7. FLRW Models

Recall that the Friedmann-Lemâıtre-Robertson-Walker (FLRW) models are given
in spherical coordinates (t, r, θ, ϕ) by metrics of the form

ds2 = −dt2 +R2(t)
[

dr2 +Σk
2(r)

(

dθ2 + sin2 θdϕ2
)]

(k = −1, 0, 1),

where Σ0(r) := r (flat universe), Σ1(r) := sin r (spherical universe) and Σ
−1(r) :=

sinh r (hyperbolic universe). These metrics describe spatially homogeneous and
isotropic universes, and are believed to provide a good model for the large scale
structure of our own universe. The matter content of these universes is usually
taken to be a pressureless perfect fluid of uniform density ρ, whose elements are
fixed at constant spatial coordinates, and are interpreted as (the averaged version
of) galaxies (or clusters of galaxies). The Einstein field equations then determine
the time evolution of the scale factor R(t) and the matter density ρ(t), according
to the Friedmann equations



















Ṙ2

R2
=

2E

R3
+

Λ

3
− k

R2
,

ρ =
3E

4πR3

(where E ≥ 0 is a constant determining the matter density and Λ is the cosmological
constant). The flat Minkowski spacetime is a particular case, corresponding to
k = E = Λ = 0.

We consider the problem of transfer between two galaxies in a FLRW universe.
Assuming the first galaxy to be placed at r = 0, it is easily seen that the motion
must occur along the line of constant (θ, ϕ) joining the two galaxies, and so this is
naturally a 1-dimensional problem. Our spacetime will then be the totally geodesic
2-dimensional submanifold of constant (θ, ϕ), with metric

ds2 = −dt2 +R2(t)dr2.

Choosing the natural orthonormal coframe

ω0 := dt, ω1 := R(t)dr,

one readily obtains from the first Cartan structure equations,

dωα + ωα
β ∧ ωβ = 0,



12 PEDRO G. HENRIQUES AND JOSÉ NATÁRIO

the nonvanishing connection forms

ω0
1 = ω1

0 = Ṙ(t)dr,

and hence the nonvanishing curvature forms

Ω0
1 = Ω1

0 = dω0
1 =

R̈(t)

R(t)
ω0 ∧ ω1.

Consequently, the sectional curvature is

K = −R0101 =
R̈(t)

R(t)
.

Assume that the rocket aims at minimizing the fuel necessary to take it from
being at rest in the first galaxy (placed at r = 0) at time t = t0 to being at rest in
the second galaxy (placed at r = r1) at time t = t1.

10 For this problem, H = 0,
and consequently there are no IA arcs if K 6= 0 for t0 < t < t1.

If K(t) > 0 (that is, if the expansion is accelerating) for t0 < t < t1, then,
from Theorem 6.1, we have ρ̈ = Kρ > 0 for ρ 6= 0, and so all critical points
of ρ are necessarily minima. We conclude that there cannot exist instantaneous
accelerations except at the endpoints of the optimal trajectory, which must then
be a ZA arc with two instantaneous accelerations at the endpoints.

The same conclusion holds if K(t) ≤ 0 (that is, if the expansion is not acceler-
ating) for t0 < t < t1, but the argument is more complicated. We start by proving
a Lorentzian version of the Gauss-Bonnet Theorem suited to our problem. To do
so, we set

E0 :=
∂

∂t
, E1 :=

1

R(t)

∂

∂r
,

and consider a second orthonormal frame

F0 := coshuE0 + sinhuE1, F1 := sinhuE0 + coshuE1

(where u is the locally defined hyperbolic angle from E0 to F0). If c : [τ0, τ1] → M

is a timelike curve parameterized by its proper time, then from

∇ċEα = ωβ
α(ċ)Eβ ,

one readily obtains
∇ċF0 =

(

u̇+ ω0
1(ċ)

)

F1.

If F0 is parallel transported along c, then we have

u̇ = −ω0
1(ċ),

and hence

(25) u(c(τ1))− u(c(τ0)) = −
∫

c

ω0
1.

If we now write
ċ(τ) = coshw(τ)F0 + sinhw(τ)F1

(so that the total hyperbolic angle from E0 to ċ is u+ w), then we have

∇ċċ = ẇ(sinhwF0 + coshwF1),

and, consequently,
|∇ċ ċ | = |ẇ| .

10We assume (t1, r1) to be in the chronological future of (t0, 0).
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The function ẇ(τ) is called the geodesic curvature of c. The cost of c is

(26)

∫ τ1

τ0

|∇ċ ċ | dτ =

∫ τ1

τ0

|ẇ| dτ ≥ |w(τ1)− w(τ0)| ,

with equality if and only if ẇ does not change sign.

PSfrag replacements

E0E0

E0 E0

c+

c+

c−

c−

Figure 1. Timelike curves tangent to E0 at the initial or final endpoints.

Now let c+ and c− be timelike curves with common endpoints, with c+ to the
future of c−. Assume the endpoints to be the only intersections and let ∆ ⊂ M

be the region bounded by the two curves. If the curves are tangent to E0 at the
initial endpoint (where we choose F+

0 = F−

0 = E0), then we must have, at the final
endpoint,

w+ + u+ ≥ w− + u−

(cf. Figure 1). Now, from (25), we have

u+ − u− = −
∫

c+
ω0

1 +

∫

c−
ω0

1 =

∫

∂∆

ω0
1 =

∫

∆

dω0
1 =

∫

∆

Ω0
1 =

∫

∆

K ≤ 0,

implying that

(27) w+ ≥ w−.

Similarly, if the curves are tangent to E0 at the final endpoint (where we choose
F+
0 = F−

0 = E0), then we must have, at the initial endpoint,

w− + u− ≥ w+ + u+

(cf. Figure 1). Again, from (25), we have

−u+ + u− = −
∫

c+
ω0

1 +

∫

c−
ω0

1 =

∫

∂∆

ω0
1 =

∫

∆

dω0
1 =

∫

∆

Ω0
1 =

∫

∆

K ≤ 0,
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implying that

(28) w+ ≤ w−.

PSfrag replacements

(t0, 0)

(t1, r1)

r = 0 r = r1

γ

c

Figure 2. Timelike curves connecting (t0, 0) and (t1, r1).

Finally, let γ be the geodesic connecting the events (t0, 0) and (t1, r1), regarded
as tangent to E0 at the two endpoints via two instantaneous accelerations. Let c be
any smooth timelike curve with the same endpoints, also tangent to E0 at the two
endpoints. Then c is to the future of γ near (t0, 0), γ is to the future of c near (t1, r1)
and the two curves intersect at least once besides the endpoints (cf. Figure 2). If
we take c as c+ and γ as c− between the first endpoint and the first intersection
(besides the endpoints), then we have from (27)

∣

∣w− − 0
∣

∣ = w− ≤ w+ ≤
∣

∣ω+ − 0
∣

∣ .

Since the sign of ẇ− does not change, we see from (26) that the cost of c is greater
or equal than the cost of γ between these two points. Analogously, if we take γ

as c+ and c as c− between final intersection (besides the endpoints) and the final
endpoint, then we have from (28)

∣

∣0− w+
∣

∣ = w+ ≤ w− ≤
∣

∣0− w−

∣

∣ .

Since the sign of ẇ+ does not change, we see from (26) that the cost of c is greater
or equal than the cost of γ between these two points. Since the cost of γ between
the first and the last intersections is zero, we conclude that the total cost of c is
greater or equal than the total cost of γ.

In fact, it is not difficult to see that the cost of c is strictly greater than the
cost of γ: if c is tangent to γ at any intersection (besides the endpoints), then its
geodesic curvature must change signs. Therefore, we have the following result.
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Theorem 7.1. If R̈(t) > 0 or R̈(t) ≤ 0 for t0 < t < t1, then the minimum fuel
consumption trajectory for the transfer of a rocket from being at rest with respect
to the galaxy r = 0 at time t = t0 to being at rest with respect to the galaxy r = r1
at time t = t1 is a ZA arc with instantaneous accelerations at the endpoints.

Note that the conditions R̈(t) > 0 and R̈(t) ≤ 0 are really the conditions K > 0
andK ≤ 0, and so this theorem is easily applicable to other 1-dimensional problems.

8. Ignorable Coordinates

We say that a given coordinate xσ is ignorable iff the metric does not depend
on xσ and the final value xσ

1 is not specified. Under certain circumstances, the
existence of ignorable coordinates greatly simplifies the minimum conditions for
ZA arcs.

Assume that H = 0 (as is the case if τ1 is not specified and J does not depend
on τ1). In this case, the minimum equations on a ZA arc reduce to the geodesic
and Jacobi (geodesic deviation) equations,

{

∇UU
µ = 0,

∇U∇UPµ = −RµαβγU
αP βUγ ,

and the Hamiltonian first integral becomes

(∇UPµ)U
µ = 0,

which is just the proper time derivative of the constraint PµU
µ = 0. Since the

metric does not depend on the ignorable coordinate xσ, the covariant component
Uσ is conserved. Moreover, the Hamiltonian is then independent of xσ, and hence
pσ+d+1 is also constant. Since xσ

1 is not fixed, we have pσ+d+1 = 0, that is,

0 = pσ+d+1 = qσ + Γγ
ασpγU

α = −∇UPσ + Γγ
ασpγU

α.

On the other hand, we have

0 = ∇UUσ = U̇σ − Γγ
ασUγU

α = −Γγ
ασUγU

α,

implying that
Γγ
ασPγU

α = Γγ
ασpγU

α,

and, consequently,

(29) ∇UPσ − Γγ
ασPγU

α = 0.

We can obtain a geometrical interpretation of this condition by rewriting (29) as

(30) Xµ∇UPµ − (∇αX
γ)PγU

α = 0,

where

X =
∂

∂xσ
.

Thinking of P as a Jacobi field, hence satisfying

[U, P ] = 0 ⇔ ∇UP
µ −∇PU

µ = 0,

and using the fact the X is a Killing field,

∇µXν +∇νXµ = 0,

we can write (29) as

Xµ∇PUµ + Uµ∇PXµ = 0 ⇔ ∇P (UµX
µ) = 0.
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Therefore, (29) is the condition that the Jacobi field Pµ connects infinitesimally
nearby geodesics with the same value of the conserved quantity UµX

µ. In other
words, we have the following result.

Theorem 8.1. If H = 0 and xσ is an ignorable coordinate, then the Jacobi field
P connects infinitesimally nearby geodesics with the same value of the conserved
quantity Uσ.

9. Schwarzschild Solution

Recall that the Schwarzschild solution is the unique spherically symmetric solu-
tion of the vacuum Einstein field equations, given in spherical coordinates (t, r, θ, ϕ)
by the metric

ds2 = −
(

1− 2M

r

)

dt2 +

(

1− 2M

r

)

−1

dr2 + r2
(

dθ2 + sin2 θdϕ2
)

.

It represents the gravitational field created by a spherically symmetric body of
mass M (which we assume to be positive), and so models the vicinity of an isolated
planet or star (or even a more exotic object, like a neutron star or a black hole).

We consider the problem of finding the most fuel-efficient transfer between two
stable circular orbits in the Schwarzschild metric. For simplicity, we restrict our-
selves to motions the (2 + 1)-dimensional totally geodesic submanifold θ = π

2 ,
corresponding to the equatorial plane, whose metric is

ds2 = −
(

1− 2M

r

)

dt2 +

(

1− 2M

r

)

−1

dr2 + r2dϕ2.

We will not fix τ1 (henceH = 0), t1 or ϕ1 (and so t and ϕ are ignorable coordinates).
Moreover, the choice J = I1 implies k = ρ − 1. The geodesic equations in the
coordinate system above can be written as

(31)















































ẗ+
2M

r2

(

1− 2M

r

)

−1

ṫṙ = 0 ⇔
(

1− 2M

r

)

ṫ = E,

r̈ +
M

r2

(

1− 2M

r

)

ṫ2 − M

r2

(

1− 2M

r

)

−1

ṙ2 − r

(

1− 2M

r

)

ϕ̇2 = 0,

ϕ̈+
2

r
ṙϕ̇ = 0 ⇔ r2ϕ̇ = L,

where E and L are integration constants. Equation (29) for xσ = t can be obtained
by linearizing the first geodesic equation (31) while keeping E fixed:

(32)

(

1− 2M

r

)

Ṗ t +
2M

r2
P r ṫ = 0 ⇔ Ṗ t +

2M

r2
ṫPr = 0.

Similarly, equation (29) for xσ = ϕ can be obtained by linearizing the third geodesic
equation (31) while keeping L fixed:

(33) r2Ṗϕ + 2rP rϕ̇ = 0 ⇔ Ṗϕ +
2

r

(

1− 2M

r

)

ϕ̇Pr = 0.

Since Ut and Uϕ are conserved, the proper time derivative of the constraint

P tUt + PϕUϕ + PrU
r = 0
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is

Ṗ tUt + ṖϕUϕ +
d

dτ
(Pr ṙ) = 0.

Using (32) and (33) yields

2M

r2

(

1− 2M

r

)

ṫ2Pr − 2r

(

1− 2M

r

)

ϕ̇2Pr +
d

dτ
(Pr ṙ) = 0,

and from the radial component of the geodesic equations (31) we have

(34) − 2r̈Pr +
2M

r2

(

1− 2M

r

)

−1

ṙ2Pr + Ṗr ṙ + Pr r̈ = 0.

For non-circular orbits, this equation is readily solved:

Pr = Aṙ

(

1− 2M

r

)

−1

⇔ P r = Aṙ,

where A ∈ R is an integration constant. Substituting on (32) and using the first
geodesic equation (31) yields

Ṗ t = Aẗ ⇔ P t = Aṫ+B,

where B ∈ R is another integration constant. Similarly, substituting on (33) and
using the third geodesic equation (31) yields

Ṗϕ = Aϕ̈ ⇔ Pϕ = Aϕ̇+ C,

where C ∈ R is yet another integration constant. Therefore, Pµ is a linear combi-
nation of three obvious Jacobi fields:

P = AU +B
∂

∂t
+ C

∂

∂ϕ
.

The condition PµUµ = 0 imposes a restriction on the integration constants, namely

−A+BUt + CUϕ = 0.

We then see that

ρ2 = PµP
µ = −A2 −

(

1− 2M

r

)

B2 + r2C2 + 2ABUt + 2ACUϕ

= A2 +

(

2M

r
− 1

)

B2 + r2C2,

and, consequently,

(35) 2ρρ̇ =

(

−2M

r2
B2 + 2rC2

)

ṙ.

Thus ρ̇ can only be zero if ṙ = 0 or C2r3 = MB2. This second possibility, however,
corresponds to a minimum of ρ2, and hence cannot happen at an instantaneous
acceleration or transition to an IA arc. We conclude that the optimal trajectory
can only enter or leave a non-circular orbit at a turning point, that is, a point where
ṙ = 0. At these points, we will have P r = Aṙ = 0, meaning that the acceleration
will be tangential to the orbit.



18 PEDRO G. HENRIQUES AND JOSÉ NATÁRIO

For circular orbits, (34) does not yield any information, and we have to write
the radial component of the Jacobi equation. A shortcut to do so is the following:
using the normalization condition

−
(

1− 2M

r

)

ṫ2 +

(

1− 2M

r

)

−1

ṙ2 + r2ϕ̇2 = −1,

we can recast the radial component of the geodesic equations (31) in the form

(36) r̈ +
M

r2
−
(

1− 3M

r

)

L2

r3
= 0.

Linearizing the equation above while keeping L constant yields

(37) P̈ r +

(

1− 6M

r

)

L2

r4
P r = 0,

where we used (36) to write

M =

(

1− 3M

r

)

L2

r

on a circular orbit. From

PµUµ = 0 ⇔ P tUt + PϕUϕ = 0 ⇔ P t = −Uϕ

Ut

Pϕ

and

Uϕ

Ut

= − r2ϕ̇
(

1− 2M
r

)

ṫ
= −

√
Mr

1− 2M
r

we have

P t =

√
Mr

1− 2M
r

Pϕ.

Therefore

ρ2 = −
(

1− 2M

r

)

Mr
(

1− 2M
r

)2 (Pϕ)2 +

(

1− 2M

r

)

−1

(P r)2 + r2 (Pϕ)2

=

(

1− 2M

r

)

−1 (

(P r)
2
+

(

1− 3M

r

)

r2 (Pϕ)
2

)

,

and hence

ρρ̇ =

(

1− 2M

r

)

−1 (

P rṖ r +

(

1− 3M

r

)

r2PϕṖϕ

)

=

(

1− 2M

r

)

−1

P r

(

Ṗ r −
(

1− 3M

r

)

Pϕ 2L

r

)

,

where we used (33). So, for ρ = 1, we will have ρ̇ = 0 if P r = 0, or

(38) Ṗ r =

(

1− 3M

r

)

r2Pϕ 2L

r3
.
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In this second case we will have

ρ̈ =

(

1− 2M

r

)

−1

P r

(

P̈ r −
(

1− 3M

r

)

Ṗϕ 2L

r

)

=

(

1− 2M

r

)

−1

P r

(

−
(

1− 6M

r

)

L2

r4
P r +

(

1− 3M

r

)

4L2

r4
P r

)

=
3L2

r4
(P r)

2
,(39)

which is strictly positive unless P r = 0. We conclude that the optimal trajectory
can only enter or leave a circular orbit at points where P r = 0, meaning that the
acceleration will be tangential to the orbit.

We now show that the optimal trajectory cannot contain IA arcs. Let us start
by showing that, if a IA arc exists, then none of its endpoints can be a non-circular
ZA arc. Since ρ is a C2 function and ρ ≡ 1 on a IA arc, then we must have ρ̈ = 0
at ZA arc’s endpoint. From (35) and the fact that ρ̇ = ṙ = 0 at the endpoint, we
obtain

2ρρ̈ =

(

−2M

r2
B2 + 2rC2

)

r̈.

Now, r̈ never vanishes at a turning point, and the expression in brackets vanishes
only at the minimum of ρ. We conclude that ρ̈ cannot vanish at the endpoint, and
hence a IA arc cannot have an endpoint on a noncircular ZA arc.

For circular orbits, the story is more complicated. Using the formula
(

1− 2M

r

)

−1 (

P̈ r −
(

1− 3M

r

)

Ṗϕ 2L

r

)

=
3L2

r4
P r,

obtained while deducing (39), we have

ρ̇2 + ρρ̈ =

(

1− 2M

r

)

−1

Ṗ r

(

Ṗ r −
(

1− 3M

r

)

Pϕ 2L

r

)

+
3L2

r4
(P r)

2
.

Since on a transition point to a IA arc we must have ρ = 1 and ρ̇ = ρ̈ = P r = 0,
the formula above requires that either Ṗ r = 0 or (38) holds. Differentiating again
yields

3ρ̇ρ̈+ ρ
...
ρ =

(

1− 2M

r

)

−1

P̈ r

(

Ṗ r −
(

1− 3M

r

)

Pϕ 2L

r

)

+
9L2

r4
P rṖ r

= −
(

1− 2M

r

)

−1 (

1− 6M

r

)

L2

r4
P r

(

Ṗ r −
(

1− 3M

r

)

Pϕ 2L

r

)

+
9L2

r4
P rṖ r,

which shows that
...
ρ = 0 at the transition point. Finally, differentiating once more

and assuming that (38) holds, we have

....
ρ =

9L2

r4

(

Ṗ r
)2

,

showing that, if Ṗ r 6= 0, then ρ would have a local minimum at the transition point.
But that is impossible, since ρ ≤ 1 on the circular orbit; therefore, we must have
P r = Ṗ r = 0 at the transition point. Since P r satisfies the second-order linear
ODE (37), we conclude that P r must vanish identically on the circular orbit, and
hence Pµ must be a linear combination of the Killing vector fields ∂

∂t
and ∂

∂ϕ
. These
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fields are orthogonal and have constant norm over the circular orbit, and hence we
will have ρ ≡ 1 on the circular orbit.

We then see that a IA arc can only join circular orbits where ρ ≡ 1. The same
reasoning as for IA arcs shows that these circular orbits cannot have an endpoint
on a non-circular orbit. We conclude that, if the optimal trajectory contains a
IA arc, then it must consist solely of IA arcs, circular orbits and instantaneous
accelerations, and, moreover, we must have ρ ≡ 1 throughout the trajectory.

On the other hand, if the optimal trajectory contains a stable circular orbit, then
it is always possible to add a non-circular ZA arc. Indeed, if the trajectory departs
from the stable circular orbit via a IA arc, then we can interrupt this arc after a
sufficiently small proper time interval to achieve a non-circular orbit. This orbit
is periodic in r and will return to the same values of (r, ṙ) after a certain proper
time period, at which point the initial IA arc can be resumed (from different values
of t and ϕ, but the final values of these variables are not fixed). If there is an
instantaneous acceleration at the stable circular orbit’s endpoint, then it can be
broken into an initial small enough instantaneous acceleration, followed by a non-
circular ZA arc, followed by the remaining instantaneous acceleration (again from a
point with different values of t and ϕ). This has exactly the same cost as the original
instantaneous acceleration, and so the resulting trajectory will also be optimal. We
conclude that, if the optimal trajectory contains a stable circular orbit, then no IA
arc can exist.

Therefore we have proved the following result.

Theorem 9.1. The optimal trajectory for the transfer of a rocket between two
stable circular orbits in the Schwarzschild metric with minimum fuel consumption
is composed of ZA arcs and instantaneous accelerations tangent to the ZA arcs,
which must be at turning points for noncircular ZA arcs.

The simplest of such trajectories is the relativistic analogue of the celebrated
Hohmann transfer manoeuvre [13, 1], consisting of a single noncircular ZA arc
connecting the two stable circular orbits (cf. Figure 3).

10. Conclusions

We have derived the covariant optimality conditions for rocket trajectories in
general relativity, with and without a bound on the magnitude of the proper ac-
celeration (Theorems 4.1 and 5.1). These conditions are essentially a covariant
differential equation for an auxiliary vector field defined along the trajectory (the
primer), closely related to the Jacobi equation. We studied these conditions for gen-
eral 1-dimensional problems (Theorem 6.1), and then particularized to the problem
of the optimal transfer between two galaxies in a FLRW model. We found that for
generic classes of models (including the flat Minkowski spacetime) the optimal tra-
jectory consists of an initial instantaneous acceleration, followed by free-fall motion
and a final instantaneous acceleration (Theorem 7.1). We showed that ignorable
coordinates lead to great simplifications in the optimality conditions (Theorem 8.1),
and used this to study the problem of optimal transfer between two stable circular
orbits in the Schwarzschild spacetime. Here we found that the optimal trajecto-
ries consist of free fall motions connected by tangential instantaneous accelerations
(Theorem 9.1), including the relativistic analogue of the celebrated Hohmann trans-
fer manoeuvre.
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Figure 3. Hohmann transfer manoeuvre.
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