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Abstract The minimal time function of a class of semilinear control systems
is considered in Banach spaces, with the target set being a closed ball. It is
shown that the minimal time functions of the Yosida approximation equa-
tions converge to the minimal time function of the semilinear control system.
Complete characterization is established for the subdifferential of the minimal
time function satisfying the Hamilton-Jacobi-Bellman equation. These results
extend the theory of finite dimensional linear control systems to infinite di-
mensional semilinear control systems.
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1 Introduction

We consider a time optimal control problem in a Banach space (see a detailed
definition in Sect. 2 below). The goal of the optimal control problem is to steer
an initial point to a given nonempty and closed set along a trajectory of the
control system in minimal time. The optimal value function of the optimal
control problem is called the minimal time function.

The infinite dimensional semilinear system has been a focal point of re-
search since 1990s; see, e.g., [1-3] and the references therein. An important
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topic in this area is the property of the subdifferential of the minimal time
function satisfying the Hamilton-Jacobi-Bellman equation. Bardi [4] proved
that the minimal time function for general nonlinear control problems is a
viscosity solution to the Hamilton-Jacobi-Bellman equation and is the unique
viscosity solution of a boundary value problem. Soravia [5] extended Bardi’s
results to allow noncontrollability assumptions and more general boundary
conditions. Recently, Cannarsa and Céarja [6] showed that the subdifferentials
of the minimal time function for the semilinear control system satisfy the
Hamilton-Jacobi-Bellman equation by an appropriate Kruzkov-type transfor-
mation. This result is elegant, but certain important cases are not covered in
the analysis. There have been some recent papers addressing the missing cases
of [6] such as [7-15], but they are either on simpler systems (constant or linear)
or restricted to finite dimensional spaces.

In this paper, we extend the results in [7—15] to semilinear systems in in-
finite dimensional spaces. We also obtain a complete characterization of the
proximal subdifferential of the minimal time function. There are two key diffi-
culties that we have to overcome. One is the unboundedness of the generator
of a semigroup. We use the Yosida approximation to guarantee certain regu-
larity. The other is the convergence of the minimal time function of the Yosida
approximation equation. By estimating its upper bound and by using the prin-
ciple of optimality, we establish the desired convergence result.

The organization of the paper is as follows. Section 2 presents basic notions,
assumptions, and related results about the time optimal control problem of the
semilinear control system. In Sect. 3, we prove that the minimal time functions
of the Yosida approximation equations converge to the minimal time function
of the semilinear control system. In Sect. 4, we establish a characterization
of the subdifferential of the minimal time function satisfying the Hamilton-
Jacobi-Bellman equation. Section 5 concludes this paper.

2 The Time Optimal Control Problem of the Semilinear Control
System

Let X be a Banach space and consider the time optimal control problem of
the semilinear control system

() = Az(t) + f(z(t)) + u(t) and x(0) = o, (1)

where A is the generator of a Cj semigroup, f is a Lipschitz continuous
function, and u : [0,+o00[— U is a measurable function, which is called a
control strategy. For some given M, R > 0, we assume that the set of all
control strategies U is a closed ball By, := {z € X : ||z|| < M}, and the target
set S is a closed ball Bg := {z € X : ||z|| < R}.

The following basic hypotheses are used in [3,6] and are adopted through-
out this paper.
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(H1) A: D(A) C X — X is the infinitesimal generator of a Cy semigroup of
bounded linear operators on X, satisfying

||etA|| <e ™ Vt>0, for certain constant w > 0. (2)
(H2) f: X — X is a Lipschitz continuous function satisfying
If(z) — f)l < Ll|lz —yl|, forall z,y € X, and f(0)=0. (3)

(H3) M > LR.

Under (H1) and (H2), for any 2 € X and any control u, the mild solution
of the semilinear control system (2) uniquely exists. That is, there exists a
unique z(t, xg,u) € C([0, +00[; X) satisfying

x(t, zo, u) = eag + / eBA[f(x(s)) + u(s)]ds, Yt > 0. (4)
0

This solution is also called the trajectory of the semilinear control system (2)
starting from x¢ with control u, and is often simply denoted by z(¢). Assump-
tion (H3) is a controllability condition. We can see its effects in Corollary 3.1.
To see that these assumptions are nontrivial, a parabolic state equation in
Sobolev spaces is given as an example in Albano et al. [16].

Consider the time optimal control problem for (2). For any control strategy
u€ X, if xg ¢ S, we define

Tmin = min{7 > 0 : There exists z(t, zo, u) satisfying (2) and z(7, zg,u) € S}.

For any z¢p € X and any control strategy u € X, the transition time function
0(xo,u) from zy to S is defined as

Tmin; if To ¢ Sa
O(xq,u) := 5
(@0, v) {o, if 2o € 5. 5)

The controllable set is given by € := {xg : 6(zo,u) < +00, for some u}.
The minimal time function 7" : € — [0, +oo] is defined as

T(xg) := irelge(xo,u). (6)

The Yosida approximation equation, based on (2), is
&, (t) = Apz(t) + f(x,(t)) +u(t) and z,(0) = zo, (7)

where A, = pA(p — A)~', u > —w. Under (H2), the unique mild solution
x,(t) € C([0,4+o00[; X) of (7) satisfies

z,,(t, o, u)) = eArxy + /O =4 [ f(x,(5)) +u(s)]ds, ¥t >0.  (8)
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Then, the transition time function of the Yosida approximation is defined as

T, ifxg ¢S,

where
7, :=min{7 > 0 :There exists z,(t, zo, u) satisfying (7) and z,(7,z0,u) € S}.
The corresponding controllable set is denoted by
€, = {0 : 0,(zx0,u) < +00,for some u}.

The minimal time function is then defined as T},(z¢) := inf,cy 0, (z0, u).
One of the main properties of Yosida’s approximation can be seen in [3]
(p. 68) and [17] (p.376), which is as follows.

Proposition 2.1 Let A, be the Yosida approzimation of A, x(t,xo,u) and
x,(t, xo,u) be the corresponding mild solutions of (2) and (7), respectively.
Then,

lim [JApzo — Azo|| =0, Vao € D(A),

p——+00

2141_1 etAnzg — el =0, Voo e X, te[0,T], and
m oo

lim  sup ||x,(t,20,u) — 2(t, x0,u)|| = 0, where 0 < T < +o0.
HH0 40,7

3 Convergence Properties of the Minimal Time Function

The target of this section is to show that the minimal time function of the
Yosida approximation equation converges to the minimal time function of the
semilinear control system. We start with two lemmas, whose proofs can be
found in [6,18].

Lemma 3.1 Assume (H1) and (H2) hold. For any xo € X, there exists a
control @ such that the trajectory of the semilinear control system (2) satisfies

M
L

et v o<t < 1zl g

~ —w M
le(t, 20, @)]| < e (nxon - L) + M

Lemma 3.2 Assume (H1) and (H2) hold. For any xo,yo € X and any control
u, the mild solution of the semilinear control system (2) satisfies

L-w (11)

M M
ot 000l < < (ool + 2 )

and
l(t, 20, u) — x(t, yo, w)|| < e |lzg —yoll, V t€[0,+00]  (12)
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Remark 8.1 From Lemma 3.2, we can see that, if ||zg]| < p, then
1 f (@) < Lljz(@t)|| < Cp, for all t € [0,T], where 0 < T < 400, p > 0, and
C,>0.

Proposition 3.1 Assume (H1)—(H3) hold. Then, the following properties hold
(i) If L —w > 0, then there exists § €]0, 3L — R[ such that

ds(l‘o)

T(x0) < = (13)
(L—w)[F — (R+9)]
and y
1 T B =l
T(zo) < log —L , 14
(20) < g lor g < (14)
for all zy satisfying ds(xg) < 0.
(i) If L —w < 0, then there exists § €]0, 24 — R][ such that
ds(aﬁo)
T < 15
(a0) < 5 (15)
" LRl
Zo
T(zg) < — 1o < , 16
for all xq satisfying ds(zo) < 6.
Proof Let t := +1—log % and R < HwOH < 4. Since
lim (t— ”x(’”) < 0, there exists a § €]0, 22 — R[ such that 0 < dg(zo) < & and

lzol| =R
t< —HT\BIH. Now, let 75 € X be fixed so that 0 < dg(z¢) < 6. Lemma 3.1 yields
that there exists @ satisfying ||z(?,zo,@)|| < R. Hence, T(z) < T < ”f\f}”'

By computation, we can see lim (% — R—g) — % < 0.
lzoll—R log 7
2zl
n ds(wo)
Therefore, T'(xg) <t < Tl @
By the same schemes as above, setting t := 7—110 log HTIT]H and R < ||zo]| < %,
we can prove (ii). O

According to Lemma 3.1 and Proposition 3.1, it is straightforward to have
the following corollary related to controllability.

Corollary 3.1 Assume (H1)-(H3) hold and let 6 €]0,%L — R[. For every
zo € X satisfying 0 < ds(x) < 6, the following properties hold:

(i) If L —w > 0, then there exists a control @ such that the corresponding
tmjectory x(t, aco, ~) of the semilinear control system (2) over

t €10, 1= log s H] can reach the target set S;
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(i) If L —w < 0, then there exists a control 4 such that the corresponding
trajectory x(t,xo, @) of the semilinear control system (2) over
t €]0, }w log ﬁ] can reach the target set S.

Proposition 3.2 Assume (H1)-(H3) hold and let xo € €\S. Then, the min-
imal time function is locally Lipschizian on €\S. In other words, there exist
7 >0 and m > 0 such that

T(yo) = T(2)| <mllyo = 2[l, ¥V 0,2 € B(x0,9). (17)

Proof First, we consider the case that L — w > 0. Let uy be a control such
that 6y := 0(zg, ug) < +00,

0
(L= W~ R+

o = min {(56(“’_L)‘9°7 ge(w_L)C} ;and C := 6y +

where § €]0, 2L — R[ is the constant in Proposition 3.1. For all z € B(z,7),
let y(0o, z,up) be the trajectory of system (2) from z with control ug, and
y(0o, g, up) be the trajectory of system (2) from xy with control ug. From
Lemma 3.2, we can see

ds(y(e()a ZaU’O)) < Hy<90’ Z7U0) - y(907$0,U0)H
L el — gy < b7 < 3.
When T'(z) > 0(xo,up), Proposition 3.1 and the principle of optimality yield
T(z) < 0o+ T(y(bo, z,u0)) < 0+ o C
~x Vo 0,<,U0)) x Yo = — L.
(L —w) %~ (R+9)]

When T(z) < 6(xo,up), it is obvious that T(z) < C, where C is a certain
constant. For all yg,z € B(xg,7), without any loss of generality, we consider
T(yo) < T(z). Hence, for any ¢ € [0,7(z) — T(yo)], there exists a control @
such that (yo,4) < T(yo) + ¢ < T(z) < C.

Now, we set § := y(0(yo, @), y0,u) and 2 := y(0(yo, ), z,4), which are
trajectories of the semilinear control system (2). Since § € S, we can obtain

ds(2) < ||z — gl < P yo — z|| < 2eE7F < 3.
According to Proposition 3.1 and the principle of optimality, we have

1z -9l

T (yo) —T(2)] <T(2) = T(yo) <T(2) +¢e < T (AT

2= gy — 2|
S - w - (R+7)]

+ €.

Since ¢ is arbitrary, we obtain [T'(yo) — T'(2)| < m||yo — 2|, where
e(wa)ﬁ

M= TowE—(rro)
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It remains to prove the results when L—w < 0. Let ug be a control such that
0o := 0(xo,up) < +00, T := min {Se(w_”eo, %e(“’_L)C} , and C := 6 + %,

where 0 is the constant in Proposition 3.1. Using the same methods as in the
case of L —w > 0, we can obtain that the minimal time function is locally
Lipschizian with Lipschitz constant m = e(LL_ ;)C. a

Our next task is to study the properties of the minimal time function of

the Yosida approximation equation.

Lemma 3.3 Assume (H1)—(H3) hold. For any o € X and w €]0,w], there
exist control & and N > 0 such that when p > N, the trajectory of control
system (7) satisfies

M o ol

= M
ot 2o, )| < =" <||3?0|| - ) P Mow we,

7 7 (18)

Proof From Proposition 2.1 and Lemma 3.1, we can see that for any € > 0,
there exists N > 0 such that when p > N,

(o, w)|| < [ (t; 2o, w) — 2(t, 2o, W) + [|l2(¢, o, w)|

M M T
<t (Jaol - F )+ Ferr e bl

Let £ = eE=™(||zg|| — &) + M=t — [eE=w(||zo|| — ) + M=t | From
0 < W < w, we can see that (18) holds. O
By the same arguments as Proposition 3.1, Lemma 3.3 yields the following

proposition.

Proposition 3.3 Assume (H1)-(H3) hold. Then, there exists a constant
N > 0 such that for p > N, the following properties hold.

(i) If L —w > 0, then there exists § €]0, 22 — R[ such that

T (xo) < — = (19)
! (L-w)[} — (R+9)]
and y
1 T~ ol
< L
T, (z0) < L_ilog % ol < i (20)
for all ¢ satisfying ds(zo) < 6.
(ii) If L —w < 0, then there exists § €]0, 31 — R[ such that
ds(zo)
and ) R
T(20) < - log ool (22)

—w ol T M
for all xq satisfying ds(zg) < 6.
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Now, we give the convergence properties of the minimal time function.

Theorem 3.1 Assume (H1)-(H3) hold and let § €]0, 22 — R[. Then, for every
zo € X satisfying 0 < ds(xg) < 0, one has

MEIEOO T(zo) = T(wo). (23)

Proof The inequalities in Proposition 3.3 tell us that 7),(x¢) is bounded. With-
out any loss of generality, we assume
;J,Er-&r-loo Tl‘« (iL'()) =T. (24)
By definition, there exists a trajectory y,(-) of system (7) such that
Yu(Tu(xo)) € S. Applying Proposition 2.1, we can see that y,(-) is uniformly
convergent to y(+). The equality (24) and the continuity imply
lim y,(Tu(zo)) =y(T) € S. It follows that

H—r+00

T(zo) <T = lim T,(zo). (25)

p—4o00
Now we prove the equality holds in (25). If not, then T'(x) < lirf T,.(zo).
pn——+oco

It follows for large enough p, T, (zo) > T'(xo). Let T(t) := y(¢, zo, @) and u be
optimal control so that Z(T'(z¢)) € S. Proposition 2.1 implies that there exists
a trajectory ¥, (t) := y,(t, xo, u) such that lirf Y,(t) =z().

pn——+o0

Let 6 €]0, 22 — R[ and 0 < ds(z0) < 6. If L—w > 0, then Lemma 3.3 yields

. M\ M _ _
ds(7(0) < 7,0 = R < & (Joll = 5 ) 4 Fe™ ~ R <,

M _
for all ¢ € [0, 2= log %%RH[ If L —w <0, then Lemma 3.3 yields that

lzo

. M\ M _ _
ds(7(0) < 7,0~ R < & (Joll = 5 ) 4+ Fe™ ~ R <,

forallt € [0, jlﬁ log & [. From Proposition 3.4 and the principle of optimality,

llzoll

if L —w > 0, then

— +1t, Vt€[0,T,(x0)]. (26)

Ty (w0) < Tp(F, (1) +t < (L—w) 2 — (R+0)]

If L —w <0, then

_ ds(y,(t
Tyu(20) < T (@, (1) + t < % o VEE[0,Tu(z0)].  (27)
Letting 1 — +00 on both sides of (26) or (27), we can obtain
lim 7T, (zg) < ds((t)) +t, VL-w>0 (28)

p—+oo S (L)Y —(R+7)]
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and
dg, (@(1))
1 L 2R: 77 — <
MEIEOO T, (zo) < R +t, VL-w<O0. (29)
Proposition 3.3 implies that T'(zo) < T),(z0) < 2= log f%:l‘f”, for
YAy

L—w>0,and T(zg) < Ty,(zo) < - log HT}EH’ for L —w < 0. Set
t =T(x0) < Ty(zo) in (28) and (29); then

T= uEToo T, (zo) < T(z0). (30)
From (25) and (30), we see that the theorem holds. O

It should be noted that by Proposition 3.2 and Theorem 3.1, it is easy to
see that the minimal time function T),(-) is locally Lipschitz on €\S, as stated
in the following proposition.

Proposition 3.4 Assume (H1)—-(H3) and given xo € €\S. Then, there exists
a constant N > 0. When pu > N, there exist @ > 0 and m > 0 such that

Tu(y) = Tu(z) <mlly — 2, V y,2 € B(zo, 7). (31)

4 Proximal Subdifferentials of the Minimal Time Function

In this section, we present the results for the proximal subdifferentials of the
minimal time function that satisfies the Hamilton-Jacobi-Bellman equation.

Let us recall some notions from nonsmooth analysis [19,20]. Let f be a
proper and lower semicontinuous function with domf := {y : f(y) < +oo}.
For any 6 > 0 and = € X, let B(x,0) :={y € X : |l —y| < d}.

e The prozimal subdifferential of f at x is denoted by Jp f(2) and is defined
as £ € Opf(x) iff there exist o > 0 and § > 0 such that f(z +v) — f(z) >
(£,v) — o||v]|?, for all v € B(0,9).

e The prozimal normal cone to a closed set §2 at = is denoted by NJ(z)
and is defined as ¢ € N} (x) iff there exist ¢ > 0 and n > 0 such that
(&, 8 —x)<o| s —x|? forall s € 2N B(x,n). Furthermore, if (2 is convex,
then & € Np(x) satisfies (£,8" —x) < 0, for all ' € £2, where Np(x) is the
usual normal cone of {2 at  in the sense of convex analysis.

e The Mazimized Hamiltonian function of system (2) is defined as

H(z,() = sup((, Az + f(z) + u).
uelU

e The Hamilton-Jacobi-Bellman Equation of system (2) is defined as
H(z,¢)=1.

Now, we consider that the initial state =y is outside of the target set S.
For r > 0, define S(r) := {xg € X : T(x¢) < r}, as the r-level set of T'(-).

Theorem 4.1 Assume (H1)-(H3) hold. Let § €]0, 22 —R[, 25 € (€\S)ND(A),
0<7:=T(x9) < 400, and 0 < dg(z¢) < §. Then,
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(a) OpT(x0) C NSI,)(T)(J‘O) N{{ e X*: H(zxy,—§) =1}
(b) 9pT(z0) = N, (@0) 1{€ € D(A) : H(ao,~€) = 1}

Proof (a) Let € € 9pT (xp). By the definition of proximal subdifferentials, there
exist 0 > 0,1 > 0 such that for all y € B(zg,7),

T(y) —T(zo) — (€&,y —z0) = —0 [y — a0 || (32)

It follows that (&,y — xo) < o || y — 20 ||?, for any y € S(r) N B(z,n), which
implies that £ € Ng(r)(;vo).

Now, we need to prove H(zg, —§) = 1. For any € > 0, it is clearly that there
exists some v € U such that (£,v) < ulgf(j(ﬁ,u) + . Let u(t) be a measurable

function satistying «w(0) = v. Suppose that x,(t) satisfies the following system:
z,(t) = —Aux,(t) — f(z,(t) — u(t) and z,(0) = o, (33)

for all t € [0, +o0[. Since zg ¢ S, for any > 0, we can find a constant A > 0
such that z,(t) ¢ S and t € [0, A]. For s € [0,¢], define Z,,(s) := x,(t — s) and
u(s) :=u(t — s). Then, T, () is a trajectory of

Fu(5) = AuTu(s) + F(@u(s) +(s) and 7,(0) = 2, (1), (34)
By the principle of optimality, we can get
(o) +t = T(2(0)) + ¢ = T@u(1) + > T@,(0)) = T(, (D). (35)
It follows from (32) that for ¢ € [0, A],
£2 T, (8) = T(x0) > (€ 2u(t) —20) — o [| 2t — o [P (36)

Dividing both sides of (36) by ¢ and letting ¢t — 0%, we can see
(=& Ao+ f(xo)) +sup(—&,u) <1+e. Let p — +oo. Then,
uelU

(=&, Axo + f(x0)) + sup(—&,u) < 1+ €. Therefore, letting ¢ — 0T, we have
uelU

(=& Awo + f(z0)) + Sug(—&w <1 (37)
ue
It remains to show that the equality holds in (37). Let y(-) be an optimal
trajectory and v(-) be an optimal control for T'(xg). It follows from the principle
of optimality that T'(y(t)) +t = T(xo). From (32), note that there exists a
constant A > 0 such that for ¢ € [0, ],

—t =T(y(t)) — T(x0) > (& y(t) — o) — o | y(t) — z0 ||* . (38)
Dividing both sides of (38) by ¢ and letting ¢t — 0%, we can obtain

Therefore, together with (37), it yields (—¢, Axo + f(z0)) + sup(—&, u) = 1.
uelU
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(b) Given (a), we only need to prove
N&y(x0) N{& € D(A™) : H(wo, —€) = 1} C 0pT (x0).

Let £ € Ng(r)(xo) be such that (£, Axo+ f(x0)) + ig{](ﬁ, u) = —1. Then, there
exist o1 > 0,711 > 0 such that

(&,y—mo) <o1|ly—axo |, YyeS(r)NBwo,m) (40)

and (£, Axg + f(z0)) + (§,u) > —1, for all u € U. o
From [3] (p. 53) and & € D(A*), there exists a constant M > 0 such that

IAREN = pu(p — A TRATE < (e — A% TH[| A" < M.

According to Proposition 2.1 and the Banach-Steinhaus Theorem, we can see
that there exists C' > 0 such that ||e*«| < C, for t € [0,T]. Let ¢ = 1, it is
clearly that there exist constants k£ > 0 and N > 0 such that when p > N, we
can obtain || (e ag)| = |le!4 A o]l < O(||Azo +1) < k, for all t € 0,77,
where 0 < T < +00 and k is the Lipschitz constant of ¢ — et4%z.

Set

er 1= mh(+ [zl + M +C,) +1 and
o= min{crw% + m[M + (L +2M)|&[]er },

where m is the Lipschitz constant of the minimal time function T'(-), C, is the
constant in Remark 3.1. Let 1 := min{0 — ds(zo), ' } and ¢ €]0, M R
Now, our aim is to prove that for all y € B(zo,n),

T(y) — T(xo) — (&, y — x0) = —olly — o], (41)
That is, £ € 9pT(xp). If not, then there is yo such that

llyo — ol < nand T(yo) — T(z0) < (£, y0 — zo) — olyo — zo||*. (42)

In the following, we divide the discussion into three cases: (1) T(yo) = r,
(2) T'(yo) > r, and (3) T'(yo) < .

Case (1). If T(yo) = r, then yo € S(r). Thus (40) contradicts to (42).
Hence (41) holds.

Case (2). If T'(yo) > 7, let y,(t) be the optimal trajectory with initial
state yo satisfying: y,(t) = e'dryo + fg et=94u[f(y,(s)) + u(s)]ds, for any
t € [0,7,(yo)], where u(t) is the optimal control.

By the definition of 7, we can obtain ds(yo) < ||yo — Tol| + ds (7o) < 6. Let
t, =T, (yo) — r. Proposition 3.2 and Theorem 3.1 yield that

im t,=t:= - im (t, — - <0.
i 7 == T(0) >0, andlim (G~ milyo — wo]) <0

This means that there exists a constant N > 0. When p > N, one has

t, >0, and t, < mllyo — xol|- (43)
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By simple calculus, for all ¢ € [0,%,], we obtain

t
() = ol < [le™*yo — o + H/O I [ f (y,(s)) + us)]ds]]
< (Kt + Dllyo — zoll + Kt pllzoll + (M + Cp)ty.
When g > N, for all ¢ € [0,%,], the inequality (43) yields
19, (8) = @oll < [mk(n + [lzoll + M + Cp) + 1llyo — @oll < erllyo — ol (44)

Set g, := y,(t,) for simplification. From (44), we try to estimate formulas to
prove £ € 9pT(xg) as follows

T(yo) — 7 — (& w0 — xo) =t — (€,50 — Y + Y, — To)

St / " (€ 5())ds — (€., — 20)

. / " (62 5(5) — Ao — f(x0) — u(s))ds — (€,7, — zo)

M

+ (€, Apzo + f(xo) + u(s))ds

S—

2 L+ 1u(E Aumo + f(x0)) +/O (€ u(s))ds — (&9, — z0)

+ / (62 A (5) — 20)) + (€ Fup(s)) — F(o)))ds

> T4 1,06 Ao+ Flao)) + /0 (€ u(s))ds — (€., — z0)

M

(I A5ENYu(s) = zoll + €N S (Yu(s)) = f(wo)l)ds

S—

i o
>+ 1,(E Apwo + f(z0)) + /0 (€, u(s))ds — m(M + L||¢|))er[lyo — ol?

We next estimate the terms in (45). Let y(t) be the trajectory with initial
state yo satisfying: y(t) := etAyo—i—fg e A[f(y(s)) +u(s)]ds, ¥Vt € [0,T(yo)]-
Take 7 := y(t). Proposition 2.1 yields that

Jm 7, =7. (46)

From the principle of optimality, we can see T(y(t)) +t = T(yo), for any
t € [0,T(yo)]- Let t = ¢, then T(y(t)) = r. Hence, y(t) € S(r). Moreover, by
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the Lipschitz continuity of T'(-), we can get that

17 = zoll < lleyo — zo]l + II/ T f(y(s)) + uls)]dsl|

< (kt+ Dllyo — @oll + Ktllzoll + k(M + C,)t

< [mk(n + llzoll + M + C,) + Ullyo — zoll < eallyo — zoll < m
This implies § € S(r) N B(xg,n1). Letting u — +oo in (40), (45) and (46)
yields

T(yo) —r — (& 9o — wo) = —mer(M + LIIE|)]llyo — ol* — (£,7 — o)
> —lo1ct +mer (M + LIIg)]llyo — ol
> —ollyo — zoll*. (47)

Then, (47) contradicts (42). Therefore, the result (41) holds.
Case (3). Now we consider T(yo) < r. Consider the trajectory y,(-) with

initial state yo satisfying y,,(t) = e "4ryy — ft (=04 f(y(s)) + u(s)]ds. Let
t, =1 —"T,(yo). Since dg(yo) < Hyo — 0| +ds(x0) < &, Proposition 3.2 yields
uEToo ty=:t=r—"T(yo) > 0 and uEToo(t“ — mllyo — xo||) < 0. This means
that there exists a constant N > 0. When p > N, one has

t, >0 and t, < mlyo — zol. (48)

Let ¥, = yu(t,). For t € [0,,], we can get

. (t) = @oll < [l yo — ol + H/ =9 £ (yu(s)) + uls))ds||
< (Kt + Dllyo — ol + ktpllzoll + k(M + Cp)t,,
When p > N, for all t € [0,%,], the inequality (48) yields
19 (t) — wol| < [mk(n + [Jzoll + M + Cp) + 1[lyo — zoll < callyo — zoll- (49)
Since (&, Ao+ f(x0)) + infU<§,u> = —1, for any € > 0, there exists av € U
ue

such that
(€, Azg + f(zo) +v) < —1 +e. (50)
In terms of (49), we next deduce formulas to prove & € 9pT (xo).

T(yo) —r — (£ 90 — 20) = —t — (&, 90 — T, + T, — Zo)

_f+/0 (€. du(5))ds — (€7, — o)

[0 + Ao + (a0) + s — (6,7, - o)

_ /O “<£’ AMZL'() + f(l'()) + U(s)>d8

T (6 Ao + f(x0)) — / (€, v(s))ds — (€7, — o)
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tu

- /O ({6, Auyuls) = 20)) + (& F(Yu(s)) = f(xo) + uls) — v(s)))ds

F (e Ayro + f(z0)) — /O " (6. 0(s))ds — (€,7, — o)

“w

(ALY (s) = zoll + NI f (ypu(s)) = F o)l + 2MIE]))ds

S,

> —/0 (€. v(s))ds —mer M + (L + 200l o — o> — (€Y, — o)
— 1= 1u(§, Apzo + f(0)). (51)

We analyze the terms in (51). Let y(¢) be the trajectory with initial state yq
satisfying y(t) := e tyo — fot e~ U=)A[f(y(s)) 4 u(s)]ds, for all t € [0, T (yo)]-
Take 7 := y(¢). Proposition 2.1 yields

Jim 7, =7 (52)

If y ¢ Bg, define z(s) := y(t — s) and g(s) := u(t — s), for s € [0,]. Then,
2(+) is the mild solution satisfying &(s) = Az(s)+ f(xz(s)) +¢(s) and z(0) = 7.
From the principle of optimality, we can see

T(2(0)) = T(y) < T(x(s)) +s, vt € [0,T(7)]. (53)

If t < T(y), take s = t in (53), then T(y) < r. If not, it is obvious that
T(y) < r. Hence, 7 € S(r). By simple calculus, for all s € [0,7], we can obtain

_ t _
17— ol < lle™*yo — ol + ||/O O f(y(s)) + u(s)]ds|
< (kt+ Dllyo — @oll + Ktllzoll + k(M + C,)t
< [mk(n+ |lzoll + M + Cp) + llyo — ol
<callyo — ol < mi- (54)
This implies ¥ € S(r) N B(zg,m). Letting 1 — +00 and e — 07 in (40), (50)-
(52), and (54) yield

T(yo) =1 — (& yo — xo) = —m[M + (L + 2M)[[€Je1lyo — oll* — (&, 7 — @o)

> —[o1e] + mer(M + (L + 2M)I€])]llyo — 2ol

> —ollyo — wol|*. (55)

Then, (55) contradicts (42). Thus, (41) holds and the proof is completed. O
For the case in which the initial state x¢ is inside of the target set .S, the

proof is similar. For brevity, we only state the result and omit its proof.

Theorem 4.2 Assume (H1)-(H3) hold and let xo € SN D(A). Then,

(a) OpT(z0) C Ns(zo) N{€ € X*: H(wo,—§) < 1}
(b) OpT(x0) = Ng(wo) N € € D(A*) : H(zo, —€) < 11.



Minimal Time Function of Semilinear Control System 15

5 Conclusions

This paper studies the minimal time function of a semilinear control system
with the target set being a closed ball in Banach spaces. We show that the min-
imal time functions of the Yosida approximation systems converge to the min-
imal time function of the semilinear control system. We also give a complete
characterization for the proximal subdifferential of the minimal time function
satisfying the Hamilton-Jacobi-Bellman equation. We therefore establish new
results for semilinear control systems in infinite dimensional spaces, which ex-
tend the corresponding results in the literature on linear control systems in
finite dimensional spaces.
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