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1 Introduction

In semi-infinite programming (SIP), one has to minimize functions of finite-
dimensional variables, which are subject to infinitely many constraints. SIP problems
often arise in mathematics as well as in diverse engineering and economical applica-
tions of the latter (see [ 1-5], and the references therein). A large class of distributionally
robust optimization problems can be described and solved with the help of convex
SIP [6]. A number of SIP control-related challenges, to be met with in practical
applications, can be found in [7-9], among others. In recent years, machine learning
methods are gaining popularity because of their reliability and efficiency in dealing
with “real-life” problems. In [10], an innovative method is proposed for generating
infinitely many kernel combinations with the help of infinite and semi-infinite opti-
mization.

In the study of optimization problems, in general, and the SIP ones, in particular,
many important issues are associated with an eventual valid choice of efficient opti-
mality conditions. The relevant literature on SIP and generalized SIP features a number
of approaches to optimality conditions (cf. [1,2,11-17]). Very often optimality con-
ditions are based on the topological study of inequality systems (e.g., [18-20] et al.)
and use different constraint qualifications (CQ) [12-14, 18]. Various CQs and assorted
questions on regularity and stability of the feasible sets in semi-infinite optimization
are studied in [21-24] and the references therein.

The methodology, which will be described below, is often followed in order to
verify the optimality of a given feasible solution. Using the information about a given
problem and its feasible solution x°, we formulate an auxiliary nonlinear programming
(NLP) problem with a finite number of constraints. This problem is constructed in such
a way that, under special additional conditions, the optimality property of x° in the
original SIP problem should be connected with the optimality of x° in the auxiliary
NLP problem. This allows for the use of a rich arsenal of tools, provided by the theory
of NLP, and permits to derive explicit necessary and sufficient optimality conditions
for SIP. This methodology affords two main approaches to optimality. The first one,
the discretization approach, as its name suggests, uses a simple idea of approximation
of the infinite index set by a finite grid to formulate a rather simple auxiliary NLP
problem, a discretized one (NLPp). The main drawback of this approach is that, for
the optimality conditions of the original SIP problem to be formulated in terms of
the optimality conditions for the auxiliary problem (NLPp), rather strong additional
conditions (CQs) should prevail, which is not often the case. The second approach,
under the term reduction, takes into account the specific properties and the structure
of the original SIP problem more accurately. This is made possible by the use of more
sophisticated auxiliary (finite) problems, which are denoted here as reduced problems
(NLPR). The reduction approach has the advantage of permitting the formulation of
the optimality conditions for SIP in terms of optimality conditions for the reduced
problems under weaker CQs. For the discretization and reduction approaches, as well
as another less frequently used ones, see [1,2], and others.
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It occurs that even more efficient auxiliary problems can be formulated for some
classes of SIP problems. Thus, in the authors’ papers [17,25,26], among others, the
notion of immobile (or carrier as in [19]) indices is employed to construct auxiliary
NLP problems of a new type for certain number of classes of convex SIP problems
with polyhedral index sets. These auxiliary problems represent more accurate approx-
imations of the original SIP problems, thus allowing for the proof of new (explicit and
implicit) optimality conditions under weaker additional conditions. This certainly will
expand the scope of applications of the theory and methods of convex SIP.

The paper can be seen as a significant step forward in the study launched in our
previous works, its natural, but not trivial expansion to one of the most general classes
of convex SIP problems, the class of problems with compact index sets defined by
finite numbers of functional inequalities. Our studies has been started in [27], where
we introduced an auxiliary finite problem [let us qualify it here by (NLP.)], performed
an in-depth study of its properties, and validated a number of technical statements,
which are necessary for further development of the new approach. The main aim of
this paper is to apply the results from [27] to the study of the optimality in the convex
SIP problems with finitely representable index sets. We will formulate and prove new
optimality conditions in the form of implicit optimality criteria, explicit necessary and
sufficient optimality conditions. These conditions do not necessitate any CQ and can
be met under rather weak assumptions. We will compare the optimality conditions,
thus obtained, with those known from the literature and prove the accrued efficiency
of the former over the latter from the following point of view: (a) the new optimality
conditions do not use any constraint qualification (are CQ-free); (b) a more restrained
subset of the feasible solutions satisfies the necessary optimality conditions, obtained
in the paper; and (c) the new sufficient conditions describe a wider subset of optimal
solutions.

It should be emphasized here that a simple translation of the optimality results
from [17,25] to the more general class of convex SIP problems, considered in this
paper, is impossible since the more complex geometry of index sets requires a non-
trivial review of concepts and methods lying in the basis of our approach. It is worth
mentioning that the class of compact sets, which are finitely representable in the form
of systems of functional inequalities, is much wider than that of the convex polyhedra.
Therefore, it is very important from both, the theoretical and practical points of view,
to develop new tools, which allow to obtain efficient optimality conditions for the
convex SIP problems considered in the paper.

The paper is organized as follows. Section 1 hosts the introduction. In Sect. 2,
we state the convex SIP problem with finitely representable index set, formulate the
auxiliary problem (NLP, ), and recall some of the results obtained in [27]. In Sect. 3,
we introduce a parametric problem (P(¢)) and study its properties, which are used in
Sect. 4 to prove implicit optimality criteria and explicit optimality conditions for the
original SIP problem. Several special cases are considered in Sect. 5: a case of SIP
problems satisfying the Slater CQ; another one, where the lower level problem satisfies
certain additional conditions; yet another case, where the index set is a polyhedron and,
finally, the case of linear constraints. For each of these cases, we explicitly formulate
optimality conditions. An example in Sect. 6 illustrates the applicability of the theo-
retical results obtained in the paper, the efficiency of the theorems proved here, and the
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usefulness of information about the immobile indices for numerical implementations.
We use this example also to compare the optimality conditions obtained in the paper
with other results known from the literature. In Sect. 7, we discuss perspectives for
future research and some open problems. The final Sect. 8§ contains the conclusions
and final remarks.

2 Convex SIP Problem with Finitely Representable Index Set

In this section, we formulate the problem, give the basic notations, and present some
results from [27], which will be used in what follows.
Consider the following SIP problem:

(SIP): minc(x), st f(x.0) <0 Vi eT, (1
Xe n

where T C R” is a compact index set defined by a finite system of inequalities:
T :={teRP:g1) <0, s €S}, |S|<o0. ?)

Suppose that the cost function c¢(x) and the constraint function f(x,t), forallt € T,
are convex w.r.t. x € R". Hence, the problem (SIP) is convex. Suppose also that
functions c¢(x), f(x, ) and gs(¢) are sufficiently smooth w.r.t. x € R"” and t € R?,
which means here that the (partial) derivatives of these functions of all orders, that will
be needed in sequel, exist and are continuous for all respective variables. The main
aim of this study is to apply our approach developed in the previous papers, to the
convex SIP problem (1) with the index set in the form (2), and obtain new optimality
conditions for this problem.

Let us, first, reformulate some definitions introduced in [27].

Denote by X the set of feasible solutions (the feasible set) in the problem (SIP),
X = {x € R": f(x,t) <0Vt € T}. Suppose that the problem is consistent, i.e.,
X #Q.

Definition 2.1 Problem (SIP) is said to satisfy the Slater condition (the Slater CQ) iff
the interior of its feasible set is not empty:

(SCQ): 3Ix eR™ f(k,t) <0 VreT.

Definition 2.2 An index ¢t € T is said to be immobile in the problem (SIP) iff
f(x,t) =0forall x € X.

From Definition 2.2, it follows that any immobile index is an optimal solution of
the lower level problem

(LLP(x)): mﬁ’,‘: f(x,t), st. t €T :={reRP, git) <0, s € S},
te
forall x € X.
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Consider an index ¢ € T. Denote by S,(¢) the set of active indices in problem
(LLP(x)): Sa(t) :={s € S: gs(¢t) = 0}, and by L(¢) the linearized tangent cone to the
set T atr: L(1) = I € RP: 2801 <0 5 € 5,(r)).

In [27], the necessary optimality conditions for the lower level problem were for-
mulated under the Mangasarian—Fromovitz CQ, which is the most well known and
widely used regularity condition.

Definition 2.3 Given the lower level problem (LLP(x)), the Mangasarian—Fromovitz
CQissaid tohold at 7 € T iff

(MFCQ): 31 e R”: 1 <0, s e S,().

98 (1)
t
Note that (MFCQ) is supposed to fulfill at 7 € T if S, (7) = .
Denote by T* C T the set of all immobile indices in (SIP). For 7 € T*, x € R",
and [ € L(7), consider a parametric linear programming (LP) problem

OIS 3¢5 (0)
ot a2

1, s €8,(7).

)

_ aft (x, 1
(LP(x, 7,1)): max Mw
weRP at

Suppose that x € X and (MFCQ) holds at f € T*. Then, problem (LP(x, 7, 1)) has an
optimal solution for all [ € L(7).

Denote by val(P) the optimal value of the cost function of an optimization problem
(P) and consider the functions defined forx € R”, t € T*,and [ € L(?),

702 f(x, 1)

Fl(-xvtal) =L, FZ(-x»tal) ::l atz

af T (x, 1)
” l [+ val(LP(x,t,1)). (3)

Then, given x € X, the first and the second order necessary optimality conditions for

t € T* in the problem (LLP(x)) can be formulated in terms of functions (3), as follows

(see [27]), respectively:
Fi(x,7,) <0 VI € L@, F(x,i,D) <0 Vi€ Clx,D), @)
— 9 T —
where C(x, 7) = {I € L(7): L0

point 7 in the lower level problem (LLP(x)).
Given immobile index 7 € T*, taking into account conditions (4), which should be
fulfilled by all x € X, let us give the next definition.

I = 0} is the cone of critical directions at the

Definition 2.4 Let7 € T* satisfy (MFCQ)and/ € L(7), [ # 0. Define the immobility
order ¢ (7, [) of the immobile index 7 along the direction [ as follows:

- q(t, 1) =0,if3x = x(f,]) € X such that F{(x,1,[) < 0;

- q@, ) = 1,if Fi(x,i,]) = 0,Vx € X,and 3 x = x(7,]) € X such that
Fr(%,1,1) <O0;

—q@, ) > 1,if Fi(x,7,]) =0and F>(x,7,]) =0, Vx € X.
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It is seen from the definition, that in the case F)(x,7,1) = 0, Fa(x,7,1) = 0, for
all x € X, the immobility order of the index 7 is greater than one. It is easy to specify
the value of ¢ (7, ) ) for this case, but we will not do it here, since our study is based on
the following assumptions.

Assumption 1 Given a feasible solution x € X of the convex SIP problem (1), the
lower level problem (LLP(x)) meets the regularity condition (MFCQ) at any immobile
indext e T*C T.

Assumption 2 Given problem (SIP), for all # € T*, it holds ¢(z,l) < 1 for all
le L), | #0.

Assumptions 1 and 2 are supposed to be trivially satisfied if 7* = @.

In [27], it was proved that, under Assumptions 1 and 2, the set 7* of immobile
indices in the convex problem (SIP) is finite and, therefore, admits a presentation
T = {t;.*,j € Ji}, where 0 < |J,| < o0.

Consider j € J, and the corresponding immobile index t;.‘ € T*. The set
L(j) = L(t;.‘) (the linearized tangent cone to the index set 7' in the point tj’.‘) admits
an alternative representation in terms of extremal rays (see [25]):

L(j):=31€RP:3B;,i € P(j), o; >0,i € I(j)
5
such that | = Z Bibi (j) + Z a;ai(j) ¢ .

ieP(j) iel(j)

where b;(j),i € P(j), are bidirectional extremal rays, and a;(j),i € I(j), are
unidirectional extremal rays of the cone L(j). The extremal rays can be constructed
using the procedure described in [28]. Note here that the extremal rays satisfy the
following properties:

DB+ Y @i=0= 1= Y Bibi()+ Y @ai(j)#0, (6)
ieP(j) iel(j) ieP(j) iel(j)
bl (an(j) =0, i € P(j), m € I(j). )

Given j € J, and the corresponding cone L(j), denote by Ip(j) and I.(j) the
indices of the unidirectional extremal rays a; (j), i € I(j), such that q(tj.‘, a;i(j)) >1
and q(t7, a;(j)) = 0, respectively:

fT (x, t%)

Io(j) =i € I()): o7

ai(j)=0,Vx e X, L(@):=T(\o()).

(8)
Let Co(j) :=={l e RP: L =3 pjy Bibi () + Xicpojy @ii(J)s @i =0, i € Io(j)}.
It is shown in [27] that, given t}'f € T*, the set Co(7)\{0} consists of all directions
I € L(j), whose immobility orders are greater that one. Therefore,
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af T (x, 1*
201 Fi(x,17,1) := T’l =0, Vl € Co(j), Vx € X. )

202 By construction, Co(j) C C(x, t;‘) C L(j), Vx € X.In what follows, for simplicity,
2z  we will use notation F1;(x,[) = Fl(x,t;‘,l), Fjx, 1) = F(x, tj’.*,l), j € Jy for
204 the functions defined in (3). In [27], the following result was proved.

205 Theorem 2.1 (Theorem 2 in [27], under additional Assumption 2) Given problem
206 (SIP), let Assumptions 1 and 2 be fulfilled. If for x° € X, there exist subsets of indices
207 and vectors

G
]
]
S
(=W}
-
o
=
+—
=
<

208 {t;,j € Ja} C T(x"\T*,

() k=1,....m()H} C {l € Co(j) : Faj(x°.1) =0}, j € Js,

210 with |Ja| + > m(j) < oo, (10)
jeJy

1+ such that the point x° is optimal in the following NLP problem:

»

212 min c(x),

213 (NLPy): s.t. fx,t7) =0, Fij(x,bi(j)) =0,i € P(j),

214 Fij(x,ai(j)) =0,i € Io(j), Fij(x,ai(j)) =0,i € (),

215 Fpj(x, k() =0,k =1,....m(j), j € Ju; f(x,1j) =0, € Ja,

216 (11
217 then x° is an optimal solution in the problem (SIP).

218 Here and in what follows, T, (x) is the active index set at a feasible solution x €
9 X:T,(x):={teT:f(x,t)=0}

220 Denote by Q = Q(T*) C R”, the set defined by the equality constraints
1 of the problem (NLP,): O = {x € R":f(x,t;‘) = 0,F;(x,bi(j) = 0,i €
2 P(j), Fij(x,ai(j)) =0,i € Ip(j), J € J«}.

2

2:

N

2

IN]

223 Then, problem (NLP,) can be written in the form

224 min c(x),

2 (NLPy): st x e Q:={xe Q:Fj(x,a;(j)) <0,i € L(j). j € Js},

226 Fjx,k(j) <0, k=1,....m(j),jeJss flx,t))=<0,j€

227 (12)
228 It follows from Lemmas 3 and 5, and Corollary 4 in [27], that, under Assumptions

220 1 and 2, the problem (NLP,) possesses the following properties.

o Property 2.1 The set Q = Q(T*) is convex.

2

@
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Property 2.2 There exists a point X € X such that

Fij(x,0) <0, ¥Vl € L(H\Co(j), Il =1; (13)
Fj(x,1) <0, VI e Co(j), =1, j ey (14)
f(F,1) <0, t € T\T*. (15)

Property 2.3 For all j € Jy, the auxiliary functions Fyj(x,l) with I € L(j) are
convex w.rt. x in O and the functions F2j(x, 1) with | € Cy(j), are convex w.r.t. x in
the convex set Q defined in (12).

Here and in what follows, we use the Euclidean norm || - ||.

Basing on Theorem 2.1 and the properties above, we can conclude that, under
Assumptions 1 and 2, the sufficient optimality conditions for a feasible solution x°
in the problem (SIP) can be substituted by the optimality conditions for x° in the
auxiliary problem (NLP,,), which is convex and satisfies the Slater type CQ (Property
2.2).

3 Parametric Problem (P(¢)) and Its Properties

In this section, using the constraints of the problem (NLP,), we introduce a special
parametric problem and study its properties, which are crucial for the proof of the
necessary optimality conditions for the problem (SIP).

Suppose that the problem (SIP) has an optimal solution x°. Given ¢ > 0, define the
set T(e) ;=T\ Ujej* int Tz (j), where T (j) :={t € T: ||t — tj’.‘|| <e¢},j € Jy, and
consider a problem

P(e)): min c(x), st. xeYNB, f(x,t) <0, Vit € T(e),

where Y = Y(T*) = {x € Q: Fjx,l) < 0,Vl € Co(j),j € Ju},B =
B(gg, x°) := {x e R": |x —x°|| < &0}, &0 being an arbitrary fixed number satisfying
the inequality ||X — x| > gp,and ¥ € X a point satisfying relations (13)—(15).

It is easy to see that the set Y is defined by the constraints of the problem (NLP,.)
corresponding to the immobile indices of the original problem (SIP). In the case
T* =@, we have Y = R" and T'(¢) := T. It follows from Properties 2.1 and 2.3, that
the set Y is convex, hence the set Y N B is convex as well. Since the feasible set of the
problem (P(¢)) is bounded, closed and not empty (vector x¥ is feasible), this problem
has an optimal solution.

The main properties of the parametric problem (P(¢)) can be derived from the
following proposition.

Proposition 3.1 Suppose that Assumptions 1 and 2 are satisfied. Consider a vector
X € X satisfying inequalities (13)—(15), and let z € Y. Then, for any sufficiently small
e > 0, there exists a number \(g) € [0, 1] such that
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S(x(A(e),2),1) <0,1 € Te(j), j € Jy, and 1(e) — Oase | 0, (16)

where x(A,z) ;= (1 —M)z+Ax =z+ A(x —2), A € [0, 1].

Proof Given z € Y, set x(A) := x(A, z). Let ¢ > 0 be a sufficiently small positive
number. Denote

fz, 0 ,
M) =4 F@0— fG 0 if f(z,1) >0,
0, if f(z.1) <0,

teTe(j),jeds. (AT

Since the function f(x,t) is convex w.rt. x, then f(x(A),7) < 0 for A €
[Aj(®), 11, € Te(j),j € J«. Note that if f(z,7) < Oforallt € T:(j), j € Js,
and some &€ > 0, then A;(t) = Oforallt € T(j), j € Jy,andall 0 < ¢ < &.
Consequently, relations (16) take place with A(¢) = 0,0 < ¢ < &, and the proposition
is proved for this case.

Let j € J, be an arbitrary index such that T, (j) N T+ (z) # @, where T+ (z): =
{t € T: f(z,1) > 0}. By construction, f(z,t) > 0, € T.(j) N T (z). Hence

fz, 1)
f&. )

0<i() <~ = (1), 1 € T.() N T (). (18)

To show that
wi) < 0j(e) fort € T,(j)N T7(2), (19)

where O;(¢) — 0 as ¢ | 0, suppose that (19) is not satisfied. Hence, there exist
sequences &; > 0,4 € T, (j))NT%(z), i = 1,2, ..., such that

Ity — ]| = &, lim & =0, lim u;(t) = fi; > 0. (20)
1—> 00 1—> 00

Foranyi =1,2,..., the index #; € T, (j) N T (z) C T can be represented in the

formt; = t;‘f + At;, where || At; || = ¢&;. Therefore,
dgy (1) i}
gs(ti) = ” Ati +o(ll&il) =0, s € Sa(r}). (21)
Evidently, the sequence H2+H’ i = 1,2,..., possesses a convergent subsequence
Aty. . - . Aty . -
ﬁ, l_ = 1,2,.... Denote [ := lim;_ HA_U:H' From (21), it follows that [ €
L(j), lII|| = 1. To simplify the exposition, without loss of generality, we assume here
that k; =i fori =1, 2, .. .. From the considerations above, it follows that A¢; admits
representation: B
At =& - (I + w; (A1), (22)

where w; (Ar) is a function satisfying the property w; (A7) — 0 as || Az]| — 0. Recall
that any / € L(j), can be presented in the form

[ =yl + 9l y. >0, >0, (23)
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where

1% = Aa,, 19 := (Ao, B) ( "‘g>;

& >0, @ =0; IV =19 =1,

Ao = Ao(j) i= (ai(j),i € Io())); As = Au(j) i= (@i (j),i € L(j));
B = B(j):= (bi(j),i € P(j)); @ = @i (j).i € lo(j));
@ = @ (j),i € L(j)); B=(Bi(j),i € P3)); (24)

and the coefficients ; and ,3,- are associated with the representation of I e L( j) in
terms of the extremal rays [see (5)]. Here we took into account (7).

From (6), it follows that the sets {a4: o > 0, a*TAZA*a* = 1} and {(B, @p): ap >
0, BTBTBB + ol AL Agarg = 1} are closed and bounded. Here g € R0V @, €
RIHDI g e RIPODI,

One of two following cases can occur in (23): A. y, > 0, B. y,. = 0.

Let us, first, assume that the case A holds. Since t;, = t* + lg; + o(s)
AT &N o - - afT (x *)
and ——L10 = 0, then f(X,5;) = f(x )+ eim—yr ol + ole) =
" <xz ) fT 1

Wl + 10l D) + o) = & L9y, + o(e) < si1.C1 + ol
Where l(*) = A,a, [see (24)] and Cj is the optlmal value of the cost function in the
afrT (&,
problem maxg, #A*a*, S.t. aIAIA*a* =1, ay > 0.

As Aoy ¢ Co(j) for any oy > 0, «, # 0, inequalities (13) hold. Hence, C; < 0

and for a sufficiently small ¢; > 0 we have

Ej

— f(x, 1) = =Cigiys +o(g;) > 0. (25)

0 0
Taking into account that, by construction, f(z, t*) =0, Ml O — Ml )

afT (zt)

< 0,itholds f(z,t) = ¢; Ty [ v« + 01(¢;) > 0, wherefrom, with respect to

af T (z,r*
the inequality &; / d(f 1 )l My, <0, we get

0 < flz. 1) = 01(&). (26)
From (25) and (26), it follows (1) = —HE0 < —0C) — = 0;(e;), that

contradicts assumption (20).
Now, let us consider case B: y, = 01in (23). By assumption, z € Y, and taking into

account [©) € Co(Jj), one gets

0 f(z, 1)

- D10 4 val (LP (z * z<°>)) <0. @7

Fyj(z, 1) = (" 1,

The constraints of the problem (LP(z, t;-‘, 1)) are consistent and it follows from (27)
that val(LP(z, t;.‘, l (O))) < +o00. Hence, this problem has a dual solution, i.e., there

exist numbers y; = ys(z), s € Sa(t;.‘), such that
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08.) _ f 1)

> vy S s 2 0.5 € K1), (28)
YESd(t*)
* 7(0) OnyT (J) (©)
val(LP(z, 17, 1P) = = Y~y )—l : (29)

seSa(t*)

Since t; = t;‘ + At; with At; defined in (22), then the inequalities

agl @r) 1 0%g(th)
#Al}' + —AI-T—

a7 S A o2 Atl+0(8)<0 seSa(t)

gs(ti) = gs(t;) +
can be rewritten in the form

a a
6 g}(/)(z+wl(m))+— T §(21)1+0(82)<0 s € St (30)

Similarly, we have

2 f(z, 1)

afT (z, 1) 1
il (I + wi(AL)) + = 82,—7 d [4+o(hH. @31

flet) = ei—— -

From (MFCQ), one can conclude that the set of vectors ys, s € Sa(t*) satisfying
(28), is bounded. Multiply each inequality in (30) by the correspondmg value y; >
0,5 €8, (t]*), and sum the resulting inequalities:

dgy (1) 1 92gs(17) -
g Y, w—p A twiAn) < —=ef 1 m/ [+o(]). (32
SESU(I*) seS,,(t;f)
From (28) and (31), it follows
dg| (1)) 3 f(z, *)_
ft)=¢ Z Vs Aal‘ (l+wl(Atl))+_8 Z—TT +0(8,'2)~
S€S.(7)
This relation, together with (32), implies
0% (t7) a2f(z, 0 -
fz.t) <—s T B remell LRGN

TES(,(I‘ )

wherefrom, w.r.t. the equality (29), the inequality 0 < f(z, 1;), and the fact that/ = [
in the case B, we get 0 < f(z,4) < %S?sz (z,19) + 0(8[2). Taking into account

(27), from the last inequalities we get
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0 < f(z, 1) < o(e]). (33)

Similarly, we have f(x,t;) < %81.2F2j(i,l(0)) + 5(8?) < %sﬁcz + 5(81-2), where
f(x,t;) < 0and Cy denotes the optimal value of the cost function in the problem

max F2j(%, BB + Aoo), st BT BTBB +al Al Aoag =1, ap > 0.
,OQ

Since BB + Apag € Co(j) for any (B, o) # 0, g > 0, the inequalities (14) take
place. Hence, for C», defined above, and ¢; > 0 sufficiently small, it holds C> < 0 and
—f(x, ) > —%stZ + 5(812) > 0. From the last inequality together with (25) and
2
(33), we get M ) = 7ff(€z{2) = %8,22;237(812)
our assumption (20). The contradictions obtained in the cases A and B, prove that
relations (19) take place.
Set A(¢) :=max{A;(¢), j € Ji}, where

=0 j(&;). But this again contradicts

0, it T.(j)HNTT(z) =0,

Aj(e)::{ max (0, if T.()NTt() #0.
(€T, (HNT+(2)

Itfollows from (18) and (19) that A (¢) — Oase | Oand, by construction, A(¢) > A ()
fort € T,(j) N T*(z). Hence, relations (16) are fulfilled. m]

It is worth mentioning that the proof of Proposition 3.1 (for SIP problems with
finitely representable index sets) at the root is different from that of Proposition 5 in
[17] (for SIP problems with the box constrained index sets). This is due to the fact
that, in spite of the external similarity, the parametric problem (P(¢)) fundamentally
differs from the parametric problem, which was introduced in [17]. This difference is
explained by the more complex geometry of the finitely representable index set, and
makes it impossible to simply transfer the evidence of [17] on the more complex case.

The following two corollaries, that can be proved in a similar way as Corollary 3
and Proposition 6 in [17], are obtained on the basis of Proposition 3.1.

Corollary 3.1 Suppose that Assumptions 1 and 2 are satisfied for the convex problem
(SIP). Then, limg c(z%(e)) = c(x0), where x° is an optimal solution of problem
(SIP) and 7°(g) is an optimal solution of the problem (P(¢)).

Corollary 3.2 Suppose that Assumptions 1 and?2 are satisfied for the convex problem
(SIP). Consider a vector function x(A, z) = (1 — A)z + AX, A € [0, 1], where vector
x satisfies (13)—(15), and z € Y. Then for all ). €0, 1], there exists A = A(r,z) >0
such that f(x(A,z),t) <0, t € Ta(j), J € Js.

4 Optimality Conditions for the Convex SIP Problems with Finitely
Representable Index Sets

In this section, we will use the properties of the parametric problem (P(e)) proved in

the previous section, to obtain new optimality conditions for the problem (SIP), that
is the main goal of the paper.
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4.1 Implicit Optimality Criteria

Using Corollaries 3.1 and 3.2, and following the main steps the proof of Theorem 1
from [17], we can prove the following theorem.

Theorem 4.1 Suppose that Assumptions 1 and 2 are satisfied for the convex problem
(SIP). Then, a feasible solution x° € X is optimal in this problem if and only if there
exists a set {tj, j € J,} C 1, (xo)\T*, |Jo| < n, such that x%isan optimal solution
of the auxiliary problem

(AP): minc(x), st. x €Y, f(x,t;) <0,j € Ja.
Now, let us rewrite the problem (AP) in the form

min  c(x),
xeQCR"
s.t. Frj(x,1) <0, VI e Co(j), Nll=1, jedss fx,1)) <0, j€ Ja,

where the set O C R” is defined in (12). Under Assumptions 1 and 2, problem (AP)
possesses the Properties 2.1-2.3 and, therefore, satisfies the conditions of Theorem 1
from [29]. Applying this result together with Theorem 4.1, one can prove the following
theorem.

Theorem 4.2 (Implicit optimality criterion) Suppose that Assumptions 1 and 2 are
satisfied for the convex problem (SIP). Then, the feasible solution x° € X is optimal iff
there exist a set of indices {tj, j € J,} C T, (xo)\T* and a set of vectors Il (j), k =
1,...,m(j), j € Jy, defined in (10), such that

ol + Y m(j) <n, (34)

J€Jx

and the vector x° is an optimal solution of the convex NLP problem (11).

Note that the optimality conditions given by this theorem, are both necessary and
sufficient, and the Assumptions 1 and 2 are not too restrictive.

According to Theorem 4.2, given feasible x°, instead of testing its optimality in
the infinite dimension SIP problem (SIP), one can test the optimality of x" in a finite
dimension NLP problem (NLP,.). The transition to a simpler and more studied problem
allows us to obtain new explicit optimality conditions for convex SIP. In fact, having
applied Theorem 4.2 and any optimality conditions for the convex problem (NLP,)
(either some conditions already known from the theory of NLP, or new ones, that are
specially formulated for the case), one gets new optimality conditions for SIP. Some
of such conditions are presented in the next section.

4.2 Explicit Optimality Conditions

In the previous section, we have proven the implicit optimality criteria for the problem
(SIP). Now we will formulate and prove new explicit sufficient and necessary opti-
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mality conditions for this problem. These conditions differ from the known ones and
are formulated under assumptions that are less restrictive than the usually used CQs.

Denote So(t*) ={s e Sa(t*) Jig € Ip(j) such that &S( )alo(]) # 0}, S*(t*) =
Sa(tj)\Sg (t;k). For j € J,, cons1der LP problem

af T (x, %) agl(t™)
(LPj(x)): max —]w, S.t. - J
w ot ot

w<0se S:(t;-‘).

The following lemma states some important properties of this problem.

Lemma 4.1 Given x € Q and j € J,, any feasible solution of the problem (LP;j(x))
admits a representation

YoobiBi+ Y, ailDei i =0, i € L(j). (35)

i€P(j) ielo(HUL())
Moreover, this problem has an optimal solution and val(LP;(x)) = 0.

Proof For x € Q and j € J,, consider the problem (LPj(x)). Let u be its feasible
solution. It follows from the definition of the sets S (t;‘) and Sg (t;‘), that there exist
numbers ¢; > 0,i € Ip(j), such that the vector

Ri=pt ) @D (36)
ielo(j)
T+ afT (x,t*) _ afT (x,r*
satisfies the relations gat 2i<0, se Sa(t7), 4 ;g); Lp=" (’(;tc 2

Then, i € L(j) and the followmg representatlon is possible:

A=Y LB+ Y. @D @ =0.ich(HULG). (D)

ieP(j) ielo(HUL())

) af T (x,13)
From the inclusion x € Q, it follows 1 < 0 and, hence, o < 0 for

each feasible solution p of the problem (LP;j(x)). Then, evidently, vector u = 0 is an
optimal solution and val(LP; (x)) = 0.

Moreover, from equalities (36) and (37), it follows: u© = @ — Zie[om ai(ja; =
Yier(y bilDBi + Xiciyjy @@ — &) + 3 iep @i (D, @ =0, i € L(j).
This proves that every feasible solution x of the problem (LP;(x)) admits represen-
tation (35). O

Let sol(P) denote the set of the optimal solutions of a given optimization problem
(P), and suppose that ) }* ;- =0if m = 0.

Theorem 4.3 (Explicit sufficient optimality conditions) Let Assumptions 1 and 2 hold
true and x° € X be a feasible solution of the convex problem (SIP). Suppose that there
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exist active indices tj, j € Jg, vectors i (j), k = 1,...,m(j), j € Jx, defined in
(10), (34) as well as vectors

1k (j) € solLP(x®, 1%, (j)), k= 1,...,m(j); pj € sol(LP;(x")), j € Js,
(38)

and numbers A, j € Jy, v; >0, j € Jy, such that

de(x0 Af (x0, 1 af eyt (0,
c(X)_i_ZUjM_l_Z A n i
0x ax 0x dxot

J€Ja JE€Jx

m(j) (aZf(xo’ t*)

+ Z d0x0t

k=1

2 0 *
" f(x7, 1
Mk(J)Jr— (NN —lk(J) =0. (39

Then, x° is an optimal solution of the problem (SIP).

Note that here and in what follows, it may happen that m (jo) = 0 for some jy € J..
This means that the set {{x(jo), k = 1, ..., m(jo)} is empty.

Proof For x0 e Q and j € J,, let us consider the problem (LPj(xO)). It fol-
TG T (.1 ,

lows from Lemma 4.1, that 0 = ———pn = TZieI*(j)ai(])ai for

n = u; € sol(LP ~(x0)). Taking into account the last equality and the inequalities

afT (x° 17)

i (j) <0,0; >0, i € I(j), we obtain
IRUANCS
a; >0, lfTaz(J)—O
AfT(x0,1%)
o =0, ifT’a,-(j)<o, i € L.(j). (40)

Let x be a feasible solutionin (11). Since problem (11) is convex, then forall A € [0, 1],
the vector x(A) := x%(1 — 1) + ¥2 = x% + L Ax with Ax := & — x? is its feasible
solution as well. Hence, for Ax it holds:

af (0, 1%) af (10, ¢;
TTED) g O o 41
0x X
;02010
T L pi(j)=0,i € P(j), j € Ji: (42)
9xdt
Ta2f(x0,t; =0, ifi € Io(j),
—— L a(j arT (x° *) jeJe, 43)
dx0t <0, 1fzeI(])and— i(j) =0,
2 0 t* 2 0 %
3 F(O, I7f (7, 15)
AxT—(lk (])—]lk(])) max  Axl——— <o,
pesol(LP(. 1% 1 (/) dxdt
k=1,...,m(j), j€ Js (44)
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Since ui(j) € sol(LP(xY, t;‘, 1 (j))), the inequalities (44) imply

3 2f(0 *) 2f( O’ *
At L (1 = Y ras =y <0
k=1,...,m(j), j € Js (45)

Let Ax be a vector satisfying conditions (42), (43) and u; € sol(LP; x). Taking
into account (35), (40), and (43), we obtain

3 f(x0, 1% ;020
AxT—— . — Ax' ——— < 0. 46
X xa1 M ie[z(j) x ax al al (Ja; < (46)

By assumption, equality (39) holds true. Let us multiply both sides of this equality by
AxT and take into account (41)—(46). As a result, we get

Bc(x ) Taf(x 3f(x
LR S D S YIN A
8x J€Ja JE€Jx 0x
5 a Tazf(xo,t*) |
P Y v Y
m(j) 32f(x
+ZA (8m 1k (j)

9 2 f(x0, %)
+8—[lk (])—j lk(]):|):| 0.

Thus, we have shown that for every feasible solution x of problem (11) the inequality

a.T .0
%(f — x%) > 0 holds true. Note that since the function c¢(x) is convex, then

% (x—x9) < c(®)—c(xY). The last two inequalities imply the inequality c(x%) <
c(x), which has to be satisfied by all feasible solutions x of problem (11). This means
that the vector x° € X is an optimal solution of this problem. Taking into account
that the set of feasible solutions X of the original SIP problem is a subset of the set of
feasible solutions of problem (11), we conclude that the vector x° solves the original
SIP problem as well. The theorem is proved. O

Following [30], let us introduce the following definition.

Definition 4.1 The Constant Rank Constraint Qualification (CRCQ) is said to be held
at ¥ € X in the NLP problem (11) iff there exists a neighborhood £2(x) C R” of x
such that the system of vectors

of (x,17) a2f(x,t;f) 92 f (x, %)
JZ bi(j).i P.’—j'.’. L. ient.
dx axot l(.]) 1 € (]) 901 a,(]) 1 € 0(]) J e J.
(47
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has a constant rank for every x € £2(x).

Theorem 4.4 (Explicit optimality criterion) Let Assumptions 1 and 2 hold true for
the convex problem (SIP). Suppose that (CRCQ) is satisfied at x° € X. Then, the
vector x° is an optimal solution of problem (SIP) iff there exist indices t i J € Ja,
and vectors Ik (j), k=1,...,m(j),j € Ji defined in (10) and (34), as well as
vectors ux(j), k = 1,...,m(j), and w;, j € Jy, defined in (38), and numbers
Aj,j € Jy, vj 20, j € Jg, such that equality (39) takes place.

{’roof = It follows from Theorem 4.2, that there exist indices ¢;, j € J,, and vectors
(i), k=1,....,m(j), j € Ji, defined in (10) such that the vector x0 is optimal in
problem (11). Rewrite the last problem in the form

min c(x),
p) T t*
%b,(n =0,i € P(j),

- of7 (x. 1)
WD 4y = 0.1 € To(j), —— a2 0.0 € L(). (48)

T f( ’ ‘)— _
(lk(j))TTJlk(j) +val (LP(x, t;f,lk(j))) <0,k=1,...,m(j), j € Ju,
flx, 1)) <0,/ € J,.

s.t. f. ) =0,

It follows from the assumptions of the theorem, that problem (48) possesses the
Properties 2.1-2.3 (see Sect. 2) and the following one: there exists a neighborhood
2(x% c R” of x° such that the system of vectors (47) has a constant rank for every
x € £2(x). According to [31], under fulfillment of these properties, a feasible vector

x¥ is an optimal solution in problem (48) if and only if there exist numbers and vectors

Vi 20,j € Jas Aj, wi(j).i € P(j), vi(j).i€lo()), vi(j) =0,i € L(j);
ij = 0, fixj € sol(LP(x’, (), k=1,...,m(j), j€

afT (x0,r%)

such that y,(])— i(j)=0,i € I,(j), j € Jy, and the equality
Bc(x) Y of (x°, 1) iy of (%, 1) +82f(x°,t}*)
T ax / ax axot Hi
Jj€Ja JjeJs
m(j) 82f(x P a f( *)
o+ — | G ——5—L =0 (49
+Z k,< ey uk.,+3x [uo)) > k(nD (49)

holds true with

wi=| Y o+ Y wGm | ied.  (50)

i€P(j) ielp(HUL())
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It follows from Lemma 4.1, that for j € J,, the vector u; is feasible in problem
9 T 0’ *
(LP; (x%) and #yﬂ- = 0. Hence, i ; € sol(LP; x%).

Basing on Theorem 4.2 and equality (49), without loss of generality, we can sup-
pose that Ax; > 0,k = 1,...,m(j), j € _J*, since in the case when Ax; = 0, we
may exclude from consideration the vector /x(j) and the corresponding constraint of
problem (48). Denote

L(j) = /Mg (s () =i (), k=1,...,m(j), j € Ja. (G

Evidently, Ix(j) € {l € Co(t): F2;(x°, 1) = 0}, ui(j) € sol(LP(xO,t;‘,lk(j))),k =
1,...,m(j), j € Js. Hence, equality (49) implies equality (39) with vectors u; €
sol(LPj(xo)) defined in (50) and I (j), ux(j), k = 1,...,m(j), defined in (51) for
J € Ji. The necessary part of the theorem is proved.

<« The sufficient part of the proof follows from Theorem 4.3. O

It is worth mentioning that the optimality conditions proved above are of the first
order w.r.t. x. For the convex SIP problems, Theorems 4.3 and 4.4, provide more
efficient optimality conditions when compared with the ones, which can be found in
the literature. Indeed, the necessary optimality conditions from [11] (Theorems 5.113,
5.118) and [1] (Theorem 5.1) are trivially fulfilled for any x € X, if the constraints
of the problem (SIP) do not satisfy the Slater CQ. Hence, these conditions are useless
in such situation. But this does not happen under the conditions of Theorem 4.4. In
fact, suppose that for the problem (SIP), the Slater CQ fails. Then, the set of the
immobile indices T* = {¢¥, j € J.} is nonempty. Let x* be any feasible solution of
the problem (SIP) and T, (x*) be the corresponding active index set. By construction,
T* C T,(x*). Note that, since the indices t;‘, j € J, are immobile, it is easy to
show that for any x* € X, there exist numbers )Lj = )\’;(x*) > 0,j € Js, such

Af (x*,1* . ..
that Zjej* A}f% =0, Zjej* )»j > 0. Consider the multiplies 1o = 0, A; =

)»jf, j € Jo; A(t) = Ofort € T,(x*)\T*. For definiteness, let us consider the
necessary optimality conditions from Theorems 5.113 and 5.118 in [11]. It is easy
to verify that the chosen above multiplies satisfy condition (5.284) in [11]. Note
that for the convex SIP problems, condition (5.316) in [11] is always satisfied since
hT%h >0and ¥ (t,h) = 0forh € C(x*),t € T,(x*) (see (5.302) in [11]).
Hence, we have shown that the necessary optimality conditions from Theorems 5.113
and 5.118 in [11] are fulfilled for any feasible x* € X of the problem (SIP).

If consider Theorem 4.4 proven above, it should be noted that it provides the opti-
mality criterion under the assumption that (CRCQ) is satisfied. Therefore, in this case
only the optimal solutions of the problem (SIP) satisfy the conditions of the theorem.
In Sects. 5 and 6, we will present some situations, where the necessary conditions of
Theorem 4.4 are not trivially satisfied even when the Slater CQ fails. The example
from [27] along with one another, which will be discussed in Sect. 6, shows that, given
a convex SIP problem, the set of the feasible solutions satisfying the sufficient condi-
tions proved in Theorem 4.3 can be wider, when compared to the set of the feasible
solutions satisfying the sufficient conditions from [11, 12]. Therefore, we can conclude
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that the first order optimality conditions presented in this paper, are stronger than the
known first order optimality conditions.

5 Special Cases

We will consider here some special cases of SIP problems, for which the optimality
conditions from the previous sections can be reformulated in a simpler form.

Case 1 Problem (SIP) satisfies the Slater condition.

Suppose that the problem (SIP) satisfies the Slater condition. Then, 7* = ¢ and,
hence, the (CRCQ) is trivially fulfilled. Then, Theorem 4.4 takes the form of one
well-known result from [1].

Theorem 5.1 Let the convex problem (SIP) satisfy (SCQ). A feasible point x° € X is
an optimal solution of (SIP) iff there exist a set of indices {t;, j € J,} C T,(x9), A
n, and numbers vo = 1,v; > 0, j € J,, such that

dc(xY) af (x0, 1))

PSR La—y 52
0x +ZUI 0x (52)

Vo
J€Ja

The following observations should be made here:

— The statement of Theorem 5.1 continues to be true in its sufficient part even when
the problem (SIP) does not satisfy (SCQ). But such a sufficient optimality condition
for convex SIP is too restrictive.

— Without (SCQ), the first order necessary optimality conditions from [1,11] are
as follows: Let x° € X be an optimal solution of (SIP). Then, there exist active
indices {tj, j € Ju} C Ta(xo), [Jo| < n, and numbers vo > 0,v; >0, j € Jg,
such that equality (52) takes place. 1t is easy to show that if T* # (J, then these
conditions are fulfilled for all x € X.

From the observations above, we can conclude that the optimality conditions formu-
lated in the Theorems 4.3 and 4.4 coincide with the classical first order optimality
conditions for the problems (SIP) satisfying (SCQ), and they are more efficient than
the classical conditions, if (SCQ) is not satisfied.

Case 2 The lower level problem satisfies some additional conditions.

It was shown above that, given an optimal solution x° of the convex problem (SIP),
its immobile indices solve the corresponding lower level problem (LLP(x?)), i.e.,
t}* € sol(LLP(x")), j € J,. Consider the following condition:

sz(xo,l) <0Vl e Co(H\{0}, j € Js. (53)

Note that condition (53) is weaker then the classical second order sufficient optimality
conditions (SOSOC) for t*, j € J4, in the problem (LLP(x?)):

(SOSOC):  Fo;(x", 1) <0V € C(x%, rH\{0}, j € Ui
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Condition (53) implies that m(j) = 0 Vj € J, in (10), and Theorem 4.3 takes the
form

Theorem 5.2 Let Assumptions 1 and 2 hold true, x0 € X, and condition (53) be
satisfied. Suppose that there exist a subset of the set of active indices {tj, j € J,} C
Ta(xo)\T*, [Jal < n, vectors puj € sol(LPj(xO,())) and numbers Aj, j € Jy, v; >
0, j € J,, such that

0 0 4. 0 O,ﬁ a2 O’ﬁ
ac(x)+zvjaf<;x,z,>+2[kj fe0 1 | P ’)u,}=

ax . . 0x dx0t
JjeJa jeJy

Then, x° is an optimal solution of problem (SIP).
Case 3 The index set T C R? is a polyhedron.

Suppose that the functions gg(¢), s € S, in (2) are linear: gs(t) = hSTt +Ahg,s € S.In
this case, the inclusions sol(LP(x*, %, 1)) C sol(LP;(x)), k =1.....m(j). ] €
J, take place and Assumption 1 is not mandatory. Hence, Theorem 4.3 takes the form

Theorem 5.3 Let Assumption 2 hold true for the convex problem (SIP) with polyhedral
index set T, and x° € X. Suppose that there exist a subset of the set of active indices
{tj, j €} C Ta(xo)\T*, a set of vectors Iy (j), k =1,...,m(j), j € Jy, defined
in (10) and (34), vectors ju; € sol(LP; x9)), j € Jy, and numbers Aj,J € Jy, vj =
0, j € Jg, such that

dc(x9) af (x0, 1))
dx +Zv] Jx
j€da
of (0, rr) 97 f(0 1)
)‘j +
0x oxot

2

J€Jx

m(j) 2 0 %
SO I I A C e 50 I _
+ ]; ™ |:lk (])le(]) =0.

Kj

Then, x° is an optimal solution of problem (SIP).

More detailed considerations can be found in [25], where SIP problems with poly-
hedral index set 7 and linear w.r.t. x constraint function f(x, t) are considered.

Case 4 The constraint function f(x, t) is linear w.r.t. x € R".
Suppose that in the problem (SIP), the constraint function f(x, t) is linear w.r.t.

x € R". Then, (CRCQ) is fulfilled and Theorem 4.4 gives us a new optimality criterion
for a feasible x° € X in problem (SIP).
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6 Example

In [27], the efficiency of the implicit optimality conditions formulated in Theorem 2.1
was illustrated with the help of an example in which the lower level problem satisfies
the additional conditions (SOSOC) (see Sect. 5.2). Now we will slightly modify this
example to illustrate the efficiency of the explicit optimality conditions proposed in
Theorem 4.3 also in the case, when the conditions (SOSOC) are not satisfied.

Let x = (x1, x2, x3, X4)T S R4, t = (11, ‘L'z)T € Rz, and

filx, 1) = —‘1,'12)(1 + 112X + T1X2 + sin(Ty)x3 + TiXg — tzz,

frG ) =1x1 4 (0 + D+ (1 — m)x3 + x4 — (11 = 3)* + (11 — 312
Ti={teR: —(m+1)?—(n-17*<-2,-05<7 <1,-05 <1 <05},
T = {t e R%: (1 — 2.5 + (. — 0.5)* < 0.5}.

Note here that the set 77 is convex but not polyhedral, and the set 77 is not convex.
Consider the following convex SIP problem:

min x7, st fi(x,1) <OVt €Ty, fa(x,1) <0Vt € T (54)

Problem (54) admits a feasible solution x° = (x?, xg, xg, xff)T such that x? =
—2a — 2v/a? — b ~ 0.0695, x) = —0.25, x) = x) + 2x) ~ —0.4305, xJ = —x —
3x; ~ 0.6805, where a = —2 + sin(1), b = —0.5(sin(1) — 1).

Let us, first, test the optimality of x? in problem (54) using the approach suggested
in the paper. Denote #; := (0,007 € Ty, 1, := (3,07 € Tr,and 13 := (1,x)/2)T €
Ti. Tt can be checked that the indices 71, f», and #3 form the active index set in x°:
fG% ) = £G6%n) = 1% 1) = 0, and two of these indices, 1 = #; and
t; = tp, are immobile (hence J, = {1, 2}). By construction, the immobile index t;“ is
situated in the locally nonconvex part of the index set 77. Note here that (MFCQ) is
fulfilled at both immobile indices, tl* and ti“ , and there exists a feasible ¥ € R* :

3 L =@+
X sin(1), X3 s —1
X2 = 0.5(x3 — X1), X4 = —X2 — X3, (55)

such that the following inequalities hold: / T%l < 0, lT%l < 0,Vl €
R2\{0}. Hence Assumptions 1 and 2 are satisfied for problem (54).

For the index ¢}, we have S, (#]") = {1}. The cone L(¢{") = {I € R%: —1; +1, <0}
can be represented by one bidirectional ray b1 (1) = (1, DT and one unidirectional
ray aj(1) = (1, —=1)T with q(t{,b1(1)) = 1 and q(t{, a1 (1)) = 1. Then the sets in
(8) are as follows: I.(1) =@, Ip(1) = {1}.

For the index #; = (3, 0)" e T*, we have Sa(t;) = {1}, and the cone L(t) =
(I € R%:1; — I, < 0} is represented by b1(2) = (1, DT and a;(2) = (-1, HT
with g (#;, b1(2)) = 1; q(#3, a1(2)) = 1. Hence, the sets in (8) are given by 1,.(2) =
@, Ip(2) = {1}.
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One can show that

T 9% f1(x°, 0,

7 3 H(x0,15)
a2 a2

1 <0, [ <0Vl e R\{0}, (56)

and there exists unique (up to a positive multiplier) vector =05 0"1eL (3)

- _Tazfz(xo,l‘;) . 8 ..
such that ||/|| # 0 and [ Tl = 0. Hence, according to the optimality
criterion formulated in Theorem 4.2, vector x° is optimal in problem (54) iff it is
optimal in the following Quadratic Programming (QP) problem:

min x12,
st filx, 1) =0, Wm (i) =0, Wmn =0, i=12
F%l—i—val (LP(x,5,1)) <0, fi(x,13) <0,
where

g (t aga(t
(LP(x,t,1)): max (X1 + 2x2 — x3)wy,  S.t. 82( )a)l + 82( )a)2
(w1,@2) aTy 0Ty

_ro8y) 92 82(1)
ar2
T * T *
Taking into account that Wbl 2) = Wm (2) = x1 + 2x2 — x3, the QP
problem can be rewritten in the form

min xlz,
st xp4+x34+x4=0, x1+2x —x3 =0, 2x, +0.5 <0,
x1(0.5x9 — 1) 4 x3 + sin(1)x3 + x4 — 0.25(x))? < 0. (57)

Applying the known optimality criterion for convex QP, it is easy to check that
vector x¥ is optimal in problem (57) and, therefore, (see Theorem 4.2) it is optimal in
the SIP problem (54). One can show that the statements of Theorems 4.3 and 4.4 are
fulfilled as well.

It was shown above that the necessary optimality conditions from [11] (Theorems
5.113, 5.118) and [1] (Theorem 5.1) are trivially fulfilled for any x € X if the con-
straints of the convex SIP problem (SIP) do not satisfy the Slater CQ. In our example,
the constraints of the SIP problem (54) do not satisfy the Slater condition. Therefore,
the necessary conditions from [1,11] are not informative for problem (54). A similar
situation can not happen in the case of the necessary optimality conditions formulated
in Theorem 4.4, since these conditions are satisfied not for all feasible, but only for the
optimal solutions. For example, one can check that the vector x [defined in (55) and
feasible in problem (54)] does not satisfy the necessary optimality conditions from
Theorem 4.4.
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Now, let us show that the second order sufficient optimality conditions from [11,12]
are not fulfilled for x°. For definiteness, we will consider the conditions from [12].
For our example, relations (5.6) from [12] are as follows:

- 9e(xY - a0 - AH (¢ - (0 r
fo 0(96)4_)L f1(x 1)—1—)» f2(x 2)+A f1(x”, 13)

=0,
ax ! 0x 2 0x 3 0x

Since the system above admits a solution 2p = 0, A > 0, A» = 0, A3 = 0,
relations (5.7) from [12] take the form

A0 1) 32 f1(x% 1)

—m[m(s))T— ) +26T =L n©)|< 0 Ve e K€ £0,

(58)
where (see [12]) (&) is a solution to the following auxiliary problem:

9 0
(Qu(€): max ZnTMn +é

02 f1(x% 1)
a2 "

st (1. Dn <0,
axor st. (=1, Dy

and K = {£ e R*: ET?)C(X) <0, ETBfu(x 1) <, ETafz(x n) <, %_Tafl

a t
0}. It is easy to check that £ = ((1)5513(11) -1 1, -HT e K, and éT% =
x

(0, 0). Then, taking into account relations (56), we conclude that the problem (Qy, €))
admits an optimal solution 7(£) = 0. Consequently, conditions (58) (as well as con-
ditions (5.7) from [12]) are not fulfilled for the feasible x° in problem (54). In other
words, the optimality conditions from [12] are not able to recognize the optimality of
x¥ in the convex problem (54). Remind once again that the given vector x° satisfies
the explicit sufficient optimality conditions formulated in Theorem 4.3.

It was shown above, how the additional information about the properties of the
immobile indices permits to obtain the optimality conditions, which are more efficient
than the known ones. This additional information can be useful for numerical methods
as well. Let us illustrate this with an example.

One of the methods for solving SIP problems (discretization approach) consists
in overlaying a rather dense grid on the index set and constructing a corresponding
discretized problem (NLPp). A solution of the discretised problem is considered as
an approximate solution of the original SIP problem.

We will apply this method to problem (54). Let iy > 0, vy > 0, be the discretization
steps in the corresponding directions for the index sets 7, s = 1, 2. Denote: a; =
minse7, Ty, Gy = MaXer, T1, bs = MilseT, T2, by = maxer, 72,

és — dg l;s - bs
Nr 3 + 2, MY = +2,
M Vs

as(1) = as, Bs(1) = by,
as(i+1) =as() +ps, i =1,..., Ny — I;

| /\
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Bs(G+1) =B()+vs,j=1,..., M;—1;
Us =1{(@, ) : (a5(@), Bs(j)) € Ty,
i=1, Ng, j=1,..., Mg}, s=1,2.

Choose the following grids in the index sets 77 and T5:
(i, j) = (s (@), Bs (), (G, )) € Ugs s =1,2,
and solve the following discretized problem (NLP problem):
min x7, st fi(x, 7(, ) <0, (,j) € Us, s=1,2. (59)
For the step values
n1 = 0.0367, vi = 0.0069, pr = 0.0067, vy = 0.0069, (60)

problem (59) admits a solution x}) = (0, —0.0061, —0.0210, 0.0237). For another
step values, 1 = 0.0061, v; = O 0013, wp = 0.0011, v, = 0.0013, a solution of
the dlscretlzed problem (59) is x2 » = (0,-0.0109, —-0. 0036 0.0139). Both vectors
x! p and x2 p considerably differ from the optimal solution x¥. This example shows that
even for a very dense greed, the optimal solution of the discretized problem can be
very far from that of the original SIP problem.

Now, let us add to the discretized problem (59) the additional constraints

i (x ! )b (1) =0, o (x 1) b1(2) = 0, obtained as the result of the analysis of
the 1m1noblle indices. These constraints, as it was shown above, should be satisfied
for any solution of (54). Having solved the obtained problem on the grid with step
values (60), we get xnewD =(0.0694, —0.2500, —0.4305, 0.6805). It is easy to see that
this solution is almost identical to the optimal solution of the original SIP problem
(54). Therefore, we can conclude that the discretization methods may be improved by
introducing the new additional constraints, which are obtain on the base of the notion
of the immobile indices.

7 Perspectives

We would like to complete the article by a short discussion about the prospects open to
researchers of SIP and connected problems, when using a new approach to optimality
conditions, described here.

As arule, a noncompliance of the KKT type necessary optimality conditions in SIP
is related with the fact that SIP problems may possess hidden additional constraints.
Those are the consequence of the full continuum system of the constraints, but are not
a consequence of any of its finite subsystems. The analysis of the properties of the
immobile indices of constraints has allowed us to formulate these additional constraints
in an explicit form. This made it possible to derive new optimality conditions.

The obtained results permit to conclude that the further research, which is aimed at
identification and accounting the immobile indices and the corresponding additional
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constraints, is promising and may lead to new findings. It inspires us to continue
investigation in this area, and below we discuss some possible topics of new studies.
At the outset, recall that in the present paper

(a) the convex SIP problems were considered,;

(b) it was assumed that the (infinite) index set T is compact;

(c) the set of immobile indices T* was assumed to consist of a finite number of
elements;

(d) forall r € T*, the immobility orders were supposed to be less or equal to one.

Now, let us outline a few directions for the future research.
Our efforts will be aimed at weakening the assumptions (b)—(d). Namely, it is
planned to investigate the problems, in which:

(b*) the index set T is not compact,
(c*) an infinite number of immobile indices is possible;
(d*) the immobility orders may be greater than one.

When the convex SIP problems are being studied, it is usually assumed in the
literature, that the mentioned above situations do not take place. However, in many
important applications of SIP the situations (b*)—(d*) are typical. Let us list some of
them.

Firstly, there are important for different applications problems of copositive pro-
gramming (CP) (see e.g., [32]). For these problems, situations (c*) and (d*) may
occur. In [33], we have already successfully applied our approach to the semi-definite
programming (SDP) problems, which can be considered as a particular case of CP
problems. It should be emphasized that, in a general, CP problems are much more
complex than those of SDP.

Secondly, there are problems of semi-infinite polynomial programming (SIPP) and,
in particular, the linear SIPP problems, which have recently emerged in the spotlight in
the literature (see e.g., [34]). For these problems, the situations (b*)—(d*) are typical.
In study of SIPP problems with noncompact index set 7', a special technique called
homogenization, is used [34]. This technique allows, under some generic assumptions,
to reduce the original SIPP problem (with noncompact set ') to the equivalent SIPP
problem with a compact one. However, the use of homogenization technique does not
guarantee that the Slater condition is fulfilled for the new equivalent SIPP problem,
even when the original problem satisfies this condition. In fact, consider the following
simple linear SIPP problem:

min cTx —p,
xeR” peR (61)
s.t. tTDt+@" +xTA)¢t>p Vte K ={t eR’: Bt >0},

where c € R, d € R?, A € R"*P B € R™*P are given. Having applied the homog-
enization technique, one gets the equivalent problem
min cTx — 0,
xeR", peR
s.t. tTDt +1o(d” +xT Ayt > pt3, (62)
Vief{t=(t,10) e RPT1:Br > 0,10 > 0, ||7]] = 1}.
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Evidently, if the feasible set of problem (61) is nonempty, then the constraints of this
problem satisfy the Slater condition. At the same time, this condition is violated for
problem (62), when the set AK = {r € K\{0}: Dt =0} is nonempty. Note that all
indices f = (t, 0), with T € AK, are immobile and for them, as a rule, the situations
(c*) and (d*) occur. In [35,36], for SIP problems with noncompact index set, the KKT
necessary optimality conditions are formulated under the Farkas—Minkowski CQ. In
problem (61), this CQ does not hold true and, therefore, the KKT conditions may be
not fulfilled. Thus, further study of SIPP problems, on the basis of the proposed in the
paper approach, is relevant and promising.

It may also be interesting and auspicious to use our approach to reveal the “hidden”
constraints both in general and specific nonconvex SIP problems. For example, we
can apply it to SIP problems with disjunctive index sets in the form

min c(x),
xeR"

s.t. AV, <0 viVeT; v 0P, x)<0 i@ eT
V...V fm(t(m)»-x) S 0 Vt(m) € Tma

to fractional SIP problems in the form

. .gi(T,x)
min inf =——

s.t. f(t,x) <0 VteT; T,x) >0Vt eT,
1) ft,x) < g2(t,x) >

and to various types of min max and multi-objective SIP problems [37].

The identification and accounting of the “hidden” constraints in the generalized
SIP problems are also of interest.

The information about the “hidden” constraints can be used for development of the
duality theory in SIP.

The illustrative example, described in the paper, shows that the use of the “hid-
den” constraints has a positive impact on the effectiveness of the numerical methods.
Therefore, it is relevant to

— create and justify efficient algorithms, which constructively describe the set of
immobile indices, and formulate, with the help of these indices, new additional
constraints satisfied by all feasible solutions of the original SIP problem;

— develop the numerical methods for solving the arising auxiliary problems which
contain these additional constraints.

The results of this paper can serve as a good theoretical and constructive basis for
work in the above-mentioned directions.

8 Conclusions

In the present paper, we have considered the convex SIP problems with finitely rep-
resentable compact index sets under Assumptions 1 and 2, which are less restrictive
than the known CQs. Using the notion of immobile indices, we obtained new efficient
optimality conditions in implicit and explicit forms and showed that these condi-
tions are more efficient than the known ones, when applied to the considered class
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of problems. We discussed perspectives in the study of various classes of optimiza-
tion problems, which a new approach opens, and indicated some directions for future
research.
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