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certain constraints. To this problem, where the uncertainty only affects the
constraints, we associate a robust (pessimistic) counterpart and several dual
problems. The paper provides corresponding dual variational principles for
the robust counterpart in terms of the closed convexity of different associated

cones.

Keywords Robust convex optimization - Lagrange duality - strong duality -
robust strong duality - uniform robust strong duality - robust reverse strong
duality.

AMS subject classification 90C25, 46N10, 90C31

1 Introduction

Robust optimization has recently emerged as a useful methodology in the
treatment of uncertain optimization problems. In this paper we consider a
convex optimization problem posed in a locally convex decision space with an
arbitrary number of uncertain constraints. Following the robust approach, we
associate to this uncertain problem a deterministic one called robust coun-
terpart ensuring the feasibility of all possible decisions for any conceivable
scenario. To this problem we associate five different robust dual problems, two
of them already known (the Lagrange dual and the optimistic dual problems),
the remaining three dual problems being apparently new in the literature.
The paper provides robust strong duality theorems for the five duality
pairs guaranteeing the zero-duality gap with attainment of the dual optimal

value which are expressed in terms of the closedness of suitable sets regarding
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the vertical axis. It also provides corresponding stable robust strong duality
theorems guaranteeing robust strong duality for arbitrary linear continuous
perturbations of the objective function which are expressed in terms of the
closedness and convexity of the above sets. Moreover, the paper gives uniform
strong duality theorems guaranteeing the same for the larger class of pertur-
bations of the objective function formed by the proper, lower semicontinuous,
and convex functions which are continuous at some robust feasible solution,
this time expressed in terms of the closedness and convexity of the so-called
robust moment cones. The mentioned duality theorems are specialized in a
non-trivial way to uncertain linear optimization problems, obtaining results
which are new even for deterministic problems (with singleton uncertainty

sets).

We also give reverse strong duality theorems guaranteeing the zero-duality
gap together with the solvability of the primal problem which are expressed in
terms of the weak-inf-local compactness of certain Lagrange function for par-
ticular multipliers, recession conditions on the intersection of sublevel sets of
the data functions, and the closedness of certain set associated to the problem

regarding the vertical axis.

The mentioned duality theorems are finally applied to a given convex opti-
mization problem with uncertain objective function and (possibly) uncertain
constraints by reformulating it as a convex optimization problem with deter-

ministic objective function and uncertain constraints.



4 Nguyen Dinh et al.

2 Background

This paper deals with uncertain convex optimization problems of the form

(P) (B0 seatu <o wen) L)
ze (u,t)teTEtel_[TUt

where X is a locally convex Hausdorff topological space (in brief, IcHtvs),
T is a possibly infinite index set, and f and g;(-,us), t € T, uy € Uy, are
convex functions defined on X. We assume that f is deterministic, while the
uncertainty falls on the constraints in the sense that u; is not deterministic and
belongs to an uncertainty set Uy C Z,;, a lcHtvs depending on t. Additionally,
we assume that the functions g; are real-valued, i.e., g;: X x U; — R.

The objective of the paper is to provide duality principles for the robust
counterpart of (P), which is known to be the problem that all the uncertain

inequality constraints are satisfied, namely:

(RP) 12§( {f(x) sit. ge(x,u) <0, VE €T, Yu, € Us}. (2)

In the formulation of (P) and (RP) we used the notation in [1]. As asserted
in [2, p. 472], ‘since duality has been shown to play a key role in the tractability
of robust optimization, it is natural to ask how duality and robust optimization
are connected’. The reaction of the researchers to this question, implicitly
posed in 2009 by the seminal paper of Beck and Ben-Tal [3], has been to
expand the literature on robust duality in two opposite directions:

1. Generalization: getting duality theorems under assumptions, which are as

weak as possible for very general robust optimization problems in order to
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gain a better understanding of the robust duality phenomena.

2. Specialization: getting duality theorems for particular types of uncertain
optimization problems in order to ensure the computational tractability of
both pessimistic (primal) and optimistic (dual) problems.

Different dual problems can be associated with (RP). Let us denote by
(RD) one of these dual problems, which are generically called robust du-
als. Robust zero duality gap means the coincidence of their optimal values,
ie., inf(RP) = sup(RD). If, additionally, the dual optimal value sup(RD)
is attained, then it is said that robust strong duality holds, i.e., inf(RP) =
max(RD). Analogously, when the primal optimal value inf(RP) is attained, it
is said that reverse robust strong duality occurs, i.e., min(RP) = sup(RD). Fi-
nally, if both problems are solvable and their values coincide, then we say that
robust total duality holds, i.e., min(RP) = max(RD). These desirable proper-
ties are said to be stable when they are preserved under arbitrary continuous
linear perturbations of the objective function f.

With few exceptions (as [4] and [5]), almost any paper on robust duality
considers the constraints as a source of uncertainty, in few cases together
with the objective function ([3,6]). Most published papers deal with uncertain
optimization problems as (1), not necessarily convex.

Defining the uncertainty set

U=]]U.

teT

and G : X x U — RT such that G (z,u) := (g (¥, u)),er € RT, for any

2z € X and u € U, one can reformulate the robust counterpart of (P) in (2) as



6 Nguyen Dinh et al.

the cone constrained problem

(RP) 1é1)f( f(x) st. —G(z,u) € C, YueUl,

where C' = Ri is the positive cone in the product space R”. Conversely, the
robust counterpart of any uncertain cone constrained problem can be refor-
mulated as an uncertain inequality constrained problem of the form

(RP) inf f(x) st (A G (z,u)) <0, VA€ C'\Vu e U,

zeX

where C’ denotes the dual cone to a given closed and convex cone C' contained
in some lcHtvs.

The works published up to now on robust duality can primarily be classified
by the type of constraints of the given uncertain problem, either inequality
constraints or conic constraints. Other criteria are the nature of the objective
function and the constraints (either ordinary or conic functions).

Table 1 presents a summary of the existing literature on robust optimiza-
tion problems with uncertain inequality constraints. In almost all references,
which are chronologically ordered, the number of variables is finite. We say
that a function is co/co when it is the quotient of a convex function by a
positive concave function, it is maz/co/co when it is the maximum of finitely
many co/co functions, it is sos/co/po when it is sum-of-squares, and it is lo-
cally C* when it is continuously differentiable on some open set. The codes for
the last column, informing about the nature of the duality theorems contained

in each paper, are as follows: ”zero-gap” stands for the results guaranteeing
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robust zero duality gap, ”strong” means robust strong duality, and ”total” for

robust zero duality gap with attainment of both problems.

Table 1
Refs. f gt (-, ut) T U Dual problem| Ths.
(3] convex convex finite compact convex Lagrange zero-gap
(7] convex convex finite compact Lagrange strong
8] co/co convex finite compact convex Wolfe total
9] locally C! | locally C! finite compact convex Lagrange strong
[10] linear affine infinite arbitrary Lagrange strong
[11] | max/co/co convex finite compact convex Lagrange strong
12 convex convex finite arbitrary in R? Lagrange Zero-gap
y grang g
6] quasiconvex convex finite arbitrary in R surrogate strong
(13] linear affine finite compact convex Dantzig robust
[14] | sos/co/po | polynomial| finite finite Lagrange total
(15] 1% quadratic finite ellipsoids Lagrange total

The meager literature on robust optimization problems with uncertain cone
constraints is compared in Table 2. In all references, the decision space X is
a lcHtvs, G is C'—convex (equivalent to the convexity of g; for all t € T
in the case of inequality constraints) and the feasible set is the convex set
F={zeS:-G(z,u) e C, Yu e U}, where S C X is a given convex set. A
function is said to be DC when it is the difference of two convex functions. The
setting of this paper is intermediate between those of the two types of works
reported in Tables 1, and 2 as the decision space X here is infinite dimensional,

but we prefer inequality constraints to conic ones as we try to investigate
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Table 2

Reference f Dual problem Theorems
[4] convex Lagrange strong
[16] convex Lagrange total
[17] co/co Wolfe total
[18] convex Lagrange stable zero-gap
[19] DC, convex | Fenchel, Lagrange stable strong
[20] convex Lagrange stable strong

the dependence of the duality principles from several cones associated with
the constraint functions (more precisely, from the epigraphs of the conjugate
functions of g:(.,us), t € T, uy € U). Indeed, we associate with the robust

counterpart (RP) a convex, infinite optimization parametric problem

(RP,~) 1g)f< {f(z) — (=", z) sit. ge(z,u) <0, Ve €T, Yu, € Uy},

where (z*, z) denotes the duality product of z € X by z* € X* (the topological
dual of X, whose null vector we denote by 0x~). Obviously, (RFp,. ) coincides
with (RP), so that we have embedded (RP) into the parametric problem.

Let us give a simple example of robust infinite optimization problem.

Ezample 2.1 Let X be the Hilbert space L? := L2 (]0,1]). We denote by ||-|]
the L?-norm and consider the unit closed ball B := {z € L? : |jz| < 1}.
Given a € L? and two families of positive numbers, {at},. and {8, },cp , we

consider the uncertain linear problem

1 1
P) {;;1; { /0 a (s)z (s) ds s.t. /0 up (s)x (s)ds < B, te T}}Wge -
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The feasible set of the robust counterpart (RP) of (P) is

{x €L?: fol ut (s)z (s)ds < By, Vt € T,Vu; € oztB}
= {x € L?: sup fol u (s)x(s) < By, VE € T}
llull <o

={zel?: olz| <B, VtET},

and we have

1
(RP) inf / a(s)z(s)ds s.t. ||z|| < inf — b )
zeL? 0 teT o
equivalently,
' B
(RP) _félfz/o a(s) (- (9)ds si. o] < juf 7",
and so, inf(RP) = — ||a||inf;cr & ﬁt

Appealing to the standard notation of convex analysis recalled in Section 2,
we introduce the following moment cones, whose subindexes are the initials of

the five robust dual problems, that we introduce in next section:

Mo = U convcone{{(OX*, 1} U (U epi (gt(~,ut))*) }

u=(ut)teT €U teT

Mo = convcone{ {(0x~,1)} U < U U epi(g:(-,u ))*)},

ueU teT

My = U cl conv cone {
u=u(t)ter €U

epi(g ut>>*}7

teT

H

u €U

My, = convcone{ {(0x~, 1)} U ( U cdconv |J epi(ge(.,u ))*) },
te

My, := conv cone{ (0x+,1)} U ( U el conv | epi(gt(.,ut))*> } .

uelU teT
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The cones My and Mg are called robust moment cone and robust characteristic
cone in [10], respectively. The above five cones have the same w*-closed and
convex cone hull, ¢l M¢, which determines the feasible set F of (RP) as, F # ()
if and only if (0x«,1) ¢ clM¢ [21, Theorem 3.1], in which case, by [21,

Theorem 4.1] and the separation theorem,

F={zeX: () <a V(' 5a)eMc}. (3)

The cone cl(M¢) can be called robust reference cone following the linear semi-

infinite programming terminology [22].

The paper is organized as follows. Section 3 introduces the necessary con-
cepts and notations, and yields the basic results to be used later. Section 4
establishes and characterizes various dual variational principles for (RP,~) in
terms of w*-closed convexity of Mo and My, or in terms of w*-closedness of
Mc, My, , and My, . Section 5 is devoted to uniform robust strong duality
(i.e., the fulfilment of robust duality for arbitrary convex objective functions),
robust duality for convex problems with linear objective function, the par-
ticular case of robust linear optimization and, finally, robust reverse strong
duality. The last section is focused on the general uncertain problem, where
the constraints and the objective functions are all uncertain. Our approach
consists in rewriting such problem in one of the types studied previously, i.e.,
with deterministic objective function, and applying the results obtained in the

first part of the paper.
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3 Preliminaries

We start this section with some necessary notation. Given a non-empty subset
A of a (real) IcHtvs, we denote by conv A, cone A := Ry A, and ¢l A, the convex
hull of A, the cone generated by A, and the closure of A, respectively. Given
two subsets A, B of a lcHtvs, A is said to be closed (respectively, closed and
conver) regarding B if (cl A)NB = ANB (respectively, (cl convA)NB = ANDB).

(T)

We represent by R} ’ the positive cone in R(™)

, the so-called space of
generalized finite sequences A = (A\¢)ter such that Ay € R, for each ¢t € T, and
with only finitely many A different from zero. The supporting set of A € R(™)
issuppA:={teT : X\ # 0}

Having a function h : X — R := RU{4oc}, we denote by epih and
h* the epigraph and the Legendre-Fenchel conjugate of h, respectively. The
function h is proper if epih # () and never takes the value —oo, it is convex if
epih is convex, and it is lower semicontinuous (Isc, in brief) if epih is closed.
We denote by I' (X) the class of all Isc proper convex functions on X. The
indicator function of A C X is represented by is (i.e., ia(x) = 0if x € A,
and ig(x) = oo if z ¢ A). If A is a non-empty, closed and convex set, then
ia € I'(X). We also denote by 7 (X) C I'(X) the class of (real-valued)
convex continuous functions on X.

Following [23], we define the characteristic cone of a system
o ={h(z) <0, t € T} such that {h;, t€e T} C I'(X) as

K (o) := conv cone {{(OX*,l)} U U epi hf} .

teT
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Concerning the data in the robust counterpart problem (RP,~) introduced in
(2), we assume that, for each t € T, U; is an arbitrary subset of the lcHtvs Z;.

Along all the paper we will assume that
fel(X)
gi(u) €T (X), Vte T, Yu, € Uy, (4)

3z € dom f : ¢(Z,u) <0, Vt € T, Yu, € Uy.

If we denote by
= {(t,u) : t €T, up € U}
the disjoint union of the sets Uy, t € T, then the robust counterpart to the

uncertain problem (P,«) can be rewritten as

(RPJC*) mlgg( {f(l‘) - <I*, ‘T> s.t. gt(xa ut) < Oa v(m“t) € ‘u}7

whose feasible set F' is represented by the (possibly) infinite convex system of
constraints o := {gi(x,us) <0, (t,u) € U}.

Throughout the paper we assume that F N dom f # 0, and so
inf(RP,~) < 4o00. Given u = (ut)ier € [[;er Ur = U, let us consider the

convex infinite problem

(PL) inf {£(2) — (")} st gi(e,w) SO, WET,

whose feasible set F,, and constraint inequality system o, are independent of

x*, and whose characteristic cone K, := K (0,,) can be expressed as

K, = conv cone {{(ox*, D}u ( U epi (gt(-,ut))*)}

teT

—RA0x- D}U | U X Avepi(gi(ur)’
)\ER:_T) teT
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Since the functions ¢;(-,u;) are convex we have that, by Moreau-Rockafellar

formula and from the continuity assumption in (4) (entailing the w*- closedness

of 37 epi (Aege(-,ur))"), we get
teT

teT

)* > Avepi(gi(-ue)”, if A= (A)ser # Or,

epi (Z Aege (- ut)

er Ri{(0x~,1)}, else.

Hence,

K, = U epi (ZM%(';M)) . (5)

)\ERS,T) teT

By analogy (up to the sign) with [10], on uncertain linear semi-infinite case
(the terminology being a bit different in [7] for robust convex programming),

we have defined the robust moment cone (non-convex in general) by

Mo = | Ku, (6)
uclU

and the robust characteristic cone as

Mo := conv Mp.

Proposition 3.1 M¢ coincides with the characteristic cone K (o) of the con-

vexr system o.
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Proof Since My is a cone, we have

M = conv cone Mo

= conv cone (U conv cone {{(OX*, iU (U epi (gt(-,ut))*> })

uelU teT

= conv cone ¢ {(0x~,1)}U U epi (g:(., ue))”
(u,t)eUXT

= conv cone ¢ {(0x~,1)} U U epi (g (- ue))” )
(tug)eud

which is nothing else than the characteristic cone of o. O

Given u = (ut)ier € U, let us introduce the Lagrangian dual of (P):
(D) sup in}; {f(a:) —(z%,z) + Z )\tgt(x7ut)} :

Aer(D) € teT
Robust duality can be defined via the so-called optimistic dual problem of
(RP,+), that is,
(RDZ.) sup inf {f(l’) — (2", 2) + Y Mgl Ut)} :
(u,\)eU xR r€ teT

The optimistic dual problem (RDZ. ) is different from the classical dual (RDS.)

of the totally explicitly constrained infinite convex problem (RP,+), i.e.,

(RDS.) sup 112}“{ fz) — (", z) + Z At u) 9t (T, ut)
(/\(f"ut))(t,ut)eueRSFU) (tyus) el

Next we introduce a different type of duality inspired in [7], where only
finite index sets are considered. For each u € U let us consider the Lagrangian
L. associated with the convex infinite problem (P ),

L (2, \) = fz) — (@* 2) + > Megelw, ), (2,0) € X x RY,
teT
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and define the robust Lagrangian L: X x RSFT) — R by Ly« = sup,ey LY.
One has

sup Lg«(x,A) = f(z) — (", 2) +ip(x), V2 € X,
Aer{")

and, consequently, (RP,+) can be rewritten as

RP,- inf sup Lg=(x,\).
(RP,.) 2, sup (5.

The associated Lagrangian robust dual problem is defined by

(RDEM) sup inf sup {f(x) —(z*, z) + Z /\tgt(ac,ut)} .

X
Aer(D) T€X uev Pyt

Let us give a clarifying interpretation of this Lagrangian robust dual. We start

by defining, for each ¢t € T, the function

ht ‘= sup gt('aut)v
us €Uy

which brings together the uncertain constraints g;(x,u;) < 0, u; € Uy, giving,
for each t € T, the worse possible constraint. Observe that h, € I'(X), and it
is continuous (and belongs to 7°(X)) if U; is a compact subset of Z; and the

function g¢: X x Uy — R is continuous for all ¢t € T'. Moreover

sup Z)\tgt(x7ut) = Z)\tht(x)a V(z,A) € X x R(f)7
wel et teT

and (RDE!) can be written as

(RDEm) sup inf {f(x) — (", x) + Z )\tht(x)} ;

X
Aer() € teT

in other words (RDZX") is the classical dual of the partially and explicitly

constrained infinite convex problem

(RPEM) inf {f(z)—(z*,x) st h(zx) <0, Vt €T}

reX
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In a similar way, for each u = (us)ter € U, we can define the function

ku == sup g¢(-, ug),
teT

which is a proper function thanks to (4), bringing together the constraints
ge(x,u) <0,¢t €T, for each u € U. So, ky, € I'(X), and it is continuous (and

belongs to 1'(X)) if T is a compact topological space and the function
(z,t) € X x T+ gi(x,uy) is continuous, Yu = (ut)eer € U.

Then, the problem (RP,+) can be rewritten as the partially and explicitly

constrained infinite convex problem

(RPLF) inf {f(z)—(z*, x) s.t. ky(z) <0, Yu e U},

zeX

and we consider its classical dual

(RDEr) sup inf { fl@) = (=", 2) + > )\uku(a:)}.

Aer(D) PEX uwelU
The problem (RD%¥) constitutes another kind of Lagrangian robust dual prob-

lem of (RP,~). It is absolutely obvious that
inf(RP,-) = inf(RPX") = inf(RPL¥).

Let us explore next the relationship among the optimal values of the different
duals introduced above.
Proposition 3.2 For every * € X* and i € {Ly, Ly}, one has

sup inf(Px)

sup(RDY.) < uel < inf(RP,+). (7)
sup(RDS.) < sup(RD:.)
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Proof e For each (u, \) € U x RSFT) one has ), Atgi (-, u¢) < ip, and

inf {f —(a*)+ thgt«,ut)} <inf(f — (2", ) = inf(PL).

teT
Taking the supremum over (u, A) € UXRSFT) we get sup(RDY.) < sup inf(P%).
uelU
o If (,)\) € U x Rf), let us define

A, if ug =y,
Altu) =
07 if Ut 7é U -

We have (A(t,u,))(t,ur)est € R(ﬁ), and Y g 0) = > At yu) Gt (5 ug). It
teT (t,ue)e

easily follows that sup(RDS.) < sup(RDS.).
e Besides, since for each u € U, the feasible set F), of (P ) contains the feasible
set F of (RP,-), we have sup inf(P%) < inf(RPy~).

uelU
e We now prove that sup(RDS.) < sup(RDEr). If X € Rf’ then we will show

that
. o Ly
zlg}f( fz) — (=", x) + Z Atun) 9t (@, ug) o < sup(RD").
(t,ur)eLl
For each t € T, define )\; := > A(t,up)- Then, X := (\)¢er belongs to

(t,ut)Esupp A

RSFT) and we have, for each z € X,

Z )‘(t,ut)gt(x’ut)g Z tut)ht Z)\tht

(tyur)ed (t,ur)edd teT

It follows that

inf f(:c)—(m*,w)-i-z Atun) 9e(m,ug)p < 1nf{f (x*, x) —&-Z)\tht }

zeX X
(tvut)eu teT

< sup(RDE).
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e We also have that sup(RDS.) < sup(RDX¥). If A € Rf) then we will see

that
;vlgﬁl( f((E) - <.’E*, ‘T> + Z A(t,ut)gt(xvut) < Sup(RD:ff)
(t,ut)eu
For each u = (ut)ier € U, define A, := > A(t,us)- Then, A= (Aw)uev

(t,ut)Esupp A

belongs to R&U) and we have, for each x € X,

3 M ge@u) <00 Apupku(@) = Auku().
(t,ue)eH (t,us)est uclU
It follows that

inf{f(z) — (=%, z) + Z Atu)9e(w,ug)p < inf {f(x) — (z", x) —|—Z /\uku(x)}

reX zeX
(t,us)esl uelU

< sup(RDLF).

o It is easy to see that sup(LRD!.) < inf(RP,~), i € {Lp, Li}, and the proof
is complete. a

We illustrate next the case when T is a singleton, U is a compact topological
space and g: X x U — R is such that g(.,u) is continuous and convex for

each u € U and g(z,.) is upper semicontinuous for each z € X. We thus have

(RD.) sup sup [mf (F(@) — (e"2) + Ag(x,u>}] ,
A>0uelU |2€X

zeX

(RD.) = (RD;*) sup [inf {f(fﬂ) — (@ a)+ ) /\ug(I’U)H ;

xer( uely
(RDﬁIL) sup {inf {f(x) = (=™, z) + )\h(x)}] ,
A>0 [T€X

where h(z) = maxyucy g(z, u).
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Now, if Slater condition holds, namely, there exists T € dom f such that

9(Z,u) <0, for all u € U, then h(ZT) < 0 and
inf(RP,) = max(RDL"). (8)

If additionally, U is convex and g(z,.) is (upper semicontinuous) concave for

each z € X, then Sion Theorem [24] yields
sup(RDY.) = sup(RDL!). (9)
Consequently, if the two conditions above are satisfied, then (7) - (9) yield
inf(RP,+) = sup(RDY.) = max(RD%") = sup(RD%F) = sup(RDE.).

Let us consider the worst value possible among the values of the programs

(PL), u € U. That leads to the problem [20]:

(RDXY) sup inf(P%).
uclU

By Proposition 3.2 we have

sup(RDZ.) < sup(RDY) < inf(RP,-).

Definition 3.1 Let i € {O,C, W, Ly, Ly} .

(a) (RDi) —robust strong duality holds at a given x* € X* iff
inf(RP,-) = max(RD..).

(b) The (RDi) —robust strong duality holds stably iff (RDi) — robust strong

duality holds at each z* € X*.
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(c) The (RDi) —robust strong duality holds uniformly iff (RDi) —robust strong

duality holds at z* = 0x« for any function f in the family

F:={fel(X): fis continuous at some point of F}.

(Observe that f €F entails f — (z*,.) €F, Vo* € X*).

From the proof of Proposition 3.2 it is clearly that optimistic robust strong
duality entails classical robust strong duality, Lagrangian robust strong duality
of both types and worst-value robust strong duality. Robust strong duality of
the types defined in (a) and (b) in Definition 3.1 will be studied in next section
(Section 4), while the last one and some more complements will be given in

Section 5.

We conclude this section by the following note: For the sake of simplicity,
in the case when z* = Ox- the robust dual problems (RDj . ) will be denoted,

respectively, by (RD?), i € {O,C, W, Ly, Ly.}.

4 The Main Results

In this section, we will study common duality principles between (RP,)
and the dual problems (RD?), i € {O,C,W, Ly, Ly}. For this, let us as-

sociate the mentioned dual problems with the functions ¢, : X* — R,
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1€ {0,C,W, Ly, L}, defined as

Po = inf <f+ Z)\tgt(~»ut)> )

, (T)
(u,\)EUXRY teT

*

Yo = inf f + Z )\(t,ut)gt(w ’U/t) s
AeR(Y
+ (t,ue)eLl
= . f . *
Pw JIGIU (f + ’LFu) y
¢p, = inf | f+ Z)\tht , where h; := sup g:(.,u),
Aer(” pymred u €U
o, = inf [ f+ Z Auky |, where ky := sup g¢(., us),
xer) U teT

and with the corresponding sets

Ao = U epi <f+ Z)\tgt(-7ut)> ;
(u,))eU xR teT

*

AC = U epl f + Z A(t,?u)gt(" ut) ’
AeRf) (t,ur)esd
Aw = epi (f +ir,)",
uelU
A, = U epi (f + Z)\tht> )
)\GR:_T) teT
AE]R:_U) uelU

Let us equip the space X* x R with the product topology of the w*-topology
on X* and the natural topology on R. We denote by cl A the corresponding
w*-closure of any subset A C X* x R. Recall that A is said to be w*-closed
(respectively, w*-closed and convex) regarding a subset B C X* x R if

(clA)N B = AN B (respectively, (cl convA)N B = AN B). The following facts
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can easily be checked (the convexity of the sets and functions below can be

proved by a similar reasoning to the one followed in Lemma 3.1 in [25]):

A; Cepiy; Ccl(A;), i € {O,C,W, Ly, Ly},

Ac, Ar,, and Ap, are convex sets, (10)

ey pr,, and o, are convex functions.

Let us give some equivalent expressions of the sets A;, i € {O,C, W, L;,, Ly},
respectively in terms of the robust moment cones with the same indexes and

the characteristic cones K, u € U.

Proposition 4.1 (a) One has

Ao =epi f*+ Mo, Ac =epif*+ Mg, Aw = U cl(epi f*+ K,) .
uelU

(b) If f € F, then Aw = epi f* + J, e ¢l (Ku) = epi f* + My .
(¢) If hy €T (X),Vt €T, then Ar, =epif*+ Myg,.

(d) Ifky € T (X), Y ueU, then Ap, = epif* + M, .

Proof (a) By Moreau-Rockafellar formula (as ), A¢gs (-, u) are continuous),

Ao = U (epi f* +epi (Z /\tgt('vut)> >

(u\)eU xR teT

=epif*+ |J  opi (Z /\tgt(-,ut)>
(u,))eU xR teT

=epif*+ | Ku=epif + Mo.
uelU
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*

Ao = U epi f* + epi Z At ug) Gt (5 ut)
)\E]RS—LI) (t,ur)ed

*

=epif*+ (J epi| Y. Awungi(iu)| =epif*+Mc.
)\ERS»M) (t,ur)esd

In order to have an explicit expression of Ay, let us observe that for all

u= (u)ter €U, ip, = SUP, (™) >ter Aege(, ug). Since Fy, # 0,

epiiy, = clconv U epiZ)\tgt(.,ut)* = clconv(K,) = cl(K,)
AGRS,T) teT

(as K, is convex), and then

Aw = ¢l (epi f* +epii, )= cl(epi f* + cl(K.) =] cl (epi f* + K) .

uelU uelU uelU

(b) Since f € F, we have
epi(f +ip,)" = epi f* +epiip, = epif* +cl(Ky,), VYueU.

We now observe that
cl(K,) = clconv cone (U epi(gt(.,ut))*> , YueU. (11)
teT
By the very definition of K, the inclusion D in (11) is obvious. Conversely,
let us first check that (Ox«,1) € clcone (epi(g:(.,u¢))*) for any ¢ € T. Pick
(z*,r) € epi(g:(., us))*. For each n > 1 we have L (z*,r4n) € coneepi(g: (., us))*,
and (0x«,1) =

lim 1(z*,r+n) € clcone (epi(g:(., us))*). Now it is clearly
n—oo

that (Ox+,1) belongs to the right-hand side of (11). By definition of K, it



24 Nguyen Dinh et al.

follows that K, is contained in the right-hand side of (11), which is closed.

Finally, we get that (11) holds. We thus have

Aw = | (epi f* +c Ky) =epi f* + | d K,
uelU ueclU

=epif*+ U {clconvcone <U epi(gt(.’ut))*>} — epi f* + My

uelU teT

(c) For each A € R(f) one has > M\hy € (X)) and, by this,
teT

epi (f + Z )\tht> =epi f* + epi <Z )\tht> .
teT teT
We thus have,

Ap, =epif*+ U epi (Z )\tht> .

AERiT) teT

Since hy € T(X) for all t € T', one has, for each A € RS_T):

teT

)* S Aepihf, if A= (\)er # Or,

epi (Z )\t ht

et {0x+} X Ry, else.

Therefore,
U epi (Z )\t ht>
AR teT

=Ry {(0x-,D}U | [J D Aepin;

(T) teT
AeRY

= convcone{{(OX*,l)}U (U epihf)}

teT

= conv cone {{(OX*, Hiu (U clconv U epi(gt(.,ut))*> } ,

teT us €Uy

and the proof of (¢) is complete.

(d) The proof is similar to that of (c). O
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Ezxample 4.1 Consider the simple uncertain linear SIP problem
(RP) inf,ere (c*, z)
s.t. (a7 (ur), ) < re(ug), Yt €0, 1], Vu, € Uy,

where ¢* € R\ {(0,0)} is fixed, Uy = ([0,27] N Q) x NC Zy = R? and

U ={t}CZ: =R, for all t €]0,1], (xf(ug),r0(up)) = (Cosozo,sinozo7 TOH)

To

for all ug = (ag,r0) € Up, and (x} (ur), r¢(ue)) = (0,0,¢) for all ¢ € ]0,1]. Here
U= {<ut)t€[0,1] cug € Up and uy =t, Vit €]0, 1}}, and
= ({0} x Up) U{(t,t) :t €]0,1]}.
Moreover, since
(@, up) = (@ (we), @) —re(ue), epi(ge(ur))” = {7 (ue)} x [re(ur), +00]

and, given u € U such that uy = (ap, o),

1
K, = conv cone {(0,0, 1), (COS o, sin ay, To+ > } .
To

Hence, denoting D := {(cosa,sina) : a € [0,27] N Q} (a dense subset in the

unit circle St), and observing that K, is closed for all u € U, one has
Mo = Mw = {(0,0,0)} U {x €R?: (z1,13) €RLD, x3 > ||(ac1,x2)||},
Me = Mg, ={(0,0,0)}U {x eR?: x5 > H(xl,xQ)H} ,and
My, = {x ER3: x5 > ||(;v1,x2)||}

So, My, is a closed and convex cone (actually, the robust reference cone),
Mc = My, is convex and non-closed and, finally, Mo = My is neither closed

nor convex.
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The functions h; are continuous for all ¢ € [0, 1] as, given z € R?, hy (x) = —t

if t > 0, while

ho () = sup {(cos ap) 1 + (sinag) z9 — T‘)T—;”l tag €0,27]NQ,ro € N}
=sup {(cosap) x1 + (sinag) z2 — 1 : g € [0, 27|} = ||z|| — 1.
Similarly, the functions k, are continuous for all v = (“t)te[o,l] € U as, given
x € R?,
ku (2) = super (27 (ur), 2) — re(ur))
= max {(cos ap) 21 + (sinag) x2 — 7"‘;—1'1, 0}

is the maximum of two affine functions. It is obvious that

F={z € R?: ||z|| <1}, inf(RP) = —||c*|, and epi ((c*,z))* = {c*} x Ry.
We conclude that A; = M; + (¢f,¢5,0), i € {O,C,W, Ly, Ly}, which have
the same topological and convexity properties as the corresponding moment

cones.
Now we proceed by introducing the function p:= f +ir. It holds that

in}f{{p — (2", )} =inf(RP,-) and p € I'(X) (entailing p = p™™).
xe

The two propositions below are mere consequences of Proposition 3.2, as
p*(z*) = —inf(RP,+),
901(3"*) = - bup(RDZw*)7 Vi € {Oa Ca VV7 L}u Lk} .

Proposition 4.2 For every * € X* and i € {Ly,, L} one has
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Proposition 4.3 (a) Optimistic robust strong duality at x* € X* is equivalent

to

p(z*) = min (f + Z)‘tgt('aut)) (z%).

()
(u,A)EU xR Py

(b) Classical robust strong duality at x* € X* is equivalent to

*

p*(x*)= min [ f+ Z Atu)9e(ug) | (27).

()
AERY (t,us)ESL

(c) Worst-value robust strong duality at x* € X* is equivalent to

p*(z") = min (f +ir,)" (7).

(d) Lagrangian robust strong duality of h—type at x* € X* is equivalent to

p*(z*) = min (f—&-Z)\tht) (z"),

(1)
AERY teT
where hy := sup,,, ey, g¢(-, ue), t € T.

(e) Lagrangian robust strong duality of k—type at x* € X* is equivalent to

p*(z*) = min (f—i—Z)\uku) (z"),

()
AERY uclU

where ky, 1= sup,eq g (., ur), u € U.

It turns out that the extended real-valued functions p,, i € {O,C, W, L;,, Ly}

have the same conjugate, namely the function p.

Proposition 4.4 It holds that p = ¢, i € {O,C, W, Ly, Li.}.
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Proof By Proposition 4.2 it suffices to check that p = ¢f,. Now

©0 ( inf <f+z)‘t9t(-aut)>> = sup (f—i—Z/\tgt(.,Ut))

uA)eU xR teT (u,2)eU xR teT
= sup (f +y /\tgt(-aut)> =f+ sup (Z )\tgt(~7ut>>
(uN)eU xR teT (u,NeUxR \teT

= f+sup sup (Z)\tgt(.,ut)) :f—l—sugipu =f+ir=p.
ue

uelU )\ERS»T) teT

Proposition 4.5 One has

epip® = clconv(epi f* + Mp) = cl(epi f* + M¢)

= clconv ( U cl(epi f* + Ku)> = clconv (epif* + U Ku> ,

uelU uelU

or, equivalently,
epip* = clconv(Ap) = cl(A¢) = clconv(Aw).

If hy € T(X) for allt € T (resp. ky, € Y (X) for all uw € U), then we have

additionally
epip* = cl(Ayr,) (respectively, epip* = cl(AL,)).

Proof By (10) we have clconv(A;) = clconv(epiyp;), i € {O, W}, and
cl(A;) = cl(epi g,;), i € {C, Ly, Li}. Since domp # @, Proposition 4.4 and

Proposition 4.1 give

epip* = epiy;™ = clconv(epiyp,) = clconv(A4;), i € {O,W}.

epip* = epipy = cl(epi pa) = cl(Ag).
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The rest of equations in the first statement follow from Proposition 4.1.

If hy € Y (X) for all t € T, then

epip® = epiyr, =cl(epi ¢,) = cl(AL,).

The last statement, involving Ay, , holds similarly. a

We are now in a position to establish the duality principles corresponding
to the dual problems (RD%.), i € {O,C,W, Ly, Ly }. In the special cases, these
duality principles lead to characterizations of robust and robust stable strong
duality between (RP) and (RD..),i € {O,C,W, Ly, Ly }. The theorems below
extend, complete and unify some results in the literature; in particular, some
results concerning optimistic robust duality in [4,6-10,13-15,19, 20, 26], etc.,
classical robust duality in [10], Lagrangian robust duality of type L, in [7],

etc.

Theorem 4.1 (Robust strong duality at a point) Leti € {O,C, W, Ly, L }
be such that hy € Y (X) for all t € T when i = Ly, and that k, € T (X) for
all w € U when i = Ly. Then, given x* € X*, (RDi) —robust strong duality
holds at x* if and only if A; is w*-closed and convex regarding {x*} x R for

i € {0, W}, and w*-closed regarding {x*} X R fori € {C, Ly, Ly}.

Proof We discuss the five possible cases.

e Case ¢ = O: By Proposition 4.5 we have

({z*} xR)Necleonv(Ap) = ({2*} x R)Nepip” = {a*} x {r e R:p* (") < r}.

(12)
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Let us begin with the case that p*(z*) = +o00. By (12) we have
({z*} xR)Nclconv(Ap) = 0 and, hence, Ao is w*-closed and convex regarding

{z*} x R. By Proposition 4.2 we have ¢, (z*) = +00, and

inf {f(z) — (27,2)} = —p"(2") = —o0 = —po(a") =

= max inf {f(x) — (", x) + Z)\tgt(xaut)} )

(u,\)eU xR #€X e
the maximum being attained at each (u,A) € U x RSFT). So, if p*(z*) = 400,
then both statements in Theorem 4.1 are true.
Consider now that p*(z*) # +oo. Since domp # (), we get p*(z*) € R. By
Proposition 4.5 we have (z*, p*(z*)) € clconv(Aop).
Assume first that Ap is w*-closed and convex regarding {z*} xR. We then have
(z*,p*(2*)) € Ao, and by the definition of Ao, there exists (@, \) € U x RSFT)

such that

(z*,p*(z")) € epi <f + Z/\tgt(~,ut)> : (13)

teT

Now, combining the definition of ¢, with (13) and Proposition 4.2, one gets

po(z”) < <f+ ZMQtCM)) (z7) < p"(27) < po(7).

teT

It follows that

pr(a") = <f+z/\tgt(-aut)> (z%) = min (f“rz)\tgt(-aut)) ("),
teT (u.N)EUXRY) teT

and, taking Proposition 4.3(a) into account, optimistic robust strong duality

holds at x*.

Conversely, assume that optimistic robust strong duality holds at x*, and let

(z*,7) € clconv(Ap) = epip*. One has to check that (z*,r) € Ap. As the
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optimistic robust strong duality holds at z*, there exists (@, \) € U x ]RSFT)
such that (f + 3 ,cr tht(.,ﬁt))* (z*) = p*(z*) < r (see Proposition 4.3(a)),
showing that (z*,r) € epi (f + > ,cr tht(.,ﬂt))* C Ao.

e Case i = C': Asin Case i = O, we first observe that both statements are true
when p*(z*) = 4+00. Assume now that p*(z*) € R, and note that

(x*,p*(z*)) € epip* = cl(A¢) by Proposition 4.5. If A¢ is w*-closed regarding

{z*} x R, then we get (z*,p*(z*)) € Ac, and there exists \ € Rf) such that

*

(x*,p*(z*)) €epi | f+ Z X(t’ut)gt(.,ut) , or
(t,ur)eLl

*

fJF Z X(t,ut)gt(.,ut) (I*)Sp*(x*)

(t,us)eLl

The last inequality, together with Proposition 4.2 and the definition of ¢,
gives rise to

P <oc@) < [ f+ D0 Newngilow) | (@) <p ("),
(t,us)eLl

or, equivalently, there exists \ € R(f) such that

* *

p*(lL'*) = f+ Z X(t,m)gt('vuiﬁ) (Cﬂ*) = min f+ Z )‘(t,ut)gt('vut) (it*),

(t,ue) €Y MR\ en
which (taking Proposition 4.3(b) into account) means that classic robust strong
duality holds at z*.
Conversely, assume that classic robust strong duality holds at z* and let
(x*,7) € cl(A¢) = epip* (see Proposition 4.5). One has to prove that

(z*,r) € Ac. Note that, by Proposition 4.3(b), classical robust strong duality
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at * means that
k

ra) = min (F4 Y Awnslou) | @)
AERY (t,us)EL

So, there exists A = (A(t,4,)) € Rg) such that <f+ > )\(t’ut)gt(.,ut)> (z*) =
(tiur)eud

p*(x*) < r, entailing

(x*7 T) Eepi | f+ Z B\(t,ut)gt(-a ut) C Ac.
(tug)esd

e Case i = W: We firstly recall that, by Proposition 4.3(c),

s ) =6tk =gy, U @) = o aq)
is equivalent to
p'(a") = min (f +ir,)" (z"). (15)

Similar to the proofs of Cases i = O and i = C, both statements hold if
p*(x*) = +o00. Assume now p*(z*) € R. Then, (z*, p*(z*)) € epip* = o Aw
by Proposition 4.5. If Ay is w*-closed and convex regarding {z*} x R, then
(x*,p*(z*)) € Aw, and there is 4 € U such that (z*,p*(z*)) € epi(f + ir, )%,

and so (f +ip,)*(z*) < p*(z*). Applying Proposition 4.2, we get

pr(x7) < (") < (f +ir,) (") <p*(a7),

which means that (15) holds, and so, (14) does, too.
Conversely, assume that (14) holds and let (z*,r) € clconv(Aw ) = epip*. We
now show that (z*,r) € Aw. As (14) holds, (15) does, too, and there exists

@ € U such that (f +ip,)*(z*) = p*(z*) < r, which yields



A Unifying Approach to Robust Convex Infinite Optimization Duality 33

(x*,7r) € epi(f +ip,)* C Aw.

e The proofs for cases i = Ly, assuming h; € T (X) for all ¢t € T, and i = Ly,
assuming k, € 7 (X) for all u € U, are completely similar to the proof for
the case i = C (they also can be derived from [27, Theorem 1] with f being
replaced by f — x*). O

Next very important results are consequences of Theorem 4.1.

Theorem 4.2 (Robust strong duality) Let i € {O,C, W, Ly, L.} be such
that hy € T (X) for allt € T when i = Ly, and that k, € T (X) for allu € U
when i@ = Ly. Then, (RDi) — robust strong duality holds for the robust coun-
terpart (RP), i.e., inf (RP) = max (RD?), if and only if A; is w*-closed and
convez regarding {0z« } X R fori € {O, W}, and w*-closed regarding {0,+} x R

forie{C,Ly,Ly}.

Theorem 4.3 (Stable strong duality) Let i € {O,C, W, Ly, L} be such
that hy € T (X) for allt € T when i = Ly, and that k, € T (X) for allu e U
when @ = Lg. Then, (RDi) — robust strong duality holds stably if and only if

A; is w*-closed and convex for i € {O, W}, and w*-closed fori € {C, Ly, L}.

In Example 4.1, A; is closed and convex regarding {(0,0)} x R if and only
if M; is closed and convex regarding {—c¢*} x R, which is true for i = Lj, and
false for i € {C,W, Ly}, as well as for i = O when A; N ({(0,0)} x R) # 0.
Thus, only (RD*") is solvable, independently of the objective function. Since
Apg, is w*-closed and convex, (RD%") enjoys stable robust strong duality.

Concerning optimistic robust strong duality (see Theorem 4.1, Case

¢ = O and the corresponding corollaries) the following question is of particular
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interest: when is Mo (hence, Ap = epi f*+ M) convex? Next result provides
an answer for that, including the ”convexity condition” introduced in [10]
for robust linear semi-infinite problems, and extending [7, Proposition 2.3] to

robust infinite convex programs.

Proposition 4.6 Assume that, for each t € T, Uy is a convex subset of Z,
and that, for each x € X, the function uy € Uy — gi(x,uz) is concave. Then,

the robust moment cone Mo is convex.

Proof Let (z3,11),(23,72) € Mp. Since Mo is a cone, it suffices to check
that (z7 + x5,71 + r2) € Mo. Taking into account (5) and (6), there exist
(u', A1), (u?,\?) € U x R(f) such that

<{17>{,£L'> - Z)‘%gt(mvu%) <r, Vo € X7
teT

<$;,LL‘> - Z/\?gt(xvu?) S T2, vV € X.
teT

Define A% := A + A2 € R, and u® € ],y Z: such that

1 N0 (s 1_y2 _
uy, if A} =0 (ie., A\; = A =0),
0._
ugp =
A 1—}——)\? 2 else (e, if AV >0
Soup + shug, else (i.e., if A} > 0).

Since, for each t € T, U, is convex, we have u® € [I,er Us = U. Let us check
that (z7 + x3,71 + 72) € epi (X ,er /\?gt(.,u?))*, and this will conclude the
proof. For each z € X we have, since g;(x,.) is concave,

Z)\?gt(z,u?) 2 Z (A ge(@,up) + M gi(w,uf))
teT teT
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and for any = € X,

(z] + 23,2 E A gi(z,uf) < (af, @ E A gz, up)+ (x5, @ E g (2, uf)
teT teT teT

<ri+re.

The last result in this section provides a sufficient condition for My, to be
convex. Recall that, since epii}, = cl(K,), for allu € U, My = U - epii} ,
where F,, = {x € X : g¢s(z,us) <0,t € T}. Recall also that il is the disjoint

union of the sets Uy, t € T, and that U =[], Us.

Definition 4.1 The family of functions (g (-, “t))(t,u,,)eu is filtering iff for any

two elements u, v € U there exists a third one w € U such that

max {gt('y ut)agt('7vt)} < gt('7 wt)a vteT. (16)
Proposition 4.7 If (g¢(+, ut)) ; ey i filtering, then My is convex.

Proof Since Myy is a cone, we have to check that it is stable for the sum. Let
(z*,7),(y*,s) € Mw. Then, there exist u,v € U such that i}, (z*) < r and
it (y*) < s. From the filtering assumption, we can take w € U such that (16)

holds and we get F,, C F,, N F,,. We then have

ip, (" +y7) <ip, (@7) +if, () <if, (&) +iF, ()

<r+s,

and so (z*,7) + (y*,s) € epiip, C M. O
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5 Uniformly Robust Strong Duality and Complements

5.1 Uniformly Robust Strong Duality

Recall that, according to Definition 3.1, if F is the feasible set of (RP,«), then
the (RDi) —robust strong duality holds uniformly if (RDi) —robust strong

duality holds at x* = 0x~ for any function f in the family

F={feIX): fis continuous at a point of F'}.

Applying Theorem 4.3 we can easily prove the following results, which ex-
tend [7, Theorems 3.1, 3.2] and [10, Theorems 1, 2] for ¢ = O, [10, Proposition

4] for i = C, and [7, Theorem 5.3] for i = Lj,.

Theorem 5.1 (Uniform robust strong duality) Leti € {O,C,W, Ly, L}
be such that hy € ¥ (X) for all t € T when i = Ly, and that k,, € T (X) for
all w € U when i@ = Ly. Then, the following statements are equivalent:

(i) The robust moment cone M; is w*-closed and convez for i € {O, W}, and

w*-closed fori € {C, Ly, Ly},

inf *a = inf *7 + A ) 7V*€X*7' ‘207
2t <u,A)ren5)x(Rf> Jnf {427 2) + Eer Mgr(@ue)}, Ve i
inf (z*,2) = max inf < {(x*,2)+ 3 Agu,)ge(mut) p, Va*e X*, ifi=C,
z€EF rer(D =€X (s eu (t,ue)
) inf (2 @) = inf {(z* z) - < T e X* if i =
(“) znelF (z™, x) Igleaéczlgx{(z ,x) s ge(w,ue) <0, VE€ T}, Va*e , ifi =W,

inf (z*,2) = max inf su ¥, ) + Atgt(z,w Vz*e X*, ifi=1L
z€F< ) > /\@R(JFT)IGXUIEE{< ’ > t;f‘ tgt( ) t)}7 ’ f h>

inf (z*,2) = max inf ) + Ay SU z,u , Vore X*) if i = L.
inf (@) AGR(E)M{< )+ T Ausup o n} fi= L

(iii) (RD?) — strong duality holds uniformly.
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Proof The proofs are very similar for i € {O, C, W, Ly, Ly} , so we may assume
i = O. Applying Proposition 4.1 for f =0 we get that

Ao =epi f*+ Mo = {0x+} x Ry + Mp = Mo,
and the equivalence [(¢) < (ii)] holds.
[(i1) < (i4i)] Note that inf,cp f(z) = —(f+ir)*(0x~). By Moreau-Rockafellar
theorem, there exists z* € X* such that —inf,cp f(x) = f*(T*) +i%(—z*). It

22) holds, then there will exist ﬁf e U x ,7: 7,5 S , such that
i) holds, then there will exist (z,\) € U x R{"), X = (A,) € R{"), such th

ip(—%%) = — inf (", 2) = — inf {(i*,x) + /_\tgt(x,ﬂt)}
teT

zeF zeX
= (Z )‘tgt('vut)> (=z%),
teT

and we have

FHEY) +ib(—7") = f1(@) + (Z )\tgt(vﬂt)) (—z%)

teT

> <f+z)\tgt<'uut)> (0x-).

teT

Consequently, by weak-duality, we get

sup  inf {f(fv) > Mgil, Ut)}éziglfwf(l‘) = {7 @) +ip(=2")}

X
(u,)\)GUX]Rfﬁ ze teT

< - (f + Z)\tgt('vut)> (Ox+) = ;g{, {f(ac) + Z)\tgt(xaut)}

teT teT

< sup inf {f(x) + Z Atge(, Ut)} ;
(u\)eU xR PEX teT

and (4i) holds.

Since [(4#47) = (i4)] is obvious, the proof is complete. O

As a consequence of the above results, (RDL’“) — strong duality uniformly

holds for the problem in Example 4.1.
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5.2 Robust Duality for Convex Problems with Linear Objective Function

The robust counterpart with linear objective f(x) = (¢*,z), ¢* € X*, has the

form

(ROLP) inf (c*, z) st g (z,ug) <0, V(t,u) € Y,

reX

with corresponding robust dual problems

(ROLD®) sup inf {(c*,x) + > Mg (x,ut)} )
(N eUxRD X teT

(ROLD®) sup inf q{(c*, @)+ D Apungt (T ue) ¢,
AeR(W TEX (tuo)es

(ROLD™) 51618 xlg)f( {{c*,2) : g (x,u) <0, VE €T},
u

(ROLD*®n) sup inf sup {(c*,x} + > Mgr (m,ut)} ,
AR 2€X yeU teT

(ROLDx) sup inf sup {(c*,x) + > Auky (x)} .
AeRY T€X teT uel

We now give a geometric interpretation of the optimal values of the above

five dual problems in terms of the corresponding moment cones.

Proposition 5.1 (Robust duality and moment cones)
Let i € {O,C, W, Ly, Ly} be such that hy € T (X) for allt € T when i = Ly,

and that k, € T (X) for all w € U when i = Ly. Then,
sup(ROLD") =sup{r e R: —(c*,r) € M;}. (17)
Proof Giveni € {O,C,W, Ly, L}, from the definitions of ¢, and A; one gets

epi, p; C A; C epigp;,
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where epi, ¢; denotes the strict epigraph of ¢,;. Consequently,
inf {r e R: (z*,r) € A;} = o, (x*) = —sup(RD".),
or, in other words,
sup(RD.) =sup{r € R: (z*,—r) € A;}. (18)
Concerning the moment cones, from Proposition 4.1 we get the identity
A ={c*} x Ry + M, (19)

for i € {O,C,W} by statements (a) and (b), and for ¢ € {Ly,, Ly} by state-
ments (¢) and (d). Combining (18) and (19), and recalling that sup(ROLD?) =

sup(RDéx* ), one gets

sup(ROLD") = sup{r € R: (0%.,—r) € {¢*} x Ry + M;}
=sup {r € R:30 > 0 such that — (¢*,r +J) € M;}
=sup{r e R: —(c*,r) € M,},

i.e., (17) holds. O

5.3 Robust Duality for Linear Programs

Let us consider the important particular case of robust linear programs, which
have been already studied in [10] when X = R”. Putting f(z) = (c¢*, ),

c¢* € X*, and for each (t,u;) € 4, ge(x,up) = (@ (ug), ) — re(ue),

(x5 (ue),me(ur)) € X* x R, the robust linear infinite problem can be expressed

as

(RLP) inf (c*, x) st (zf (ug), ) < rp(ug), Yt ug) € L.

reX
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It is easy to see that the corresponding moment cones are

Mo = U conv cone {(z} (ur), r¢(ue)), t € T; (Ox~,

u=(ut)ter €U

Mc = convcone {(x] (us), e (ur)), (¢, u) € 45 (0x-,1)},

My = U cleonv cone {(z} (ut), r+(ut)), t € T},
u:(ut)teTEU

My, :=convcone [Jclconv [ J {(zF(ut),r+(ut)) + Ry (0x~
teT e €U

M, ;= convcone |Jclconv (U {(xf (u), re(ur)) + Ry (0x-,

uelU eT

1)}7

Db (Ox, 1)>,

e (oX*,1>).

From (3),

inf(RLP) =sup{r e R: (¢*,z) > r,Vz € F'}

=sup{reR:—(c*,r) e Mc}.

We also associate with problem (RLP) the corresponding dual problems:

(RLDO)

(RLD®)

(RLDW)

(RLD™n)

(RLD)

sup inf (e ) + Cep M (). 2) — ()}
(u N eUxRD 7€

sup inf {<C*a CU> + Z )‘(t,ut)(<x?(ut)7x> - Tt(ut))} ’

AR FEX (tue) €L

sup inf {(c*,x) : (xf(u), z) < re(us), Yt €T},
welU T€X

sup inf sup {(c*,x> + > Mz (ug), ) — rt(ut))} ,

AeR(D T€X yeU teT

sup inf {(c*7x> + > Ausup({z}(ug), z) —rt(ut))}.

(v) z€X U  teT
)\GR+ ue

Proposition 5.2 Let i € {O,C,W, Ly, L} be such that hy € Y (X) for all

t € T wheni = Ly, and that k,, € T (X) for allu € U when i = Ly. Then, the

following statements hold:
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(i) sup(RLD") =sup{r e R: — (c*,r) € M;}.
(i) (RLDi) — strong duality holds uniformly for any ¢* € X* if and only
if the robust moment cone M; is w*-closed and convex for i € {O, W}, and

w*-closed fori € {C, Ly, Ly} .

Proof (i) It follows immediately from Proposition 5.1.

(#4) Tt is a consequence of the equivalence [(7) < (i4)] in Theorem 5.1. O

An alternative proof of Proposition 5.2(3) for ¢ € {C, Ly, Lt} can be ob-
tained from [26, Lemma 4.3], by taking into account that (RLDY), (RLD*")
and (RLD™*) are nothing else than the Lagrange dual problems corresponding
to linear representations of the feasible set of (RLP) with characteristic cones
Me, My, , and My, , respectively. Proposition 5.2(ii) generalizes [22, Theorem

8.4], where i = C' and X = R".

Let us revisit Example 4.1. According to (17), sup(RLD?) = —|c*|,
1 € {C, Ly, L} . We now check the fulfilment of (17) for ¢ € {O,W}. Given

(f0,11)
(u,\) e U x Ry,

inf {(C*,:c)Jr > >\t(<$f(ut),$>7't(ut))}

zER? te[0,1]

S (=) — Ao (T“l) + inf {{c*,2) + Ao ((cosap) x1 + (sinayg) z2)}

t€]0,1] "o zER2
= > M(=t)— )Xo <T“+1> + inf (¢* + Ao(cos ag, sinag), x),
t€]0,1] o zER?

and so
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inf { (c* x)+ Z Ae((@f (ue), ) — re(uy))

r€R2
t€0,1]

S (=) — Ao (”;—H) , if ¢* = —Xp(cos ap, sin ag)
_ ) €0 0

—00, otherwise.
Therefore,
sup { > A=) = Ao (T)},ifc* € —\oD,
sup(RLD®) = (u,\)eUxR) | t€]0.1]

—00, otherwise,

Sup)\ERf)

{ > Au(=t) - ||C*} Jif =" € Ry D,
t

€]0,1]

—00, otherwise,

—[ler]],if —¢* € R4y D,

—o0, else.

(observe that ¢* € —XgD with ¢* # (0,0) entails that Ay > 0, and so the
supremum of (RLD®) is not attained).
We now take u € U. Eliminating redundant constraints, (P*) can be ex-

pressed as

1
(P") inf (c*,z) s.t. (cosag) z1+(sinayg) zo < £7
zER? 0
with
B LH) lle*|l, if (cos avg, sinag) = — 1S,
Hlf(Pu) — ( 7o [le* 1l
—00, else.

Thus, for i € {O, W}, if —c* ¢ Ry, D, we have an infinite robust duality gap;
otherwise,

sup(RLD") = min(RLP),
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i.e., we have (RLD*)—robust zero-gap (but not strong) duality. In fact, A; is
closed and convex regarding {0,+} x R if and only if M; is closed and convex

regarding {—c*} x R, which is not the case. Observe also that

—le*|l, if —c* € Ryy.D,
sup{r e R: —(c*,r) € M;} =
—00, else,

so that (17) holds for i € {O,W}.

Finally, we observe that only (RLDL’L) enjoys uniform robust strong duality.

5.4 Reverse Robust Strong Duality

In addition to the main results on robust strong duality provided in the previ-
ous section, some results on reverse robust strong duality can be derived from
convex infinite duality, recently revisited in [27]. In fact, Theorem 5.3 below is
a slight adaptation of [27, Theorem 2] to robust case. Recall that a function
h € I' (X) is weakly-inf-locally compact when for each r € R, the sublevel set
[h < r] is weakly-locally compact (i.e., locally compact for the weak-topology
in X). We also denote by ho the recession function of h (whose epigraph is

the recession cone of epih).

Proposition 5.3 Assume that sup(RDC) # +oo, and additionally, the fol-
lowing conditions are fulfilled:
(a) 3N € Rf) S+ X(tyut)gt(wut) is weakly-inf-locally compact,

(t,ur)edd

(b) the recession cone of (RP), namely

foo <O () Uoelsu))oo <01

(t,ur)eLl
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is a linear space.
Then, mininf(RP) = sup(RDY) and the optimal set of (RP) is the sum of
a non-empty, weakly-compact and convex set and a finite dimensional linear

space.

In the same way, Theorem 5.4 below is a simple adaptation of [27, Theorem

3]. The topology on R™ x R is the product topology.

Proposition 5.4 Assume sup(RDY) # —oc. Then, the following statements

are equivalent:
(4) min(RP) = sup(RD®).

(17) xedgm f(((gt(x, ut)) tanas’ f(x)>+ RY x Ry) is closed regarding {Ogu } XR.

6 The General Uncertain Problem

We consider in this last section the general uncertain problem

Q) { ingg {f(z,v) s.b. ge(z,u) <0, VE € T}} , (20)
v€ (ut)teT €U, vEV
where U = [] U, V is another uncertainty set, which is a subset of some
teT

IcHtvs, and f(.,v) € I'(X), for all v € V. This problem admits the following
pessimistic reformulation as an uncertain problem with deterministic objective

function (of the type studied in the previous sections):

(P){ inf {F(z,7)st. Ge(z,r,u) <0, t €T, H(z,r,v) < 0}} ,
z,r)EX XR
(u)peT €U, vEV

where

F(z,r) =71, Gi(z,r,u) = ge(x,u) and H(z,7r,v) = f(z,v) — .
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The totally explicit robust counterpart of (P) is the problem

Gt(I,T’, Ut) S 0, V(t,ut) S il,
(RPC) inf F(z,r) s.t.
(z,r)EX XR
and H(z,r,v) <0, Vv €V,

where 8 := {(t,us) : t € T, us € Ui }.
The classical dual of the convex infinite problem (RPC) is

F(Z‘ﬂ") + E /\(t,ut)Gt(x,T, Ut)
(RDC) sup inf (t,ug)esd

,r)EX XR
AerW | (@)
& + 2w H (7, 0)
HERY veV

According to the definition of the functions F, G; and H, we easily obtain

(RDC) sup inf Z /\(t,ut)gt (l‘, ut) + Z :uvf(xv U)
AeRM | TEX | (imen veV
+ sUt
per(”,
> py=1
veV
We have

(o)) (@), if 5 =0,
(Gt(-,.,ut))*(:c*,s) = g

400, else,

epi(Ge(ey ., ue))* ={(2%,0,0) € X* xR xR : g(.,uy))"(z*) <6},
fl, o) (a*), if s = —1,
400, else,

epi(H(.,.,v))* = {(z*,~1,0) € X* x Rx R: f(.,v))*(z") < 0}.

Thus, the moment cone associated with (RPC) is

{<OX"7O’ 1)} U U(t,ut)eﬂ {(1‘*,0,9) : gt("ut))*($*> < 9}

UUUeV {(x*v 7179) : f(vv))*(x*) < 0}

M{, = conv cone
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Since
0,if z* =0x+ and s =1,
F*(z*,s) =
400, else,
we get epi * = {(0x~,1)} x Ry. Assuming that inf(RPC) # +oo, and ap-
plying Theorem 4.1 and Proposition 4.1, we conclude that

inf(RPC) = max(RDC) if and only if

{(0x+,1)} x Ry + M, is closed regarding (0x~,0)} x R.

7 Conclusions

In most applications of convex optimization, the data defining the nominal
problem are uncertain, so that the decision maker must choose among differ-
ent uncertainty models. Parametric models (stability and sensitivity analyses)
are based on embedding the nominal problem into a suitable topological space
of admissible perturbed problems, the so-called space of parameters. Sensitiv-
ity analysis provides estimations of the impact of a given perturbation of the
nominal problem on the optimal value while stability analysis provides con-
ditions under which sufficiently small perturbations of the nominal problem
provoke only small changes in the optimal value, the optimal set and the feasi-
ble set, as well as approximate distances, in the space of parameters, from the
nominal problem to important families of problems. Stochastic optimization,
in turn, assumes that the uncertain data are random variables with a known
probability distribution and provides either the probability distribution of the

optimal value under strong assumptions or its empirical distribution via simu-
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lation. Both approaches to uncertain convex optimization, the parametric and
the stochastic ones, are considered unrealistic by many practitioners for which
it is preferable to describe the uncertainty via sets. Indeed, robust models as-
sume that all instances of the data belong to prescribed sets (the so-called
uncertainty sets), and select an ”optimal decision” among those which are fea-
sible under any conceivable data. Assuming that the optimal value function
f is deterministic, the robust decision makers agree in minimizing f on the
set of robust feasible solutions. In contrast with the existing unanimity of the
robust optimization community in solving this (pessimistic) primal problem,
there exists a variety of possible choices of its (optimistic) dual counterpart.
We have chosen in Sections 5 the so-called min-max robust counterpart, which
consists of minimizing the worst case for the objective function on the robust

feasible set.

This paper examines five different dual pairs in robust convex optimization
(two of them already known), each one based on a corresponding moment cone.

In particular, we characterize:

Robust strong (or inf-max) duality in terms of the closedness regarding the

vertical axis of the corresponding moment cones.

Uniform robust strong duality (i.e., the fulfilment of robust strong duality for
arbitrary convex objective functions) in terms of the closedness regarding the

whole space and the convexity of the moment cones.
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Robust reverse strong (or min-sup) duality in terms of the linearity of the
recession cone of the robust primal problem and the closedness of certain set

regarding the vertical axis.

Moreover, we analyze robust duality for convex problems with linear objec-
tive function z — (c*, x) and the particular case of robust linear optimization,
for which we provide results which are new even in the deterministic setting
(when the uncertainty sets are singleton), e.g., the characterization of the op-
timal value of the five dual problems in terms of the intersection of a vertical

line through the point (—c*,0) with the corresponding moment cone.
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