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ABSTRACT
Stochastic Perron for Stochastic Target Problems

by
Jiaqi Li

Chairs: Erhan Bayraktar and Uday Rajan

This thesis is devoted to the application of stochastic Perron’s method in stochastic
target problems. In Chapters II-V, we study different stochastic target problems
in various setup. For each target problem, stochastic Perron’s method produces a
viscosity sub-solution and super-solution to its associated Hamilton-Jacobi-Bellman
(HJB) equation. We then characterize the value function in each problem as the
unique viscosity solution to the associated HJB equation using a comparison result.

In Chapter II, we investigate stochastic target problems in a jump diffusion setup,
where the controls are unbounded. Since classical control problems can be analyzed
under the framework of stochastic target problems, we use our results to generalize
the results of Bayraktar and Sirbu (STAM J Control Optim 51(6): 4274-4294, 2013)
to problems with controlled jumps.

In Chapter III, we study stochastic target problems with a stopper under the
setup as in Chapter II. We prove that the target problem with a cooperative stopper
(resp. with a non-cooperative stopper) can be expressed in terms of a cooperative
controller-stopper problem (resp. a controller-stopper game).

In Chapter IV, we analyze the framework of stochastic target games, in which one

vii



player tries to find a strategy such that the state processes reach a given target at
a deterministic time no matter which action is chosen by the other player (Nature).
Besides obtaining the PDE characterization of the value function, we also prove the
dynamic programming principle as a corollary.

In Chapter V, we study two types of stochastic target games with a stopper under
the framework of Chapter IV. We show that the value function in each problem is
the unique viscosity solution of a variational HJB equation. We also compare the
value functions and prove that they coincide when the control set of Nature is a

singleton.
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CHAPTER I

Introduction

Introduced by the seminal papers [31], [32] and [33], the stochastic target problem
is a new type of optimal control problem. Unlike in the usual stochastic control
problem, the goal in a stochastic target problem is to drive a controlled process
to a given target at a pre-specified time almost surely by choosing an appropriate
admissible control. Thus, these problems are viewed as generalizations of the super-
hedging problems in mathematical finance. Later, the previous work in [31, 32, 33|
are generalized in [12, 25] (to jump diffusions), [14] (to unbounded controls), [15]
(to stochastic target games with controlled loss) and [16] (to stochastic target games
with almost sure target). These papers provide a characterization of the associated
value function as a viscosity solution to a non-linear HJB equation using dynamic
programming principle. However, the rigorous proof of the dynamic programming
principle is often difficult and contains subtle technical issues.

In this thesis, we will investigate stochastic target problems with various setup
using a new methodology, namely stochastic Perron’s method. This method was first
introduced in [8] for analyzing linear problems, in [10] for Dynkin games involving
free-boundary games, and in [9] for stochastic control problems. More recently, it

was adjusted to solve exit time problems in [28], state constraint problems in [27],



singular control problems in [2], stochastic games in [30], and control problems with
model uncertainty in [29] and [3].

Stochastic Perron’s method is a verification approach in that it does not use
the dynamic programming principle to show that the value function is a viscosity
solution. The main difficulty of this approach as well as the conceptual contribution
is to construct two classes of functions that envelope the value function and that
are stable under pairwise minimization and maximization, respectively. Once this is
established, the technical contribution is to demonstrate that the supremum over the
first class is a lower semi-continuous (LSC) viscosity super-solution and the infimum
over the second class (the functions larger than the value function) is an upper
semi-continuous (USC) viscosity sub-solution. Assuming that a comparison principle
holds, we show that the infimum over the second class and the supremum over the first
class (which sandwich the value function) are equal, and hence, the value function is
the unique viscosity solution. Since we only work with the envelopes, not the value
function itself, we never use the dynamic programming principle. Our result can be
seen as an elementary alternative based only on It6’s Lemma and the comparison
principle, which also has to be proved to identify the value function as the unique
viscosity solution of the HJB partial differential equation.

In each of Chapters II-IV, stochastic Perron’s method produces a viscosity sub-
solution and super-solution of an HJB equation. The value function is then char-
acterized as the unique viscosity solution to the associated HJB equation using a
comparison result.

In Chapter II, we consider a stochastic target problem with a general stochastic
target setup from [25]. Our controls are unbounded and the controlled processes are

jump diffusions. The main reason for using unbounded controls is that we are able



convert an ordinary control problem into a stochastic target problem with unbounded
admissible controls, using the embedding result of [13]. With such a result, we
generalize [9] to the setting of controlled jumps.

We also generalize our earlier result in [6] in the sense that we consider unbounded
controls and controlled jumps. The presence of the jumps and the unbounded control
set brings new technical difficulties: in contrast to [6], the relaxed semi-limits are
introduced for the PDE characterization, which have a nontrivial impact on the
formulation of the associated PDEs and the derivation of viscosity properties of
the value function using stochastic Perron’s method, especially at the boundary.
Of particular importance is the relaxation with respect to the test function, which
appears because we consider jumps. This chapter is based on [7].

In Chapter III, we study two types of stochastic target problems with a stop-
per in the jump diffusion model as presented in Chapter II. One type of the target
problems involves a cooperative stopper (Section 3.3), while the other involves a non-
cooperative stopper, which might play against the controller in a non-anticipative
way (Section 3.4). Besides the PDE characterization, another major contribution
in this chapter is the we are able to establish the “equivalence” between a coopera-
tive controller-stopper problem (resp. a controller-stopper game) and the stochastic
target problem with a cooperative stopper (resp. with a non-cooperative stopper)

introduced in this chapter. We show that

1. The HJB equations associated to a (semi) controller-stopper game can be de-

duced from a stochastic target problem with a non-cooperative stopper.

2. Any cooperative controller-stopper problem admits a natural representation in

terms of a stochastic target problem with a cooperative stopper.

Such equivalence results, along with the analysis in stochastic target problems in



this chapter, provide us with an alternative to solve the cooperative controller-
stopper problem and controller-stopper game. For the discussion about the cooper-
ative controller-stopper problem and controller-stopper game, we refer the readers
to [19, 21] and [22, 23, 24, 17, 11]. This chapter is based on a working paper by
Bayraktar and Li.

In Chapter IV, we will analyze a stochastic game where a controller tries to find a
strategy such that the controlled state process almost-surely reaches a given target at
a pre-specified time, no matter which control is chosen by an adverse player (Nature).
More precisely, the controller has access to a filtration generated by a Brownian
motion and can observe and react to nature, who may choose a parametrization of
the model to be totally adverse to the controller, in a non-anticipative way. This
stochastic target game was introduced and analyzed in [16].

With stochastic Perron’s method, we obtain the PDE characterization of the value
function without going through the geometric dynamic programming principle first.
This enables us to avoid using Krylov’s method of shaken coefficients which requires
the concavity of the Hamiltonian. This way, we provide a more elementary proof
to the results in [16] and obtain dynamic programming principle as a byproduct.
This chapter is based on [6]. Parts of the work have been presented at the Finan-
cial/Actuarial Mathematics Seminar, University of Michigan, September 3, 2014.

In Chapter V, we study two types of stochastic target games with a stopper. In
the first type of the target games, both Nature and the stopper might be totally
adverse to the controller in a non-anticipative way. The controller aims to drive the
controlled processes to a target no matter what action is chosen by Nature or when
the game is stopped. However, in the other type, the controller’s goal is to beat

the target by applying both a control strategy and a stopping strategy, regardless of



Nature’s action. With such a formulation, Nature’s control can be interpreted as a
parametrization of the model. Thus, the first problem can be interpreted as super-
hedging American options with model uncertainty in the context of mathematical
finance, while the other can be understood as sub-hedging American options with
model uncertainty. Besides obtaining the PDE characterization of the value func-
tions, we also compare the two value functions without proving any duality results
and verify that they coincide when the control set of Nature is a singleton. This

chapter is based on a working paper by Bayraktar and Li.



CHAPTER II

Stochastic Perron for Stochastic Target Problems in a Jump
Diffusion Model

2.1 Outline of this chapter

In this chapter, we analyze a stochastic target problem in a general stochastic
target setup from [25]. In Section 2.2, the setup of the problem, the related HJB
equation and the definitions of the stochastic semi-solutions are first introduced. In
Sections 2.3 and 2.4, we prove the viscosity properties in the parabolic interior and
at the boundary, respectively. In Section 2.5, we use the comparison principle to
close the gap between the viscosity super-solution and sub-solution and demonstrate
the uniqueness of the viscosity solution to the associated HJB equation. In Section
2.6, we see how an optimal control problem can be converted into a stochastic target
problem. Some technical results are delegated to the appendix (Section 2.7). Our

main results are Theorems 2.3.3, 2.4.1, 2.5.5 and 2.6.2.

2.2 The setup

Throughout this thesis, the superscript ' stands for transposition, | - | for the
Euclidean norm of a vector in R"™ and || - || for the Frobenius norm of a matrix. For
a subset of O of R™, we denote by Int(Q) its interior. We also denote the open ball

of radius r > 0 centered at z € R™ by B,(z) and the set of n x n matrices (resp.



symmetric matrices) by M" (resp. S™). Inequalities and inclusion between random
variables and random sets, respectively, are in the almost sure sense unless otherwise
stated.

Given a complete probability space (Q, F,P), let {\;(-,de)}._; be a collection of
independent integer-valued E-marked right-continuous point processes defined on
this space. Here, E is a Borel subset of R equipped with the Borel sigma field £.
Let A= (A1, Mg, -+, A7) Tand W = {W, }o<s<r be a d-dimensional Brownian motion
defined on the same probability space such that W and A\ are independent. Given
t €[0,T], let F* = {FL,t < s < T} be P-completed filtration generated by W. — W,
and A([0, -], de) — A([0,t],de). Set Ft = F} for 0 < s < t. We will use T; to denote
the set of F'-stopping times valued in [¢t,7]. Given 7 € T;, the set of F'-stopping

times valued in |7, T will be denoted by 7.

Assumption 2.2.1. X satisfies the following:

1. X(ds,de) has intensity kernel m(de)ds such that m; is a Borel measure on (E,E)
for any i = 1,--- I and m(E) < oo, where m = (mq,---,my)" and 1m =
Zle m;.

2. E = supp(m;) for alli = 1,2,--- 1. Here, supp(m;) :={e € F :e € N, €
Tp = m;(N.) > 0}, where Tk is the topology on E induced by the Euclidean

topology.

3. There exists a constant C > 0 such that
R ) I
P ({A({s},E) < C forall s€ [O,T]}) =1, where A = Z/\Z-.
i=1

The above assumption implies that there are a finite number of jumps during

any finite time interval. Let A(ds,de) := A(ds,de) — m(de)ds be the associated

compensated random measure.



Let U! be the collection of all the F'-predictable processes in L2(Q2 x [0,T], F ®
B[0,T],P® Ap;U;), where A\, is the Lebesgue measure on R and U; C R? for some
q € N. Define U} to be the collection of all the maps v : Q x [0, 7] x E — R™ which

are P! @ £ measurable such that

Il = (2] [ [ |u2<s,e>|2m<de>ds])é < oo,

where P is the Fi-predictable sigma-algebra on Qx [0, T]. v = (11, 15) € UL = UL <UL

takes value in the set U := Uy x L*(E, &, m;R™). Let
D=1[0,7] xR D; =[0,T) x R and Dy = {T} x R~

Given z = (z,y) € R{x R, t € [0,7] and v € U}, we consider the stochastic
differential equations (SDEs)
dX(s) = pux(s, X(s),v(s))ds + ox(s, X(s),v(s))dWj

+ [ Bl X(5).(5), (510). )\, de),
(2.2.1) E

dY (s) = py (s, Z(s),v(s))ds + oy (s, Z(s), v(s))dW,
+/bT(s,Z(s—),1/1(5),ug(s,e),e))\(ds,de),
E

with (X (¢),Y(¢)) = (x,y). Here, Z = (X,Y). In (2.2.1),

px DxU =R ox :DxU—=R> B:DxU; xR x F — R

py DXRxU =R, oy :DxRxU —=RY b:DxRxU; xR"x E— R

Assumption 2.2.2. Let z = (z,y) and u = (uj,us) € U = Uy x L*(E, &, m;R").
We use the notation ||ully := |ui| + ||uz||s and u(e) := (u1,us(e)) for the rest of this

chapter.

1. pux,ox, Wy and oy are all continuous;



2. ux,0x, Wy, oy are Lipschitz in z and locally Lipschitz in other variables. In

addition,

| (2, w)| + |ox (8 2, u)| < L[] + [lulv),

|y (8, 2, y,w)| + oy (2, y, u)| < L+ Jy| + [lullv).

3. b and B are Lipschitz and grow linearly in all variables except e, but uniformly
mn e.
Remark 2.2.3. Assumptions 2.2.1 and 2.2.2 guarantee that there exists a unique

) to (2.2.1) for any v € UL. Moreover, the processes (X

t,xo

strong solution (X¢,, Y/, ,

Yl/

ey are cadlag.
Besides the measurability and the integrability conditions for U, we impose an-
other condition on the admissible control set. Let ¢! be the admissible control set,

which consists of all v € U] such that for any compact set C' C R? x R, there exists

a constant K¢, > 0 such that

(2.2.2) / b (1,2, y,01(7), (1, €), ) A{7},e)| < K¢, for (z,y) € C, 7 €T,
B

We now define the value function of the stochastic target problem. Let g : R — R
be a measurable function with polynomial growth. The value function of the target

problem is defined by

(2.2.3) u(t,z):=inf{y: el st. Y}

t7x’y

(T) > g(X{(T) P~ s}
2.2.1 The Hamilton-Jacobi-Bellman equation

Denote b = (by, by, .-+ ,b;)" and 8 = (b1, B2, -+, Br). For a given ¢ € C(D), we
define the relaxed semi-limits

(2.2.4) H*(©,¢) := limsup H.,(0,v¢) and H.(O,p):= liminf H.,(0 ).

N0, 0 50 £\0, 0 -6
1N\O, V=5 N0, =S

I The convergence 1) — ¢ is understood in the sense that ¢ converges uniformly on compact subsets to .
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Here, for © = (t,z,y,p, A) ED xR x R* x M? ¢ € C(D), ¢ >0 and n € [-1,1],

H.,(0,9) = sup L“(®), where,

UENe . (£,2,Y,p,)
LY(©) : = puy(t,z,y,u) — px(t, 2, u)p — %Tr[axa;(t,x, u)A],
NU(t,x,y,p) : = oy(t,z,y,u) — ox(t,z,u)p,

AY(t 2y, )+ = min {bi(t, z,,u(e), €) — @t 2 + Bit, 2, ule), €)) + o(t, 2)},
Ntz y,poo) :={uelU:|N“(t,z,y,p) <e, A“(t,x,y,p) >nm-as.e€ E}.
For our later use, we also define the following:

St xy, ) =ity y,ule), ) — ot + Bi(t m,ule), €) + o(t, @),
Tt w,y,0) = (P, y, ), TP (e, 9) T,

Lot x) = (b, ) + px (t, z,u)Do(t, x) + $Tr[oxo i (¢, z, u) D*p(t, x)].
Remark 2.2.4. For simplicity, we denote H*(t,x,p(t,z), Do(t,x), D*o(t, ), ) by
H*p(t, ) for p € CY2(D). For p € C*(R?), denote H*(T', z, (), Dp(x), D*p(x), ¢)
by H*p(x). We will use similar notation for H, and other operators in later sections.

Later, we will produce a viscosity super-solution and sub-solution, respectively,

to
(2.2.5) —op(t,z) + H*p(t,z) > 0 in D; and
(2.2.6) —Opp(t,x) + Hyp(t,x) <0 in D;.

2.2.2 Stochastic solutions

Before we introduce the definitions of the stochastic semi-solutions, we define the

concatenation of the admissible controls.

Definition 2.2.5 (Concatenation). Let vy,v, € U', 7 € T;. The concatenation of v

and v, at 7 is defined as vy ®; vy == vl + ol 7) € ut?

2This can be easily checked.
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Definition 2.2.6 (Stochastic super-solutions). A continuous function w : D — R is

called a stochastic super-solution if

1. w(T,z) > g(x) and for some C' > 0 and n € N? Jw(t,z)| < C(1 + |z|") for all

(t,x) € D.

2. Given (t,x,y) € Dx R, for any 7 € T; and v € U*, there exists € U" such that
Y(p) > wip, X(p)) P as. on {¥(r) > w(r, X(r))}

for all p € T;, where X := XZ?TD and Y := V2@

1,2,y

Definition 2.2.7 (Stochastic sub-solutions). A continuous function w : D — R is

called a stochastic sub-solution if
1. w(T,z) < g(x) and for some C' > 0 and n € N, |w(t,z)| < C(1 + |z|*) for all
(t,x) € D.

2. Given (t,z,y) € D x R, for any 7 € 7; and v € U*, we have
P(Y (p) <w(p,X(p))|B) >0

for all p € T, and B C {Y(7) < w(r, X (7))} satisfying B € F. and P(B) > 0.

Here, we use the notation X := X/ and Y :=Y}" .

Denote the sets of stochastic super-solutions and sub-solutions by U™ and U™,

respectively.
Assumption 2.2.8. Ut and U~ are not empty.

Remark 2.2.9. Let u™ := inf,cy+ w. For any stochastic super-solution w, choose

7=t and p = T. Then there exists 7 € U’ such that Y’ ,

(T) > w (T, X7,(T)) >

g (X7.(T))P —as. if y > w(t,x). Hence, y > w(t, z) implies that y > u(t,z) from

3C and N may depend on w and T. This also applies to Definition 2.2.7
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(2.2.3). This means that w > w and ut > u. By the definition of U, we know that
ut(T,z) > g(z) for all x € R4,
Remark 2.2.10. Let v~ := sup,cy- w. For any stochastic sub-solution w, if y <

w(t, x), by choosing 7 =t and p = T, we get that for any v € U*,

P (Y

tx,y

(T) < g(X,(T))) = P (V)

t,x,y

(T) < w(T, X{,(T)) > 0.

Therefore, from (2.2.3), y < w(t, z) implies that y < u(t, ). This means that w < u

and u~ < u. By the definition of U™, it holds that u~(T,z) < g(z) for all z € R%.
In short,

(2.2.7) v =sup w<u< inf w=u".

wel— welt
We will provide sufficient conditions which guarantee Assumption 2.2.8 in the Ap-
pendix A. As in [12] and [25], the proof of the sub-solution property requires a

regularity assumption on the set-valued map N, (-, ).

Assumption 2.2.11. For ¢p € C(D), n > 0, let B be a subset of D x R x R4
such that Ny, (-,1) # 0 on B. Then for every € > 0, (to,xo,Y0,p0) € Int(B) and
ug € Noy(to, o, Yo, Po, ¥), there exists an open neighborhood B of (to, o, Yo, po) and a
locally Lipschitz continuous map v defined on B’ such that ||U(to, To, Yo, Po) —uo|lv < €

and v(t,z,y,p) € Non(t,z,y,p, V).

2.3 Viscosity property in D;

In this section, we state and prove the theorem which characterizes u™ (resp.
u~) as a viscosity sub-solution (resp. super-solution) of (2.2.6) (resp. (2.2.5)). The
boundary conditions will be discussed in Theorem 2.4.1. Before we give the main
result, we state two preparatory lemmas without proof. These two lemmas are easy

to check and we refer the readers to [6] for their proofs.
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Lemma 2.3.1. U" and U~ are closed under pairwise minimization and mazimiza-
tion, respectively. That s,

1. If wi,wy € UT, then wy Awy € Ut; 2. If wy,wy € U™, then wy Vw, € U™,

Lemma 2.3.2. There exists a non-increasing sequence {w,}°°, C U" such that

wy, \yu and a non-decreasing sequence {v,}>2; C U™ such that v, /S u~.

Theorem 2.3.3. Under Assumptions 2.2.1, 2.2.2, 2.2.8 and 2.2.11, u™ is a USC
viscosity sub-solution of (2.2.6). On the other hand, under Assumptions 2.2.1, 2.2.2

and 2.2.8, u~ is an LSC wviscosity super-solution of (2.2.5).

Proof. Step 1 (u" is a viscosity sub-solution). Assume, on the contrary, that for
some (tg, z9) € D; and ¢ € C1?(D) satisfying 0 = (u™ — ) (to, x9) = maxp, (u™ — @),

we have
(231) 47] = —at(p(to, .%'0) + H*g0<t0, l’o) > 0.

From Lemma 2.3.2, there exists a non-increasing sequence Ut 2 w, N\, ut. Fix
such a sequence {wy}%2; and an arbitrary stochastic sub-solution w_. Let ¢(t,z) =

o(t, z) + 1]z — x|".* We can choose ng > 2 such that for any ¢+ > 0,

(2.3.2) OggnT(w(t,m) —wy(t,z)) — o0 as |z| — oco.

We can do this because ¢(t, z) is bounded from below by w_ (which has polynomial
growth in z) and w; has polynomial growth in z. Since (M ,).>o is non-decreasing

in €, we know

H.(©,0) = liminf Hy,(0,1).
@/%G,w&xp
AN

By (2.2.4) and (2.3.1), we can find ¢ > 0, n > 0 and ¢ > 0 such that for all

(ta z, y) SatiSfying (t7 .T) € Ba(t0> 1’0) and |y - @(t7 $)| S g, MY(ta z,y, U) - ‘Cu@(t? ﬂf) 2

4Since we will fix ng and ¢ later, we still use the notation » when without ambiguity despite the fact that the
function depends on ng and ¢.
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21 for some u € No,(t,z,y, Dp(t,x), ). Fix 1. Note that (to,z) is still a strict
maximizer of u™ — @ over ID;. For e sufficiently small, Assumption 2.2.11 implies

that there exists a locally Lipschitz map # such that

(2.3.3) v(t, x,y, DE(t, x)) € Noy(t, ,y, Dp(t, ), ) and

(2.34) py (t,x,y, 0(t, @y, Dp(t, x))) — LOE=PEED B¢ 1) >

for all (¢t,z,y) € D; x Rs.t. (t,z) € B:(tg,z0) and |y — @(t, x)| < e.

In the arguments above, choose ¢ small enough such that B.(ty,z¢) N Dy = 0.
Since (2.3.2) holds, there exists Ry > ¢ such that ¢ > w; +& > wi + ¢ on O :=
D—[0,T] % Bg,(xo) for all k. On the compact set T := [0, T] x B, (o) — Be/2(to, o),
we know that ¢ > ut and the minimum of @ — u™ is attained since u™ is USC.
Therefore, » > ut + 2a on T for some a > 0. By a Dini-type argument, for large
enough n, we have ¢ > w, +« on T and ¢ > w, — & on B s(to, zo). For simplicity,

fix such an n and set w = w,,_. In short,

(235) ¢>w+eon O, p>w+a on T and ¢ >w—¢e on By, xo).

For k € (0,e A ), define

(¢ —rK)Aw on B.(ty, x¢),
w outside B.(ty, zo).
Observing that w"*(ty, o) = @(to, zo)—K < u™ (to, xo), we could obtain a contradiction
if we could show that w* € Ut. Obviously, w" is continuous, has polynomial growth
in z and w*(T,x) > g(z) for all z € RY.
Fix (t,z,y) € D; xR, v € U" and 7 € T,.°> Now our goal is to construct an
admissible control v such that w" and the processes (X,Y’) controlled by v ®, v

satisfy the property in the definition of stochastic super-solutions.

5Here we choose (t,z) € D; since the case (¢, z) € Dy is trivial.



15

Let A = {w"(7, X{,(7)) = w(r, X{,(7))}. On A, let v be v;, which is “optimal”
for w starting at 7. We get the existence of 7; since w € UT. On A€, by an argument
similar to that in [6] (see Step 1.1 of Theorem 3.1’s proof), we can construct an

admissible control vy € U* such that

vo(s) =0 (s, X7570(s), Y (s), D@ (s, X{57(s)) for 7 < s <6 :=6; A0y,
where 6 :=inf {s € [7,T] : (5, X{57"°(s)) ¢ Beja(to, x0)} AT,
0 := inf {s € [1,T] : }3@”:;@;”0 @(S,XZ:?TVO(S))‘ >e} AT
In the construction of vy, we take advantage of Assumption 2.2.2 and the Lipschitz
continuity of # which guarantee the existence of X5 and Y{5;"°. Since X5 ™"

t,x,y

and Ym0 are cadlag, it is easy to check that 6§ € T;. We also see that

(2.3.6) (61, X7270(61)) & Beja(to, o), |Yieg"(02) — @02, X{27°(6:))] > e,

t,x,y

(2.3.7) (01,XZ§’”0(01—)) € BE/Q to, To), ‘Yt”@’f”o (0y—) — @(HQ,XZ?”O(GQ—)H <e.

Y

Let 7% be the “optimal” control for w starting at §. We define 7 on A° by vy ®¢ 7.

In short,

= (Latn + Lac(volyg + Lo ?°)) Ly

It is not difficult to check that 7 € U*. To prove that the above construction works,

we next show that

Y(p) =2 w™(p, X(p)) on B :={Y(r) > w*(7, X(7))},

where X = X/ 7 and YV = Ytl’fg . Corresponding to the construction of v on A
and A€, we consider the following two cases:

(i) On the set AN B. We have Y (7) > w(7, X(7)). From the definition of v on A

and the fact that w € UT, we know

Y(p) = Y2257 (p) = wip, X{2(p)) = w(p, X (p)) on AN B.

t,x,y
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(ii) On the set A°N B. Letting I'(s) := Y (s) — @(s, X(s)), we use 1t6’s formula

and the definition of vy to obtain
N
T(-AQ) =T(7) +/ / T (s, Z(s=), @) " Ads, de)
T E
A0
+/ (v (s, Z(s),vo(s)) — L 5(s, X(s)))ds on A°NB

Therefore, by (2.3.3), (2.3.4), (2.3.7) and the definition of 6, we know that I'(- A )

is non-decreasing on [7,T]. This implies that
(2.3.8) Y(0)—o(0,X(0)+r>Y(r)—o(r, X(7)) +x >0 on A°N B.
Since (01, X (01)) ¢ B./2(to, z0), we know from (2.3.5)
(2.3.9) 0 <Y (61)—p(01,X(01))+r <Y(61)—w(b,X(01)) on {6; <O,}NA°NB.
On the other hand, due to (2.3.6) and (2.3.8), it holds that
Y (62) — ¢(09, X(05)) > € on {6, > 6} N A°N B.
Therefore, since ¢ > w — € on B.s(to, z9) and (2.3.7) holds,
Y (62) — w(f2, X (02)) > €+ @(02, X(02)) —w(by, X(62)) >0 on {0, >0} N A°NB.

Combining the equation above and (2.3.9), we obtain Y (6) — w(#, X(6)) > 0 on

A° N B. Therefore, from the definition of 77,
(2.3.10) Y(pVvO)—w"(pVve, X (pV0)) > Y (pVO)—w(pVl, X (pVh)) >0 on ANB.
Also, the monotonicity of I'(- A 0) implies that
Y(pANO)—o(pNO, X(pANO))+Kk>00n AN B
This means that

(2.3.11) Lipea (Y (p) — w"(p, X (p))) = 0 on A°(1B.
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From (2.3.10) and (2.3.11), we get Y (p) — w"(p, X(p)) > 0 on A°N B.
Step 2 (u~ is a viscosity super-solution). Let (g, z¢) € D; satisfy 0 = (v~ —
©)(to, ro) = minp, (u” — ) for some p € CH?(D). For the sake of contradiction,

assume that
(2.3.12) —2n := —0yp(to, xo) + H ¢(tg, z0) < 0.

Let {wg}72, be a sequence in U™ such that wy A~ u™ and ¢(t, z) := p(t,z) — t|z —

xo|™, where we choose ng > 2 such that for all + > 0,

~ _ _ ~ _ 6
(2.3.13) Olgtza%XT(@(t,x) wy(t,x)) — —oo and Oréltzag%(p(t,x) — —00 as |z| = oo.

By (2.3.12), the upper semi-continuity of H* and the fact that ¢ =% ¢ as 1 — 0, we

can find € > 0, 7 > 0 and ¢ > 0 such that

( ) py (t,x,y,u) — L@t x) < —nfor all u € Ne (¢, x,y, Do(t, x), 9)
2.3.14

and (t,z,y) € D; x Rs.t. (t,2) € B(to, z0) and |y — ¢(t, z)| < e.

Fix «. Note that (tg,x) is still a strict minimizer of u~ — @. Since (2.3.13) holds,

there exists Ry > ¢ such that
p<w—e<wp—¢c on Q:=D—[0,T] x Bg,(x0).

On the compact set T := [0, T] x Bry(wo) — Bz a(to, x0), we know that ¢ < u~ and
the maximum of ¢ — u~ is attained since u~ is LSC. Therefore, ¢ < u~™ — 2ac on T
for some a > 0. By a Dini-type argument, for large enough n, we have ¢ < w,, — «
on T and ¢ < w, + € on B. /2(to, z0). For simplicity, fix such an n and set w = w,.

In short,

(2.315) p<w—econ O, g<w—a on T and ¢ <w+e on Bty o).

6The existence of ng follows as in Stepl.
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For k € (0, A €), define

(p+ k) Vw on B.(ty, o),

w outside B.(tg,x).
Noticing that w"(to, o) > @(to, o) + & > u™ (to, zo), we will obtain a contradiction
if we show that w"™ € U~. Obviously, w" is continuous, has polynomial growth in z
and w*(T,x) < g(x) for all z € R%. Fix (t,z,y) € D; x R, v € U and 7 € T;. Our
goal is to show that

P(Y'(p) < w"(p, X(p))|B) >0

for all p € T, and B C {Y(7) < w"(r, X(7))} satisfying B € F! and P(B) > 0,

T

where X := X and Y := Y/,

t7x7y :

Let A= {w"(7, X (7)) = w(r, X (7))} and set

E={Y(r) <wi(r,X(1)}, Eo=FENA, E =EnA,
G ={Y(p) <w"(p,X(p)}, Go={Y(p) <w(p,X(p)}.
Then £ = EyUE,, EgNE;, =0 and Gy C G. To prove that w® € U™, it suffices

to show that P(G N B) > 0. As in [33], we will show
P(BNEy) >0 = P(GNBNEy) >0, P(BNE;) >0 = P(GNBNE;) >0.

This, together with the facts P(B) = P(BN Ey) + P(BN E;) > 0 and P(GN B) =
P(G N BN Ey) +P(GN BN Ey), implies that P(G N B) > 0.

(i)Assume that P(B N Ey;) > 0. Since BN Ey C {Y(7r) < w(r,X(7))} and
BN Ey € FL, P(Go|BN Ey) > 0 from the definition of U~. This further implies
that P(GN BN Ey) > P(GoN BN Ey) > 0.

(ii)Assume that P(BN E;) > 0. Let 0 = 6, A 65, where

01 :=inf {s € [1,T]: (s,X(s)) & Bejalto,x0)} AT,

Oy :=inf {s € [1,T] : |Y(s) — ¢(s,X(s))| = e} AT.
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Since X and Y are cadlag processes, we know that # € T.. The following also hold:

(2.3.16) (01, X(01)) & Beja(to, z0), Y (02) —@(0a2, X(02))] > e,
(2.3.17) (61, X (61—)) € Bepa(to, x0), [Y(02—) — p(fa, X (62-))] < e.
Let

a(s) = py (s, X (s),Y(s),v(s)) = £ a(s, X (5)),
ci(s) = Ji"(s, X (5=),Y(s—), @), di(s) = /ECf(S)mi(de), d(s) = Zdi(S),
m(s) = N"O(s, X (s),Y(s), Dg(s, X(s))), Ao = {s € [r,6] : [n(s)| < &},
Ay ={s€[r0]:c(s)> —nforim—as cecEforalli=1- I}, A= (A"
Asi ={(s,e) € [1,0] x E: ¢{(s) < —n/2}.

We then set

(/ /Z(se A(ds, de) /t.AgaT(s)dWs>,

where £(+) denotes the Doléans-Dade exponential and

xt :=max{0,z}, = :=max{0,—z}, «afs):=— a(‘fr);r)d‘( 2 (s)Lag(s),

]1A3z (s.e)

M;(s) :== fE La,,(s,e)m;(de), K(s,e):= Mi(s)
0 otherwise

als +
5¢(s) == (m — 1 Lay(s) - 20 g (s, e)> La,(s).

if M;(s) =0

If s € Ag, then it follows from Assumption 2.2.1 and definitions of A, and Aj; that
(2.3.18) M;,(s) > 0 for some iy € {1,2,---,I}.

Obviously, L is a nonnegative local martingale on [t,T]. Therefore, it is a super-
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martingale. Let I(s) := Y(s) — 3(s, X(s)) — x. Applying It's formula, we get
D(- AB)L(- AB) = T(r)L(r) + / " L) (x(s) + T(s)a(s) T W,
b [ S B 0+ TO5(6) + 50060} Nt )
+/T'A9L(s){( (s) +d(s)) Lay(s /Zc )i (s)m de)}ds

By the definition of §¢ and the fact that 14, + 14, = 1 on [7, 6], the last integral in

the equation above is

/7—\./\9 L(s) {(G(S) ﬁ) Tagna, (8) + Lagna,(s)
X (a(S) + 2(|d1z;l§r)+ 0 a(S +n / Z (s,e mz(d@)) }ds.

By (2.3.14), a(s) < —n on Ag N A;. Then,

(2.3.19) (a(s) + 2(L(S)+1)) Tagna, (s) < (—77 + —) T, (5) < 0.

By the definition of Asz; and (2.3.18), it holds that

(2.3.20)
nd(s) T4
14904, (5) (G(S) + 2004()] + 1) / Z (s,e mz(de))
<L) (a(s) + 2 - WT” - g) = “Laas(als)"

Therefore, (2.3.19) and (2.3.20) imply that I'L is a local super-martingale on [r,6].

Note that

T(0) —T(0—) = /E 790, X (0-),Y (6—), )T MN{8}, de).

Since ¢ € C(D) and (2.3.13) holds, ¢ is locally bounded and globally bounded from
above. This, together with (2.3.17) and the admissibility condition (2.2.2), implies
that I'(0) —I'(#—) > — K almost surely for some K > 0 (K may depend on (ty, zo), €,

v and ¢). Since I'(s) = Y (s) — ¢(s, X (s)) —k > —(e + k) on [1,0), I'L is bounded
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from below by a sub-martingale —(¢ + x4+ K)L on [r,6]. This further implies that
I'L is a super-martingale by Fatou’s Lemma. Since I'(7)L(7) < 0 on B N Ejy, the
super-martingale property implies that there exists F C B N E; such that F € F!

and I'(0 A p)L(6 A p) < 0 on F. The non-negativity of L then yields I'(6 A p) < 0.

Therefore,
Y(6) < @9(01,X(01)) +xon FN{h; <60 < p},
Y (62) < ¢(02, X(02)) + k on FN{0; > 02,0 < p},
(2.3.21) Y(p) — (&(p, X(p)) + k) <0on FN{ > p}.

Since (01, X(61)) ¢ B./a2(to, x0), it follows from the first two inequalities in (2.3.15)

that
(2322) Y(01> < 95((91,X(01)) +r < w(@l,X(Ql)) on FN {61 < 9270 < p}

On the other hand, since Y (6y) < ¢(09, X(05)) + k on FF N {0 > 05,0 < p} and

(2.3.16) holds,
Y (63) — p(02, X (0,)) < —c on F N {0 > 6,,0 < p}.

Observing that (62, X (62)) € Bej2(to, xo) on {61 > 65}, we get from the last inequality

of (2.3.15) that
(2323) Y(QQ) < (,5(02,)(((92)) —e< w(QQ,X(92>> on F'N {91 > ‘92,9 < p}

From (2.3.22) and (2.3.23), we get that Y (0) < w(f#, X (#)) on FN{f < p}. Therefore,

from the definition of U™,
(2.3.24) P(Go|FN{0 <p}) >0 if P(FN{O < p}) >0.
From (2.3.21), it holds that

(2.3.25) P(GIFN{0>p}) >0 if P(FN{0>p}) > 0.
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Since Gy C G, (2.3.24) and (2.3.25) imply that P(G N F') > 0. Therefore,

P(GN BN E;) > 0.

2.4 Boundary conditions

In this section, we discuss the boundary conditions at T'. From the definition of the
value function u, it holds that u(T,z) = g(x) for all x € R?. However, u™ and u~

may not satisfy this boundary condition. Define
N(t,z,y,p, ) :={(r,s): JueUs.t.r=N"t,z,y,p), s < A"(t,z,y,0) m-a.s.}

and ¢ := dist(0, N¢) —dist(0, N), where dist denotes the Euclidean distance. It holds

that
(2.4.1) 0 € int(N(t,z,y,p, ) it 5(t, 2, y,p,¢) > 0.

The upper (resp. lower) semi-continuous envelope of § is denoted by §* (resp. J.).

Let

uwt(T—,z) = limsup w (t,2"), v (T—,z)= liminf w (¢, 2).
( ) Amsup (t,2"), u( ) onminf (t, z')
The following theorem is an adaptation of the results in [32, 33, 12, 13].
Theorem 2.4.1. Under Assumptions 2.2.1, 2.2.2, 2.2.8 and 2.2.11, if g is USC,
then ut(T—,-) is a USC viscosity sub-solution of
min{p(z) — g(x),up(z)} < 0 on R,
On the other hand, under Assumptions 2.2.1, 2.2.2 and 2.2.8, if g is LSC, u= (T'—,-)

is an LSC viscosity super-solution of

min{ (2(z) — 9(@)) L i ge)<ooy, 6 9(@)} = 0 on R,
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Proof Step 1 (The sub-solution property on D). For the sake of contradiction,
we assume that for some zy € R and ¢ € C?(R?) satisfying 0 = u™ (T —, z¢)—¢(z0) =

max,cpd (Ut (T—, ) — p(x)), it holds that
©(xo) — g(zo) > 2n and d.p(xo) > 2n for some n > 0.

Let {wx}32, be a sequence in Ut such that wy \, u™. Set @(t,z) = p(z) + t|z —

xo|™ + v/ T —t for ¢ > 0, where ¢ will be fixed later and ng satisfies

Ogng(w(t,x) —wy(t,x)) — oo as |x| — oo for any ¢ > 0.

By the lower semi-continuity of ¢, and the upper semi-continuity of g, we can find

v > 0 and ¢ > 0 such that for (t,z) € [T —¢,T] x B.(79) and y € R satisfying

|y - @(t,$)| <e
(2.4.2) o(t,x) — g(z) >n and
(2.4.3) 0u(t,z,y, DP(t, x), ) > 1.

By Assumption 2.2.11, the fact that 6 > d,, (2.4.1) and (2.4.3), we can find a locally

Lipschitz map © such that

ﬁt,x,y,D@t,x EN, t,x,y,@t,x,@ for all
(2.4.4) ( (t,z)) € Noy( (t,z), )
(t,z,y) € DX R s.t. (t,z) € [T —e,T| % Fs(xo)) and |y — @(t,x)| <e.

In (2.4.4), we may need to choose smaller values of €, ¢ and 1. Fix ¢. Since 0,p(t,z) —

—o0 as t — T, by the continuity of uy, ux,ox and v,

(2.45) p (6, y, Dt 0y, DP(t, x))) — L7EePACDG(E, ) > 1) for
24.5

(t,x) € [T —¢&,T) x B-(x9) and y € R such that |y — @(¢,2)| < e.
Here we may need to shrink ¢ > 0 again. Since u™ is USC and §(T', ) = ut(T—, o),

there exists o > 0 such that ¢ > ut —2a on [T —,T) x B./s()) after possibly
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shrinking & another time. Since wy, \, u*, there exists ny € N such that
(2.4.6) @ >wp, —a on [T —e,T) X Bep(xg).
Since ming<;<r(P(t, x) — wi(t,x)) — 0o as |z| — oo, we can find Ry > € such that
(2.4.7) @ > Wy +e0on Q:= [T —¢,T] x (R — Bg,(20)).

Notice that ¢(T,-)—u*(T—,-) is strictly positive on the compact set T* := B, (7¢)—
B.2(xp). Hence, by the upper semi-continuity of u™(7—, ), there exists { > 0 such

that

(2.4.8) G(T,) > u™(T—, ) +4¢ on T*.
From (2.4.8), we conclude that there exists o > 0 such that
(2.4.9) $>ut+2C on [T —0,T) x T

More precisely, if (2.4.9) does not hold for any o > 0, then there exists a sequence
(tn,x,) € Dy such that t, — T, z, € T* and @(tn,z,) < u'(tn,z,) + 2. The
compactness of T* implies that there is a subsequence of (t,,z,) which converges
to (T,2') for some 2/ € T*. By taking the limsup of the above equation over the
subsequence, we get ¢(T',z") < u™(T—, ") + 2¢. This contradicts (2.4.8). Therefore,
(2.4.9) holds.

In (2.4.9), we choose 0 < . By a Dini-type argument, there exists n; > ng such

that
(2.4.10) @ >w,, +¢ on [I'—o0,T)x T

Set w = wy,. For k € (0,6 A A (), define

(¢ —r)Aw on [T —0,T] x B.(xy),

w outside [T — o, T] x B.(wo).
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Since w(T,z) > g(x) and (2.4.2) holds, we get that w"(T,z) > g(x) for all z € R

We also notice that
(2.4.11) w*(T,xo) < p(xg) — k < ut (T—, x0) < ut (T, x0).

Using (2.4.4), (2.4.5), (2.4.6), (2.4.7) and (2.4.10) in a manner that is similar to Step
1 in Theorem 2.3.3’s proof, we can show that w"” is a stochastic super-solution, which
contradicts (2.4.11).

Step 2 (The super-solution property on D7). We will divide the proof into two
steps:

Step 2.A. We will show that v~ (7—, -) is a viscosity super-solution of

(o(x) — 9(2)) 1 {H+p(@)<cc} = 0 0n RY,

Let 2o € R and ¢ € C*(R?) be such that

0= (u™ (T—, 20) — pl0)) = min(u (T—,z) — p(x)).

z€Rd
Assuming that H*p(zg) = C' < oo and that g(zg) > v (T—,z0) = (z0), we will
work towards a contradiction. Let {wy}7° be a sequence in U~ such that w,, 7~ u~.
Let ¢(t,z) = p(x) — t|lx — zo|™ — (C' +2)(T —t) and @'(z) = p(z) — t|x — zo|™ for

t > 0, where ¢ will be fixed later. ng > 2 is chosen such that for any ¢ > 0,

(2.4.12) Orgtag)cs:r(gp(t,x) —wy(t,x)) = —o0, max, o(t,x) = —o0 as |z| — oo.

Note that D@'(z) = D@(t,z) and D*¢'(x) = D?*@(t,z). From g(xg) > ¢(xg) =
&(T, x0) = u™ (T—, xp) and the lower semi-continuity of g and v, we can find € > 0

and 7 € (0,1) such that

(2.4.13) 9(x) = @(t,x) > ¢ for (t,z) € Be(T, wo),

@ <u” +2n on [T —¢€,T) x Bej(xo).



26

By the locally boundedness of uy, ox, py, b and 8, and H*p(z¢) = C, there exists

¢ > 0 such that

py (2, y,u) — px (t, 2, u)D@(t, x) — s Trloxo g (¢, z, u)D*@(t,2)] < C+1 for all
(t,x) € [T —&,T] x Bo(zp), (y,u) € R x R such that |y — @(t, )| < e and
uw €N —y(t,z,y, DP(t, ), &)
Here, we may need to choose smaller values of € and 1. Therefore, by the definition

of A™e,

py (t,z,y,u) — L4@(t,x) <C+1—-C—-2< —pfor (t,z,y) e Dx R x U s.t.

(t,2) € [T — &, T] x Be(xo), ly — ¢(t,2)| < & and u € N,y (t, z,y, DS(t, @), B).

Fix ¢. Since wy / u™, there exists ng € N such that
@ <wyy+n on [T —e,T) x Bea(xo)
due to (2.4.13). By (2.4.12), there exists Ry > ¢ such that
P(t,x) < wpy(t,x) + ¢ < wy(t,x) + e on O for n > ny,

where O := [T — ¢, T] x (R? — Bg,(0)). Since p(T,z) < p(z), v (T—,-) — §(T, ") is
strictly positive on the compact set T* := Bg, () — B.a(20). Hence, by the lower

semi-continuity of u™ (71—, -), there exists > 0 such that

o(T,) <u (T—, ) —4a on T".
Similar to Step 1 in this proof, we can find o € (0,e) and ny; > ny such that
O <w, —aon[l—o0,T)x T Set w=w,,. For kK € (0,6 A § A a), define

(@+r)Vw on [T —0,T] x B.(x),

w outside [T — o, T] x B.(xo).
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As in Step 2 of Theorem 2.3.3’s proof, we can show that w® € U™, which yields a
contradiction.
Step 2.B: In this step, we prove that u=(7—,-) is a viscosity super-solution of

§*p(x) > 0. Let 29 € R? and ¢ € C?*(R?) be such that

0= (u™(T—, 20) = ¢(z0)) = min(u(T'-, z) — p(z)).

Let (sn,&,) be a sequence in D; satisfying (s,,&,) — (T, 29) and u™ (s,,&,) —
u (T'—,xz9) = p(xg). For allm € N, k£ > 0 and ¢ > 0, define

T—1t
eht(t,x) = o(x) — tlr — zol* + k’rS), o' (x) = p(x) — |z — zo|".

Notice that

lim lim lim sup sup i (t, ) — p(x)] = 0.
t—0 k—0 n—o00 (t,x)e[Sn,T} X§1 (370)
Let (t5*, 2%4) be the minimizer of u~ — ¢®* on [s,, T] X Bi(zp). We claim that for

any k > 0 and ¢ > 0, there exists N** € N such that
(2.4.14) sp <P < T for all n > N** and %' — x5 as n — oc.

We now prove (2.4.14). Since (s,,&,) — (T, z0), we can find N** € N such that for
n > Nk,L’

(24.15) (™ = ") (5. &) = U (50, &) — (&) + tln — wo|* — o1y

On the other hand,

(2.4.16) liminf (u™ — ") (t,2") = u™ (T—, 2) —@(x)+t|z—z0|* > 0 for |z —20| < 1.

1T, 2’ —x
By (2.4.15) and (2.4.16), the first part of (2.4.14) holds. By an argument similar to
Step 4 in Theorem 3.1’s proof in [9], we know that the second part of (2.4.14) also

holds. From (2.4.14) and the definition of ¢®*, we also see that

(2.4.17)  P(the ahy 5 uT(T—, 20) = @(w0) as n — oo, then k — 0,1 — 0.

n Jrn
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By (2.4.14), (2.4.17) and the facts that lminf cr )10 v (t,2) = v (T—, )
and u~(tht, akt) < pFe(the xR it holds that u™ (8 2%) — w=(T—, 1) = ¢(x0)

n J’en n Jrn n Jrn

as n — oo then k — 0,1 — 0. Since for all k£ > 0, c > 0 and n > Nk (tht 2Ft) is a

n ’'n

local minimizer of u~ — @& and th* < T, we get

_atgpk’L(tk’L xk,L) +H*(tk’L xk,L uf(tk,L xk’L),DQOZ’L(tk’L .%k’L),DZgOZ’L(tk’L xk,L)) Z 0

n \'n 1r°'n n rn n r'n n rrn n r'n

from Theorem 2.3.3. By the definition of H*, for any k > 0, ¢ > 0 and n > Nk,
there exists a sequence {(€m, Ty Om, ©m)} C Ry X [=1, 1] x D x R x R?x M4 x C (D)7

such that (e, 7m) — (0,0),

(2.4.18) Pm —> O, Om = (u” (), Dl (+), D@ (-)) (th*, z*) and

n J’'n

H5m7777n(@m7 (pm) - H*(" u_(')’ D%]z’b(')’ DQ(:D:?L(')v 907]?L)(tfz7b7 xi?b) > —00.

This implies that N, .. (Em, Ty Yms Pms ©m) 7 O since sup ) = —oco. By the defini-
tion of 0, it holds that 0(tm, Tm, Ym, Pm, ©m) = —+/€2, + n2,. From (2.4.18) and the

definition of §*, we get

S (0 kot (B 2Ry Dk (R ahn) B > Tim sup 0(Em, Ty Yms Py Pm) > 0.

n *n n rrn n rn
m—ro0

By the definition of A% in the set-valued map N, the equation above implies that

(2419) (1w (), DRk (), @) (B, abt) = (™ (), Dt (), k)t 2ht) > 0.

n '%“n n ’rn

Note that ¢ ~% ¢ as ¢ — 0. Moreover, for ¢ > 0, u™(t*, %) — ©(x0) and

n r'n

Dkt (the gkty — Do(z0) as n — oo then k — 0. Taking the limsup of (2.4.19) by

n rrn

first sending n — oo then £ — 0 and ¢+ — 0, we have

0" p(x0) = 6" p(T' w0, p(20), Dip(0), ) = 0

from the upper semi-continuity of §*, O

79,, = (tm, Tm, Ym, Pm, Am) takes value in D X R X R% x M4
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2.5 Verification by comparison

We now carry out the verification for non-smooth functions assuming the comparison

principle as in [9].

Assumption 2.5.1. Let H = H,. Assume that H = H* on the set {H < oo} and

that there exists an LSC function G : D x xR x R? x M? x C(D) — R such that

(a) H(t,z,y,p, A, p) <00 = G(t,z,y,p,A,¢) <0,
(b) G(t,x,y,p, A, ) <0 = H(t,x,y,p, A, ) < o0.
Proposition 2.5.2. Under Assumptions 2.2.1, 2.2.2, 2.2.8, 2.2.11 and 2.5.1, u™

(resp. u~) is a USC (resp. an LSC) viscosity sub-solution (resp. super-solution) of
max {—0yp(t,z) + Hp(t,z), Go(t,z)} =0 on D,.
Moreover, if g is USC, u™(T—,-) is a USC viscosity sub-solution of
min {max{p(z) — g(z), Go(x)},6.p(x)} <0 on R’
If g is LSC, uw(T—,-) is an LSC wviscosity super-solution of
min {max{(z) — g(z), Gy(2)}, 6" (z)} = 0 on R™.
Proof (1) The sub-solution property in ;. Suppose
0= (u" —¢)(to, o) = Ir]%))zap}((uJr — ) for some (tg,z0) € D; and ¢ € C+*(D).

(3

Then —0,p(to, xo)+ Hp(to, xo) = —0pp(to, o)+ Hep(to, o) < 0 from Theorem 2.3.3.
From (a) in Assumption 2.5.1, G(tg, xo) < 0. Therefore, the sub-solution property
holds for u™ in the parabolic interior.

(2) The super-solution property in D;. Suppose

0= (u" —)(ty, z0) = nﬁin(u’ — ) for some (tg, z9) € D; and ¢ € C*(D).

7
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If Ho(tg,20) < oo, —0ip(to, x0) + Hep(to, mo) = —0wp(to, x0) + H*p(to, x0) > 0
from Assumption 2.5.1 and Theorem 2.3.3. On the other hand, if Hp(ty,z9) = oo,
Go(to, z9) > 0 from (b) in Assumption 2.5.1. Therefore, the viscosity super-solution
property holds for ™~ in the parabolic interior.

(3) The sub-solution property on Dr. From Theorem 2.4.1, we know that

ut(T—,-) is viscosity sub-solution of
min{¢(z) — g(z), 6.0(x)} <0 on RY,

Therefore, it suffices to show that Gut(T—,-) < 0 in the viscosity sense. Let 7o € R?

and ¢ € C?(R?) be such that

0= (u"(T—,z0) — ¢(x0)) = max(u™(T—,x) — p(x)).

z€R4

Let (sn,&,) be a sequence in D; satisfying (s,,&,) — (T, x0) and u™(s,,&,) —

ut(T—,xg). For alln € N, k > 0 and ¢ > 0, define

T—1
on'(t,7) = o() + tl — wo|* — & ),soL(l‘) = o(x) + |z — mo|"

(T — sp
Let (tf* 2%Y) be the maximizer of u* — ¢ on [s,,T] x By(wp). Similar to the

n Jrn

arguments in Step 2B of Theorem 2.4.1’s proof, we can show that

: : + 1k ke
i (' 2] = (o)

We also know that for any & > 0 and ¢ > 0, there exists N** € N such that
Sy < tht < T forallm > N™ and z%* — x5 as n — oo. Therefore, for all k& > 0,
v >0and n > Nk (the 2kt) is a maximizer of ut — % on [s,, T] x Bj(xp). From

n ’'n

Theorem 2.3.3,

=0ty ) + Ha(ty oyt ut (87, ), Dl (4 ), Doy (6 ), o) < 0.

n rrn n r'n n \"n 1r'n
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Hence, the H,-term in the above equation is less than oco. From the definition of

A" we get

H (tkL ki, (tkb kb)7D(pkL(tkL

'I’L77’L7 TL?’I’L 7’L77’L

)D2 (tkb kb)7SOL)<OO7

n TL

which further implies by Assumption 2.5.1 that
Gty ' ut (tpt ), Doyt (tet ), D2 (1 ), ') < 0.

Using an argument similar to that in Step 2B of Theorem 2.4.1’s proof, we conclude
that G(zo) < 0.
(4) The super-solution property on Dr. It suffices to show that v=(7T—,-) is a

viscosity super-solution of
(2.5.1) max{p(z) — g(z), Gp(z)} > 0 on R

Let 7o € R? and ¢ € C*(R?) be such that

0= (u (T, 20) = ¢(x0)) = min(u™(T—, z) — (z)).

z€R4

From Theorem 2.4.1, one of the following two scenarios must hold:

(2.5.2) o(xo) > g(xg), H*p(xg) < 00 or

(2.5.3) H*p(x) = 0.

(2.5.2) implies (2.5.1); on the other hand, if (2.5.3) holds, then Hy(xy) = oo, which

means that Go(zp) > 0 from (b) in Assumption 2.5.1. Therefore, (2.5.1) holds. [

Assumption 2.5.3. Assume that 6* = 0, g is continuous and a comparison prin-

ciple holds between USC' sub-solutions and LSC super-solutions for

(2.5.4) min{max{p(x) — g(x),Go(z)},dp(x)} =0 on R
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In the presence of jumps, it is nontrivial to check this assumption. When there
are no jumps in the controlled processes, the comparison principle can be proved in
certain classes of functions (see the discussion above Assumption 2.2 in [14]). Also, in
Section 2.6, § drops out in the corresponding PDE and there are comparison results

available for fully non-linear equations with jumps (see [1]).

Lemma 2.5.4. Under Assumptions 2.2.1, 2.2.2, 2.2.8, 2.2.11, 2.5.1 and 2.5.3,
u (T—,) = u+(T_’ ) =9(),
where § is the unique continuous viscosity solution to (2.5.4).

Proof Tt follows from their definitions that 4~ < u™. Since u™ is USC and u~ is

LSC, then

u (T—,z)= liminf wu (t,2') < limsup u*(t,2") =u"(T—, 2).
(t<T,x’)=(T)x) (t<T,a")—(T,x)

Moreover, ut(T—,-) is a viscosity sub-solution and u~ (T—,-) is a viscosity super-
solution to (2.5.4) due to Theorem 2.4.1. Therefore, the claim holds by Assumption

2.5.3. [l

Theorem 2.5.5. Suppose that there is a comparison principle for
(2.5.5) max{—0yp(t,z) + Ho(t,x), Go(t,z)} =0 on D

and that Assumptions 2.2.1, 2.2.2, 2.2.8, 2.2.11, 2.5.1 and 2.5.3 hold. Then there
erists a unique continuous viscosity solution V' to (2.5.5) with terminal condition

V(T,)=4g() and u(t,z) = u (t,x) = ut(t,x) = V(t,x) for (t,x) € Dj.

Proof Define
U+<t,ZE), (t,ZE) S Dz

g(z), t=T,z € R?
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and
u (t,z), (t,x)€ Dy,
u (t,x) =
§x), t=T,zecR%
From Proposition 2.5.2, @~ is an LSC viscosity super-solution and " is a USC viscos-
ity sub-solution of (2.5.5). Since a™(T,-) =4 (T,-), ™ < 4~ on D by comparison.
Hence, 4" =4~ on D from (2.2.7). Define V := 4™ = 4. It is a continuous viscosity

solution of (2.5.5) satisfying V(T,x) = g(x). Uniqueness follows directly from the

comparison principle. ]

2.6 Stochastic control as a stochastic target problem

In this section, we show how the HJB equation associated to an optimal control
problem in standard form can be deduced from a stochastic target problem. Given

a bounded continuous function ¢ : R — R, we define an optimal control problem by

u(t,z) = inf Elg(X{,(T))].

veut

We follow the setup of Section 2.2 with one exception: U’ is the collection of all
Fi-predictable processes in IL2(2 x [0, 7], F @ B[0,T],P® A; U), where U C R? and

X follows the SDE
dX(s) = px(s, X(s),v(s))ds+ox(s, X(s), V(s))dWs—l—/EB(s,X(s—), v(s),e)A(ds, de).

To convert the control problem to its stochastic target counterpart, we need the

following lemma, which is an adaptation of a result in [13].

Lemma 2.6.1. Suppose Assumptions 2.2.1 and 2.2.2 hold. Define a stochastic target
problem as follows:

u(t,z) = inf{y e R: I(v,a,7) e U’ x A" x T s.t. Y;,'(T) > g(X7,(T))}, where

Vi =+ [T odvr [ [ (s e ds.de
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and A' and T are the collections of R?-valued and L?(E, €, m; RY)-valued processes,

respectively, satisfying the admissibility conditions in Section 2.2. Then u = u on D.

Proof Since A’ and I'* satisfy the admissibility conditions, this stochastic target

problem is well defined. In view of Lemma 2.1 in [13], it suffices to check that

(2.6.1) {(X0,(T), v eu'} C{M(T), M € M},

where M = {Y57("):y e R,a € A",y €T} .
In fact, by the martingale representation theorem, for any v € U*, E[g(X/,(T))|F/]
can be represented in the form of Y;” for some o € A" and v € I, where I is
the collection of IL2(E, &, m;R!)-valued processes satisfying all of the admissibility

conditions except for (2.2.2). In particular, g(X?,(T)) = Y, (T'). Assume, contrary

to (2.6.1), that there exists vy € U' such that

Elg(X!(T)|F] =y + / o (s)dW, + / | /E 2 (5, €)M(ds, de)

t
for some y € R, ap € A" and vy € T}, but (2.2.2) does not hold. In the equation
above, E[g(X{%(T))|F!] can be chosen to be cadlag, thanks to Theorem 1.3.13 in

[20]. Then for K > 2||g||~, there exists 7y € T; such that
“(

P (/E 7T (70, )A{o}, de) > K) 08

Let Mo(-) = E [g(X/%(T))|F!]. Therefore,

/E 2T (r0, DA (o} de)

>K>>0.

Suppose that

Moy(79) — Mo(10—) = / 7" (10, e)A({70},de) > K with positive probability.
E

81f this does not hold, the integral is less than —K with positive probability. Noticing this, we can carry out the
proof in a similar manner when this assumption does not hold.
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Since | M| is bounded by ||¢||c < K/2, we obtain a contradiction. O

Let H* be the USC envelope of the map H : D x R¢ x M¢ x C(D) — R defined by

H: (t,2,p,4,¢) = sup,cp {—1[pl(t, 2, u) — pix (¢, 2, u)p — 5Tr[oxox (t, 2, u) Al},

whete I[g](t, 2,u) = Sycrey [ ({62 + Bt 2,0, €)) — p(t,2)) mil(de).
Theorem 2.6.2. Under Assumptions 2.2.1 and 2.2.2, u™ is a USC viscosity sub-
solution of
—Opp(t,x) + Ho(t,z) <0 on Dy
and uT(T—,z) < g(z) for all x € RY. On the other hand, v~ is an LSC wviscosity
super-solution of

—Opp(t,x) + Ho(t,z) > 0 on D

and u(T'—,-) is an LSC wiscosity super-solution of

(o(z) — 9(7)) Ligep@)<ocy = 0 0n R

Proof 1t is easy to check Assumption 2.2.11 for the stochastic target problem. Since
g is bounded, we can check that all of the assumptions in the Appendix A are
satisfied, which implies that Assumption 2.2.8 holds. From Theorem 2.3.3, u™ is a
USC viscosity sub-solution of —0yp(t,z) + H.p(t,x) < 0 on D; and w~ is an LSC
viscosity super-solution of —0,p(t,z) + H*¢(t,z) > 0 on D;. From Proposition 3.1
in [13], H* < H* and H, > H. This implies that the viscosity properties in the
parabolic interior hold.

Also, by Theorem 2.4.1, u*(T—,-) is a USC viscosity sub-solution of
min{(z) — g(x), d.p(x)} < 0 on R
and u~(T—,-) is an LSC viscosity super-solution of

min{ (p(z) — 9(x)) Liaege)<ooy, 6" 9()} > 0 on RY,



36
where § = dist(0, N¢) — dist(0, N) and

N(t, z,y.p.p) =
{(q,5) : Iu,a,7) € U x R x L*(E,&,m;R) s.t. g =a — oy (t,z,u)p

and s < lrgjgl{ri(e) —o(t,x+ Bi(t,x,u,e)) +o(t,x)} m—as.e€ E }.

Obviously, N = R? x R. Therefore, § = oo and the boundary conditions hold. O
The following two corollaries show that u is the unique viscosity solution to its
associated HJB equation. We omit the proof, since it is the same as the proofs of

Proposition 2.5.2 and Theorem 2.5.5.

Corollary 2.6.3. Suppose that Assumptions 2.2.1 and 2.2.2 hold, H = H* on {H <

oo} and there exists an LSC function G : D x R x R? x M¢ x C(D) — R such that
(a) Ht, z,y,p, M, ) <00 = G(t,2,y,p, M, ) <0,
(b) G(t, z,y,p, M, ) <0 = H(t, z,y,p, M, ) < occ.

Then ut (resp. u™) is a USC (resp. an LSC) wiscosity sub-solution (resp. super-
solution) of

max{—0;p(t,z) + Hp(t,z), Gp(t,z)} =0 on D

and uwt(T—,-) (resp. u=(T—,")) is a USC (resp. an LSC) wiscosity sub-solution

(resp. super-solution) of
max{p(z) — g(z), Gp(z)} =0 on R*.

Corollary 2.6.4. Suppose that all of the assumptions in Corollary 2.6.3 hold. Addi-
tionally, assume that there is a comparison principle between USC' sub-solutions and

LSC super-solutions for the PDE

(2.6.2) max{p(z) — g(z), Gp(z)} =0 on R%
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Then ut(T—,x) = u (T—,x) = g(x), where g is the unique viscosity solution to

(2.6.2). Furthermore, if the comparison principle holds for
(2.6.3) max{—0p(t,x) + Hp(t,x), Gp(t,z)} =0 on D,

then there exists a unique continuous viscosity solution V to (2.6.3) with terminal
condition V(T,x) = g(x) and u(t,z) = u(t,x) = u*(t,x) = u (t,x) = V(t,x) for

(t, lL‘) S Dz

2.7 Appendix: the nonemptiness of U" and U~.

Assumption 2.7.1. g is bounded.

Assumption 2.7.2. There exists ug € U such that
oy (t,z,y,ug) =0 and b(t, x,y,up(e),e) =0

for all (t,x,y,e) e D xR x E.

Remark 2.7.3. In the context of super-hedging in mathematical finance, the assump-

tion above is equivalent to restricting trading to the riskless assets.

Proposition 2.7.4. Under Assumptions 2.2.1, 2.2.2, 2.7.1 and 2.7.2, Ut is not

empty.

Proof. Step 1. In this step we assume that py is non-decreasing in its y-variable.
We will show that w(t,z) = v — e* is a stochastic super-solution for some choice of
k and .

By the linear growth condition on puy in Assumption 2.2.2; there exists L > 0
such that |uy (t,x,y,uo)| < L(1 + |y|), where ug is the element in U in Assumption

2.7.2. Choose k > 2L and v such that —e*T +~ > ||g|l. Then w(T,z) > g(z). It
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suffices to show that for any (t,z,y) e DX R, 7 € T, v € U" and p € T,
(2.7.1) Y(p) 2 w(p, X(p)) P-as. on {Y(7) > w(r, X(7))},

where X 1= X277 Y =Y/ 2. Let A = {Y (1) > w(r, X(7))}, V(s) = w(s, X(s))

t7m’y

and I'(s) = (V(s) — Y(s)) 1 4. Therefore,

(2.7.2) I(s) = L / (€() + Alg))dg for s > .

where
A(s) == —ke"™ — py (s, X(5),Y(s),u0) < —ke™ — py (s, X(s), —€**, u)
< —kef + L(1 4 €M) <0,

5(5) = :U’Y(S? X<5)7 V<S)v UO) - :U’Y(S> X<S)v Y<S>7 UO)'

Therefore, from (2.7.2) it holds that

[(s) <14 /S £(q)dq and T(s) <14 /S & (q)dq for s >T.

From the Lipschitz continuity of uy in y-variable in Assumption 2.2.2,

[(s) < ILA/ £ (q)dq S/ Lol " (q)dq for s > T,

where L is the Lipschitz constant of uy with respect to y. Note that we use the
assumption that iy is non-decreasing in its y-variable to obtain the second inequality.
Since I'"(7) = 0, an application of Gronwall’s Inequality implies that T't(p) < 0,
which further implies that (2.7.1) holds.

Step 2. We get rid of our assumption on py from Step 1 by following a proof similar

to those in [16]. For ¢ > 0, define Y}

1y @S the strong solution of

dY (s) = fiv (s, X7, (5), Y (5),v(s))ds + &y (s, X, (5), Y (5), v(s))dW,

+ /EET(S, X7 (5=), Y (s—),v1(8),1a(s,¢), ) \(ds, de)
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with initial data Y (¢) = y, where

v (b, 2,5, = € + e (1,2, =y, ),
oy (t,z,y,u) = oy (t,z,e "y, u),
g(t,x, y,u(e),e) = eb(t, x,e "y, u(e),e).
Therefore,
}71/

t,x,y

(s)e™ =Y omet(s), t < s < T.

Let @(t,z) = inf{y e R: Jv e U', st. Yy

t7x7y

(T) > 9(X7,(T)) -a.s.}, where g(z) =
eTg(x). Therefore, a(t,z) = eu(t, z). Since py is Lipschitz in y, we can choose
¢ > 0 so that

fy (2, y,u) = cy + e uy (t, v, ey, u)
is non-decreasing in y. Moreover, all the properties of iy, oy and b in Assumption
2.2.2 still hold. We replace py, oy and b in all of the equations and definitions in
Section 2.2 with gy, oy and g, we get H* and H,. Let Ut be the set of stochastic

super-solutions of

—dyp(t,x) + H o(t,z) >0 on Dj.

It is easy to see that w € Ut if and only if @(t, ) := e“w(t,z) € UT. From Step 1,

U~ is not empty. Thus, U* is not empty. ]

Assumption 2.7.5. There is C € R such that for all (t,z,y,u,e) EDXRxU X F,

umw%w+éfmawmmmwasmuwu

Proposition 2.7.6. Under Assumptions 2.2.1, 2.2.2, 2.7.1 and 2.7.5, U™ is not

empty.

Proof Assume that

uy(t,x,y,u)+/EbT(t,x,y,u(e),e)m(de)
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is non-decreasing in its y-variable. We could remove this assumption by using the ar-
gument from previous proposition. Choose k > 2C' (C'is the constant in Assumption
2.7.5) and v > 0 such that e’ — v < —||g||oo- Let w(t, ) = ek* — . Notice that w is
continuous, has polynomial growth in x and w(7,-) < g(-). It suffices to show that
for any (¢, z,y) € DXR, 7 € T, and v € U, it holds that P(Y (p) < w(p, X (p))|B) > 0
for all p € 7, and B C {Y (1) < w(7, X (7))} satisfying B € F! and P(B) > 0, where

X=X/, and Y =Y/,

t7x7y :

Define
M()=Y()- / K(s)ds, V(s) = w(s, X(s)).

A={Y(7) <w(r. X(7)}, D(s) = (¥Y(s) = V(s)) Ly,

where

K(s) == py(s, X (s),Y(s),v(s)) + /EbT(s,X(s—),Y(s—),Vl(s),yg(s,e),e)m(de),

K(s) := uy(s, X(s),V(s),v(s)) —|—/ b (5, X (5—),V(s—),v1(s), (s, €),e)m(de).
E
It is easy to see that M is a martingale after 7. Due to the facts that A € F! and

T

dV (s) = ke**ds, we further know
(2.7.3) 14 (Y() - V()+ / keFs — K(s)ds) is a super-martingale after 7.

Since Assumption 2.7.5 holds and py (¢, z,y,u) + [, b (t,2,y, u(e), e)m(de) is non-

decreasing in y,

K(s) < py (s, X(s), e v(s)) + /EbT(s,X(s—),ekS,Vl(s),yg(s,e),e)m(de) < 2C¢e™.

Therefore, it follows from (2.7.3) and the inequality above that

(2.74)  M() =14 <Y() - V() - / §(s)ds)) is a super-martingale after 7,

where &(s) := K(s) — K(s). Since M(7) < 0 on B, there exists a non-null set F C B

such that M(p) < 0 on F. By the definition of M in (2.7.4), we get

(2.7.5) T(p) < 1 /pg(s)ds on F.
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Therefore,

(2.7.6) IH(p) <14 /P EF(s)ds < /P Lol (s)ds on F.

By Gronwall’s Inequality, 't (7) = 0 implies that T'"(p) = 0 on F. More precisely,
forw e F (P—as.), I'"(s)(w) =0 for s € [7(w), p(w)]. This implies that we can
replace the inequalities with equalities in (2.7.6). Therefore, by (2.7.5), I'(p) < 0 on

F, which yields P(Y (p) < w(p, X(p))|B) > 0. O



CHAPTER III

Stochastic Perron for Stochastic Target Problems with a
Stopper in a Jump Diffusion Model

3.1 Outline of this chapter

In this chapter, we study stochastic target problems with a stopper in a jump
diffusion model as in Chapter II. In Section 3.2, two types of the target problems (one
with a cooperative stopper and the other with a non-cooperative stopper) and their
associated HJB equations are introduced. In Sections 3.3 and 3.4, we analyze the
stochastic target problem with a non-cooperative stopper and a cooperative stopper,
resectively. More specifically, for the target problem with a non-cooperative stopper,
we prove the viscosity properties in the parabolic interior and at the boundary,
respectively in Subsections 3.3.1 and 3.3.2. In Subsection 3.3.3, we verify that the
value function is the uniqueness viscosity solution to the associated HJB equation
using comparison results. In Subsection 3.3.4, we see how a controller-stopper game
can be converted into a target problem with a non-cooperative stopper. (A similar
outline applies to Section 3.4.) Some technical results are given in the appendix

(Section 3.5).

42
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3.2 The setup

Given a complete probability space (Q, F,P), let {\;(-,de)}._; be a collection of
independent integer-valued F-marked right-continuous point processes defined on
this space. Here, E is a Borel subset of R equipped with the Borel sigma field &£.
Let A = (A1, Ao, -+, A7) Tand W = {W, }o<s<r be a d-dimensional Brownian motion
defined on the same probability space such that W and A\ are independent. Given
t € 10,7, let F* = {FL,t < s < T} be P-augmented filtration generated by W. — W,
and ([0, -], de) — \([0,¢],de). Set Ft = F} for 0 < s < t. We will use T; to denote
the set of F'-stopping times valued in [¢t,7]. Given 7 € Ty, the set of F'-stopping

times valued in [, T] will be denoted by 7.

Assumption 3.2.1. X satisfies the following:

1. X(ds, de) has intensity kernel m(de)ds such that m; is a Borel measure on (E,E)
for any i = 1,--- 1 and m(E) < oo, where m = (my,---,m;)" and m =
25:1 ;.

2. E = supp(m;) for alli = 1,2,--- 1. Here, supp(m;) :={e € E :e € N, €
Ty = m;(N.) > 0}, where Tg is the topology on E induced by the Euclidean
topology.

3. There exists a constant C > 0 such that
X ) I
P ({)\({s},E) < C forall s€ [O,T]}) =1, where A = Z)‘i'
i=1

The above assumption implies that there are a finite number of jumps during
any finite time interval. Let \(ds,de) := A(ds,de) — m(de)ds be the associated
compensated random measure.

Let U! be the collection of all the F'-predictable processes in L2(Q2 x [0,T], F ®

B[0,T],P® Ar;U;), where A\, is the Lebesgue measure on R and U; C R? for some
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q € N. Define U to be the collection of all the maps v : Q x [0,T] x E — R™ which

are P! ® £ measurable such that

bl = (5] [ [ |u2<s,e>|2m<de>ds])é < oo,

where P! is the F-predictable sigma-algebra on Q x [0,T]. v = (v1,1n) € U} =
UL x UL takes value in the set U = Uy x L*(E,&,m;R"). Let D = [0,7] x RY,
D; = [0,7) x R¥and Dy = {T} x R% Given 2z = (z,y) € R x R, t € [0,7] and

v € U}, we consider the following SDEs.

dX(s) = px(s, X(s),v(s))ds + ox(s, X(s),v(s))dWy

/5 5, X (5=), m1(s), va(s, €), €)A(ds, de),
(3.2.1)

dY (s) = py (s, Z(s),v(s))ds + oy (s, Z(s), v(s))dW,
+/EbT(s, Z(s—),11(5), (s, €),e)\(ds, de),

with (X (¢),Y(¢)) = (x,y). Here, Z = (X,Y). In (3.2.1),

px :DxU =R, ox :DxU — R 5:DxU xR*x B — R,
py DXxRxU =R, oy :DxRxU =R b:DxRxU; xR"x E— R

Let U!

nco D€ the admissible control set for the stochastic target problem with a

non-cooperative stopper, which consists of all v € U{ such that for any compact set

C Cc R? x R and 7 € T, there exists a constant K<™ > 0 such that

unco

(3.2.2) /bT(T,:c,y, (1), (T, e),e)A({71},e) > K&ZOT for all (z,y) € C.
E

Let U, be the admissible control set for the stochastic target problem with a cooper-
ative stopper, which consists of all v € U¢ such that for any compact set ¢ C R? x R

and 7 € T;, there exists a constant K7 > 0 such that

(3.2.3) / bT(T,{L‘,y,Vl(T),I/Q(T, e),e) ({7}, e) < Kg)””T for all (z,y) € C.
E
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Assumption 3.2.2. Let z = (z,y) and u = (uy,uz) € U = Uy x L2(E, &, m;R").
We use the notation ||ul|y := |u1| + ||uz|lm and u(e) = (uy,us(e)) for the rest of this

chapter.
1. pux,ox, py and oy are all continuous;

2. ux,0x, Wy, oy are Lipschitz in z and locally Lipschitz in other variables. In

addition,

|x (&, 2, w)] + Jox (8 2, w)| < L1+ 2] + [lullv),

|y (8, 2, y, w)| + oy (2, y, w)| < L+ Jy| + [lullv).

3. b and B are Lipschitz and grow linearly in all variables except e, but uniformly

m e.

Remark 3.2.3. Assumptions 3.2.1 and 3.2.2 guarantee that there exists a unique

) to (3.2.1) for any v € U}. Moreover, the processes (X}

t,x»

strong solution (Xy,,Y}",

Yt”xy) are cadlag.

We now define the value function of the stochastic target problems. Let g : R —
R be a continuous function with polynomial growth. The value functions of the
target problems with a non-cooperative stopper and with a cooperative stopper are

defined, respectively, by

(3.2.4) Unneo(t, @) :=inf {y : Tv € Ul st VY, (p) > g(XY,(p)) for all p € Ty}

(3.2.5) Ueo(t, ) := sup {y s v el!, and p € T; s.t. K”Iy(p) < g(X;’I(p))} .
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3.2.1 The Hamilton-Jacobi-Bellman equation

Denote b = (by, by, -+ ,b;)" and 8 = (b1, B2,-- -, B1). For a given p € C(D), we

define the relaxed semi-limits

(3.2.6) H*(0,¢):= limsup H.,(0',¢) and H.(0,¢):= liminf H. (0, 9),1

N0, 0’ =0 e\, 6 =6
N0, P55 N0, Y=

(3.2.7) F*(©,p):= limsup F.,(0,¢) and F.(0,¢):= liminf F.,(© ).

£\.0, o e e\, e'=o
7\0, P55 N0, ==

Here, for © = (t,z,y,p,A) € Dx R xRIx M?, o € C(D), ¢ >0 and n € [—1,1],

H.,(0,¢) = sup L“(©), F.,(0,¢) = inf L*(0©), where,

UENe . (L,2,Y,D,0) uEMe i (t,2,Y,0,0)

LY(6) : = v {t, 0, ,u) — pk (6,2, u)p — 5 Tefoxo(t, ) 4],
NU(t,z,y,p) : = oy(t,2,y,u) — ox(t, 2, u)p,
A (1,0,9) = min it 5,9, (), ) = (6 0+ (1, 7,0(e), )+ olt, ),
It 2.y, ) == max {bi(t, z,y, ule),€) — p(t, x + Bi(t, z, ule), €)) + o(t, 2)},

Nyt z,y,p, @) :={ueU:|N“tx,y,p)| <eand A(¢t,x,y,p) > nin-as.},

M, (tx,y,po)={uelU: |N“(txy,p)| <cand (¢, z,y,p) < nm-as.}.
For our later use, we also define the following:
St wy, 0) = bi(t, w,y,ule), ) — o(t, o + Bilt, m,ule), e) + p(t, @),
7%6({;7 x,Y, SO) = (Jf7e<t7 z,Y, QD), ) J}he(t? x,Y, 90))—'—7
Lot x) = pu(t, @) + px(t,z,u)Do(t, x) + 1 Tr[oxo i (t, z,u) D2p(t, x)].

Definition 3.2.4 (Concatenation). Let vy,vy € UL

unco

(resp. UL, ), 7 € T;. The

concatenation of vy and v, at 7 is defined as vy ®; vy 1= vyl + ol € UL

unco

(resp. U!).?

I The convergence v — ¢ is understood in the sense that 1) converges uniformly on compact subsets to .
2This can be easily checked.
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3.3 The stochastic target problem with a non-cooperative stopper

Definition 3.3.1 (Stochastic super-solutions). A continuous function w : D — R is

called a stochastic super-solution if

1. w(t,z) > g(z) and for some C' > 0 and n € N? |w(t,z)| < C(1 + |z|") for all

(t,x) € D.

2. Given (t,z,y) € D x R, for any 7 € T; and v € U], there exists v € UL, .,

such that

Y(p) =2 w(p, X(p)) P-as. on {Y(r) > w(r, X(7))}

for all p € T, where X := Xty’f’“; and Y := Y/&7

t7x7y

Denote the sets of stochastic super-solutions by U

unco*

Definition 3.3.2 (Stochastic sub-solutions). A continuous function w : D — R is

called a stochastic sub-solution if

1. w(T,z) < g(z) and for some C' > 0 and n € N, |w(t,z)] < C(1 + |z|™) for all

(t,x) € D.

2. Given (t,z,y) € DxR, forany 7 € T;, v € U

unco

and B C {Y (1) < w(r, X (7))}

satisfying B € FL and P(B) > 0, there exists p € 7, such that
P(Y (p) < g(X(p))|B) > 0.

Here, we use the notation X := X/ and Y :=Y}" .

unco*

Denote the sets of stochastic sub-solutions by U

Assumption 3.3.3. Ul and U, _ are not empty.

unco unco

3C and N may depend on w and T. This also applies to Definition 3.3.2, 3.4.1 and 3.4.2.
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We will provide sufficient conditions which guarantee Assumption 3.3.3 in Sub-
section 3.5.1. When the assumption above holds, by similar arguments as in Remark

2.2.9 and 2.2.10, we get that

+

unco”*

(3.3.1) Unneo = SUP W < Uuneo < Inf - w =:u
wEUunco wEUnco

3.3.1 Viscosity property in D;

In this subsection, we state and prove the theorem which characterizes u,, ., as a

viscosity super-solution of
(3.3.2) min{y(t,z) — g(x), —0wp(t,x) + H*¢(t,x)} > 0 in Dj

+ . . .
and ug ., as a viscosity sub-solution of

(3.3.3) min{(t,z) — g(z), —0wp(t,x) + Hep(t,z)} <0 in Dj.

The boundary conditions will be discussed in Theorem 3.3.8. The same assumption

as Assumption 2.2.11 is needed for the sub-solution property of uy,,.

Assumption 3.3.4. For ¢ € C(D), n > 0, let B be a subset of D x R x RY such
that No(-,1) # 0 on B. Then for every € > 0, (to, Zo, Yo, po) € Int(B) and ug €
No.n(tos To, Yo, Do, V), there exists an open neighborhood B’ of (to, o, Yo, po) and a

locally Lipschitz continuous map v defined on B’ such that ||U(to, To, Yo, po) —uo|lv < €

and ﬁ(t, z, y,p) S NO,n(ta z,Y,D, 77/})

Lemma 3.3.5. U} . and U, . are closed under pairwise minimization and mazi-

mazation, respectively.

Lemma 3.3.6. There exists a non-increasing sequence {w, }2°, C UL such that

unco

Wy, \y U, 0nd a non-decreasing sequence {v, o>, C U, . such that v, / u,

unco unco unco”’
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Theorem 3.3.7. Under Assumptions 3.2.1, 3.2.2, 3.5.8 and 3.53.4, v}  is a USC

unco

viscosity sub-solution of (3.3.3). On the other hand, under Assumptions 3.2.1, 3.2.2

and 3.3.8, u,. ., is an LSC wviscosity super-solution of (3.3.2).

unco

Proof. Step 1 (uf,., is a viscosity sub-solution). Assume, on the contrary,

that for some (tg,79) € D; and ¢ € C?(D) satisfying 0 = (uf, ., — ¢)(to,r0) =

+
maxp, (U ., — ), we have

(3-3-4) dn = —@g&(to,xo) + H*SO(toJo) >0 and @(toﬂfo) > g(aco).

From Lemma 3.3.6, there exists a non-increasing sequence Ul = 2 wy \, ul Fix

unco unco*

such a sequence {wy}72; and an arbitrary stochastic sub-solution w_. Let @(t,z) =

o(t,z) + t|]z — x9|™.* We can choose ng > 2 such that for any ¢ > 0,

(3.3.5) oglgnT(¢(t’I> —wy(t,z)) — o0 as |z| = oco.

We can do this because ¢ is bounded from below by w_ (which has polynomial
growth in x) and w; has polynomial growth in z. Since (M ,).>o is non-decreasing

in €, we know

H.(©,0)= liminf Hy,(0,1).
0’ -0 %y
AN

By (3.2.6) and (3.3.4), we can find ¢ > 0, n > 0 and ¢ > 0 such that for all
(t, ) satistying (t,) € Bu(to, z0) and |y — 3(t,2)] < &, oy (t, 2, y,w) — LG(t,7) >
2n for some u € Ny, (t,z,y, Do(t, x),p) and @(t,x) > g(x) + €. Fix «. Note that

. . . . . + _ ~ . .
) (' )
(to, o) is still a strict maximizer of u @ over ;. For e sufficiently small

unco

4Since we will fix ng and ¢ later, we still use the notation % when without ambiguity despite the fact that the
function depends on ng and ¢.
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Assumption 3.3.4 implies that there exists a locally Lipschitz map 7 such that

(3.3.6) v(t,x,y, Do(t,x)) € Noy(t, z,y, Do(t, ), p) and
(337 py (t, @y, 0(t, 2, y, DO, x))) — LOGE0PEEDG(t 2) > 1
a for all (¢,z,y) € D; x Rs.t. (t,2) € B:(to, xo) and |y — ¢(t,x)| < e.
In the arguments above, choose £ small enough such that B.(ty,79) N Dy = 0.

Since (3.3.5) holds, there exists Ry > ¢ such that ¢ > w; + & > wr + ¢ on O :=
D —[0,T] x Bg,(xo) for all k. On the compact set T := [0, T] X Bg, (o) — Bz a(to, o),

~ + . . ~ + . . . + .
we know that ¢ > u;, ., and the minimum of ¢ —u, ., is attained since u,., is USC.

Therefore, ¢ > ul . + 2a on T for some o > 0. By a Dini-type argument, for large

enough n, we have ¢ > w, + a on T and ¢ > w,, — € on FE/Q(tO, xg). For simplicity,

fix such an n and set w = w,,. In short,
(338) ¢>w+eon O, ¢g>w+a on T and ¢ >w—=e on Bejlty, z0).

For k € (0, A @), define

(¢ —rK)Aw on B.(ty, x¢),
w outside B, (ty, zo).

Observing that w"(tg, zg) = @(to, xo) — Kk < u,

& eo(to, To), we could obtain a contradic-

tion if we could show that w" € Ut

unco*

Obviously, w” is continuous, has polynomial

growth in 2 and w"(¢,z) > g(z) for all (¢,x) € D. Fix (¢t,z,y) € D; x R, v € U

unco

and 7 € T,.> It suffices to construct a v € Ut

imeo Such that w”™ and the processes

(X,Y) controlled by v ®, v satisfy the property in Definition 3.3.1. The construction
of such v follows from the same arguments in Step 1 of Theorem 2.3.3’s proof.
Step 2 (uy,., IS a viscosity super-solution).

Step A: We show in this step that u_ . (¢, z) > g(z) for all (¢,2) € D. Assume, on

unco

5Here we choose (t,z) € D; since the case (¢, z) € Dy is trivial.
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the contrary, that for some (¢y, zo) € D, there exists n > 0 such that

(3.3.9) 2n = g(x0) — Uppeo (to, o) > 0.

Choose an arbitrary w € U, ... By the definition of U, ., and lower semi-continuity

of g, there exists ¢ > 0 such that for all (t,2) € B.(to, zo).

9(@) —w(t,x) > n, g(x) = glzo) > =7, [w(t,2) = w(ts, z0)] <

N3

Define

w(t, ), for (t,x) ¢ B.(to, zo),

W(tz) = dist((t, z), (to, %0))

3

w@w%+@@d—n—uﬁm%»(l— )ﬁmmm%_

Obviously, w’ > w and w’ is continuous with polynomial growth. In addition,

(3.3.10) {(t,x) : w(t,z) < w'(t,x)} = Be(to,xo) and

(3.3.11) w'(t,z) < w(t,z) + (g(xo) — n — w(to, o)) < g(z) for (t,x) € B.(ty, xo).

The equation above, along with the fact that w € U, implies that w'(T, x) < g(z)

unco’

for all x € R%. Noting that w'(tg, zo) = g(z0) — 1 > U, (to, To) due to (3.3.9), we

unco

would obtain a contradiction if we could show w" € U ..

To prove that w' € U, fix (t,z,y) € D; xR, 7 € T; and v € U}, For

unco? unco’

w € U

unco?

let p™ € T. be the “optimal” stopping time satisfying the second

item in Definition 3.3.2. In order to show that w' € U_ we want to construct

unco?

an “optimal” stopping time p which works in the sense of Definition 3.3.2. Let

A=Aw(r,X(1)) =w'(r,X(7))} € F- and

p=1,4p""" 4+ 1 geT.
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Obviously, p € 7,. It suffices to show P(Y(p) < ¢(X(p))|B) > 0 for any B C
{Y(7) < w'(r,X(7))} satisfying P(B) > 0 and B € F!. The following two scenarios
together will yield the desired result.

(i) HP(BNA) > 0: We know that BNA C {Y(7) < w(r,X(7))} and BNA € FL

From the fact w € U

unco

and the definition of p on A, it holds that
P(Y(p) < g(X(p)|BNA) =P(Y (p"™) < g(X(p"™"))[BNA) > 0.

(i) If P(BN A°) > 0: (1, X(7)) € B:(ty,z0) on A° from (3.3.10), which implies

w' (1, X (7)) < g(X(7)) from (3.3.11). Since p = 7 on A,
P(Y(p) < g(X(p))|BNA°) >P(Y (1) <w'(r, X(7))|BN A°) =P(BN A°) > 0.

Step B: Let (to, z) € D; satisfy 0 = (uy,., — ©)(to, o) = minp, (uy,., — ¢) for some

¢ € CY%(D). For the sake of contradiction, assume that
(3.3.12) —2n := —0yp(to, xo) + H ¢(tg, z0) < 0.

Let {wy}32, be a sequence in U, such that wy ~ u_, ... Let ¢(t,z) = p(t,z) —

unco unco*

t|x — zo|™, where we choose ng > 2 such that for all ¢ > 0,

= _ _ ~ _ 6
(3.3.13) Org%)%(go(t,x) wy(t,x)) - —oo and Olgtzg(Tcp(t,x) — —00 as |z| — oo.

By (3.3.12), the upper semi-continuity of H* and the fact that ¢ =% ¢ as ¢ — 0, we

can find € > 0, n > 0 and ¢ > 0 such that

( ) py (t,x,y,u) — L@t x) < —nfor all u € Ne (¢, x,y, D@(t, x), 9)
3.3.14

and (t,z,y) € D; x Rs.t. (t,z) € B(to, z0) and |y — p(t, z)| < e.

Fix «. Note that (o, o) is still a strict minimizer of u_,., — ¢. Since (3.3.13) holds,

unco

there exists Ry > ¢ such that

p<w—e<wp—¢e on Q:=D~—[0,T] x Bg,(x).

6The existence of ng follows as in Stepl.
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unco and

On the compact set T := [0, T x Bg, (7o) — B 5(to, o), we know that ¢ < u

is attained since u_, ., is LSC. Therefore, ¢ < u_, ., —2a on

the maximum of ¢ —u ., unco unco

T for some o > 0. By a Dini-type argument, for large enough n, we have ¢ < w,, —«
on T and @ < w, + ¢ on B, /2(to, z0). For simplicity, fix such an n and set w = w,.

In short,

(33.15) ¢o<w—econ O, ¢p<w—-a on T and ¢ <w+e on B.js(ty,xo).

For k € (0, A €), define

(p+K)Vw on Fg(to,xo),

3

w outside B.(ty, x).

Noticing that w"(tg, o) > @(to, To) +K > ug,

meo(to, To), we will obtain a contradiction

if we show that w" € U

unco”

Obviously, w" is continuous, has polynomial growth in

z and w*(T,z) < g(z) for all z € R% Fix (t,x,y) € D; xR, v € U

unco

and 7 € T;.

Let X =X/, Y =Y/

t,x? t,z,y

and 6 = 01 A 05, where
01 :=inf {s € [7,T] : (s, X(s)) & B.j2(to,z0)} AT,
Oy :=1inf {s € [1,T]: |Y(s) — @¢(s,X(s))| > e} AT.
Since X and Y are cadlag processes, we know that 6 € T, and the following hold:

(3.3.16) (01, X(01)) & Beja(to, o), |Y(62) — (62, X(62))| > €,

(3.3.17) (61, X(61-)) € Bepa(to, 20)), |Y(62=) — @(f, X (62—))| < e.
Let A = {w"(1, X(7)) = w(r, X(7))} and

p — :H_Ap’w,’r,lj + :H_Acp'wﬂ,l/7

w, T,V

“”9”’) is the “optimal” stopping time in Definition 3.3.2 for w

where p (resp. p

given 7(resp. #) and v. To prove that w" € U_ ., it suffices to show that

unco?

P(Y(p) < 9(X(p))|B) >0
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for B C {Y(7) < w"(1, X (7))} satisfying B € F! and P(B) > 0. Let

E={Y(1) <w"(r,X(7))}, Eo=ENA, Ey=EnA® G={Y(p) <g(X(p)}

Then E = EqU E; and EyN Ey = ). Therefore, we want to show that P(GN B) > 0.

We will show
P(BNEy) >0 = P(GNBNEy) >0and

P(BNE))>0 = P(GNBNE;) >0.
This, together with the facts P(B) = P(BN Ey) + P(BN E;) > 0 and P(GN B) =
P(GN BN Ey) +P(GN BN E;), implies that P(GN B) > 0.
(i)Assume that P(B N Ey) > 0. Since BN Ey C {Y(r) < w(r,X(7))} and

BN E, € FL, P(G|BN Ey) > 0 from the fact w € U

unco

and the definition of p
on A. This further implies that P(G N B N Ey) > 0.

(ii)Assume that P(BN E;) > 0. Let I'(s) := Y (s) — @(s,X(s)) — k. From the
arguments in Step 2 of Theorem 2.3.3’s proof, we know that I'L is a super-martingale,
where L(-) is a positive local martingale. Since I'(7)L(7) < 0 on B N Ey, the super-
martingale property of I'L implies that there exists F' C BN E; such that F' € F! and

['(@)L(#) < 0 on F. The non-negativity of L then yields I'(#) < 0 on F. Therefore,

Y(Ql) < @(Ql,X(gl)) +kon F'N {(91 < 02},

Y(@Q) < @(027}((92)) 4+ kon F'N {‘91 > 02}

Since (61, X(61)) ¢ B.j2(to, o), it follows from the first two inequalities in (3.3.15)

that
(3.3.18) Y(01) < (01, X(01)) + £ <w(By,X(01)) on FN{b <0}

On the other hand, since Y (63) < @(02, X (02))+k on FN{#; > 6>} and (3.3.16) holds,

Y (03) —@(02, X(02)) < —e on FN{#, > O5}. Observing that (02, X(62)) € B./2(to, 7o)
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on {6, > 6}, we get from the last inequality of (3.3.15) that
(3319) Y(02> < @(GQ,X(GQ)) —e< w(027X(92)> on F'nN {01 > 62}

From (3.3.18) and (3.3.19), we get that Y (0) < w(#, X(0)) on F. Therefore, from the

fact w € Uy, and the definition of p on A°,
(3.3.20) P(G|F) > 0.
Therefore, P(GNBNE,) >P(GNF)>0>0. O

3.3.2 Boundary conditions

In this subsection, we discuss the boundary conditions at T'. From the definition of
the value function Uyeo, it holds that uuneo (T, x) = g(x) for all z € RY. However,

+ . and u_ . may not satisfy this boundary condition. Define

uunco unco

N(t,z,y,p,¥) :={(r,s) : Ju € U, s.t.r = N*(t,x,y,p) and s < A“°(t,x,y,¢) }

and ¢ := dist(0, N¢) — dist(0, N), where dist denotes the Euclidean distance. It holds

that
(3.3.21) 0 € int(N(t,2,y,p,0)) i 3(t.2,y,p,0) > 0.

The upper (resp. lower) semi-continuous envelope of ¢ is denoted by 6* (resp. d.).

Let

1:1100 (t7 ‘T/)7 u;nco (T_7 .T) = hm 1nf ulznco (t7 ZE/).

ul (T—,x) = limsup wu
(t<Ta")—(T) (t<Ta')—(Tx)

The following theorem is an adaptation of the results in [32, 33, 12, 13].

Theorem 3.3.8. Under Assumptions 3.2.1, 3.2.2, 8.3.3 and 3.3.4, u} .. (T—,") is a

unco

USC wviscosity sub-solution of

min{p(z) — g(z), 0.0(2)} <0 on R%
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On the other hand, under Assumptions 3.2.1, 8.2.2 and 3.5.3, u,,..(T—,") is an LSC

unco

viscosity super-solution of
min{p(z) — g(z), 6" p(x)} > 0 on R,

Proof. Step 1 (The sub-solution property on D). For the sake of contradiction,

we assume that for some o € R? and ¢ € C?(R?) satisfying

0=ul (T—, x0) — p(xy) = max(ul . (T—,z) — @(z)),

unco
z€R4

it holds that
©(xg) — g(xo) > 2n and d.p(xy) > 2n for some n > 0.

Let {wy}32, be a sequence in U} such that wy N\, uf .. Set ¢(t,z) = p(x)+ t|z —

unco unco*

xo|™ 4+ /T —t for ¢ > 0, where ¢ will be fixed later and ng satisfies

OrgntlgnT(go(t,x) —wy(t,x)) = oo as |z| = oo for any ¢ > 0.

By the lower semi-continuity of J, and the upper semi-continuity of g, we can find
v > 0 and € > 0 such that for all (t,x) € [T —¢,T] x B.(z9) and y € R such that

|y - gb(t,$)| S &,

(3.3.22) o(t,x) —g(xz) >n and

By Assumption 3.3.4, the fact that 6 > ¢, (3.3.21) and (3.3.23), we can find a locally
Lipschitz map © such that
(3.3.24)

o(t,x,y, D(t, x)) € Nog(t =y, &(t, x), )

for all (t,x,9) €D x R s.t. (t,2) € [T —&,T] x Bo(wo) and |y — p(t,2)| < e.
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In (3.3.24), we may need to choose smaller values of €,¢ and 7. Fix ¢. Since

0ip(t,r) — —oo as t — T, by the continuity of uy, ux,ox and v,

(3.3.25) py (t, g, 0(t, z,y, D(t, x))) — LOG29PE) (¢ 1) > 1 for all

(t,7,y) €D x R s.t. (t,x) € [T —&,T] x Be(wo) and |y — @(t,z)| < e.

. . . +
Here we may need to shrink ¢ > 0 again. Since ug,,

is USC and ¢(T,xy) =

Ul eo(T—, o), there exists & > 0 such that ¢ > uf, ., —2a on [T'—¢,T) X B.ja(zo)

unco unco

after possibly shrinking e another time. Since wy \, u{ ., there exists nyg € N such

unco?

that

(3.3.26) @ > wp, —a on [T —e,T) x B.p(xo).

Since ming<i<7(P(t, ) —wi(t,x)) — oo as |z| — oo, we can find Ry > € such that
(3.3.27) @ > Wy, +0on Q:= [T —¢,T] x (R — Bg,(20)).

Notice that @(7T,:) — ul (T—,-) is strictly positive on the compact set T* :=

unco

Bry(0) — Bzja(20). Hence, by the upper semi-continuity of u}, . (T—,-), there exists

unco

¢ > 0 such that

(3.3.28) o(T, ") > ut,o(T—,") +4¢ on T
From (3.3.28), we conclude that there exists o > 0 such that
(3.3.29) ¢>ut +2C on [T —o0,T)x T

More precisely, if (3.3.29) does not hold for any o > 0, then there exists a sequence

(tn,xn) € D; such that t, — T, x, € T* and @(t,, x,) < ul . (tn,2,) + 2¢. The

unco
compactness of T* implies that there is a subsequence of (t,, z,,) which converges to
(T, z') for some 2’ € T*. By taking the lim sup of the above equation over the sub-

sequence, we get @(T,z") < ul .,

(T'—,2") 4+ 2¢. This contradicts (3.3.28). Therefore,
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(3.3.29) holds.
In (3.3.29), we choose o < . By a Dini-type argument, there exists n; > ng such

that
(3.3.30) @ >wy, +¢ on [T—o0,T)x T

Set w = wy,. For k € (0,6 Aa A An), define

(¢ —kK)Aw on [T —o,T] x B.(wp),
w outside [T — o, T] x B.(xp).
Since w(t,xz) > g(x) and (3.3.22) holds, we get that w"(t,z) > g(z) for all (¢,z) € D.

We also notice that

(3.3.31) w* (T, xo) < p(xg) — Kk < u

unco

(T_’ Zlﬁ'()) < U’z—nco(Tv :BO)‘

Using (3.3.24), (3.3.25), (3.3.26), (3.3.27) and (3.3.30) in a manner that is similar to
Step 1 in Theorem 3.3.7’s proof, we can show that w" is a stochastic super-solution,
which contradicts (3.3.31).

Step 2 (The super-solution property on D7). We've already proved that

Uneo(t, ) > g(x) for (t,z) € D. Therefore, uy, (T—,z) > g(x). It remains to

unco

prove that ug,.,

(T—,-) is a viscosity super-solution of §*p(x) > 0. Let 2o € R? and
© € C*(R?) be such that 0 = (ug,..(T—, o) — ©(70)) = minga(ug,..(T—,x) — p(x)).
Let (sn,&n) be a sequence in D; satisfying (s,,&,) — (T, 20) and uy,.,(Sn,&n) —

Upneo (T —, o) = p(x0). For all n € N, k > 0 and ¢ > 0, define

T—1
on'(t,7) = p(x) — tlw — ol + & >,¢(fv) = o(x) — tlz — zol".

(T — sp

Notice that

lim lim lim sup sup ki (t, @) — p(x)] = 0.

120k=0 nsoo (¢ 2)e[sn,T]x B (x0)
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Let (t5¢ 2%*) be the minimizer of u™ — ¢** on [s,, T] x Bi(zy). We claim that for

n ’en

any k > 0 and ¢ > 0, there exists N** € N such that
(3.3.32) sp <P < T for all n > N** and %' — x5 as n — oc.

We now prove (3.3.32). Since (s,,&,) — (T, ), we can find N** € N such that for

n 2 Nk,L’

1

1
<
LS

(3333) (ulanO - 907’27L)(8n7 gn) = uljnco(&% gn) - 90(571) + L‘Sn - ‘7:0‘4 -

On the other hand,
(3.3.34)

lim inf ( — OEY (t 2) = Uy (T—, ) — () + 1tz — 20|* > 0 for |z — 20| < 1.

w
T2’ —x unco

By (3.3.33) and (3.3.34), the first part of (3.3.32) holds. By an argument similar to
Step 4 in Theorem 3.1’s proof in [9], we know that the second part of (3.3.32) also
holds.

From (3.3.32) and the definition of ¢**, we also see that

(3.3.35) (e by s (T—,x0) = @(x0) as n — oo, then k — 0,1 — 0.

n ’n

By (3.3.32), (3.3.35) and the facts that lim inf <7, 2)— (7,00) Ugneo (£, ) = U

unco

T_7 .730)

unco (

and g, (th akt) < Rtk ok it holds that ug . (854, 284 — ug (T—, z0) =

unco\"n ’»*'n n n Jrn unco\"n ’»*'n unco

o(z0) as n — oo then k — 0,1 — 0. Since for all k > 0, ¢ > 0 and n > Nkt (the gk

n r'n

: LR — ki, ke
is a local minimizer of u, ., — ¢;* and t7* < T, we get

_atsofl,b(tk,L xk,L)+H*(tk,L :L,k,b u- (tk,L ‘,L_k,L)’DSOfL,L(tk,L xk,L))DQSOfL,L(tk,L Ik,L)) 2 0

n ren n ?n ? unco\"n ’'n n r'n n ren

from Theorem 3.3.7. For any k > 0, ¢ > 0 and n > N** from the definition of H*,

there exists a sequence {(€m, Tm, Om, ©m)} C Ry x [—1,1] x Dx R x R? x M x C'(D)
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such that (e,,,7m) — (0,0),
(3.3.36)
Pm = Oy Om = (3 Uneo () Dl (), DXl () (tht ),
He i (Omy 9m) = H* (- oo (), Do (-), D2 (), oi ) (8, ) > —o0.
This implies that Nz, .. (Em, Ty Yms Pms ©m) 7 O since sup ) = —oo. By the defini-
tion of §, it holds that 0(t., Tm, Ym, Pms Pm) > —\/m. From (3.3.36) and the

definition of §*, we get

5 (L0, T oo (T ), DOl (o ) o) > lim sup 8(tm, Ty Y, Py ) = 0.

m—0o0
By the definition of A% in the set-valued map N, the equation above implies that

(3.3.37)

0" (- tineo (), Do (), 0 ) (1", 1) = 07 (- Urneo (), Do (4), 0 ) (", ") > 0.

the bty — o(x0) and

unco( n TL

Note that ¢ == ¢ as ¢ — 0. Moreover, for ¢« > 0, u

DQOk L(tk’ W@

n ?’L

k) — Dip(xg) as n — oo then k — 0. Taking the limsup of (3.3.37) by

first sending n — oo then £ — 0 and ¢+ — 0, we have

8 p(xo) = 6" (T, 2o, ©(x0), Dp(x0), ) > 0

from the upper semi-continuity of §*, O]

3.3.3 Verification by comparison

We now carry out the verification for non-smooth functions assuming the comparison

principle as in the previous chapter.

Assumption 3.3.9. Let H = H,. Assume that H = H* on the set {H < oo} and
that there exists an LSC function G : D x R x R? x M¢ x C'(D) — R such that
(a) H(t,x,y,p, A, p) <00 = G(t,2,y,p,A,0) <0,

(b) G(t?x>yap7A7<10) < 0 = H(t7x7y’p7‘4’ s0) <00
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Proposition 3.3.10. Under Assumptions 3.2.1, 3.2.2, 3.3.3, 3.3.4 and 3.5.9, u

unco

unco

(resp. Uy,.,) is a USC (resp. an LSC) viscosity sub-solution (resp. super-solution)

of

min {p(t,z) — g(x), max {—0wp(t,x) + Ho(t,x), Ge(t,x)}} = 0 on D;.

Proof. This proposition follows from similar arguments to those in Proposition 2.5.2.

O

Assumption 3.3.11. Assume that 6* = 6, and a comparison principle holds between

USC' sub-solutions and LSC super-solutions for
(3.3.38) min{p(z) — g(z),dp(x)} =0 on RY

In the presence of jumps, it is nontrivial to check this assumption. When there
are no jumps in the controlled processes, the comparison principle can be proved in
certain classes of functions (see the discussion above Assumption 2.2 in [14]). Also,
in Section 3.3.4, 6 drops out in the corresponding PDE and there are comparison

results available for fully non-linear equations with jumps (see [1]).

Lemma 3.3.12. Under Assumptions 3.2.1, 3.2.2, 3.5.3, 3.3.4, 3.3.9 and 3.3.11,

Upoo(T—, ) =ul (T—,) = §(-), where g is the unique continuous viscosity solution

to (3.3.38).
Proof. 1t follows from their definitions that u_,., < uf,.. Since u} . is USC and
Ugneo 18 LSC, then
Upoo(T—,2) = liminf wu_  (t,2") < limsup ul  (t,2)=ul (T—, x).
(t<T,x")—(T,x) (t<T,2")—(T,x)

Moreover, ul . (T—, ") is a viscosity sub-solution and u, .. (T—, -) is a viscosity super-

unco

solution to (3.3.38) due to Theorem 3.3.8. Therefore, the claim holds by Assumption

3.3.11. B
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Theorem 3.3.13. Suppose that there is a comparison principle for

(3.3.39)  min{p(t,x) — g(z), max{—0yp(t,x) + Hp(t,x), Go(t,z)}} =0 on D

and that Assumptions 3.2.1, 8.2.2, 3.3.8, 3.83.4, 3.3.9 and 3.5.11 hold. Then there
exists a unique continuous viscosity solution Ve, to (3.3.39) with terminal condition

Vineo(T5x) = §(x) and wyneo(t, ©) = Uy, (t, ) = ul (6, 2) = Vineo(t, ) for (t,x) €

unco unco

D;.

Proof. Define

ul—fnco(twr)’ (t, :B) € Di7
ﬁinco(tvx) =
| 9(2), t=T,r € R
and )
u;nco(t7 ZL’), (t7 l’) € Dia
a;nco(t7x> =
§(z), t=T,z € R

\

meo 18 an LSC viscosity super-solution and uf, ., is a USC

unco

From Proposition 3.3.10, @

(T,+) =t (T ), Ut o < Ui on D by

unco unco — unco

viscosity sub-solution of (3.3.39). Since 4,

unco

comparison. Hence, 4] . = 1y, on D from (3.3.1). Define Vyyeo := U oo = lipyeo- 1t

is a continuous viscosity solution of (3.3.39) satisfying Vineo (7', ) = §(x). Uniqueness

follows directly from the comparison principle. O]

3.3.4 Stochastic controller-stopper game as a stochastic target problem with a non-
cooperative stopper

In this subsection, we show how the HJB equation associated to a (semi) controller-
stopper game can be deduced from a stochastic target problem with a non-cooperative
stopper. Given a bounded continuous function g : R? — R, we define a (semi)

controller-stopper game by

Uunco(t, 2) = inf sup E[g(XY,(p))].
veu PET:
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We follow the setup of Section 3.2 with one exception: U* is the collection of all the
Fi-predictable processes in IL?(2 x [0, 7], F @ B[0,T],P® A; U), where U C R? and

X follows the SDE
dX(s) = pux(s, X(s),v(s))ds+ox (s, X(s), V(s))dWs—i-/Eﬁ(s,X(s—), v(s),e)\(ds, de).

To convert the controller-stopper game to its stochastic target counterpart, we need

the following lemma, whose proof relies crucially on the technical result Lemma 3.5.6.

Lemma 3.3.14. Suppose Assumptions 3.2.1 and 3.2.2 hold. Define a stochastic

target problem as follows:

Uyneo(t, 7)== inf{y € R: I(v,a,7) eU' x A" x 't

unco

SLYS(0) 2 9(XYu(0) for all p € T2,

Y;?;’W()—y—k/ dW—I—// (s,e)\(ds, de).

Here, A' and T, . are the collections of Ré-valued and L2(E, &, m; RY)-valued pro-

unco

where

cesses, respectively, satisfying the admissibility conditions in Section 3.2. Then

Uynco = Wunco O D.

Proof. For fixed v € U!, let

A¥(s) = esssup E[g(X{,(1))|Fs], s > t.

TETS

Then A” is the snell envelope (starting at ¢) of g(X},) and thus a super-martingale.

Moreover,

esssup E[G”(7)|F] + A" (p) — A”(t) > G"(p) for all p € T.
T€T:

By Doob-Meyer Decomposition Theorem, AY = MY —CY for s € [t,T], where M" is a

martingale on [t, 7] and C” is an increasing adapted process with Cy = 0. Therefore,

esssup E[G” (7)|F] + M (p) — M (t) > G¥(p) for all p € T;.

TET:
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Denote Myneo = {M" : v € U'}. In view of Lemma 3.5.6, it suffices to check that
(3.3.40) Muneo CM = {Y5("):yeRaec Ay el .}

In fact, by the martingale representation theorem, for any v € U*, MY can be repre-
sented in the form of ¥;%” for some a € A" and v € T'j, where T is the collection of
L2(E, &, m;R)-valued processes satisfying all of the admissibility conditions except

for (3.2.2). Assume, contrary to (3.3.40), that there exists vy € U" such that

M) =g+ [ agav.t [ [ ls.eMdsdo

t
for some y € R, ag € A" and 7 € T§, but (3.2.2) does not hold. This means that for

K > 2||g||oo, there exists 79 € T; such that
P </E Yo (10, e)A({7o}, de) < —K) > 0.
Therefore,
M (1) — M™(19—) = /E’}/J(TO, e)A({m},de) < —K with positive probability,
which further implies that
A" (1) — A (1p—) < —K with positive probability.

This contradicts the fact that A is (strictly) bounded by £. O

Let H* be the USC envelope of the LSC map H : D x R? x M? x C(D) — R

defined by

H: (t,2,p, A, ¢) = sup,ep{—1[¢|(t, z,u) — pi(t, z,u)p — iTrloxo i (t, z,u)Al},

where I[p](t,x,u) =3 ic; [ (ot x4 Bi(t, x,u,e)) — @(t, x)) m;(de).
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Theorem 3.3.15. Under Assumptions 3.2.1 and 3.2.2, u} _ is a USC viscosity

unco

sub-solution of
min{p(t,z) — g(z), —0wp(t,x) + He(t,x2)} <0 on D

and ul, . (T—,x) < g(x) for all z € RY. On the other hand, u,,,, is an LSC viscosity

unco unco

super-solution of
min{p(t,z) — g(z), —0wp(t,x) + H*o(t,x2)} > 0 on D

and u,, . (T—,-) > g(x) for all x € R,

unco

Proof. 1t is easy to check Assumption 3.3.4 for the stochastic target problem. Since g
is bounded, we can check that all of the assumptions in the Section 3.5 are satisfied,
which implies that Assumption 3.3.3 holds. From Theorem 3.3.7, ul is a USC

unco

viscosity sub-solution of
min{(t,z) — g(z), —0wp(t,x) + Hup(t,z)} < 0 on D

and uy,., is an LSC viscosity super-solution of

min{p(t,z) — g(x), —0pp(t,x) + H*¢(t,z)} > 0 on Dy

From Proposition 3.1 in [13], H* < H* and H, > H. This implies that the viscosity
properties in the parabolic interior hold. Note that § = dist(0, N¢) — dist(0,N),

where

N(t,z,y,p, ) =
{(¢,5) : Iu,a,7) € U x RE X LA(E, E,m;R) st g = a — oy (t,z,u)p

and s < 11291{”(@ —p(t,z+ Bi(t,z,ue)) + p(t,z)} m—as.ec E }.

Obviously, N = R% x R. Therefore, § = oo and the boundary conditions hold. O
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The following two corollaries show that uy,e, is the unique viscosity solution to its
associated HJB equation. We omit the proof, since it is the same as the proofs of

Proposition 3.3.10 and Theorem 3.3.13.

Corollary 3.3.16. Suppose that Assumptions 3.2.1 and 3.2.2 hold, H = H* on
{H < oo} and there exists an LSC function G : D x R x R x M¢ x C'(D) — R such

that
(CL) H(t7xay7p7 M)@) <00 = G(t,x,y,p,M, 90) S 0’

(b) G(t,z,y,p, M, p) <0 = H(t,2,y,p, M,p) < co.

+
Then uy. ., (resp. Ug,.,

unco

) is a USC (resp. an LSC) wviscosity sub-solution (resp. super-

solution) of
min{e(t, z) — g(z), max{—0p(t,z) + Hp(t,z), Go(t,z)}} =0 on Dj.

Corollary 3.3.17. Suppose that all the assumptions in Corollary 3.3.16 hold. Then

ul (T—,x) =u,,.(T—,x) = g(x). Moreover, if the comparison principle holds for

min{p(t,z) — g(x), max{—0p(t,x) + Hp(t,x), Gp(t,x)}} =0 on Dj.

Then Uyneo(= Wuneo) @ the unique continuous viscosity solution with Uyp.(T,x) =
9(@).

3.4 The stochastic target problem with a cooperative stopper

Definition 3.4.1 (Stochastic Super-solutions). A continuous function w : D — R is
called a stochastic super-solution if
1. w(t,z) > g(x) and for some C' > 0 and n € N, |w(t,z)| < C(1 + |z|") for all
(t,x) € D.

2. Given (t,z,y) € D xR, for any 7 € T;, p € T, and v € U, we have

co’

B(Y(p) > w(p, X(p))|B) > 0
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for any B C {Y(7) > w(r,X(7))} satisfying B € F! and P(B) > 0. Here,

X=X/, and Y : =Y/,

tz,y”
Definition 3.4.2 (Stochastic Sub-solutions). A continuous function w : D — R is
called a stochastic sub-solution if
1. w(T,z) < g(x) for all z € R? and for some C > 0 and n € N, |w(t,z)] <
C(1+ |z|™) for all (¢,z) € D.

2. Given(t,z,y) € D x R, for any 7 € T; and v € U,

co?

there exist p € T, and
v € UL, such that

Y(p) < g(X(p)) P-as. on {Y(7) < w(r, X(7))},
where X := X;’,ff’f'; and Y := Y/

t71.7y

Denote the sets of stochastic super-solutions and sub-solutions by UZ and U,

respectively.
Assumption 3.4.3. U/, and U_, are not empty.

When the above assumption holds, we can check from the definitions of stochastic

solutions that

+

co*

(3.4.1) Ugy = sup w < U, < inf w=:u
weUgy weld,

3.4.1 Viscosity property in D;

In the rest of this subsection, we state and prove the theorem which characterizes

u-, as a viscosity super-solution of
(3.4.2) min{p(t,z) — g(x), —0p(t,x) + F*p(t,x)} > 0 in D
and u, as a viscosity sub-solution of

(3.4.3) min{y(t,z) — g(z), —0p(t,x) + Fup(t,z)} <0 in Dj.
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The boundary conditions will be discussed in Theorem 3.4.8. Before we state the
main result, we impose a regularity assumption on the set-valued map My _, (-, ),

which is crucial to the super-solution property of u_,.

Assumption 3.4.4. For ¢ € C(D), n > 0, let B be a subset of D x R x R? such
that Mo _,(-,%) # 0 on B. Then for every ¢ > 0, (to, Zo, Yo, po) € Int(B) and uy €
Mo,y (to, o, Yo, Po, V), there exists an open neighborhood B’ of (to, xo, Yo, po) and a

locally Lipschitz continuous map v defined on B’ such that || (to, To, Yo, Po) —uol|lv < €

and D(t,z,y,p) € Mo_,(t,z,y,p, ).

Lemma 3.4.5. U and U_ are closed under pairwise minimization and mazximiza-
co co

tion, respectively.

Lemma 3.4.6. There exists a non-increasing sequence {w,}>2, C U}l such that

wy, \y U, and a non-decreasing sequence {v,}o>, C U, such that v, / u,.

Theorem 3.4.7. Under Assumptions 3.2.1, 3.2.2, 3.4.3 and 3.4.4, ul, is a USC
viscosity sub-solution of (3.4.3). On the other hand, under Assumptions 3.2.1, 3.2.2

and 3.4.3, u_, is an LSC viscosity super-solution of (3.4.2).

Proof. Step 1 (ul, is a viscosity sub-solution). Let (t,z¢) € D; satisfy 0 =

(uf, — ) (to, xo) = maxp, (ul,—p) for some p € C12?(D). For the sake of contradiction,

assume that

(3.4.4) 21 1= —0pp(to, xo) + F (o, x9) > 0 and ¢(to, o) > g(xo)

Let {wg}32, be a sequence in U, such that wy N\ ug,. Let ¢(t,x) := o(t,x) + t|x —

xo|™, where we choose ng > 2 such that for all + > 0,

(3.4.5) OrglgnT(go(t,x) —wq(t,z)) — oo and OrglgnTgo(t,x) — 00 as |z| = oo.
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By (3.4.4), the upper semi-continuity of F* and the fact that ¢ — ¢ as ¢ — 0, we

can find € > 0, 7 > 0 and ¢ > 0 such that

p(tx) > g(x) + e,
(3.4.6) py (t,z,y,u) — L*@(t,x) > nfor all u € M., (t,z,y, Dp(t, x), p)
and (¢t,z,y) € D x Rs.t. (t,z) € B:(to, z0) and |y — ¢(t,z)| < e.
Fix . Note that (¢g,x¢) is still a strict maximizer of ul, — ¢. Since (3.4.5) holds,

there exists Ry > ¢ such that
G>w +e>wp+e on QO:=D—[0,T] x Bg,(z0).

On the compact set T := [0, 7] X Bg, (o) — Be/2(to, %o), we know that ¢ > u, and
the minimum of @ — wug, is attained since ug, is USC. Therefore, ¢ > uf + 2« on T
for some o > 0. By a Dini-type argument, for large enough n, we have ¢ > w, + «

on T and ¢ > w,, — € on B. /2(t07 xo). For simplicity, fix such an n and set w = w,,.

In short,

(3.4.7) p>w+e on O, p>w+a on T and @ >w—¢e on Bty xo).

For k € (0, A €), define

(p—K)ANw on B.(t,, xo),

x

w outside B.(ty, zo).

Noticing that w*(ty,zo) < @(to, xo) — k < u (ty, x), we will obtain a contradiction

K

if we show that w”® € Ul,. Obviously, w” is continuous, has polynomial growth in

z and w*(t,z) > g(x) for all (t,z) € D. Fix (t,z,y) € D; xR, v € U,

co’

7 € T; and

pET. Let X =XV .Y =Y/

ta 1wy and 0 = 01 N\ O, where

01 :=inf {s € [1,T]: (s,X(s)) & Bejalto,z0)} AT,

Oy :=inf {s € [1,T] : |Y(s) — ¢(s,X(s))| > e} AT.
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Since X and Y are cadlag processes, we know that 6§ € 7.. We know the following

also hold:
(3.4.8) (01, X(01)) ¢ Beja(to, o), [Y(02) — @(6a, X(62)) = €,
(3.4.9) (61, X(61—)) € Beja(to, zo), Y (02—) — @(62, X(02—))| < e.

It now suffices to show that

P(Y'(p) > w"(p, X(p))|B) >0

for B C {Y(r) > w"(r,X(7))} satisfying B € F! and P(B) > 0. Let A =

T

{w"(r, X (7)) = w(r, X(7))} and set

E={Y (1) >w"(r,X(7))}, Eo=ENA, E;=FEn A"
G={Y(p) > w"(p,X(p)}, Go={Y(p) > w(p,X(p)}
Then £ = EyUFE,, EgNE; =0 and Gy C G. To prove that w® € U}, it suffices

co’

to show that P(G N B) > 0. As in [33], we will show

P(BNEy) >0 = P(GNBNEy) >0, P(BNE;) >0 = P(GNBNE;) >0.

This, together with the facts P(B) = P(BN Ey) + P(BN E;) > 0 and P(GN B) =
P(GN BN Ey) +P(GN BN Ey), implies that P(GN B) > 0.

(i)Assume that P(B N Ey;) > 0. Since BN Ey C {Y(r) > w(r,X(7))} and
BN Ey € Ft, P(G|BN Epy) > 0 from the fact w € Uf. This further implies that
P(G N BN E) > 0.

(ii)Assume that P(BN E;) > 0. Let I'(s) := Y (s) — &(s, X(s)) + k. From similar
arguments to those in Step 2.1 of Theorem 2.3.3’s proof, we know that I'L is a sub-
martingale on [r,6]. Since I'(7)L(7) > 0 on B N Ey, the sub-martingale property

implies that there exists ' C BN E; such that F € FL and T'(O A p)L(O A p) > 0 on
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F'. The non-negativity of L then yields I'(6 A p) > 0 on F. Therefore,

Y(Gl) > (,5((91,)((01)) —kon FN {91 < 92,6 < p},
Y(QQ) > @(92,)(((92)) —rkon F'N {(91 > (92,9 < p},

(3.4.10) Y(p) > ¢(p, X(p)) =k on FN{8 > p}.

Since (61, X(01)) ¢ B.j2(to, x0), it follows from the first two inequalities in (3.4.7)

that
(3411) Y(Ql) > 4,5(01,X(6’1)) — K > w(Ql,X(Ol)) on F'N {91 < 02,0 < p}

On the other hand, since Y (62) > ¢(62, X(62)) — k on FF N {6 > 65,0 < p} and

(3.4.8) holds,
Y(GQ) - @(027)((02)) > € on Fn {01 > 92,0 < p}

Observing that (62, X (02)) € Beja(to, xo) on {61 > 65}, we get from the last inequality

of (3.4.7) that
(3.4.12) Y (62) > @0, X(02)) + € > w(ba, X(62)) on FN{6 > 0,0 < p}.

From (3.4.11) and (3.4.12), we get that Y (6) > w(#, X (#)) on FN{f < p}. Therefore,

from the definition of UZ,
(3.4.13) P(Go|FN{0 < p}) >0 if P(FN{O < p})>0.
From (3.4.10), it holds that

(3.4.14) P(GIFN{0>p}) >0 if P(FN{0>p}) >0.

Since Gy C G, (3.4.13) and (3.4.14) imply that P(G N F') > 0. Therefore,

P(GN BN E;) > 0.
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Step 2 (u_, is a viscosity super-solution).
Step A: We show in this step that u_ (¢t,z) > g(z) for all (¢,2) € D. Assume, on

the contrary, that for some (¢y, zo) € D, there exists n > 0 such that
(3.4.15) 2n = g(xo) — u_,(to, o) > 0.

Choose an arbitrary w € U_,. By the definition of U_ and lower semi-continuity of

g, there exists € > 0 such that for all (t,2) € B.(to, 7o),

g(x) - w(t,l’) >, g(x) - g(xo) > _gu ‘w(ta‘T) - w(t07$0)‘ <

N |3

w(t,x) for (t,x) ¢ B.(to, x0),

dist((¢, x), (to, zo))
£

w(t, ) + (9(o0) 1 = wlton)) (1- ). otherwise

Obviously, w’ > w and w’ is continuous with polynomial growth. In addition,

(3.4.16) {(t,z) : w(t,z) <w'(t,z)} = B(ty, 7o) and

(3.4.17) w'(t,z) < w(t,z) + (9(z0) — 1 — w(tom,)) < g(z) for (t,x) € B.(to, z0)).

The equation above, along with the fact that w € U_, implies that /(T z) < g(z)
for all z € R% Noting that w'(ty, zo) = g(zo) — n > ug(to, xo) due to (3.4.15), we

would obtain a contradiction if we could show w’ € U,. We now prove that v’ € U,.

Fix (t,z,y) € D; xR, 7 € Ty and v € U,. For w € U,

co’

let p™" € T; and "7
be the “optimal” stopping time and control satisfying the second item in Definition

3.4.2. In order to show that v’ € U_

co?

we want to construct an “optimal” stopping

time p and “optimal” control 7 which work for w’ in the sense of Definition 3.4.2.

Let A ={w(r, X (7)) =w'(r,X(7))} € FL,

p=1ap""" + Lget and U = (Lo + Laetg) Ljr 1y,
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where wug is an arbitrary element in U. Obviously, p € 7, and v € T;. It suffices to

show

Y(p) < g(X(p)) P-as. on {Y <u'(r,X(7))}.

(i) On ANA{Y < w'(r,X(7))}: Note that AN{Y < w'(r,X (7))} C {Y(r) <

w(r, X(7))}. From the fact w € U_, and the definition of p and 7 on A, it holds that
(3:418)  Y(p) =Y (p""7) < g(X(p*"7)) = g(X(p)) on ANLY < w'(7, X(7))}.

(ii) On A°N{Y < w'(1,X(7))}: (1,X(7)) € Bc(to, x9) on A¢ from (3.4.16), which
implies w'(7, X (7)) < g(X (7)) from (3.4.17). This, together with the fact that p = 7

on A€, implies that
(3.4.19) Y(p) < w'(p, X(p)) < g(X(p)) on A° A {Y < w/(r, X ()}

Step B: Assume, on the contrary, that for some (tg,z) € D; and ¢ € CH?*(D)

satisfying 0 = (u™ — ¢)(to, o) = minp, (u_, — ¢), we have
(3420) —47’] = —8tgp(t0, ZEo) + F*(p(to, .To) < 0.

From Lemma 3.4.6, there exists a non-decreasing sequence U, 2 wy  u_,. Fix
such a sequence {wy}72, and an arbitrary stochastic sub-solution w_. Let @(t,z) =

o(t,z) — t|lx — zo|™. We can choose ng > 2 such that for any ¢ > 0,

(3.4.21) OIgg(T(go(t,x) —wy(t,z)) = —oc0 as |z| — oco.

We can do this because ¢(t, z) is bounded from above by w_ (which has polynomial
growth in ) and w; has polynomial growth in x. Since (M., ).>o is non-increasing

in €, we know

F.(0,p) = limsup Fy,(0,1).
0’ +0,y %y

7\0
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By (3.2.7) and (3.4.20), we can find ¢ > 0, n > 0 and ¢ > 0 such that for all
(t,x,y) satisfying (¢,x) € B:(ty,x) and |y — @(t, )| < &, py (t, z,y,u) — L P(t,x) <
—2n for some v € My _,(t,z,y, Dp(t,x), p). Fix ¢. Note that (¢g,x¢) is still a strict
minimizer of u_, — @ over I;. For ¢ sufficiently small, Assumption 3.4.4 implies that

there exists a locally Lipschitz map 7 such that

(3.4.22) o(t,x,y, D(t, x)) € Moy(t,z,y, DG(t,x), §) and

(3.423) py (t,z,y, 0(t, z,y, D(t, x))) — LOE=UPEED) G4 2) < —n

for all (¢,z,y) € D; x Rs.t. (t,x) € B:(to, x0) and |y — ¢(t,x)| < e.

In the arguments above, choose ¢ small enough such that B.(ty,z¢)) N Dy = .
Since (3.4.21) holds, there exists Ry > ¢ such that ¢ < w; —e < wp —e on O :=
D—[0,T] % Bg,(xo) for all k. On the compact set T := [0, T] x B, (o) — Be/2(to, %o),
we know that ¢ < u., and the maximum of ¢ — u_, is attained since ug, is LSC.
Therefore, ¢ < u_, — 2 on T for some o > 0. By a Dini-type argument, for large
enough n, we have ¢ < w, —a on T and ¢ < w, + € on Bes(to, x). For simplicity,

fix such an n and set w = w,,_. In short,

(3424) ¢o<w—econ O, ¢p<w—a on T and ¢ <w+e on B.js(ty,xo).

For k € (0,e A a), define

(@ +r)Vw on B.(ty,x0)),
w outside B.(ty, zo).

Observing that w*(ty, xo) = @(to, o) + £ > u_,(to, xo), we could obtain a contradic-

tion if we could show that w" € U_. Obviously, w"

is continuous, has polynomial
growth in z and w*(T,x) > g(z) for all x € R%.

Fix (t,z,y) € D; xR, v € U}, and 7 € T;. Now our goal is to construct v € UL,
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and p € T; such that w" and the processes (X,Y") controlled by v ®, v satisfy the
property in Definition 3.4.2.

Let A = {w"(7, X{ (7)) = w(1, X{,(7))}. On A, let U and p be v} and py, respec-
tively, which are “optimal” for w starting at 7. We get the existence of v; and p;
since w € U_,. On A¢, by an argument similar to that in [6] (see Step 1.1 of Theorem

3.1’s proof), we can construct vy € U’ such that

v(s) =v (s, Xszyo(s),iﬁ’f;l’o(s), Dg(s, Xt’fffyo(s)) for T<s<0:=0, N0,
where 6, := inf {s € [7,T] : (5, X{57"°(s)) ¢ Beja(to,z0)} AT,
0y := inf {s € [r,T]: }Y;,”ﬁ?yf”o(s) — @(S,X,fo*”o(s))‘ > 5} AT.
In the construction of 1y, we take advantage of Assumption 3.2.2 and the Lipschitz
continuity of & which guarantee the existence of X3 and Y{’7"°. Since X3

and Ytl’;@; "0 are cadlag, it is easy to check that 6 € T,. We also see that

(3425) (91, X;:S?TVO (91)) §é Bg/g(to,ZEo), ‘YV®TVO (92) — @(HQ,XES?TVO (92))| Z g,

t,x,y

(3.4.26) (91,Xt’:§7”0(01—)) € FE/Q(tO,xO), |§Qf’f;”°(02—) — @(QQ,XZ;?T”O(QQ—)} <e.

Let ¢ and p? be the “optimal” control and stopping time for w given # and the
controlled processes (X737, Y2™"). We define o to be vy on [r,6[ and 77 after ¢

on the set A°. We set p to be p? on A°. In short,
= (]lAﬁl + Lae(volpg) + 1[977“]179)) L and p:= Lap; + Lacp’.
It is not difficult to check that 7 € U, and p € T;. It suffices to show that
Y(p) <g(X(p)) P—as.onS:={Y(r) <w(r,X(7))},

where X := X;27 and Y := Y"?7”. Corresponding to the construction of 7 on A

and A€, we consider the following two cases:
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(i) On the set ANS. We have Y (1) < w(r, X(7)). From the definition of 7 and p

on A and the fact that w € U_, we know

co’

Y(p) = Y25 (o) < 9(X757 (1)) < 9(X(p)) P—as on ANS.

t,x,y

(ii) On the set A°N S. Letting ['(s) := Y (s) — ¢(s, X(s)), we use It6’s formula

and the definition of 1 to obtain
" vl
I'ng)=T(r)+ / / T (s, Z(s=), @) " M(ds, de)
T E
A0

[ (s 29 0(s) = 25, X(5) ds
on AN S. Therefore, by (3.4.22), (3.4.23), (3.4.26) and the definition of 6, we know

that I'(- A €) is non-increasing on [7,T]. This implies that
(3.4.27) Y(0)—p(0,X(0) —r<Y(r)—@(1,X(17)) = <0 on A°NS.
Since (01, X (01)) ¢ B:/2(to, x0), we know
(3.4.28) 0> Y (61)—p(01,X(01))—K > Y (01) —w(f1,X(01)) on {6; <Bh}NA°NS
from (3.4.24). On the other hand, due to (3.4.25) and (3.4.27), it holds that
Y (02) — @0, X(02)) < eon {0, >0} NA°NS.
Therefore, since ¢ < w + € on B./s(tg, 7o) and (3.4.26) holds,
(3.4.29) Y (6s) < e+ @0y, X(03)) < w(by, X(62)) on {6 > 60,3} NA°NS.

Combining (3.4.28) and (3.4.29), we obtain Y () —w(#, X(0)) < 0 on A°N.S. There-

fore, from the definitions of 7 and p?,

Y(p) <g(X(p)) on AN {Y (1) < w"(r, X(7))}.
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3.4.2 Boundary conditions

We then discuss the boundary conditions at terminal time 7. From the definition
of the value function ., it holds that ue, (T, z) = g(x) for all z € R?. However, ug,

and u_, may not agree with this boundary condition. Let

+

ul (T—,z) = limsup wu_(t,2), u(T—,z)= liminf wu_ (¢, 2").

(t<Ta')—(T\x) (t<Ta')—(T,z)
Theorem 3.4.8. Under Assumptions 3.2.1, 3.2.2, 3.4.3 and 3.4.4, ul (T—,-) is an

USC wviscosity sub-solution of

(p(z) = 9(2)) Lipp@)>—cc < 0 on R?

and

u, (T—,z) > g(z) for all z € RY.

Proof. Step 1.(The sub-solution property on Dr) We show in this step that

ud (T—,-) is a viscosity sub-solution of

(@) — 9(2)) Lipp@)>—oc} < 0.
Let 2o € R? and ¢ € C?(R?) be a smooth function such that

0 = (uj (T—, ) — ¢(xg)) = max (strict) (uf,(T—,z) — ¢(z)).

cO
zER4

Assume that F.o(xg) = C > —oc and g(z0) < ul,(T—, z9) = ¢(x0) and we will work

towards a contradiction. Assume without loss of generality that
(3.4.30) p(x) = 00 as |z| — oo.

Let
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where ¢ will be fixed later. Note that D@'(z) = D@(t,x), D*¢'(x) = D*@(t, ). By
the facts that g(zo) < ¢(z9) = @(T, o) = ul (T'—, o), upper semi-continuity of g
and v, and the regularity of ¢, the locally boundedness of uyx, ox, py, b and S,
the regularity of ¢ and definition of Fi, there exist ¢, > 0 and 0 < 1 < 1 such that

there exist ¢, > 0 and 0 < 1 < 1 such that

@(t,x) — g(x) > ¢ for (t,x) € B(T,x),

(3.4.31) @ >ul—2n on [T —e,T) x Beja(x),

and
py (6, 2,y u) — oy (6, u)DE(t, ) — s Trloxox (t, z, u)D*@(t,z)] > C — 1
for all (t,z,y,u) €D x Rx U s.t. (t,z) € [T —¢,T] x Bo(wo), |y — p(t,x)] < ¢
and u € M., (t,z,y, Dg(t,x),@).

Then by the definition of II"** involved in M, ,,
py (t,x,y,u) — L@(t,x) >C —14+C+2>nfor (t,z,y) € DX R x U s.t.
(t,z) € [T —&,T] x Be(x0), |y — @(t,x)| < e and u € M., (t,x,y, DG(t, x), p).

From Lemma 3.4.6, there exists a non-decreasing sequence U;” 2 w,, \, ug,. Fix this

Cco

sequence. Then by a Dini type argument, from (3.4.31), there exists an ng such that
(3.4.32) @ > wp, —n on [T'—e,T) x Beja(o).

By (3.4.30), there exists some Ry > ¢ such that for n > ny,

(3.4.33) @(t, ) > wny(t,2) +& > wy(t,z) +con Q:= [T —¢,T] x (R — Bg,(2)).

Since ¢(T, x) > ¢(x), then ul (T'—, ) — (T, -) is strictly negative on the compact set
T* := Bgr,(v0) — B. /2(z0). Hence, by the upper semi-continuity of uf;, there exists

co’

some « > 0 such that
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Similar to the Step 1 in this proof, there exists a ¢ < e and n; > ng such that
(3.4.34) @ > wy, +a on [T —o0,T)x T

Let w = wy,,. Define, for k € (0,e AJ A ),

A (¢ —kK)Aw on [T —a,T]x Be(xo),
w =

w outside [T — o, T] x B.(xp).
Similarly as Step 1 in the proof of Theorem 3.4.7, we can show that w® € U}, which
yields a contradiction.
Step 2. (The super-solution property on D) We've already proved that
u(t,x) > g(x) in Step 2A of Theorem 3.4.7, which implies that u_ (T'—,x) >
g(x). O

3.4.3 Verification by comparison

We now carry out the verification for non-smooth functions assuming the comparison
principle.
Assumption 3.4.9. Let F' = F*. Assume that F = F, on the set {F > —oo} and
that there exists a USC function G : D x R x R x M¢ x C(D) — R such that

(a) F(t,z,y,p, A, ) > =00 = G(t,2,y,p, A, ¢) 20,

() G(t, z,y,p, A, ) >0 = F(t,z,y,p, A, p) > —00.
Proposition 3.4.10. Under Assumptions Assumptions 3.2.1, 3.2.2, 8.4.3, 8.4.4 and

3.4.9, ul, (resp. u,) is a USC (resp. an LSC) viscosity sub-solution (resp. super-

solution) of
min{y(t, ) — g(z), max{—owp(t,x) + Fo(t,x),Ge(t,x)}} =0 on Dj.

Moverover, ul,(T—,-) (resp. u_(T—,-)) is a USC (resp. an LSC) viscosity sub-

solution (resp. super-solution) of max{¢(x) — g(z),G(z)} = 0.
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Assumption 3.4.11. Assume that a comparison principle holds between USC' sub-

solutions and LSC super-solutions for
(3.4.35) min{p(z) — g(z), Go(x)} =0 on R%

Lemma 3.4.12. Under Assumptions 3.2.1, 3.2.2, 3.4.3, 3.4.4, 3.4.9 and 3.4.11,
u, (T—,") =ul (T—,-) = g(-), where § is the unique continuous viscosity solution to

co co

(3.4.35).
Proof. The proof of this lemma follows same argument as in Lemma 3.3.12 O

Theorem 3.4.13. Suppose that there is a comparison principle for
(3.4.36) min{p(t,x) — g(x), max{—0yp(t,z) + Fo(t,z), Gp(t,x)}} =0 on D

and that Assumptions 3.2.1, 3.2.2, 3.4.3, 8.4.4, 3.4.9 and 3.4.11 hold. Then there
exists a unique continuous viscosity solution V., to (3.4.36) with terminal condition

Veo T, ) = §(+) and ue(t, ) = u(t,x) = ul (t,x) = V,(t, x) for (t,z) € D;.
Proof. Define

alTHCO (t7 :L.) =

and

u(t,x), (t,x) € Dy,
U, (t,x) ==

g(x), t="T,zcR%
From Proposition 3.4.10, 4, is an LSC viscosity super-solution and uZ, is a USC

viscosity sub-solution of (3.4.36). Since u/ (T, ) = u_(T,-), ut, < 4, on D by

co

comparison. Hence, 4}, = 4, on D from (3.4.1). Define V,, := 4}, = a_,. It is

I
Na)¥
=

c

=3
Q

=
©]
=

@

0

n

a continuous viscosity solution of (3.4.36) satisfying Voo (T, z)

follows directly from the comparison principle. O]
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3.4.4 Stochastic cooperative controller-stopper problem as a stochastic target prob-
lem with a cooperative stopper

In this subsection, we show that a stochastic cooperative controller-stopper problem
can be expressed in terms of a stochastic target problem with a cooperative stopper.

Given a bounded continuous function g : R? — R, we define

Ueo(t, ) := sup sup E[g(XY,(p))].
veUt peTy

We follow the setup of Section 3.2 with one exception: U! is the collection of all the
Fi-predictable processes in IL2(2 x [0, 7], F @ B[0,T],P® A; U), where U C R? and

X follows the SDE
dX(s) = pux(s, X(s),v(s))ds+ox (s, X(s), V(S))dWS—i-/Eﬁ(S,X(S—), v(s),e)\(ds,de).

To convert the cooperative controller-stopper problem to a stochastic target problem
with a cooperative stopper, we now prove the following lemma. The proof relies on

Lemma 3.5.7.

Lemma 3.4.14. Suppose Assumptions 3.2.1 and 3.2.2 hold. Define a stochastic

target problem as follows:

Ueo(t, ) == sup{y € R: (v, e, 7, p) €U x A" x T, x Ty s.t. Y5, (p) < 9(X7,(0))},

whe/re )/;I?Z’Y() e y+/ dW +/ / S e dS de)

Here, A" and T, are the collections of R%-valued and 1.*(E, &, m;R!)-valued pro-
cesses, respectively, satisfying the admissibility conditions in Section 3.2. Then

Ugp = Uy 0N D.

Proof. In view of Lemma 3.5.7 and Remark 3.5.8, it suffices to check that

(3.4.37) Mo CM:={Y5("):ycRaec A,y eI},
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where M., is defined as in Remark 3.5.8. In fact, by the martingale representation
theorem, for any v € U" and p € Ty, E[g(X{,(p))|F!] can be represented in the form of
V5, for some ov € A" and v € T, where I'f) is the collection of L?(E, &€, 1i; RY)-valued
processes satisfying all of the admissibility conditions except for (3.2.3). Assume,

contrary to (3.4.37), that there exists vy € U* and p € T; such that

Bl )IF] =+ [ ol )i+ [ [ f(s.eMds.do

t

for some y € R, ap € A" and v € T}, but (3.2.3) does not hold. In the equation
above, E[g(X/%.(p))|F!] can be chosen to be cadlag, thanks to Theorem 1.3.13 in [20].

Then for K > 2||¢||, there exists 79 € T; such that

P (/E Yo (10, e)A({70}, de) > K) > 0.
Let Mo(-) = E [g(X/%(p))|F!]. Therefore,
Moy(79) — Mo(10—) = /E%T(TO, e)\({m},de) > K with positive probability.
Since |My| is bounded by ||¢||« < K/2, we obtain a contradiction. O
Let F, be the LSC envelope of the USC map F : D x R? x M? x C'(D) — R defined
by
F:(t,z,p A ) = infuer{-I[g](t, z,u) — pux(t, 2, u)p — 3 Trloxox (t, z,u) A},

where [g)(t, 2,1) = S cicr [ (9t @ + Bilt 3,0, €)) — o(t, 2)) ma(de).
Theorem 3.4.15. Under Assumptions 3.2.1 and 3.2.2, u}, is a USC viscosity sub-

solution of
min{(t,z) — g(z), —0wp(t,x) + Fup(t,z)} <0 on Dy

and u_(T—,x) < g(x) for all x € RY. On the other hand, u, is an LSC viscosity

super-solution of

min{p(t,z) — g(x), —0wp(t,x) + Fo(t,z)} > 0 on Dj
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and u_(T—,-) > g(z) for all z € R4,

Proof. Tt is easy to check Assumption 3.4.4 for the stochastic target problem. Since
g is bounded, we can check that all of the assumptions in the appendix (Subsection
3.5.1) are satisfied, which implies that Assumption 3.3.3 holds. From Theorem 3.4.7,

ug, is a USC viscosity sub-solution of

min{(t,z) — g(z), —0wp(t,x) + Fep(t,z)} <0 on Dj
and u_, is an LSC viscosity super-solution of

min{p(t, z) — g(x), —0yp(t,x) + F*p(t,x)} > 0 on Dy

From Proposition 3.1 in [13], F* < F and F, > F,. This implies that the viscosity

properties in the parabolic interior and at the boundary hold. O]

The following two corollaries show that u, is the unique viscosity solution to its

associated HJB equation. We omit the proofs.

Corollary 3.4.16. Suppose that Assumptions 3.2.1 and 3.2.2 hold, ¥ = F, on
{F > —oo} and there exists a USC function G : D x R x R x M¢ x C(D) — R such

that
((Z) F(t,ﬁlf,y,p,M, ()0) > =0 = G(t,x,y,p,M, 90) Z 0’

() G(t,z,y,p,M,p) >0 = F(t,z,y,p, M, p) > —c0.

Then ult, (resp. ug,) is a USC (resp. an LSC) wiscosity sub-solution (resp. super-

solution) of
min{(t, z) — g(z), max{—0p(t, ) + Fo(t,x), Go(t,x)}} =0 on Dj.

Corollary 3.4.17. Suppose that all the assumptions in Corollary 3.4.16 hold. Then

ulb (T—,z) =u_ (T—,x) = g(x). Moreover, if the comparison principle holds for

min{y(t,z) — g(z), max{—0p(t,x) + Fo(t,x), Gp(t,z)}} =0 on Dy,
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then weo(= W) is the unique continuous viscosity solution with u.(T,z) = g(x).

3.5 Appendix

3.5.1 The nonemptiness of U}, .., Ugncos Udy and U,
Assumption 3.5.1. g is bounded.

Assumption 3.5.2. There exists ug € U such that
oy (t,z,y,ug) =0 and b(t,z,y,up(e),e) =0
for all (t,x,y,e) e D xR x E.

Proposition 3.5.3. Under Assumptions 8.2.1, 8.2.2, 8.5.1 and 3.5.2, U} and U,

unco

are not empty.

Proof. We will only show U is not empty. A very similar proof applies to U,.

unco

Step 1. In this step we assume that py is non-decreasing in its y-variable. We will

show that w(t,z) = v —€*

t is a stochastic super-solution for some choice of k and 7.
By the linear growth condition on py in Assumption 3.2.2; there exists L > 0
such that

|,uY(ta:L‘7yauU)| S L<1 + |y|)7

where uq is the element in U in Assumption 3.5.2. Choose k > 2L and ~ such that
—e* + 4 > ||g|loe- Then w(t,z) > w(T,z) > g(x) for all (t,z) € D. It suffices to

show that for any (¢,z,y) e Dx R, 7€ T, v e U’ ., and p € T;,
(3.5.1) Y(p) > w(p, X(p)) P-a.s. on {Y (1) > w(r,X(7))},

where X = X{9™ and YV = Y77 Let A = {Y(7) > w(r,X(7))}, V(s) =

t7‘,l;?y

w(s, X(s)) and I'(s) = (V(s) — Y(s)) La. Therefore, for s > 7,

(3.5.2) ['(s) =14 /S(f(q) + A(q))dq, where
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A(S) - = _keks - MY<S7X(S)7 Y<S)7u0)
< _keks - MY(S7 X<S)> _eks7 uO)
< —ke™ + L(1 +¢*) <0,

6(8) F= ILLY(S7 X(S)7 V(S)7 uO) - MY(S7 X(S)a Y<S)7 UO)'
Therefore, from (3.5.2) it holds that

[(s) <14 /Sg(q)dq and T'F(s) <14 /Sf+(q)dq for s > 7.

From the Lipschitz continuity of uy in y-variable in Assumption 3.2.2,

rﬂ@snA/°ﬁmmqs/“amﬂ@mzmrszn

where L is the Lipschitz constant of uy with respect to y. Note that we use the
assumption that py is non-decreasing in its y-variable to obtain the second inequality.
Since I'"(7) = 0, an application of Gronwall’s Inequality implies that 't (p) < 0,
which further implies that (3.5.1) holds.

Step 2. We get rid of our assumption on py from Step 1 by following a proof similar

to those in [16]. For ¢ > 0, define Y}

iz, as the strong solution of

diN/(s) = iy (s, Xt’:w(s), EN/(S), v(s))ds + 5’;(8, Xt’:w(s), Y (s),v(s))dWs

b [ T X0 5. T (57 (5) a0, )\ (ds. de)
E
with initial data Y (t) = y, where

:ZL/Y (ta z,Y, U) =y + €CtﬂY(t7 z, e_Ctya U), 5y(t, z,y, U) = QCtUY (ta Z, G_Ctya U),

b(t, x,y,ule), e) := eb(t, z, ey, ule),e).

Therefore,

(3.5.3) Y

(s)e =Y/

t,x,ye—ct (S>’ t S S S T.
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Let

(3.5.4)  funco(t, ) = inf{y € R: Jv € Ul ey, st Y2, (p) = Glp, X1o(p)) -aus.},

where §(t,z) = e“g(x). Therefore, from (3.5.3), Gunco(t, ) = € Uunco(t, ). Since puy

is Lipschitz in y, we can choose ¢ > 0 so that
ﬁY : (ta z,y, u) = cy + eCt,uY (ta T, eict;% u)

is non-decreasing in y. Moreover, all the properties of iy, oy and b in Assumption
3.2.2 still hold. We replace py, oy and b in all of the equations and definitions in

Section 3.2 with iy, oy and g, we get H* and H,. Let U be the set of stochastic

unco

super-solutions of the new target problem (3.5.4). It is easy to see that w € U}

From Step 1, Ut is not empty. Thus,

unco

if and only if @(t,z) := e“w(t, z) € U

unco’

Ut s not empty. ]

unco

Assumption 3.5.4. There is C € R such that for all (t,z,y,u,e) e DXR XU X E,

pr(ta,,0) + [ Bt u(e). ymide)| < CO1+ o)

Proposition 3.5.5. Under Assumptions 3.2.1, 3.2.2, 8.5.1 and 3.5.4, U, .. and UF,

unco

are not empty.

Proof. We will only show that U, is not empty. Assume that

unco

uy(t,aj,y,u)+/EbT(t,x,y,u(e),e)m(de)

is non-decreasing in its y-variable. We could remove this assumption by using the
argument from previous proposition.
Choose k > 2C (C' is the constant in Assumption 3.5.4) and v > 0 such that

eFT —~v < —||g]loo- Let w(t,x) = ek* —~. Notice that w is continuous, has polynomial
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growth in z and w(T,x) < g(z) for all z € RY. It suffices to show that for any

(t,z,y) ED xR, 7€ T; and v € U’

unco?’

there exists p € T; such that
P(Y(p) < g(X(p))|B) >0

for B ¢ A = {Y(7) < w(r,X(7))} satistying B € F! and P(B) > 0, where

T

X=X/, and Y : =Y/,

t,z,y°

Define
M) =Y() - / K(s)ds, V(s) =w(s,X(s)), I'(s) = (Y(s) — V(s)) La, where

K(s) == py(s,X(s),Y(s),v(s)) + /EbT(s,X(s—),Y(s—),ul(s),l/g(s,e),e)m(de),

K(s) = puy (s, X(s),V(s),v(s)) + /EbT(S,X(s—),V(s—),Vl(s),yg(s,e),e)m(de).

It is easy to see that M is a martingale after 7. Due to the facts that A € F! and

T

dV (s) = ke**ds, we further know
(3.5.5) 14 (Y() -V(Q)+ / kers — K(s)ds) is a super-martingale after .

Since Assumption 3.5.4 holds and py (¢, 2, y,u) + [, b" (t,z,y,u(e), e)m(de) is non-
decreasing in y,

K(s) < py (s, X(s), €, v(s)) +/ b (s, X (s—),e" vi(s), 1a(s,e), e)m(de) < 2Ce*.
E
Therefore, it follows from (3.5.5) and the inequality above that

(356)  M(-) =1, (Y(-) V() - / f(s)ds)) is a super-martingale after 7,

where £(s) := K(s) — K(s). Since M(T) < 0 on B, there exists a non-null set F' C B

such that M(p) < 0on F for any p € T,. By the definition of M in (3.5.6), we get

(3.5.7) ['(p) <14 /pf(s)ds on F.

Therefore,

(3.5.8) IH(p) <14 /P Er(s)ds < /P Lol (s)ds on F.
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By Gronwall’s Inequality, 't (7) = 0 implies that I'"(p) = 0 on F. More precisely,
forw € F (P —as.), I''(s)(w) = 0 for s € [7(w), p(w)]. This implies that we can
replace the inequalities with equalities in (3.5.8). Therefore, by (3.5.7), I'(p) < 0 on

F, which yields P(Y (p) < g(X(p))|B) > 0. O

3.5.2 The equivalence results

Let T be a finite time horizon, given a general probability space (€2, F,P) endowed
with a filtration F = {F;}o<:<r satisfying the usual conditions. Let T; be the set
of F-stopping times valued in [t, T]. In particular, let 7 := T5. We assume that Fq
is trivial. Let U be the collection of all F-predictable processes valued in U C RF
and {G”,v € U} be a collection of bounded, right-continuous processes valued in R.

Given (t,v) € [0,T] x U, we consider the following two problems:

(3.5.9) Ve o(t) =ess inf esssup E[GH(7)|F],
REU(t,V) TET:

and

(3.5.10) VY (t) = ess sup esssup E[G*(T)|F,

HEU(L,V) TET:

where U(t,v) ={pel,p=rvon|0,t] P—as.}.

Lemma 3.5.6. Given t € [0,T] and v € Uy, let M be any family of martingales

which satisfies the following:

For any p € U(t,v), there exists an M € M such that
(3.5.11)
esssup E[GH(7)|F] + M(p) — M(t) > G*(p) for all p € T;.

TET:

Then VX (t) =Y} . (t), where

unco unco

unco

Y2 (t) =essinf{Y € L*(Q, F,,P) | (M, p) € M x U(t,v) such that

Y + M(p) — M(t) > G*(p) forallpeT;}.
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Proof. (1) Yiieo(t) = Vi

unco

(t): Fix Y € LYQ, F;,P) and (M, ) € M x U(t,v) such
that

Y + M(p) — M(t) > GH(p) for all p € T.

By taking the conditional expectation, we get that
Y > E[G*(p)|F:] forall p e T;.

which implies that Y > V¥

unco

(t). Therefore, Yo . (t) > Vi . (t).

unco

(2) V2. () > YE (t): we get from (3.5.11) that for each p € U(t,v), there exists

unco unco

an M € M such that

esssup E[GH(7)|Fi] + M(p) — M(t) > G*(p) for all p € T.
T€T:

This implies that

esssup E[GH(7)|F] > Yo (1),

unco
TET:

which further implies V¥ () > Y (%). O

unco

Lemma 3.5.7. Let M be any family of martingales which satisfies the following:
(3.5.12)

For any v e U and p € T, there exists M € M such that G"(p) = M(p).
Then for each (t,v) € [0,T] x U, VE(t) = YZ(t), where
Yo (t) = esssup{Y € L'(Q, F;,P) [3(M, 1, p) € M x U(t,v) x T,

such that Y + M(p) — M(t) < G*(p)}.

Proof. (1) YX(t) < VX(t): Fix Y € LYQ, F,P) and (M, pu,p) € M x U(t,v) x T;
such that

Y+ M(p) — M(t) < G*(p).
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Then by taking the conditional expectation, we get that

Y < E[GH(p)| ] < V()

which implies that Y2 (t) < VZ(t).
(2) YX(t) > VZ(t): we get from (3.5.11) that for each p € U(t,v) and p € Ty, there

exists M € M such that

E[G*(p)|Fi] + M(p) — M(t) = G"(p).

In particular,
EIG"(p)|Fi] + M(p) — M(t) < G"(p).

Therefore, E[G*(p)|F:] < YZ(t), which implies VX (t) < Y2 (t). O

Remark 3.5.8. It is clear that a collection of martingales which satisfies (3.5.12)

always exists. In particular, one can take

Meo = {EIG" ()| FilYosi<r,v €U, p € T



CHAPTER IV

Stochastic Perron for Stochastic Target Games

4.1 Outline of this chapter

In this chapter, we will analyze a stochastic target game as described in Chapter
[. This chapter is organized as follows. In Section 4.2, we introduce the setup of
the stochastic target game as used in [16], the related HJB equation and the defini-
tions of the stochastic semi-solutions (our conceptual contribution). The technical
contribution of this chapter is given in Section 4.3, where we characterize the infi-
mum (supremum) of the stochastic super-solutions (sub-solutions) as the viscosity
sub-solution (super-solution) of the HJB equation. A viscosity comparison argument
concludes that the value function is the unique bounded continuous viscosity solution
of the HJB equation. Finally, we obtain the dynamic programming principle as a

byproduct. Some technical results are deferred to the appendix (Section 4.4).

4.2 The setup

4.2.1 The value function

Let 2 be the space of continuous functions w : [0, 7] — R? and let P be the Wiener
measure on 2. We will denote by W the canonical process on 2, i.e. Wi(w) = wy,
and by F = (Fs)o<s<r the augmented filtration generated by W. For 0 <t < T

let F* = (Fl)o<s<r be the augmented filtration generated by (W — W;)ss,. By

91
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convention, F! is trivial for s < t.
We denote by U' (resp. A") the collection of all F'-predictable processes in LP(P®
M) with values in a given Borel subset U (resp. bounded set A) of RY, where p > 2

and Ar, is the Lebesgue measure on R. Define
D:=[0,7] xRY, D;:=[0,T)xR? Dyp:={T} xR
Given (t,z,y) € D x R and (u, ) € U" x A, consider the following SDEs.

21) dX(s) = px(s, X(s),as)ds + ox (s, X (s), as)dWs,
dY (s) = py (s, X(s),Y(s), us, as)ds + oy (s, X(s), Y (s), us, as)dWs,

with initial data (X (¢),Y(¢)) = (z,y).

Assumption 4.2.1. The coefficients jx, piy,ox and oy are continuous in all vari-
ables and take values in R, R, R and M? := R4, respectively. There exists K > 0

such that for all (t,z,y,u,a) EDXR XU x A and (t',2',y') € D x R,

lux(t,z,a) — px (V' 2", a)| + |ox (t,2,a) — ox (V' 2", a)| < K([t =] + & — o)),
lux(t,x,a)| + |ox(t,z,a)| < K,
v (82, y,u,0) — py (2,4 w, a)| + oy (E @y, u,0) — oy (8 2,y u,0)| < Kly =y,
|y (&, 2,9, u,a)| + oy (2, y, v, 0)] < K (1 [u] + [y]).
This assumption ensures that the stochastic differential equations given in (4.2.1)
are well-posed. Denote the solutions to (4.2.1) by (X7,,Y;55). Let t <T. We say
that a map u: A" — U", a — ula] is a t-admissible strategy if it is non-anticipating

in the sense that
{we Q: (W) = (W)|gs} C{w e Q:ula)(w)lig = ula](w)|ks} -a-s.

for all s € [t,T] and a,a’ € A", where | indicates the restriction to the interval

[t,s]. We denote by $A(¢) the collection of all t-admissible strategies; moreover, we
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write Y}, for Kug[ca;a Then we can introduce the value function of the stochastic

target game,

(4.2.2) v(t,z) :=inf{y e R: Jue U(t) s.t. V55 (T) > g(X7,(T)) -as. Va e A},

t7m7y

where ¢g : R — R is a bounded continuous function. We also need to define strategies
starting at a family of stopping times. Let 7; be the set of F'-stopping times valued

in [t,T].

Definition 4.2.2 (Non-anticipating family of stopping times). Let {7%}aeat C Tt

be a family of stopping times. This family is t-non-anticipating if
{we: awly ='Wk} C
{weQ:t<w) =7 (W) <s}U{we:s < W) ,s < 7% (w)} -as.

Denote the set of t-non-anticipating families of stopping times by T;.

We will use {7%} for short to represent {7} ,c.t, which will always denote a t-non-

anticipating family of stopping times.

Definition 4.2.3 (Strategies starting at a non-anticipating family of stopping times).
Fix ¢t and let {7*} € T,. We say that a map u : A" = U', a — ula] is a (¢, {7%})-
admissible strategy if it is non-anticipating in the sense that

{weQ: W)y = W)ty C{weQ:s < W), s <7 (W)} U

/

we:t<rw) =17(w) < 5 U)o = W)W} 25

for all s € [t,T] and a, @’ € A", denoted by u € 4U(t, {7*}).

It is clear that, in the Definition 4.2.3 if we set 7@ = t for all «, then H(¢,{7%}) is

then same as $(¢). Hence, the above definitions are consistent.
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Definition 4.2.4 (Concatenation). Let ay,ay € A’, 7 € T; is a stopping time. The

concatenation of o, ay is defined as follows:
) @7 ag = oyl ) + aolly 7.

The concatenation of elements in U? is defined in the similar fashion.

Lemma 4.2.5. Fiz t and let {7*} € T;. For u € {(t) and u € (¢, {7*}), define
u.fa] = u[a] @« ula]. Then u, € $U(t). For the rest of the chapter, we will use

U @.a ] to represent ufa] ®,o ula.

Proof. It is obvious that u, maps A’ to U*. Let us check the non-anticipativity of the
map. For any fixed s € [t,T] and o,/ € A", ' € {w € Q : (W) = ¢ (W)|1e},

by Definition 4.2.2,
(4.2.3) Wet<t=71"<s}U{s<71*,5 <71} -as.
(i) If ' € {t < 7% = 7% < s}, by definition of u,,
o] (w)]it.s) = [ (W) Lt ro @y lits) + Blo] (W) L) mies),
w ) (W) ir,s) = wlaJ(W) L ar oyl T W HW) Lpar oy 191,91
Since 7¢(w') = 7 (w'), u € YU(t) and by Definition 4.2.3, we know
W € € Q: ulal)]hg = U] (@)]g} -as,
(ii) If W' € {s < 7%, 5 < 7'}, using definition of u,,
u[a](W)lies = wla](W)]es, weo(W)]eg = ula’](W)]s-
Since w' € {w € Q: (W) = &' (W)|p,s} and u € L(t), then

w' € {w e @ wfa)(w)liy = wla](W)]is} -as.
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4.2.2 The Hamilton-Jacobi-Bellman equation

Before introducing the HJB equation, we make an assumption which was also

assumed by [16] on the set-valued map
N(t,z,y,2,a) :={u € U:oy(t,x,y ua) =z} for (t,z,y,2,a) €D x R x R? x A.

Assumption 4.2.6. u — oy (t,z,y,u,a) is invertible. More precisely, there exists a
measurable map 4@ : D X R x RY x A — U such that N = {a}. Moreover, the map

u(-,a) is continuous for each a € A.

Let us define for (t,z,y,p, M) € D x R x R% x M¢,

H(t,z,y,p, M) :=sup H(t,x,y,p, M)

acA
where
:U’aY(tJ r,Y, %, (l) = /“LY(t7 r,y, ﬂ(ta T,Y, %, CL), (l) and
. 1
He(t,z,y,p, M) == —pl(t,z,y, ox(t,z,a)p,a) + px(t, z,a)p + §Tr[crxa;(t, x,a)M]|

The HJB equation is

Owp(t,x) + H(t,z,0,Dp,D?*p) =0 on Dj,
(4.2.4) '

=g on D
4.2.3 Stochastic solutions

We will introduce weak solution concepts to the HJB equation that are stable
under minimization and maximization respectively and envelope the value function

v of the stochastic target game.

Definition 4.2.7 (Stochastic super-solutions). A function w : [0,7] x R? — R is

called a stochastic super-solution of (4.2.4) if
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1. Tt is bounded, continuous and w(T,-) > g(-)

2. For (t,z,y) € D xR, {7*} € T, and u € $(¢), there exists a strategy u €

$U(t, {7*}) such that for any o € A" and p € T; satisfying 7* < p < T, we have
Y(p) =2 wip, X(p)) P—as. on {Y(r%) >w(r? X(7))}.

Here X := X¢, and YV := yu®-ailala

t,z,y I

The set of stochastic super-solutions is denoted by UT. Assume it is nonempty
and v" := inf, cy+ w. For any stochastic super-solution w, choose 7 = t for all «

and p = T, then there exists u € 4(¢) such that, for any o € A,

Ve (T) > w (T, X8,(T)) > g (X2, (T)) P—as. on {y>uw(tuz)}

t?‘x7y

Hence, y > w(t,z) implies y > v(t,x) from (4.2.2). This gives w > v and vt > v.

Similarly, we could define the stochastic sub-solutions.

Definition 4.2.8 (Stochastic sub-solutions). A function w : [0, 7] x R? — R is called

a stochastic sub-solution of (4.2.4) if
1. It is bounded, continuous and w(7T,-) < g(-),

2. For fixed (t,z,y) € D x R and {7*} € Ty, for any u € §(¢), a € A, there exists
a € A' (may depend on u, @ and 7%) such that for each stopping time p € Tg,

7 < p < T with the simplifying notation X := X",V = Y;‘ff“’a, we have

P(Y(p) <w(p, X(p))|B) >0,

for any B C {Y(7%) < w(t*, X (%)}, B € FL. and P(B) > 0.

T

The set of stochastic sub-solutions is denoted by U~. Assume it is nonempty and

let v~ := sup,,cy- w. For any stochastic sub-solution w, choose 7* = ¢ for all o and
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p =T. Hence for any u € $i(t), there exists & € A", such that

P (Y“ﬂ (T) < w (T, XZ,(T)) < g(XE,(T)) |y < w(t,x)) > 0.

t7:v?y

Hence, y < w(t,x) implies y < v(t,x) from (4.2.2). This gives w < v and v~ < v.

As a result we have,

(4.2.5) v 2 sup w<v< inf wE ol
wel— wel+

We will show in Section 4.3 that under some suitable assumptions, v* and v~ are

viscosity sub- and super-solutions of (4.2.4), respectively.

4.2.4 Additional technical assumptions.
We will need to make some more technical assumptions as in [16].

Assumption 4.2.9. The map (t,z,y,2) € DXR xR — p(t,z,y, z,a) is Lipschitz
continuous, uniformly in a € A, and (y,z) € R x R* — p&(t,z,y,2,a) has linear
growth, uniformly in (t,z,a) € D x A.

For the derivation of the super-solution property of v~, we will impose a condition

on the growth of uy relative to oy.

Assumption 4.2.10.

sup |,l,by(',u,')|

18 locally bounded,
wet) T+ oy (] ’

where || - || is the Euclidean norm.

In (4.2.5) we implicitly assumed that the sets Ut and U~ are nonempty. The
assumptions we made already imply that U* is not empty, but the same may not be

true for U™ is not empty.

Assumption 4.2.11. The collection U~ s not empty.
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4.2.5 The nonemptiness of Ut and U~

In this subsection, we discuss the nonemptiness of UT and U~. As the next result

shows, the assumptions above already guarantee that U" is not empty.

Proposition 4.2.12. Under Assumptions 4.2.1, 4.2.6 and 4.2.9 the collection U

18 not empty.
Proof. See the Appendix. m

In the above proposition the assumptions made can be replaced by the following

natural assumption (although this is not the route we will take):

Assumption 4.2.13. There exists u € U such that
/LY(E z,y,u, CL) = 07 O-Y(t7 z,y,u, CL) =0

for all (t,x,y,a) € D; x R x A. (In these equations the right-hand-sides are denoted
by just 0 for simplicity, but they in fact are collections of 0’s matching the dimension

on the left-hand-side.)

In the context of super-hedging in mathematical finance, in which Y represents
the wealth of an investor and X the stock price, and g(X7) a financial contract, the

last assumption is equivalent to allowing the investor not to trade in the risky assets.

Proposition 4.2.14. Under Assumptions 4.2.1 and 4.2.13 the collection UT is not

empty.

Proof. Choose the strategy ula] = u. For any given {7%} € T,, we have u €

U(t,{T*}) and from Assumption 4.2.13, it holds for any u € 4(¢) that

Yt"‘f;“ﬁ[a]’a(p) — Y;‘f;“ﬁ[a]’a(ra)ﬁa € A" and p € T; such that 7* < p < T.
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From the boundedness of g, there exists an C, such that g(z) < C. Now take
w(t,z) = C, which clearly satisfies the first condition in Definition 4.2.7. On the
other hand, on {Y (7%) > w(7*, X(7%))}, we clearly have that {Y(p) > w(p, X(p))}
for any p such that 7 < p < T, which gives the second condition in Definition 4.2.7.

O

Proposition 4.2.15. If in addition to Assumptions 4.2.1 there exists a € A such
that py (t,x,y,u,a) =0, oy (t, z,y,u,a) =0 for all (t,x,y,u) € D; x Rx U, then U™

18 not empty.
Proof. The proof is similar to that of Proposition 4.2.14. O

The additional assumption in the latter proposition is not very reasonable. Below

we introduce an alternative assumption.

Assumption 4.2.16. YL is bounded on N = {(t,z,y,u,a) : oy (t,z,y,u,a) # 0}.

lloy |l

Proposition 4.2.17. Under Assumptions 4.2.1, 4.2.6, 4.2.13, and 4.2.16, U~ is not
empty.
Proof. See the Appendix. n

4.3 The main results

Before we state and prove the main theorem, we need some preparatory lemmas.
Lemma 4.3.1. The set of stochastic super-solutions (resp. stochastic sub-solutions)
is upwards (resp. downwards) directed, i.e.,

1. If wy,wy € U, then wy Awy € UT;

2. If wi,wy € U™, then wy; Vwy € U™,
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Proof. This lemma is in the spirit of Lemma 3.7 in [30]. Here we only sketch the
proof for (1). For wy,ws € UT, let w = wy A wy. Clearly w is bounded, continuous
and w(T,x) > g(z). For fixed (t,z,y) € D; x R and {7} € Ty, let uy and uy are the

strategies starting at {7*} for w; and wy, respectively. Let

ua] = wi [l (re X (re)) <ws(re X (o))} F U2l L s (re X (o)) 2wa(r, X (7))
It is easy to show that u works for w in the definition of stochastic super-solutions. [J

Lemma 4.3.2. There exists a non-increasing sequence Ut 3 w,, \,v" and a non-

decreasing sequence U~ 3> v, S v~.
Proof. The proof of the lemma follows directly from Proposition 4.1 in [8]. ]

Lemma 4.3.3. Given f: X xY C R? x R? — R, define F'(z) := sup,cy f(7,y).
If x — f(x,y) is continuous, uniformly in y and F(z) < oo for all x € X, then

x — F(z) is continuous.
The lemma above is easy to check and we omit the proof.

Theorem 4.3.4. Let Assumptions 4.2.1 and 4.2.6 hold.

1. If in addition g is USC and Assumption 4.2.9 holds, the function v™ is a bounded

USC wviscosity sub-solution of (4.2.4).

2. On the other hand if g is LSC and Assumptions 4.2.10 and 4.2.11 hold, the

function v~ is a bounded LSC viscosity super-solution of (4.2.4).

Proof. Step 1. ( v' is the viscosity sub-solution). Due to Proposition 4.2.12,
vt is well-defined. We will first show the interior viscosity sub-solution property and
then demonstrate the boundary condition.

1.1 The interior sub-solution property: Let (ty,z9) € D; and ¢ € CH?*(D)
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be such that ¢ strictly touches v from above at (tg, zg). Assume, by contradiction,

that

dvp(to, xo) + H (to, To, ¢(to, xo), Dp(to, z0), D*p(to, 20)) < 0.

From the uniform continuity of px and ox in Assumption 4.2.1, the uniform con-
tinuity of % in Assumption 4.2.9 and the smoothness of ¢, the map (¢, z,y,a) —

H(t,x,y, Dp(t,x), D*o(t,z)) is uniformly continuous in (¢, z,y). Hence the map
(t,z,y) = H(t,z,y, Dp(t,x), D*¢(t, x))

is continuous due to Lemma 4.3.3. This implies that there exist ¢ > 0 and § > 0

such that for all (t,7) € B.(to, o) and |y — ¢(t, )| < 6,
(4.3.1) Owp(t,x) + H(t,z,y, Do(t,x), D*p(t,x)) < 0.

On the compact set T := B.(ty, zo) — Bes(to, o), we have that ¢ > v* and the
min of ¢ — v* is attained since v is USC. Therefore, ¢ > v* + 1 on T for some
n > 0. Since w, \, v", a Dini type argument shows that, for large enough n we have
¢ >w, +n/2onTand ¢ > w, —d on Es/Q(tO,xO) . For simplicity, fix such an n

and denote w = wy,. For x € (0,7 A J), define

(p—K)ANw on Ee(to, o),
w outside B.(tg, o).

K

Obviously, w" is continuous and bounded. Since w”(tg,z¢) < v (to,zo), we would
obtain a contradiction if we can show w* € UT.

Fix ¢, {7*} € T; and u € 4(t). We need to construct a strategy u € (¢, {7*})
in the definition of stochastic super-solutions for w”. This can be done as follows:

since w is a stochastic super-solution, there exists an ”optimal” strategy u; in the

Definition 4.2.7 for w starting at {7%}. We will construct u in two steps:
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(i) w”(T“,Xg‘x(Ta)) = w(T",XE‘I(Ta)): set U = 1y;
(i) w™(r, X7,(7%)) < w(r®, X, (7%)): In this case we necessarily start inside
the ball. Let Y be the unique strong solution (which is thanks in particular to

Assumption 4.2.9) of the equation

TV
Y1) =Y (™) +/ 1y (5, X720 (5), Y (s), 0 (5, X5 (5), ) Dp((s, X7, (5)), ) ds

a

TVI
+/ ox (s, X,(8), as) Dp(s, Xi.(s))dW, [>T,

for any u € 4(t) and a € A" and set Y(s) = Y%, (s) for s < 7. Define

Uy == Tg[](s) = (s, X;,(5), Y (s), 0x (s, X[5(5), ) Dip(s, X1, (), ).
Let 0f is the first exit time of (s, X{,(s)) after 7® from B./s(to, z9) and 63 be the
first time after 7® when Y (s) — ¢(s, X{.(s))] = 6. More, precisely,
07 :=inf {s € [t%,T] : (s, X,(s)) & Beja(to, z0) } ,
and
05 :=inf {s € [%,T] : |Y(s) — o(s, X/ (s))| = 6}.

Let 6% = 09 A 63. We know that {#*} € T; from Example 1 in [4]. We will set 1t to
be iy until %, Starting at 6%, we will then follow the strategy u’ € $A(¢, {6*}) which
is "optimal” for w.

In summary, (i) and (ii) together gave us the following strategy:
ﬁ[O&] = (ﬂAﬁl [Oé] + :H.Ac (ﬁo[&]ﬂ[tﬂa) -+ ua[a]ﬂ[ga,T])) ]]'[TO‘,T]’

where

A= {w" (1% X7, (1)) = w(r®, X2, (7))}

We note that 1y € () by the pathwise uniqueness of X’s, Y’s and Y’s equations.

Then applying Lemma 4.2.5, fig[a] L go) + u’[a]Lga ) € LU(¢). Since iy € U(¢, {7°}),
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by Definition 4.2.3, it follows that u € U(¢,{7%}) by the pathwise uniqueness of X’s
equation. Now, let us show the above construction actually works. We need to show

that for any p € 7; such that 7¢ < p < T,
Y(p) = w*(p, X(p)) P—as. on {Y(7%) > w"(r" X(7%))},

where

X:=X7, and Y=Y/t

t,x,y
Note that Y (s) = Y:‘f;“ﬁo[a}’a(s) for s > 7% and
(4.3.2) Y = ILA}Q?S;QMQ}’O‘ + ILAcK?f;aﬁo[a]’a for 7¢ < s <0~

We will carry out the proof in two steps:
(i) On the set AN{Y (7%) > w*(7*, X (7%))}, we have Y (7%) > w(7*, X (7%)).

From (4.3.2) and the ”optimality” of u; (for w), we know
Y(p) = Y:‘S;aal[a]’a(p) > w(p, X(p)) > w"(p,X(p)) P—as on the above set.

(ii) On the set A°N{Y (7%) > w"(7*, X (1)}, by the definition of iy and (4.3.2),
using [to’s Formula,

V(NI = 6 A XCAB) =Y () = o X6 + [ ) ds,

T

where

7(3) = _HQS(S’X(S>’Y(S)’ D@('SvX(S))v D290(S’X(S)>> - at‘p(37X(S))v

since the definition of 4 allows us to cancel the Brownian motion terms on the right-
hand-side. Obviously, on [7%, 6], v > 0. This implies that Y (- A0%) —p(- A6, X (- A

6*)) is non-decreasing on [7,T']. Therefore,

(4.3.3) Y(6%) — p(0%, X(0%) + £ > Y (1) — o(7%, X(17%)) + k > 0.
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As a result, on the one hand, we have
(4.3.4) 0 < (Y(07) — (07, X (07)) + r) < (Y(07) —w(07, X(67))) on {07 <63}
On the other hand,

Y(03) — ¢y, X(03)) =6 on {07 =65}

Observe that the right-hand-side of the above expression cannot be —¢§ due to (4.3.3).

Therefore,

(4.3.5) Y(05) —w(fy, X(65)) = 6+ (03, X(65)) —w(03, X (63)) > 0 on {07 = 63},

since ¢ > w — § on Bes(to, 7p). Combining (4.3.4) and (4.3.5) we obtain

(4.3.6) Y(0%) —w(0*, X(0%)) >0 on A°N{Y(7Y) > w"(t% XY)}.

It follows from this conclusion and the "optimality” of u’ starting at {0} that
Y(pVv o) =w(pVv o, X(pVvo®)) =w (pVo*,X(pV o))

on A°NA{Y (%) > w"(r*, X*)}. Also, since Y (- A 0%) — (- A 6%, X (- A 6%)) is non-

decreasing on [7%, T,

Y(pNO0*) —p(pANO0*, X(pANEOY)) + kK >0o0n A°N{Y(7Y) > w"(7%, X)}.
Therefore,
(4.3.7)  Y(pAOY) —w"(pANO*, X(pAOY) >0o0on A°N{Y(7Y) > w"(7%, X)}.
From (4.3.6) and (4.3.7) we have

Y(p) —w™(p, X(p)) = 0 on AN {Y (%) > w"(r, X)}.
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1.2 The boundary condition:
Step A: In this step we will assume that p? is non-decreasing in its y-variable.

Assume to the contrary that for some z, € R%, we have
(4.3.8) v (T, z0) > g(xp).

Since g is USC, then from (4.3.8) there exists € > 0 such that
(4.3.9) v (T, z9) > g(z) +e for |z — x| <e.

Choose ¢ such that e < 1. Since vt is USC, then v is bounded above on the compact

set T = B.(T, zo) — B.2(T, o), where
BT, o) = {(t,z) € D: max {|T — t|, |z — xo|} < e}.!

Choose 8 > 0 small enough, such that
2

T, — .
v ( x0)+45>5+supv (t,x)

By a Dini type argument there exists a w € U such that
2
(4.3.10) v (T, ) + E > e+ Sup w(t,x).

For C' > 0 let us denote

B.C(p 7\ — ot | — o]
P (tx) =wv (T,xo)—i-T—i-C(T—t).
Hence, Dp?C(t, z) = Q(xgxo) and D?p%C (t,x) = %[dxd. From Assumption 4.2.1,
r—x| 2K

(4.3.11)  |pux(t,z,a) D™ (t,2)| < 2K| < 5 on B.(T, zy) for a € A,

where we use € < 1. Similarly,

1 2 K?
§Tr [oxo i (t,x,a) D> (t,2)]| < 2K2 d_ K
(4.3.12) BB

for (t,x) € B.(T,x0) and a € A,

1Note that such a neighborhood is not the regular Euclidean ball. The definition of such a neighborhood is crucial
for (4.3.15)
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where d is the dimension of the space where the variable x lives. From the linear
growth condition of p¥ in Assumption 4.2.9, there exists L > 0 such that for all
(t,x) € B(T, o) and a € A,
—pl(t,z, 0?0 — e ox(t,x,a) D’ a)
(4.3.13) <L (1 + ’gpﬂ’o(t,x) — 6} + ‘Ux(t,l’,a)D(p’B’O(t,I)D
< L(1+v"(T,z0) +1/8+ 14 2K/B)
Noting that Dp?C(t, ) = DpPO(t, r), from the monotonicity assumption of ui, we

have
_lu’ﬁY(tu z, SOB’C —&,0x (t7 z, a)DSOB’C7 CL) < _M%@? z, 905’0 - &, UX<t7 z, a)D@ﬁ’O, CL>.

The above equation with (4.3.11),(4.3.12) and (4.3.13) implies that H(-,p>¢ —
g, Dp?C D2pPC) (¢, x) is bounded from above on B.(T), x4) and the bound is indepen-
dent of C. Therefore, we can find C' > 0 large enough such that for (¢,z) € B.(T, zo)

and y > pPC(t,2) ¢,
(4.3.14) 00" + H(-,y, D™, D*p"C)(t,x) < 0,

where we used the monotonicity assumption of u%. Making sure that C' > /23, we

obtain from (4.3.10) that

(4.3.15) ¢’ >c+w on T.
Also,
(4.3.16) (T, x) > v (T, x0) > g(x) + ¢ for |z — | < e.

Now we can choose k < € and define

((pﬁ’c —K)Aw on EE(T,x ),
(4.3.17) WO = "

w outside B.(T, ).
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From (4.3.16) and (4.3.17) it is easy to see that w®%*(T,x) > g(x). By applying
similar arguments as in Step 1.1, we can show that w™®" is a stochastic super-
solution with w?%*(T z¢) < v*(T, o). This contradicts the definition of v™.

Step B: We now turn to showing the same result for more general % and follow a

proof similar to that in [16]. Fix ¢ > 0 and define 2”;; as the strong solution of

dY (s) = fiv (s, X7, (5), Y (s), ulals, au)ds + v (s, X{,(s), Y (s), ulals, a,)dW,
with initial data Y (t) = y, where

ﬂy(tuxayulL? CL) =y + eCt:uY<t7xveicty7u7a)7

oy(t,z,y,u,a) = e“oy(t,r,e "y, u,a).

Hence, Y% (s)e™® = Y __(s) for any s € [t,T] by the strong uniqueness. Set

t,x,y t,x,ye—ct

g(z) := eTg(x) and define

o(t,z) =inf{y e R: Ju et st. V" (T) > G(X7, (1)) -as.Vae A}

t’x’y

Therefore, 9(t, z) = e“v(t,x). Since p has linear growth in its second argument v,

one can choose large enough ¢ > 0 so that

(4.3.18) f o (tx,y, z,a) = ey + el (t ey, ez, a)

is non-decreasing in its y-variable. This means that these dynamics satisfy the mono-
tonicity assumption used in Step A above. Moreover, all the assumptions needed to

apply Step A to this new problem are also satisfied. Let

H(ta z, ya p7 M) = Sup{—cy - €Ct/‘bg (tv z, 6_Cty7 e_CtUX(t7 x, a)pv a)
(4.3.19) acd

1
+,u)T((t, x,a)p+ §Tr [axaj((t, T, a)M] }
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where @ is defined like @ but now in terms of y. We will denote by U™ be the set

of stochastic super-solutions of

Oup+ H(-, ¢, Dp, D*) =0 on D,
(4.3.20)
¢=g on Dr,
and 07 (t,z) = inf g w(t, ).

From step A, we know that 0" is a viscosity sub-solution of the above PDE.
Since any function w(t,z) is a stochastic super-solution of (4.2.4) if and only if
w(t, r) = e“w(t, ) is a stochastic super-solution of (4.3.20), it follows that o7 (¢, x) =
evt(t, z). Now it is easy to conclude that v™ is a viscosity sub-solution of (4.2.4).
Step 2. (v~ is the viscosity super-solution) Due to Assumption 4.2.11, v~ is
well-defined. Next we will show that it satisfies the interior viscosity super-solution
property followed by the boundary condition.

2.1 The interior super-solution property: Let (ty,79) € D; and ¢ € C'?(D)
be such that ¢ strictly touches v~ from below at (tg,zo). Assume by contradiction

that
Ap(to, xo) + H (to, o, ¢(to, xo), Dp(to, x0), D*p(to, 70)) > 0.
Hence there exists ag € A such that
(4.3.21) Arp(to, xo) + H"® (to, 20, p(to, x0), Do(to, 20), D*@(to, 20)) > 0,
where ug = (tg, zo, ¢(to, To), ox (to, To, ag) Dp(te, To), D*¢(to, 7)) and
H""(t,z,y,p, M) := —py (t,z,y,u,a) + px(t,z,a)p + %Tr [O’XO';(t, X, a)M] )

From the continuity assumption on the coefficients in Assumption 4.2.1 and the
continuity of 4 in Assumption 4.2.6, there exists €, > 0 such that
@i+ HY (- y, Do, D*p) > 0 V (t,x) € B.(ty,r0) and (y,u) € R x U s.t.

‘y - gD(t,l')l S 5 and ‘O—Y(t>$ay>uaa0) - O—X(tax7a0)D(70(t7x)‘ S 5
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Now, on the compact set T = B, (ty, o) — B 5(to, o), we have that ¢ < v~ and the
max of ¢ — v~ is attained since v~ is LSC. Therefore, o +n7 < v~ on T for some
n > 0. Since w,, /v, a Dini type argument shows that, for large enough n we have
©+n/2 <w, onT and ¢ < w,+§ on Bes(ty, xo). For simplicity, fix such an n and

denote w = wy,. For k € (0,2 AJ),

(p+rK)Vw on B.(ty,x),

w outside B.(ty, 7).

Since w*(tg, o) > v~ (to, To), we obtain a contradiction if we can show that w" € U~.
In order to do so, fix t and {7*} € T,. For a given u € $(t) and a € A?, we will
construct an “optimal” @ € A in the definition of stochastic sub-solutions for w*.
We will divide the construction into two cases:
(i) w(r®, X(r%)) = w"(r*, X (7*)): Since w is a stochastic sub-solution, there
exists an a; for w in the definition which is ”optimal” for the nature given u, o and
7% Let a = a;.

(i) w(r®, X (%)) < w(7%, X(7%)): Let
09 :=inf {s € [r*, T : (s, X755 ""(s)) & B.ja(to, wo)} AT

and

05 :=inf {s € [7%,T] : |V, (s) — (s, X753 (s))| = 0} A T.

tz,y

Denote 6% = 0% A 05. Then let a = ay until . Starting from 6, choose o = o,
where the latter is "optimal” for nature given a and u this time onward. In short,

the above construction yields a candidate “optimal” control for w" given by

a = (ILA&I + :H.Ac(aoﬂ_[tﬁa) + Oé*]]_[gaﬂ“])) ]]_[7—047’1"}7
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where A = {w(7%, X2, (179)) = w* (7%, X{,(7%))}. We now check that what we con-

structed actually works. Let

(X,Y) = (X757 Y0,

t,z,y

Note that

X(s) = ﬂAngfaal(s) + Lae X707 %(s)  for 7% < s <0,
(4.3.22)

Y(s) = ]lAYny@TWI(S) + ]lAcK?fy&aao (s) for7* < s <0°
Define

E={Y (") <w"(r*, X(1%))}, Eo=FENA, E =EnNA

G={Y(p) <w"(p,X(p)}, Go={Y(p) <wlp,X(p)}

Observe that

E:E()UEl, EoﬂElz(Z) and G()CG

The proof will be complete if we can show that P(G|B) > 0 for any non-null set
B C E. In fact, it suffices to show that P(G N B) > 0. Relying on the decomposition
P(GNB)=P(GNBNEy)+P(GN BN E)) (recall that B C FE), we will divide the
proof into two steps:

(i) P(B N Ep) > 0: Directly from the way «; is defined, the definition of the

stochastic sub-solutions and BN Ey C A, we get

P(Go| BN Eg) = P(Y,3"™" ™ (p) < w(p, X757 (0)|B N Eo) > 0.

t,x,y
This further implies that P(G N BN Ey) > P(Go N BN Ey) > 0.

(ii) P(BN Ey) > 0: From (4.3.22) and BN E; C A,

P(Y (0%) < w"(6%, X (0%))| BNEy) = P(Y“257(07) < wh (6%, X025 (6°))| BN Ey).

t,x,y
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The analysis in [16] shows that
A(s) =Y (sNOY) — (p(s NOY, X (s ANOY)) + k).

is a super-martingale up to a change of measure. We summarize these arguments

here. Let
A(s) = oy (s, X(s),Y(s),ulagls,a0) — ox(s, X(s),a0)De(s, X(s)),

Bs) = )M Lo (Aol X () +

gl (s, X (s),Y (), Do(s, X (s)), DXo(s, X(S))))-

From the definition of ¢ and the regularity and growth conditions in Assumptions
4.2.1 and 4.2.10, § is uniformly bounded on [7%,0%]. This ensures that the positive

exponential local martingale M defined by the SDE
NG
M()=1 +/ M (s)B] dW,

is a true martingale. An application of It6’s formula immediately implies that M A
is a local super-martingale. By the definition of 6%, A is bounded by — — xk from
below and by 6 — k from above on [7%,60%]. Therefore, M A is bounded above by a
martingale 20 and below by another martingale —2M¢ . An application of Fatou’s
Lemma implies that M A is a super-martingale.

From the definition of F; and w", A(7*) < 0 on B N E;. The super-martingale
property of MA implies that there exists a non-null set H C B N E; satisfying

H € Fl. such that A(6* A p) < 0 on H. Therefore, from the decomposition

A0 A p)ly = (Y(0F) — (07, X(07)) — £) Lungog<ognpy +
(Y (03) — (05, X(03)) = £) Lungag<ornpy + (Y (p) = (p, X (p)) = %) Lungp<ony.
we see that

(4.3.23) Y(07) — (07, X(67)) —x <0 on HN{O} <65 Ap},
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(4.3.24) Y(05) — (05, X(05)) —x <0 on HN{Oy <Y Ap}and

(4.3.25) Y(p) < plp, X(p)+rx on HN{p<l}.

On the one hand, on H N {69 < 05 A p}, (07, X(09)) + k < w(0, X(6)). Then

from (4.3.23), we will have
(4.3.26) Y(07) < w07, X(07)) on HN{OF <65 Ap}.

On the other hand, on H N {63 < 6% A p}, we get Y (69) — ¢(65, X(05)) = —d. (The
right-hand-side can not be equal to J, otherwise (4.3.24) would be contradicted.)

Recalling the fact that ¢ < w+ & on B.a(to, o), this observation gives that
(4.3.27) Y(05) —w(05, X(65)) = (¢ —w) (05, X(03)) —d <0 on HN{OS <07 Ap}.
We have obtained in (4.3.26) and (4.3.27) that

Y (6%) < w(f*, X(6%) on HN{#* < p}.
Now from the definition of stochastic sub-solutions and of a*, we have that
(4.3.28) P(Go|HN{0* <p}) >0 if P(HN{O* <p}) >0.
On the other hand, (4.3.25) implies that
(4.3.29) P(GIHN{0Y > p}) >0 if P(HN{6Y>p}) > 0.
Since P(H) > 0,Gy C G, and H C E; N B, (4.3.28) and (4.3.29) imply

P(GNE, NB)>0.

2.2 The boundary condition:

Assume, on the contrary, that

(4.3.30) v (T, x0) < g(z) for some z, € R%.
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From (4.3.30) and the lower semi-continuity of g, there exists ¢ > 0 such that
(4.3.31) v (T, x) < g(x) —e for |x— x| <e.

Since v~ is LSC, v~ is bounded below on the compact set T = B. (T, z9) — B.2(T', xo).

Choose 8 > 0 small enough such that

2
v (T, xg) — i_ﬂ < i%fv_(t,x) — €.

By a Dini type argument, there exists w € U~ such that

2
_ € .
(4.3.32) v (T, z9) — 17 < 1%fw(t, x) — €.

For C' > 0, define

|z — 20|?

SO,B,C@’ Z‘) - U_(T, Io) - /B

C(T —t) for (t,z) € D.
For any ag, we can choose large enough C such that?
0,p"C + H w0 (. PO DYPC D2pPC) > 0 on B.(T, ),

where ug = u(T, zo, o(T', x0), ox (T, o, a0) Dp(T, xg), ap). Then from the continuity
of the coefficients in Assumption 4.2.1 and the continuity of @ in Assumption 4.2.6,

for any ag, and there exists a small enough ¢ > 0 such that

w0 ¢+ Hu (- y, DpPC D2>pPC) > 0 ¥ (t,2) € Bo(T,x9) and (y,u) € Rx U
st. ly—¢?Ct,2)| <0 and |oy(t,z,y,u, a0) — ox(t, x, a0) D€ (t, )| < 0.

Choosing C' > ¢/23, we obtain from (4.3.32) that
¢ <w—¢ onT.
It also holds that

(4.3.33) T, z) < v (T, x0) < glx) — e for |z — 20| < e.

2Similar analysis for (4.3.14) will guarantee that choosing C' is possible.
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For k € (0, A J), define

(€ +K)Vw on Ea(T, o),
(4.3.34) WO =

w outside B.(T,z).

From (4.3.33) and (4.3.34), it is easy to see that w?“*(T,z) < g(x). By apply-
ing arguments similar to those in Step 2.1, we can show that w?“* € U~ with

w? (T, 29) > v~ (T, o). This contradicts the definition of v~ O

To characterize v as the unique viscosity solution of (4.2.4), we need a comparison

principle.

Proposition 4.3.5 (Comparison Principle). Under Assumptions 4.2.1, 4.2.6 and
4.2.9, the comparison principle for (4.2.4) holds. More precisely, suppose that U
(resp. V) be a bounded USC wiscosity sub-solution (resp. LSC wviscosity super-

solution) to (4.2.4). If U <V on Dy, then U <V on D.

Proof. Step 1: Without loss of generality, assume that
(4.3.35) 3~ > 0 such that H(t,z,y,p, M) — H(t,z,y',p, M) < —y(y — v/')

for all y > /. Otherwise, let U(t,z) = e®U(t,z) and V(t,z) = e®V(t,z). Then a
straightforward calculation shows that U (resp. 1% ) is a sub-solution (resp. super-

solution) to

Bp+ H(-, 0, Do, D%) =0 on Dy,
(4.3.36)

p=g on Dr,

where §(z) = eTg(x) and H is the same as that in (4.3.19). We can choose ¢ large

enough such that (4.3.35) holds for H. In fact, from the Lipschitz continuity of s
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in Assumption 4.2.9, for y > v/,

He(t,z,y,p, M) — H(t, 2,9/ ,p, M) = —c(y — )
+ et (/ﬂy(t, z,e Yy e ox(t,x,a)p,a) — pi(t,x, ey, e ox(t, x,a)p, a))
< —cly—y)+e'L-e(y—y)
=—(c=L)(y—y),
where L is the Lipschitz constant and

7 ct, u

He(t,x,y,p, M) : = —cy — ey (t,x, ey, e Cox(t,x,a)p, a)
1
+ iy (t,m,a)p + §Tr loxox(t,z,a)M] .

Then 7 := ¢— L > 0 for large enough c. Since f]() = SUDgec f[“(-), equation (4.3.35)
holds for H.
Step 2: In this step, we claim that for large enough A, Vs := V + de (1 + |z|?)
is a LSC viscosity super-solution to (4.2.4) for 6 > 0. Then, if we can show that
U—-Vs;<0onD forall § >0, we will get the required result by sending d to zero.
Now we prove the above claim.

Obviously, the boundary condition is satisfied. Let ¢ be a smooth function which
strictly touches Vs from below at (¢, zo) € D;. Let ¢°(¢,2) = ¢(t, z) — de (14 |z|?)
for all (¢,z) € D. Then V —¢° has a strict minimum at (¢, zo). Since V is a viscosity

super-solution, it holds that
(4.3.37) O (t,x) + H(t,x, 0’ (t,x), DY’ (t,x), D¢ (t,x)) < 0 on Dj.

Note that

0, 0°(t, ) = Opp(t, ) + Me M(1 + |z|?),
(4338) 10’ (t, ) = Oypl(t, x) (1 + []*)

D@(t, ) = Do(t,x) — 20e Mz, D> (t,x) = D?*p(t,x) — 20e M yyq.

Consider the difference of H(t,z,°, D’, D*¢?) and H(t,x,p, Dy, D*p). From
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(4.3.38) and Assumption 4.2.1, we get that

|1x (t, 2, @) Do(t,x) — px (¢, ,a) D’ (t, 7))
(4.3.39)
< K|Dp(t,x) — D’ (t,x)| = 2Kde ||,
Similarly,
(4.3.40)

1 1
§Tr(UXU)T((t, x,a))D*p(t, ) — ETI"(U)(O';F(@,J?, a))D*’(t, x)| < K2dse ™.
From the Lipschitz continuity of % in Assumption 4.2.9,

‘:ulﬁ/(tu T, P, UX<t7 z, a’)D()Ou CL) - /L?/(t? T, ()057 O-X(tv z, a)D9067 CL)|
(4.3.41)
< L(Se ™M (1 4 |z]?) 4+ 2K 5e M |z|).

From (4.3.39), (4.3.40) and (4.3.41),
|H(t,z, 0", Dg’, D*0°) — H(t,x, 0, Do, D*¢)| < de (1 + |z|*) A",
where \* := L + LK + K2d + K. Taking A > \*, we get that
Oup(t,x) + H(t,z,0(t, ), Dp(t, z), D*p(t, )
< O’ (t, ) + H(t, 2, 0%, De®, D*¢®) — Ase (1 + |z|?)
+ |H(t,x, 0, Dy’ D*p°) — H(t,z,p, Dy, D*p)|
<0’ + H(t,,¢°, D¢’ D*)
<0.
Step 3: In this step, we show that U — Vs < 0 on D for all § > 0. From boundedness

of U and V,

lim sup(U — Vs)(t,x) = —oo for all § > 0.

|z|—o0 [0,7]

This implies the supremum of U — V5 on D is attained on [0,7] x O for some open

bounded set O of R?. Assume, for the sake of contradiction, that

M* = s%)p(U —Vs) = [O{r%?ico(U —Vs) > 0.
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We will obtain a contradiction to the above equation. Take a bounded sequence
(te, S, Te, Ye )e that maximizes @, on [0, 7] x R? x R? with &, = U(t, z) — V;(s,y) —
¢e(t,s,x,y) and ¢.(t,s,2,y) = 5(|t — s|* + |x — y[*). By similar arguments in
Theorem 4.4.4 in [26], we know that (i, s., xc,y.). converges to (to, %o, To,zo) for

some (o, zo) € [0,7] x O and
(4.3.42) M. = ®(t., se,xe,y:) = M* and ¢ (te, Se, e, ye) — 0.

In view of Ishii’'s Lemma (Lemma 4.4.2), there exist M, N € S% such that

(é(tg — 5:), = (= — ¥e), M) e P"TU(tx),

1
13
1 1 .
(g(ts —s:), < (e —yg),N> e PVt 2).

From the viscosity sub-solution and super-solution characterization of U and Vj in
terms of super-jets and sub-jets, we then have

1 1
_g(ts - 55) - H<tsaxsv U<t€7'r6)7 _<x€ - y€)7 M) S 07

o

—($5 - ys)7N> > 0.

1
__ts_ € - H € E:V ey Ye )
~(te = 8e) — H(se, Y, Va(se, ),

By subtracting the two inequalities above, we get
1 1
H(taa Te, U(tm 1175), g(xa - ya)a M) > H(Saa Ye, ‘/5(527 y8)7 g(xa - ya)a N)

Subtracting H (t., xe, Vs(se, Ye), %(:c6 —vy.), M) from both sides of the equation above,

we get

H<ts7$sa U@axs)a %(‘736 - ys)a M) - H(tsaxsa Vé(se; ye)a %(xs - y€>7 M) >
(4.3.43)

H(Sé‘a Ye, ‘/(S(Saa ya)a %(IES - ys)a N) - H(téa T, ‘/(5(367 y6)7 %("L‘E - yE)a M)
Denote the left and right hand side of the inequality above by LHS and RHS. On

the one hand, since U (t., z.) — Vs(s:,y:) > M*,

(4.3.44) LHS < —y(U(te, z:) — Vis(se,y:)) < —yM™.
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On the other hand, applying inequality (4.4.5) to C = ox(t.,z.,a) and D =
UX(SEa Ye, CL)7 we get

I = ETI"[UXU)T((ta»fa»a)M] - %Tr[UXU)T((SE’yE’a)NH

IN

%TI‘ [(UX(tea x:—:) —0Xx (887 ys>)(aX(t€7 513'5) - UX(3€7 yz—:))—r)}
< 2O0(|te = s + |2 — ye[*) = 0.
In the last inequality, we use (4.3.42) and Lipschitz continuity of ox (uniformly in

a). Therefore,
(4.3.45) I} — 0 as e — 0, uniformly ina € A.

Similarly, from (4.3.42) and the Lipschitz continuity of px (uniformly in a)

1

1
(4.3.46) I, := ‘—,uj((tg, 2o, a)(2e — yo) — —pix(Se, ye, a)(ze — y2)| — 0 for all @ € A.
€ £

From (4.3.42) and Lipschitz continuity of oy (Assumption 4.2.1) and p% (Assumption

4.2.9), we get

I Te — Ye
Hy <t57m5;V;S(Se»:%)»O-X(taaxa?a) ( ) 7a>

13 =
€

7 Te — Ye
— My (Saayaa%(Ssay&‘)ag)((sa)ya)a) ( ) aa) ‘

3

1
SV(“E - S€| + |'r€ - ye|) + %O(ns - 3€|2 + |l’5 - y6‘2) —0ase — 07
where v(z) — 0 as z — 0. The first term in the last inequality above is the modulus
of continuity of p% in the variables (¢, ) (uniformly in a) and the second term comes

from similar arguments for I; and I5. Therefore,
(4.3.47) I3 — 0, uniformly in a € A.
Then, (4.3.45), (4.3.46) and (4.3.47) imply that
(4.3.48) RHS -0 as ¢—0.

From (4.3.43), (4.3.44) and (4.3.48), we obtain a contradiction. O
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Corollary 4.3.6. If g is continuous and Assumptions 4.2.1, 4.2.6, 4.2.9, 4.2.10 and

4.2.11 hold, then v is the unique bounded continuous viscosity solution of (4.2.4).

Proof. From 4.3.4, v (resp. v™) is a bounded USC viscosity sub-solution (resp. LSC
viscosity super-solution) to (4.2.4). Then, v (T,z) < g(z) < v~ (T, x). This implies
v < v~ on D from Proposition 4.3.5. Since vt > v > v~ by definition, v = v =v".
We have shown that v is continuous and a bounded viscosity solution of (4.2.4).

To check the uniqueness, let w be a bounded continuous viscosity solution of
(4.2.4). Note that w is a LSC viscosity super-solution and v is an USC viscosity
sub-solution of (4.2.4) . From Proposition 4.3.5, v < w on D. Similarly, w < v on

D. This implies w = v on D. O]

From Theorem 4.3.4 and Corollary 4.3.6, we obtain dynamic programming prin-

ciple as a byproduct.

Corollary 4.3.7 (Dynamic Programming Principle). Assume g is continuous and
Assumptions 4.2.1- 4.2.11 hold. For any (t,x) € D, the following two statements

hold:

1. (DPP 1.) For any y > v(t,xz), there exists u € $A(t) such that for all a € A*
and 0 € Ty,

Yo, (0) > v(0, X7,(0)).

t7x’y

2. (DPP 2.) For anyy < v(t,x) and u € $U(t), there exists a € A" such that for
all § € Ty,

P (Y5, > v(, X2, (0))) < 1.

tuzvy -

Proof. DPP 1: If y > v(t,x) = v*(t,x) (due to Corollary 4.3.6), there exists w € Ut

such that y > w(t,z). From the definition of stochastic super-solution, there exists



120

u € #(t) such that

Yi52,(0) > w8, X2,(0)) > v(0, X7,(0)) for all 0 € Ty and a € A".

t?x7y

DPP 2: If y < v(t,x) = v~ (t,x) = sup,,cy- w(t, ) there exists w € U~ such that
y < w(t,x). From the definition of stochastic sub-solution, for any u € #(¢), there

exits a € A’ such that

P (Y55,(0) < w(8, X7,(6))) > 0 for all § € ;.

t7x7y

Since w(0, X7, (0)) < v(0, X{*,.(0)), the desired result holds. O

4.4 Appendix

4.4.1 Proof of Proposition 4.2.12

We carry out the proof in two steps. First under Assumptions 4.2.6 and 4.2.9,
we will show that there exists a classical solution to (4.2.4). Next, we will show
that, if we additionally have Assumption 4.2.1, then every classical super-solution is
a stochastic super-solution, which implies in particular that Ut is not empty.

Step 1. Existence of a classical super-solution to (4.2.4).
1.A. In this step we will assume that p% is non-decreasing in its y-variable. Letting

o(t,r) = —eM, we have that
(4.4.1)  0uo(t,x) + H(t, 2,9, Do, D*¢) = —Ae™ + sup{—p(t, z, p(t, r),0,a)}.
acA

From the linear growth condition of x% in Assumption 4.2.9, we know there exists
an L > 0, such that —ul(t, 2, ¢(t,7),0,a) < L(1+|¢(t,z)|) = L(1+ eM). Therefore,

from (4.4.1),

o(t,x) + H(t,z, ¢, Dp, D*p) < —Ae™ + L(1 + €M) < 0 on D; for A > 2L.



121

Fix A > 2L and choose Ny such that —e*” + Ny > ||g|eo. Then ¢'(T,z) = ¢(T, z) +
Ny > g(z) for all z € R%. From the assumption that pf is non-decreasing in its

y-variable, it holds that
0, (t,x) + H(t,z,¢', D¢, D*¢') < 0 on I;.

Therefore, ¢’ is a classical super-solution.

1.B. We now turn to showing the same result for more general p%. This follows the
same reparameterization argument outlined in Step 1.2-B in the proof of the main
theorem.

Step 2. Classical super-solutions are stochastic super-solutions. Let w be
a classical super-solution. Fix (t,7,y) € D; x R and {7*} € T;. Let Y be the unique

strong solution (which is thanks to Assumption 4.2.9) of the equation

THVI

V() =Y 4 [ (s X 6, V), o5, X)) D, X (5) ) s

TVI
+/ ox (s, X' (s), as) Dw(s, X7, (s))dW, [>T,

for any u € 4(t) and a € A" and set Y (s) = Y5, (s) for s < 7% We will set it to be

u = ulal(s) = u(s, Xﬁx(s),V(s), ox (s, X{'(s), as) Dw(s, X7, (), as).

It is not difficult to check that u € (¢, {7*}). We will show that for any u € LI(t),
a € A' and each stopping time p € T;, 7 < p < T with the simplifying notation

X = XY =y @reille we have

Y(p) > w(p,X(p)) P—as. on {Y(7%) >w(rt* X(79)}.

Note that Y = Y}y ;aﬁ[a]’a for s > 7*. We will carry out the rest of the proof in two
steps.

2.A. In this step we will assume that pf is non-decreasing in its y-variable. Let

A=AY (%) > w(t*, X (%)}, Z(s) =w(s, X(s)), T'(s) =(Z(s) —Y(s)) La.
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Therefore,

(4.4.2) 0 =1 [ " €)= v (w)du,

where
(5) ¢ = (s X (s), (s, X(5)), 0x (5. X (s), ) D, X (5)), 1) — Dow(s, X(s))
— ik (s, X (), @) Du(s, X(s)) — 3 Telowa (s, X (s), @) Du(s, X (s))]
and
€(s) : = i (5, X (), Z(s), o (s, X (5), ) Du(s, X (5)), )
— 1% (5, X(5),Y (), 0x (5, X (s), as) Dw(s, X (5)), ).

Since w is a classical super-solution, v > 0. Then from (4.4.2), it follows that
I'(s) < ILA/ E(u)du and TT(s) < ILA/ £ (u)du, for s> 7%

From the Lipschitz continuity of % in y-variable in Assumption 4.2.9,

I't(s) < ]lA/ T (u)du S/ LT " (u)du for s> 7°.
In the equation above, we also use the assumption that pf is non-decreasing in its
y-variable to obtain the second inequality. Since EI'*(7%*) = 0, an application of
Gronwall’s Inequality implies that ET'"(p) < 0.
2.B. Now let us turn to showing same result for more general uf. However, this

again follows the same reparameterization argument outlined in Step 1.2-B in the

proof of the main theorem. O

4.4.2 Proof of Proposition 4.2.17

Take w(t,z) = m for any (t,z) € D, where the constant m is a lower bound of g.

For any given u € U(t), o € A, choose any & € A Let B C {Y(7%) < w(r, X(7%))}
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and P(B) > 0. Set

0 if oy(s,X(s),Y(s),ula ®re als, [@ ®@ra @]s) # 0,

Hy Oy

or 2 (s, X(s),Y(s),ular ®a @ls, [ Rra @), otherwise.
Oy
Therefore, 0, satisfies the Novikov’s condition due to Assumption 4.2.16 and W (s) =

W(s) — fos 0, du is a Brownian motion under the probability measure QQ, where

S 1 S
Q(A) =Ep(Zrl,) for all A € F, and Z, := exp (/ 0, dW,, — 5/ HGUHQdu) :
0 0

Zp € LY(P) for any ¢ > 1 since 0 is a bounded. From Assumption 4.2.13 and
assumption that oy is invertible in its u-variable (Assumption 4.2.6), it follows that

oy (t,z,y,u,a) = 0 implies py (t,x,y,u,a) = 0. Therefore under Q
dY (s) = oy (s, X(s), Y (s),uld],, é,)dW, for s> 71

where YV := }Qflff”&. We will show that the Q-local martingale Y is actually a

Q-martingale. Assumption 4.2.1 implies that

(4.4.3) Ep { sup |Y(s)|2] < 0.

0<s<T
See e.g. Theorem 1.3.5 in [26] or Theorem 2.2 in [34]. As a result, an application of

Holder’s inequality yields that

(4.4.4) Eo | sup V(o) < Be | sup V(0P| Be(23] <

0<s<T 0<s<T
From (4.4.4), Y is a martingale on [7%,7T] under Q. Moreover, since Q is equivalent

to P, Q(B) > 0. As a result, for any p > 7°,
Y(p) <Y (7*) < m on some F',-measurable set H C B with Q(H) > 0.

This implies Q(Y (p) < m|B) > 0 and P(Y(p) < m|B) > 0 by the fact P ~ Q.

Therefore, w(t, x) = m is a stochastic sub-solution. O
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4.4.3 Some well-known results from the theory of viscosity solutions

In this subsection, we introduce an alternative definition of viscosity solutions and
Ishii’s Lemma following [26]. First, we define the second order super-jet of an USC
function U at a point (£, 7) € [0,T) x R? as the set of elements (g, p, M) € RxR? x S¢

satisfying
_ _ 1 _
Ult,x) <U(@,T)+qt—t)+p- (x—T)+ §M(:1: —7) - (x—7) +o(|t — | + |z — T|?).

This set is denoted by P>TU(¢,z). Similarly, P>~V (¢,7), the second-order sub-jet
of a LSC function V at the point (¢,7) € [0,T) x R? is defined as the set of elements

(q,p, M) € R x R? x S? satisfying
_ _ 1 _
Vit ,z)> V(t,f)+q(t—t)+p-(x—f)+§M(x—f)-(x—f)+o(\t—t\+|x—512).

For technical reasons related to Ishii’s lemma, we also need to consider the limiting
super-jets and sub-jets. More precisely, we define P (t,z) as the set of elements
(q,p, M) € R x R? x S? for which there exists a sequence (., z., q., p., M. ). satisfying
(G, pe, Me) € P*TU(te,2) and (te, xe, U(te, 7). e, pe, Me) — (¢, 2, U(t, @), q,p, M).
The set ﬁQﬁV(t, x) is defined similarly. Now we state the alternative definition of

viscosity solutions to (4.2.4).

Lemma 4.4.1. A USC (resp. LSC) function w on D; is a viscosity sub-solution
(resp. super-solution) to (4.2.4) if and only if for all (t,x) € Dy, and all (q,p, M) €

P w(t, z)(resp. P w(t, z)),
—q— H(t,z,w(t,z),p, M) < (resp. >) 0.

Finally, we state Ishii’s lemma used in [26] without proof and refer the reader to

Theorem 8.3 in [18].
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Lemma 4.4.2 (Ishii’s Lemma). Let U (resp. V') be an USC (resp. LSC) function
on D;, ¢ € CVH22([0,T)? x RY x RY) and (o, s, 2o, %) € [0,T)? x RY x RY be a
local mazimum of U(t,x) — V(s,y) — @(t,s,z,y). Then, for all n > 0, there exist

M,N € S¢ satisfying
—2.4
(8tg0(t0, S0, X0, y0)7 ngp(t()a 50, Lo, yO): M) S U<t7 .ZU),

—2—
(—QOS(t[), S0, Lo, 90)7 _Dy@(tm S0, X0, yO)v N) epr V(tv JZ),

and

M 0 ) ) 9
< D; ,¢(to, s0, 70, Y0) + 1 (Dx,y@(tm S0, 20, Y0)) -
0 —N
Remark 4.4.3. From Remark 4.4.9 in [26] , by choosing ¢.(t, s, x,y) := o (|t — s[> +

|z — y|?) and n = ¢, for any d x n matrices C, D, we get

(4.4.5) Tr(CC™M — DDTN) < STT((C —D)(C—D)").



CHAPTER V

Stochastic Perron for Stochastic Target Games with a
Stopper

5.1 Outline of this chapter

As mentioned in the introduction, in this chapter we investigate two types of
stochastic target games with a stopper under the framework of Chapter IV. The
two types of stochastic target problems can be interpreted as the super-hedging and
sub-hedging problem, respectively. In Section 5.2, both problems and their associ-
ated HJB equations are introduced. In Sections 5.3 and 5.4, we prove the viscosity
properties and verify that the value function is the unique viscosity solution to its as-
sociated HJB equation for the super-hedging and sub-hedging problem, respectively.
In Section 5.5, we compare the two value functions and prove that they coincide

when the control set of Nature is a singleton.

5.2 The setup

Let © be the space of continuous functions w : [0,7] — R?, P be the Wiener
measure on 2 and W be the canonical process on €2, i.e. Wi(w) = w;. For ¢ € [0, T,
let F* = (Fl)o<s<r be the augmented filtration generated by (W — W;)ss,. By
convention, F! := F} for s < t. Denote by U" (resp. A") the collection of all F'-

s

predictable processes in L2(P ® A;) with values in a given Borel subset U (resp.

126
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bounded set A) of R* (resp. R!), where Ay, is the Lebesgue measure on R. Let
D:=[0,7] xRY D;:=[0,T)xRY, Dyp:={T}xR%

Given (t,z,y) € D x R and (u,a) € U' x A, the state processes are driven by the

stochastic differential equations (SDEs)

(521) dX(s) = px(s, X (s),as)ds + ox (s, X(s), as)dWs,
dY (s) = py (s, X(s),Y(s), us, as)ds + oy (s, X(s),Y(s), us, a)dWs,

with initial data (X (¢),Y(¢)) = (z,y).

Assumption 5.2.1. ux,puy,ox and oy are continuous in all variables and take
values in RY, R, R? and M?, respectively. There exists K > 0 such that for all

(t,z,y), (t,2",y) eDxR,ueclU anda € A,
lux(t, 2, a) — px (' 2, a)| + [ox(t, z,a) — ox (¢, 2, a)| < K(|t = |+ |z — 27]),
lux(t,z,a)| + [ox(t,2,a)| < K,
[y (2, y,u,a) — py (8 2,y u )| + oy (8 2, y,u,a) — oy (t 2,y ua)| < Kly — o,
ly (t, 2, y,u,a)| + oy (8,2, y,u,a)] < K(1+ [ul + [y]).

This assumption ensures that the stochastic differential equations given in (5.2.1)

are well-posed. Denote the solutions to (5.2.1) by (X7, Y,2% ). Let T; be the collec-

tao t7$7y

tion of all F'-stopping times valued in [t, 7.

Definition 5.2.2. A map u: A" — U*, o — ula] is a t-admissible strategy if it is

non-anticipating in the sense that

{weQ:a(w)ps = o' (W)} C {w € Q:u[)(W)[pyg = ula](W)]eg} -a-s.

for all s € [t,7] and o, o’ € A, where |; 4 indicates the restriction to the interval

[t, s]. We denote by $(t) the collection of all t-admissible strategies. We write Y5,

for Ytux[a;a for any u € £(¢).
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Definition 5.2.3. A map p: A" = T;, a — p[a] is a t-admissible stopping strategy

if

{weQ:a(w)|iyg = (W)} C
fw et < pla)(w) = pla)(w) < s} U{w € 2,5 < minfpla] (), p()()}}
for all s € [t,T] and , o’ € A*. We denote by T(t) the collection of all t-admissible

stopping strategies;

With the definitions above, we can rigorously define the two value functions, which
can be interpreted as the super-hedging and sub-hedging price of American options

with model uncertainty, respectively.!
Vi(t,z) :=inf {y e R: Ju e U(t) s.t. Y5 (p) > 9(X2(p) V€ A" Vp € T;},

Vi(t,z) :==sup{y € R: Fu e Y(t),p € T(t) s.t. Y57, (pla]) < g(X7,(pla]))Va € A'},

where ¢g : R — R is a bounded continuous function. From the above definitions, it
is unclear if V}, compare with Vj, although we expect that Vj is larger. We will prove
that this is indeed the case in Section 5.5.

To identify appropriate definitions of stochastic semi-solutions in Section 5.3 and

5.4, we need the following definitions.

Definition 5.2.4 (Non-anticipating family of stopping times). Let {7%}aeat C Tt

be a family of stopping times. This family is t-non-anticipating if

{weQ:a(w)pg =a(w)

5]} C
{weQ t<1w)=7"w) <s}U{weQ:s<min{r*(w), 7 (w)}} -as.

Denote the set of t-non-anticipating families of stopping times by T;.

1We will use “the super-hedging problem” and “the sub-hedging problem” to refer to the two problems in this
chapter, when there is no ambiguity.
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Remark 5.2.5. For p € T(t), {ple]}acat € Tt by definition. Throughout this chapter,
{7} will be used to represent t-non-anticipating family of stopping times {7} ,c 4t

for short, when ¢ is fixed and there is no ambiguity.

Definition 5.2.6 (Strategies starting at a non-anticipating family of stopping times).
Fix ¢t and let {7*} € T;. We say that a map u : A" — U', a — ula] is a (¢, {7%})-
admissible strategy if it is non-anticipating in the sense that
{we Q:a(w)|pyg = W)k} C {weN:s<min{r*(w), 7 (w)}} U
{weQ:t<7w) =7Yw) < s, a)(W)|pa),y = ule] (W)]jror ()5} --S.
for all s € [t,T] and a, o’ € A", denoted by u € 4U(t, {7°}).
Remark 5.2.7. The definitions for (¢, {7*}) and 4(t) are consistent. In fact, if we

set 7* =t for all o € A, then the two definitions coincide.

Definition 5.2.8 (Stopping strategies after a non-anticipating family of stopping
times). For t € [0,7] and {7*} € Ty, amap p : A" = T, a — pla] is a (t,{7°})-
stopping strategy if p[a] > 7 for all a € A" and

{weQ:a(w)|ig = W)k} C {w e Qs <min{p[a](w),p(a’)(w)}}

Ufw e Q:7%(w) = 7(w) < pla](w) = p(d/)(w) < s}

for all s € [t,T] and «, o’ € A'. The set of all such stopping strategies is denoted by
T(t,{T}).
Remark 5.2.9. The definitions of T(t,{7*}) and T(¢) are consistent. In fact, if we
set 7 = t for all « € A', then the two definitions coincide. It also holds that
T(t,{r*}) C T(t) by definition for any {7} € T,.
Definition 5.2.10 (Concatenation). For oy, as € A" and 7 € T;. The concatenation

of a, s is defined as follows:

a1 @r ag =yl ) + aolly 7.
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The concatenation of elements in U is defined in the same way. The following
lemma discusses about the admissibility of the pasted strategy at a non-anticipating

family of stopping times; We refer the readers to Lemma 4.2.5 for its proof.

Lemma 5.2.11. Fort € [0,T] and {7*} € Ty, if u € 4(t) and u € U(t, {7*}), then
u, € (t), where

U o] = u®re tfa] == ula] @« ulal.

For (t,x,y,2,a) € D x R x R x A, define
N(t’x’y’ z,a) = {U eU: O-Y(taxayaua Cl) = Z}

Assumption 5.2.12. There exists a measurable map 4 : D x R x RYx A — U such

that N = {a}. Moreover, the map u(-,a) is continuous for each a € A.

For (t,z,y,p, 2, M,a) € D x R x R? x R? x M? x A, define

/’L%(t7 x? y? Z? a) = /‘[/Y<t7 m? y? ﬁ(t7 aj? y7 Z7 aj)? a)7
N 1
Lt z,y,p, M) := pl(t,z,y,0x(t,x,a)p,a) — px(t,z,a) p— §Tr[axa;(t, x,a)M],
1
L (t,z,y,p, M) := py (t,z,y,u,a) — px(t,z,a) p — éTr [O'XO';((t,l',&)M] :
H(t, @,y p, M) = inf Lt z,y,p, M), F(t,2,y,p, M) = sup L*(t, ,y, p, M).
a€ acA
Assumption 5.2.13. The map (t,z,y, z) € DxRxR? — pl(t, z,y, 2, a) is Lipschitz
continuous, uniformly in a € A. Moreover, (y,z) € R x R v p(t,x,y,2,a) has
linear growth, uniformly in (t,x,a) € D x A.

Assumption 5.2.14.

sup |MY('7U7')|
uelU 1+ |O-Y('7u7 )|

15 locally bounded,

With stochastic Perron’s method, we will show
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e in Section 5.3 that Vj is the unique viscosity solution of

(52.9) min {—0,p(t, z) + He(t,z), ¢(t,x) — g(z)} =0 in D;,

o(T,z) = g(z) for r € RY.
e in Section 5.4 that Vj is the unique viscosity solution of

(5.2.3) min{—ﬁtgo(t, .Z') + FSO(I; IK), Sp(tv l’) - g(w)} =0 in ]D)i’

o(T,r) = g(x) for x € R%
5.3 The super-hedging problem

We now introduce classes of stochastic super-solutions and sub-solutions to (5.2.2),
which envelope the value function and are closed under pairwise minimization and

maximization, respectively.
Definition 5.3.1 (Stochastic super-solutions). A function w : [0,7] x R? — R is
called a stochastic super-solution of (5.2.2) if

1. It is bounded, continuous and w(t,x) > g(z) for all (¢,z) € D.

2. For any (t,z,y) € D xR, {7*} € T; and u € (t), there exists u € (¢, {r*})

such that for all & € A" and p € T; satisfying 7* < p < T, we have
Y(p) =2 w(p, X(p)) P—as. on {Y(r%) = w(r®, X(7%))},

where X := X and Y := y, e ulale

t7x’y

The set of stochastic super-solutions is denoted by Uf.

Definition 5.3.2 (Stochastic sub-solutions). A function w : [0, 7] x R — R is called

a stochastic sub-solution of (5.2.2) if

1. It is bounded, continuous and w(T, z) < g(z) for all z € RY.
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2. For any (t,z,y) € D xR, {7*} € Ty, u € U(t) and o € A", there exist a € A
and p € Ty satisfying 7* < p < T (@ and p may depend on w, u, {7*} and «)
such that

P(Y(p) <g(X(p))|B) >0,

for any B C {Y(7%) < w(r®, X (7)} satisfying B € F!. and P(B) > 0, where

t
X = X9 and Vo= Yo,

t,x,y

The set of stochastic sub-solutions is denoted by Uj .

Proposition 5.3.3. Under Assumptions 5.2.1, 5.2.12 and 5.2.13, U is not empty.
Proof. The proposition follows from similar arguments to those in 4.2.14. n
Assumption 5.3.4. U, are not empty.

Following similar arguments to those in Subsection 4.2.3, we can see that the

following holds if U and U; are not empty.

Vy = sup w <V, < inf w::V;“.
wely wGU;"

In the rest of the section, we will show in Theorem 5.3.7 that that V" is a viscosity
sub-solution and V.~ is a super-solution of (5.2.2). We first state two lemmas without

proof. For their proofs, we refer the readers to Lemma 4.3.1 and 4.3.2.

Lemma 5.3.5. Uf (resp. Uy ) is closed under pairwise minimization (resp. mazi-

mization,).

Lemma 5.3.6. There ezists a non-increasing sequence U > w, \, V;© and a non-

decreasing sequence Uy 2 v, S V..

Theorem 5.3.7. Let Assumptions 5.2.1 and 5.2.12 hold.
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1. If Assumption 5.2.13 holds, V. is a bounded USC wiscosity sub-solution of

(5.2.2).

2. If Assumptions 5.2.14 and 5.53.4 hold, V.~ is a bounded LSC wviscosity super-

solution of (5.2.2).

Proof. Step 1. ( V" is a viscosity sub-solution)
1.1. The interior sub-solution property: Assume, on the contrary, that

(to,zo) € D; and ¢ € CH*(D) be such that

0 = V;"(to, m0) — @(to, zo) = %@X(V;(Sa z) — ¢(t, x)),

©(to, xo) > g(xo) and —0wp(to, xo) + Hp(to, z9) > 0. By similar arguments to those
in Step 1.1 of Theorem 4.3.4’s proof in Chapter IV, there exist € > 0 and § > 0 such

that

(5.1 o(t,z) > g(x)+¢e and — dyp(t,z) + H(t,z,y, Dp(t,x), D*¢(t,z)) > 0
for all (¢,z) € B.(ty,r9) and y € R s.t. |y —(t,z)| <4

Choose € small enough such that Eg(to, xo) D7 = . Since ¢ > V" on the compact

set T := B.(to, z0) — Beja(to, wo) and V" is USC, ¢ > V¥ +2n on T for some 7 > 0.

Let {w,} be a sequence such that w, \, V. A Dini type argument shows that for

large enough n,
(5.3.2) o>w,+n on T, o>w,—06 on Ea/g(to,x(]).

Fix such an n and let w = w,,. For k € (0,7 A d A €), define
(0 — k) Aw on B.(ty, x¢),
w outside B, (ty, zo).
Since w"(tg, xg) = w(to,xo) — k < Vi (to,x0), we will obtain a contradiction if we

can show w" € Uf. Obviously, w" is continuous and bounded. Since w € Ul and
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o(t,r) — Kk > g(x) + e — Kk > g(x) for all (t,2) € B.(ty,x0), w(t,z) > g(x) for all
(t,z) € D. The rest of the proof (which shows that w" satisfies the second property
of Definition 5.3.1) is the same as that in Step 1.1 of Theorem 4.3.4 in Chapter IV.
1.2. The boundary condition: The proof follows the same arguments in Step 1.2
of Theorem 4.3.4’s proof in Chapter IV.

Step 2. ( V; is a viscosity super-solution)

2.1. V7 (t,x) > g(x) : In this step, we show that V.~ (¢, z) > g(z) for all (¢,z) € D.

Assume, on the contrary, that for some (to,z9) € D there exists n > 0 such that
(5.3.3) 0 < 2n:= g(xo) — V, (to, x0).

Take an arbitrary w € Uy . From the fact that w(to, zg) < V™ (to, xo), the continuity

of w and lower semi-continuity of g, there exists ¢ > 0 such that for all (¢,x) €

Bs(to,xo),
(5.3.4) g(x) —w(t,x) >n, g(x) — g(xg) > —g and |w(t, ) — w(to, zo)| < g

Define
w(t, z) for (t,z) ¢ B.(ty, o)
w(t,z) + (1 _ dist((t, 2), (to, 20))

€
Obviously, w’ is bounded, continuous and

w'(t, x) =

) (9(xo) —n — w(ty,x0)), otherwise.

(5.3.5) {(t,r) s w(t,x) < w'(t,x)} C Be(to, o).
Moreover, by (5.3.4),
(5.3.6)  w'(t,x) <w(t,x) + g(xe) — n — w(to, o) < g(x) for (t,z) € B.(to, o).

The equation above, along with the fact that w € Uy, implies that w'(T, z) < g(z).
Since w'(to, xo) = g(xo) —n >V, (to, z0) by (5.3.3), we will obtain a contradiction if

w' e Uy .
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We now show that v’ € U;. Fix (t,z,y) € D; x R, {7} € T;, u € 4(¢) and
ae A Let a¥ € A’ and p¥ € T; be the ”optimal” control and stopping time of

Nature in Definition 5.3.2 for w.? Define
a:=(a"la+ aolac) Ljpaqp and  pi= p“la + 71 e,

where aq is arbitrary in A* and A = {w'(7%, X7(7%)) = w(r®, X7.(7%))}. We
can easily check that @ € A" and p € T; with p > 7% Let X := ngfaa and

Y = V%% @ Tt suffices to show that

P(Y(p) <g(X(p))|B)>0

for any B C {Y(7%) < w'(7%, X(7%)} satisfying B € F'. and P(B) > 0. Note that

To

(5.3.7) X(1%) = X7, (1), Y(r%) =Y (17,

t7$?y

X(8) = LaX{9 (8) 4+ Lae Xp27%(s)  for 7 < s,
(5.3.8)

Y(s) = LaY2 % (s) 4+ 1ac Y22 (s)  for 7@ < s

We consider the following two cases which will yield the desired result.

(i) f P(BN A) > 0: Note that

BNAC {Yu’a®7aaw(70‘) <w <Ta,Xg§Taaw (TO‘)>} )

t,z,y

From the fact w € U, the equation above, (5.3.8) and the definitions of p and ¥

on A,
P(Y(p) < g(X(p) BN A) =P (V7™ (o) < g (X% (p)) |B N A) > 0.

This implies that P ({Y'(p) < g (X(p))} N BN A) > 0.

(i) If P(B N A°) > 0: By (5.3.5) and (5.3.6),

Yoy (T%) < /(7% X7, (7%)) < g(X7,(7%)) on BN A”

tx,y

2Although the “optimal” control and stopping time also depend on {r®}, u and «, we only emphasize the
dependence on w.
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By (5.3.7), (5.3.8) and the definition of p on A€,

P(Y(p) < g(X(p))|BNA®) =P (V,5,() < g(X7.(7%))|BNA%) > 0.

t,x,y
This further implies that P ({Y(p) < g (X(p))} N BN A°) > 0.
2.2 =9,V (t,x) + HV (t,x) > 0 on D; in the viscosity sense. Assume, on

the contrary, that (tg, z9) € D; and ¢ € C'*(D) are such that

(m?XD(SD(?f, r) =V, (t,x)) = ¢(to, o) — V, (to, z0) = 0 and
t,r)e

_atg0<t07 'TO) + ng(t(h ZEO) < 0

From the equation above, there exists an ag € A such that
(539) —8tg0(t0, SU()) + Luo’aogp(to, Io) < 0,

where ug := u(to, xo, (to, o), ox (to, To, ao) Dy (to, ), ap). From the continuity of
ix, ity and ox in Assumption 5.2.1 and the continuity of @ in Assumption 5.2.12,
there exist € > 0 and § > 0 such that
—Oup(t, x) + L™ (t,z,y, Do(t,x), D*p(t,x)) < 0, for (t,7) € B.(ty, 79) and (y,u)
€ RxUsdt. |y—o(t,x) <dand |oy(t,z,y,u,ap) — ox(t,x,a0)Dep(t, )] < 0.

Choose ¢ small enough to make sure that B.(ty, zo) N Dy = 0. Since ¢ < V,~ on the
compact set T := B_(ty,zo) — Besa(to, o) and V,” is LSC, ¢ < V" — 2 on T for
some 7 > 0. Let {w,} be a sequence in U; such that w, , V,-. By a Dini type

argument, there exists nyg € N such that for all n > ny,
p<w,—mnon T, ¢<w,+d on EE/Q(tO,xO).

Fix such an n and let w = w,,. For k € (0,7 A d A €), define

(p+K)Vw on Ea(to,mo),

w outside B.(tg, 7).
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Since w"(to, xo) = p(toxo) + £ > V. (to, zo), we would obtain a contradiction if we
could show w* € U, . Obviously, w" is continuous, bounded and w*(7T, z) > g(x) for
r € R

Fix (t,z,y), {7%} € Ty, u € U(t) and a € A". To show w* € U, we need

s
to construct an “optimal” control @ € A' and an “optimal” stopping time p € T;
satisfying p > 7% in the sense of Definition 5.3.2 for w”. Let A = {w(7%, X{,(7%)) =
w*(7%, X7,(7%))}. We consider the construction of & and p on A and A° separately:

(i) On A: Let a“™ and p*" be the “optimal” control and stopping time of

Nature for w in Definition 5.3.2 given u, a and {7%}. Set & = a“™" and p = p*™".

(ii) On A Let 0* = 69 A 05, where
05 :=inf {s € [*, T : (s, X;5™""(s)) & B.ja(to, wo)} AT and

05 :=inf {s € [7%, T : |V500(s) — (s, Xpo™®(s))| = 6} A T.

tx,y

By Example 1 in [4], {#*} € T;. Let a be ag on [7,0%). Starting from 6, choose

~ a
a = 0

w,

9 and p = p»?%, where a*%" is the ”optimal” control and p“?" is the
”optimal” stopping time satisfying p* " > 6 which correspond to u, a ®,a ao and
{6*} in Definition 5.3.2.

In short,
a = (ILA&“”T + ﬂAc(aoﬂ[t,ga) + &w’e]l[gaj])) ﬂ[Taij p= ﬂpr’T + ]lAcpw’e.

To show the construction works, the proof follows from similar arguments to those

in Step 2.1 of Theorem 4.3.4’s proof. O]

To characterize V; as the unique viscosity solution of (5.2.2), we need a comparison

principle.
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Proposition 5.3.8. Under Assumptions 5.2.1, 5.2.12 and 5.2.13, the comparison
principle for (5.2.2) holds. More precisely, if U (resp. W) is a bounded LSC viscosity

sub-solution (resp. a bounded USC wiscosity super-solution) to (5.2.2) and U < W

on Dy, then U < W on D.
Proof. This proposition follows from the arguments in Proposition 4.3.5. m

Corollary 5.3.9. Under Assumptions 5.2.1, 5.2.12, 5.2.13, 5.2.14 and 5.3.4, V is

the unique bounded continuous viscosity solution of (5.2.2).

Proof. This corollary follows from the same arguments in Corollary 4.3.6. O

5.4 The sub-hedging problem

Definition 5.4.1 (Stochastic super-solutions). A function w : [0,7] x R? — R is

called a stochastic super-solution of (5.2.3) if
1. Tt is bounded, continuous and w(t,x) > g(z) for all (¢,z) € D.

2. For any (t,z,y) e DxR, {r*} € Ty, u € (t), p € T(t,{r*}) and o € A", there

exists a € A’ such that
P (Y(pla]) > w (pla], X(pla])) |B) > 0

for any B C {Y(7%) > w(7%, X (7%)} satisfying B € F!. and P(B) > 0, where

!
X = X0 % and Y = Yoo

t7$’y

The set of stochastic sub-solutions is denoted by Uy .

Definition 5.4.2 (Stochastic sub-solutions). A function w : [0, 7] x R — R is called

a stochastic sub-solution of (5.2.3) if

1. It is bounded, continuous and w(7T, z) < g(z) for all z € R4
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2. For (t,z,y) € D x R, {7*} € Ty and u € (t), there exist u € U(t, {7*}) and

p € T(t,{r*}) such that for any o € A" |
Y(pla]) < g(X(pla])) P —as. on {Y(7%) <w(r®, X(7%))},

where X := X and YV := v, Eretloler

t,x,y

The set of stochastic super-solutions is denoted by U, .
Proposition 5.4.3. Under Assumptions 5.2.1, 5.2.12, 5.2.13, U, is not empty.
Assumption 5.4.4. U} is not empty.

Following similar arguments to those in Subsection 4.2.3, we can check that

(5.4.1) V,oi=sup w <V, < inf w=:V",

wel, wely
when U and U, are not empty. Next we will show in Theorem 5.4.7 that V," is
a viscosity sub-solution and V,~ is a super-solution of (5.2.3). We still have the

following two preparatory lemmas.

Lemma 5.4.5. U} (resp. Uy ) is closed under pairwise minimization (resp. maxi-
mization).

Lemma 5.4.6. There exists a non-increasing sequence Uy 3 w, \ V,* and a non-
decreasing sequence U, > v, V.

Theorem 5.4.7. Let Assumptions 5.2.1 and 5.2.12 hold.

1. If Assumption 5.2.13 holds, V," is a bounded USC wviscosity sub-solution of

(5.2.3).

2. If Assumptions 5.2.14 and 5.4.4 hold in addition to the main assumptions, V,~

is a bounded LSC viscosity super-solution of (5.2.3).
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Proof. Step 1. ( V, is a viscosity super-solution)
1.1. V, (t,z) > g(x) : We show that V, (¢, z) > g(z) for all (¢,x) € D in this step.

Assume, on the contrary, that for some (to, z9) € D, there exists n > 0 such that
—2n =V, (to, o) — g(xo) < 0.

Take an arbitrary w € U, . From the fact that w(to, xo) <V, (to, o), the continuity

of w and upper semi-continuity of g, there exists ¢ > 0 such that for all (¢,z) €

B (to, 7o),
w(t,x) —g(x) < —n, gx) — g(xg) > —g and |w(t, x) — w(to, xo)| < g

Define

w(t,z) for (t,x) ¢ B.(to, o),

w(t,z) + (1 _ dist((, ) (0 0)

w'(t, z) ==

) (9(xo) — w(ty,x0) —n), otherwise.

Obviously, w’ is bounded and continuous. Moreover,

(5.4.2) {(t,x) s w(t,x) < w'(t,x)} C Be(to, z0) and

(5.4.3)  w'(t,x) <w(t,z)+ (g(x0) — w(to, x0) — n) < g(x) for (t,2) € B.(to, o).

This, together with the fact that w(T,z) < g(x) for all x € R? implies that
w'(T,xz) < g(z). Since w'(ty, z9) = g(xo) — 1 > V, (to, o), we will obtain a con-
tradiction if w’ € U, .

Fix (t,z,y) € D; x R, {7*} € T, and u € (). Let u* € (¢, {7*}) and p* €

T(t,{7*}) be the strategies in Definition 5.4.1 for w. Define

o] = (@[a]La + w'o]Lac) Loy and  pla] = pla] Ly + 7% 1,
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where u* is arbitrary in 4(¢,{7%}) and A = {w'(7%, X2(7%)) = w(r®, X7,(7%))}.
It is easy to check that u € U(t,{r*}) and p € T(t,{7°}). Let X := X, and

Y = Y;‘f;aﬁ[a]’a. It suffices to show that

Y(pla]) < g(X(p[e])) P—as. on {Y(r) <w'(7%, X(7%))}.
Note that
(5.4.4) X(r%) = X2,(r%), Y(r*) =Y, (m)

t,z,y

We consider the following two cases.

(i) On the set AN{Y(7%) <w'(7*, X(7%))}: Note that
AN{Y () < ' (7%, X (7))} c{Y (7)) < w (7%, X (7%))}.

The equation above, along with the definitions of u and p on A and the fact w € Uy,

implies that
Y(pla]) < g(X(p[e])) on AN{Y(r%) <w'(7%, X (7))}
(ii) On the set AN {Y () < w'(r%, X (7%))}: by (5.4.2),
(7%, X2,(7)) € Ba(to, m0) on A° N {Y (%) < w(7*, X (7))}
This implies from the definition of p on A¢, (5.4.3) and (5.4.4) that
Y5 (elo]) < ' (plal, X7, (pla)) < g (X7a(plal))

on A°NA{Y (%) < w'(r* X(7%))}. Therefore, (i) and (ii) yield the desired result.
1.2. -9V, (t,x) + FV, (t,x) > 0 on D; in the viscosity sense. Let

(to, 7o) € D; and p € C1*(D) be such

0=V, (to, m0) — (o, o) = (t%ie%_(%_(t, z) = ¢(t, ).
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Assume by contradiction that
—0t(t0, Io) + F(,O(t(], .730) < 0.

By applying similar arguments to those in Step 1.1 of Theorem 4.3.4’s proof, there
exist € > 0 and § > 0 such that for all (t,7,y) € D x R satisfying (¢,2) € B.(to, 7o)

and [y — o(t, 2)| < 0,
(5.4.5) —Oup(t,z) + F(t,x,y, Do(t,r), D*¢(t,r)) < 0.

Since ¢ < V;~ on the compact set T := B.(tg, ) — B /3(to, o) and V,~ is LSC,
¢ <V, —2n on T for some n > 0. Let {w,} be a sequence in U, such that
w, /' V, . A Dini type argument shows that ¢ < w,, —n on T and ¢ < w, + ¢ on

Be/s(to, z9) for large enough n € N. For simplicity, fix such an n and let w = w,.

For k € (0,n A6 N ¢e), define

(¢ +K)Vw on B.(ty, o),
w outside B.(ty, x).
Since w"(tg,xo) = @(to,x0) + £ > V, (to,x0), we will obtain a contradiction if
we can show w® € U,. Obviously, w" is continuous, bounded and w"(7T,z) <
g(z) for all z € RY Fix (t,z,y) € D; x R, {r*} € T; and u € U(¢). Let
u ™} € (¢, {r*}) be the “optimal” strategy in Definition 5.4.1 for w and A =
{w (7, X2, (7)) = w(T*, X, (7)) } . We construct &t on A and A° separately:
(i) On A: set & to be u® {7},
(ii) On A®: For a € A%, let Y be the unique strong solution (which is thanks in

particular to Assumption 5.2.13) of the equation
TVI

T =)+ [ oxs Xius) 0 Dl XiL ()Y,

@

TV
+ / 1 (5, X2 (5), V7 (5), o (5, X (5), ) Depls, X2 (5)), s ) ds.
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Note that Y (s) = ¥} (s) for s < 7. Define

tay
o = to[a] (s) = (s, X7, (), Y (5), o (5, X{5 (), ) Dp(s, X7, (5)), )
Let 0% = 0% A 05, where
07 :=inf {s € [t%,T] : (s, X7, (s)) & Be2(to,z0)} AT and

05 :=inf {s € [v*, T : |?a(s) — (s, X7, ()| > 6} AT.

Set & to be 1y on [, 0%). Starting at 6%, we will follow the strategy u® '} ¢

(¢, {0*}) which is "optimal” for w. In short,
ﬂ[a] = (ﬂAuw’{TQ}[Oé] + 1Ac(ﬁo[a]ﬂ[t79a) + uw’{oa}[a]ﬂ[gaﬂ)) ]l[TayT].

We note that 1y € () by the pathwise uniqueness of X’s, Y’s and Y’s equations.
Define u*[a] := tig[a] Ly go) + u® 1 }a]Ljge 1. From Lemma 5.2.11, u* € (). By
Definition 5.2.6, it is easy to see that u € (¢, {7*}) by the pathwise uniqueness of
X’s equation.

We construct p as follows. Let p 17"} € T(¢, {7®}) be the stopping strategy of the
controller in Definition 5.4.1 for w corresponding to {7¢} and p*1*} € T(¢, {6°})

be the stopping strategy in Definition 5.4.1 for w corresponding to {6*}. Define
(5:46) plo] = 14"V a] + Lup™ (]

Obviously, p € T(t,{7*}).To check that the constructions of i and p works, it suffices

to show that
Y(ple]) < g(X(pla])) P-as. on {Y(7%) < w(r®, X(7%))},

where

X=X/, and Y := v, Erotlaler

t,x,y
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We will carry out the proof in two steps:

(i) On the set AN{Y(r*) < w"(7*, X(7%))}: Note that
AN{Y (1) <w™(7*, X (%))} < {Y(7) < w(t*, X(79))}.
Therefore, by the definitions of p and 1 on A and the fact w € U, , we have
Y(pla]) < g(X(pla])) on AN{Y(r%) < w™(r%, X (7))}
(ii) On the set A°N{Y (%) < w"(r*, X (7%)}: Applying Itd’s Formula, we get that
A6

Y(NANOY) —o(- NO* X (-NOY) =Y (7)) — (7%, X (79)) + / v(s) ds, where

T

(s) = —0p(s, X(s)) + L (5, X(s), Y (s), Do(s, X (5)), D*p(s, X (5)))-

From (5.4.5), v < 0 on [t%,60°]. This implies that Y(- A 0%) — o(- A 0%, X (- A 0%)) is

non-increasing on [7%, T']. Therefore,
(5.4.7) Y(0%) — p(0%, X(6%) — k <Y (7%) — (7%, X (7)) — k < 0.
On the one hand, we get from (5.4.7) that
(5.4.8) 0= Y(07) — (07, X (07) + v) = Y(07) — w(07, X(67)) on {67 < 05}
On the other hand, due to (5.4.7) and the path continuity of X and Y,
V(03) — (03, X(63)) = —6 on {63 > 03},
Since ¢ < w + § on Es/g(to,.’lfo),
(5.4.9) Y(05) —w(bs, X(05)) = (05, X (03)) —w(05, X(05)) =6 <0 on {07 > 65}
Combining (5.4.8) and (5.4.9), we obtain

Y(0Y) —w(0%, X(6%) <0on A°N{Y(7%) < w"(7%, X)}.
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This equation, together with the facts that p = p*?" and 11 = u 1%} on A°, implies
that

Y(ple]) < g(X(pla])) on A°N{Y (%) < w™(7%, X)}.
Step 2. ( V," is a viscosity sub-solution)

2.1 The interior super-solution property: Assume, on the contrary, that

(to,z0) € D; and ¢ € C*?*(D) are such that

0 = V;"(to, wo) — ¢(to, o) = (JE%KW(@ z) — ¢(t, z)),

V.5 (to, mo) > g(xo) and —dyp(to, To) + Fep(to, z0) > 0. Then there exists ag € A such

that
(5410) —8t90(t0, 1’0) + LuO’CLOQO(t(), l’o) > 0,

where uy = U(to, o, ¢(to, o), ox (to, To, ag) Dp(to, o), ag). From the continuity as-
sumption on the coefficients, the upper semi-continuity of g and the continuity of @

in Assumption 5.2.12, there exist € > 0 and ¢ > 0 such that
(5.4.11) o(t,z) > g(x) + ¢ for all (t,x) € B.(to, o),

and

(5.4.12) —Bup(t, ) + L*(t, 2.y, Dip, D*¢) > 0, (t,2,y,u) € Be(to, z0) x R x U

st ly—(t,z)| < 6§ and |oy(t, z,y,u,a0) — ox(t,z,a0)Dp(t, z)| < 6.

Since ¢ > V;" on the compact set T := B.(to, zo) — B.ja(to, xo) and V," is USC,
o > V,;"+2n on T for some n > 0. Let {w,} be a sequence in U} such that

w, \¢ V,". A Dini type argument shows that for large enough n,

¢ >w,+n on T, ¢>w,—0 on Beplt,xo).
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Fix such an n and let w = w,,. For k € (0, AJ A¢e), define

(0 — k) Aw on B.(ty, x¢),

w outside B, (ty, zo).
Since w"(to, zo) = ¢(to, xo) + Kk < V; (to, z0), we will obtain a contradiction if we can
show w”® € U;". Obviously, w* is continuous and bounded. By (5.4.11) and w € U},
wh(t, ) > g(x) for all (¢t,z) € D.

Fix (t,z,y) € D; x R, {r*} € Ty, u € U(t), p € T(t,{r*}) and a € A", we
will construct an ”optimal” control & € A’ in Definition 5.4.2 for w®. Let A =
{w(r, X7, (7%)) = w™(1%, X{,.(7%))}. We divide the construction into two cases:

(i) On A: Since w € Uy, there exists @™ which is "optimal” for Nature in the
sense of Definition 5.4.2 given u, {7}, p and a. Set @ to be a“™" on A,

(ii) On A°: Let 6% = 0% A 6, where

03 :=inf {s € [r*, T : (s, X;5""(s)) & B(to,x0,e/2)} AT and
05 :=inf {s € [t*, T : ‘Yz‘fy@”ao(s) - gp(s,Xﬁf*“ao(s))‘ >0} AT.

Set & = ag on [7%,0%). Starting from 6%, choose & = a“?", where the latter is

”optimal” for Nature given u, {7}, p and « this time onward. In short,
a = (ﬂA&w’TQ + 1 ge ((Loﬂ[tﬂa) + &w’aaﬂ[ga’ﬂ)) 1[7—(1”1"}.

Let us check the construction above works. Set (X,Y) := (Xz‘f)faa,Yu’a@*aa). Note

t,x,y
that
X(s) = ILAX;‘S)T“&W’TQ () + Lae Xy (s)  for 7 < s < 6%,
(5.4.13)
V(s) = 1aY22 7 () 4+ 14 Y5090 (s) for 7 < 5 < 0°.
Let

E={Y(r®) >uw'(r*, X(r%)}, Ey=ENA, FE =FEnA

G ={Y(pla]) > w"(pla], X(pla])}, Go = {Y(pla]) > w(pla], X (p[a])}.
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Observe that £ = EyUE,, EgNE; =0 and Gy C G. We will show in the rest of the
step that P(G|B) > 0 for any Fl.-measurable, non-null set B C E. In fact, it suffices
to show that P(G N B) > 0. Noting that P(GNB) =P(GNBNEy) +P(GNBNE))
and P(B) = P(B N Ey) + P(B N E}), we divide the proof into two steps which will
yield the desired result.

(i) If (BN Ep) > 0: Since w € U, , BN Ey C {Y(7%) > w(r*, X(7%))} and

BN E, C A, it follows from the definition of a“™" that

Jw Ta

P(Go|B N Eg) = P (V7™ (pla]) > w (plal, X2 (pla)) ) 1B O Eo) > 0.

This further implies that P(G N BN Ey) > P(GoN BN Ep) > 0.

(ii) If P(BN Ey) > 0: From (5.4.13) and BN E; C A,

P(Y (0%) > w"(6°, X (0°))|BNEy) = P (Y90 (0%) > w* (6, X2 (9)) | BN Ey) .

t,x,y

The analysis in [6] shows that
A(s) =Y (sNOY) — (s NV, X (s ANOY)) + k.
is a super-martingale up to a change of measure. We will summarize these arguments
here. Let
A(s) = oy (s, X(s), Y (s), ulaols, ao) — ox(s, X(s), a0) Deo(s, X (s)),
B(s) = LMl (s, X (5), Y (5), Dep(s, X(5)), D*p(s, X(5)))[A(5)| 72 A(8) Ljago=s)-
From the definition of ¢ and the regularity and growth conditions in Assumptions

5.2.1 and 5.2.14, we can check that § is uniformly bounded on [7%,6%]. This ensures

that the positive exponential local martingale M defined by the SDE

N
M()=1+ / M(s)8TdW,
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is a true martingale after 7*. From (5.4.12), an application of It6’s formula immedi-
ately implies that M A is a local sub-martingale. By similar arguments to those in
Step 2.1 of Theorem 4.3.4’s proof, we further know that MA is a sub-martingale.
Since A(7*) > 0 on BN Ey, it follows from the sub-martingale property of MA
that there exists a non-null K C BN Ey, K € Fl. such that A(6* A pla]) > 0 on K.
From the decomposition
A% Apla) ke = (Y(O7) — (07, X(07)) + ) Lrngoe<og rpfal)
+ (Y(63) — (03, X(03)) + &) Lrngog <ogrplal}

+ (Yiplal) = wlpla], X(pla]) + £) Lknipla <02},

we get that

(5.4.14) Y(02) — (65, X(62)) + k>0 on K N{6% <65 Aplal},
(5.4.15) Y (03) — o(02,X(05) + k>0 on K N{65 <65 Aplal},
(5.4.16) Y (pla]) — p(plal, X (pla]) + >0 on K n{pla] < 6°}.

On the one hand,
p(07, X (07)) — & > w(07, X(67)) on K N{07 <05 Aplal}.
Then from (5.4.14), the equation above yields that
(5.4.17) Y(07) > w07, X(67)) on K N{0 <05 Apla]}.
On the other hand,
Y(63) — (0, X(05)) = 6. on K N{0y <07 Aplal}.

The right-hand-side can not be —d, otherwise (5.4.15) would be contradicted. Re-

calling that ¢ > w — ¢ on B s(to, To), this observation gives that

(5.4.18)  Y(62) = (63, X (65)) + 6 > w(62, X(62)) on K N {05 < 6% A pla]}.
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Therefore, we obtain in (5.4.17) and (5.4.18) that

Y (6%) > w(0%, X (6%) on K N{#* < plal}.

By the definition of stochastic sub-solutions and of a*%", we have that

(5.4.19) P(GolK N{6° < pla]}) >0 if P(K N {6° < pla]}) > 0.

Also, (5.4.16) implies that

(5.4.20) P(G|K Nn{0* > pla]}) >0 if P(KN{0* > pla]}) > 0.

Since P(K) > 0,Gy C G, and K C E; N B, (5.4.19) and (5.4.20) imply

P(GNE;NB) > 0.

2.2 The boundary condition: The boundary condition can be proven by follow-

ing a similar proof to Step 2.2 in Theorem 4.3.4. O]

To characterize V, as the unique viscosity solution of (5.2.3), we need a comparison

principle.

Proposition 5.4.8. Under Assumption 5.2.1, 5.2.12 and 5.2.13, the comparison
principle for (5.2.3) holds. More precisely, if U (resp. W) is a bounded LSC viscosity

sub-solution (resp. a bounded USC wiscosity super-solution) to (5.2.3) and U < W

on Dy, then U < W on D.
Proof. The proposition follows from the arguments in Proposition 4.3.5. m

Corollary 5.4.9. Under Assumption 5.2.1, 5.2.12, 5.2.14 and 5.4.4, V,, is the unique

bounded continuous viscosity solution of (5.2.3).

Proof. This corollary follows from the same arguments in Corollary 4.3.6. O
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5.5 Comparison of V, and V,

Proposition 5.5.1. Let Assumptions 5.2.1, 5.2.12, 5.2.13, 5.2.14 and 5.4.4 hold.

Then
1. Vo, >V, on D.
2. If A= aq for some ag, Vs = V.

Proof. The second claim is trivial, by the uniqueness of the viscosity solutions to
(5.2.2) and the fact that H = F' if A is a singleton. The proof of the first claim is
similar to that of Proposition 4.3.5. We will only outline the key steps of the proof.

Step 1. Without loss of generality, we assume that
(5.5.1) 3~ > 0 such that H(t,z,y,p, M) — H(t,z,y',p, M) > ~v(y — ')

for all y > y'. Otherwise, we could follow the arguments in Step 1 of Proposition
4.3.5.

Step 2. We know from Theorem 5.3.7 that V; is the unique bounded continuous
viscosity solution of (5.2.2). We claim that for large enough A > 0, V is a continuous
viscosity super-solution of (5.2.2) for any § > 0, where Vo (¢, x) := Vi(t, x)+de M (1+
|z|?) for (t,z) € D. Such a claim is proved in Step 2 of Proposition 4.3.5.

Step 3. In this step, we show that V5, < V2 on D for all § > 0. Then by taking
0 — 0, we get that V,, < V; on . The proof of this step follows from a very similar

arguments in Step 3 of Proposition 4.3.5. O

Remark 5.5.2. As we mentioned, V, and V, are interpreted as hedging prices of Amer-
ican options with model uncertainty. Although they don’t compare by definition, the
above proposition show that V; > V;, on D without proving any duality results. For
discussion about hedging under model uncertainty, we refer the readers to [5] and

the references therein.
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