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Abstract

It is known that operator splitting methods based on Forward Back-
ward Splitting (FBS), Douglas-Rachford Splitting (DRS), and Davis-Yin
Splitting (DYS) decompose a difficult optimization problems into simpler
subproblem under proper convexity and smoothness assumptions. In this
paper, we identify an envelope (an objective function) whose gradient de-
scent iteration under a variable metric coincides with DY iteration. This
result generalizes the Moreau envelope for proximal-point iteration and
the envelopes for FBS and DRS iterations identified by Patrinos, Stella,
and Themelis.

Based on the new envelope and the Stable-Center Manifold Theorem,
we further show that, when FBS or DRS iterations start from random
points, they avoid all strict saddle points with probability one. This result
extends the similar results by Lee et al. from gradient descent to splitting
methods.

1 Introduction

The most general model considered in this paper minimizes the sum of three
functions, where two of them are Lipschitz differentiable and, out of these two,
one can involve a composition with a linear operator. The third function can
be non-differentiable, and all the three functions can be nonconvex. A mathe-
matical formulation is given in Section Bl The results of this paper, of course,
apply to simpler models where any one or two of these three functions vanish.
Problems that can be written in our general model are abundant. Examples in-
clude texture inpainting [I6], matrix completion [6], and support vector machine
classification [§].

Our model can be solved by the splitting iterative methods based on Douglas-
Rachford Splitting (DRS) [15] and Forward-Backward Splitting (FBS) [17], as
well as their generalization, Davis-Yin Splitting (DYS) [9]. In these methods,
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the problem objective is split into different steps, one of each of the objective
functions. Their implementations are typically straightforward. By exploiting
additional sum and coordinate friendly structures, they give rise to parallel and
distributed algorithms that are highly scalable. The details of these methods
are reviewed in Section [Bl below.

These splitting methods are traditionally analyzed assuming that the subd-
ifferentials of the objective functions are maximally monotone. Those of non-
convex functions are generally non-monotone. Therefore, the majority of the
existing results apply to only convex objective functions.

Recently, FBS and DRS are found to numerically converge for certain non-
convex problems, for example, FBS for image restoration [22], dictionary learn-
ing, and matrix decomposition [25], and DRS for nonconvex feasibility problem
[14], matrix completion [I], and phase retrieval [7]. Theoretically, their iterates
have been shown to converge to stationary points in some nonconvex settings
[2, T4, 26, [11]. In particular, any bounded sequence produced by FBS converges
to a stationary point when the objective satisfies the KL property [2]; By us-
ing the Douglas-Rachford Envelope (DRE), DRS iterates are shown to converge
to a stationary point when one of the two functions is Lipschitz differentiable,
both of them are semi-algebraic and bounded below, and one of them is co-
ercive [14] 26]; In [11I], when one function is strongly convex and the other is
weakly convex, and their sum is strongly convex, DRS iterates are shown to be
Fejer monotone with respect to the set of fixed points of DRS operator, thus
convergent. Though unlikely, it is still possible that the limit of a convergent
sequence is a saddle point instead of a local minimum (except when all station-
ary points are local minima, which is the case studied in [I1]). This depends on
the problem geometry and the selected start point.

Recently, some first-order methods have been shown to avoid so-called strict
saddle points, with probability one regarding random initialization [I3 12].
These results make skillful use of the Stable-Center Manifold Theorem [20]. So
far, their results apply to only relatively simple methods such as Gradient De-
scent, Coordinate Descent, and Proximal Point methods. We give an affirmative
answer (under smoothness assumptions) that splitting methods also have this
property. This result also matches the practical observations made in [24].

This paper makes the following contribution regarding the convergence and
saddle point avoidance of FBS, DRS, and DYS iterations for nonconvex prob-
lems. We first generalize the existing Forward-Backward Envelope (FBE) and
Douglas-Rachford Envelope (DRE) into a Davis-Yin Envelope (DYE) and es-
tablish relationships between the latter envelope and the original optimization
objective. Then, under smoothness conditions, we show that the probability for
DRS and FBS iterations with random initializations converge to strict saddle
points of their respective DRE and FBE is zero. Finally, by the connection
between the envelopes and the original objectives, we extend the above avoid-
ance results to the strict saddle points of the original objectives. That is, when
our problem has the strict saddle property, DRS and FBS with random ini-
tialization will almost surely converge to local minimizers. The strict saddle
property is satisfied in several applications including, but not limited to, dic-



tionary learning [24], simple neural networks [B], phase retrieval [23], tensor
decomposition [I0], and low-rank matrix factorization [4].

The rest of this paper is organized as follows. In Section [2, we introduce
notation and review some useful results. In Section Bl we define the envelope
for DYS and rewrite DYS equivalently as gradient descent of this envelope.
In Section Ml we establish a strong relationship between the envelope and the
objective. Then, in Section Bl we analyze the avoidance of strict saddle points
of the objective. Finally, we conclude this paper in Section

2 Preliminaries

In this section, we review some basic concepts, introduce our notation, and
state some known results. For the sake of brevity, we omit proofs and direct
references. We refer the reader to textbooks [19] [3].

We let 0 € R" denote the vector zero, (-,-) the inner product, || - || the o
norm, and FixT the set of fixed points of operator T

A function f: R® — RU{oo} is called f—weakly convex (or S—semiconvex)
if the function f := f + gH -||? is convex. Clearly, f can be nonconvex.

Let y I, & denote y — x and f(y) — f(z). Then the subdifferential of f at
x € dom f can be defined by

of (x) ::{v € R |3z ER z,v" — v, with

liming 23 = f@) = 'z —af)

z—axt HZ—ItH

> ( for each t}.

If f is differentiable at x, we have df(x) = {V f(x)}; If f is convex, we have
of(x) ={veR"|f(z) > f(x) + (v, z — z) for any z € R"},

which is the classic definition of subdifferential in convex analysis.

A point z* is a stationary point of a function f if 0 € 9f(x*). x* is a critical
point of f if f is differentiable at 2* and V f(z*) = 0.

A point z* is a strict saddle point of f if f is twice differentiable at z*, x* is
a critical point of f, and Amin[V?f(2*)] < 0, where Apin[-] returns the smallest
eigenvalue of the input. Local minimizers of a function are always its stationary
points, but not strict saddle points.

For any v > 0, the proximal mapping of a function f is defined by

. 1
Pos(2) »= argmin{f(y) + o—ly — x|},
yeRn v

assuming that the right-hand side exists. When f is convex, P is single-valued
and satisfies P, f(z) = (Id +v9f) (), where Id is the identity map. For any
proper, closed, convex function f, it Moreau Identity is

1d
1d=Pyy+7P s 07, (1)



where f*(u) := sup,cpa{(u,z) — f(z)} is the convex conjugate of f.

We also need the Inverse Function Theorem: for a C' mapping F : R" — R,
if the Jacobian Jp(z) of F' at € R™ is invertible, then there exists an inverse
function F~! defined in a neighbourhood of F(x) such that F~! is also C* and

(2)

Jp-1 (F(2)) = (Jp(z) ™"

3 Envelope for Davis-Yin Splitting

In this section, we will introduce a function, which we call an envelope, such
that DY iteration can be written as the gradient descent of this function under
a variable metric. Since DYS generalizes FBS and DRS, the envelope of DYS
is also a generalization of FBE and DRE, the respective envelopes of FBS and
DRSS, which were introduced in [21] [25].

3.1 Review of Davis-Yin splitting
DYS [0 can be applied to solve the following problem:

mini%ize o(x) = f(x) + g(x) + h(Lx), (3)
zeR™
where, for this subsection, f,g : R® — R and h : R™ — R are proper, closed,
and convex, h is also Lj—Lipschitz differentiable, and L : R" — R™ is a linear
operator.

DYS iteration produces a sequence (:vk)kzo according to zFt1 = T2F, where

Tok = 2 Pyy (2P (2F) — 25 =9 LTVA(L)) = Poy (),

where 7 and « are positive scalars. We rewrite this operator into successive
steps with designated letters as

¢" = LTVh(Lz"),

rk = 2P, (%) — 2F,

P =Pt =g,

wh = p* — P'yg(zk)a (4)

2L =Tk = 2R 4 ok (5)

Since f, g are closed, proper, and convex (in this subsection), P, and P ; are
well defined and single valued. In [9], convergence is established for a range of
parameters

or
= (0,—h) and o€ (0,2—

LRy
Ak

2Ly,



When h = 0, (@) simplifies to Douglas-Rachford Splitting iteration,
=2y O‘(P'Yf(Tk) - Pvg(zk))'
When g = 0, P, reduces to Id and thus (5] simplifies to
=28 (P (28 — ") = =),

which is Forward-Backward Splitting iteration slightly generalized by including
the linear operator L.
When f = 0, P,y reduces to Id and (Bl simplifies to Backward-Forward
Splitting,
=2k 4 O‘(P'yg(zk) - ”qu - Zk)

When f =g =0, (@) simplifies to gradient descent iteration

2Pl = gk a*qu.

3.2 Derivation of envelope

Now we show that, (@) can be written as gradient descent iteration of an envelope
function under the following assumption.

Assumption 1.
1. g : R" = R is Ly—Lipschitz differentiable.
2. h:R™ — R is Lp—Lipschitz differentiable.

3. f:R™ = RU{oo} is proper, lower semicontinuous and v € (0, #HILP)
9T Ln

In addition, f is proz-bounded in the sense that f(-) + |? is lower

Ly
bounded for any v € (0, m)

Compared to the assumption in Section Bl a main restriction is that g is
Lipschitz differentiable. On the other hand, all f, g and h can be nonconvex.

We begin with two technical lemmas regarding the Moreau envelope of
weakly convex functions and its twice differentiability.

Lemma 1. Let & be proper, closed, B—weakly convexr. Choose v such that
~ € (0, %) Let £7(2) = mingern {&(u) + %Hz —u||?} be the Moreau envelope of

€. Define € = €+ §|| - ||?, which is convex. Then, proximal mapping P¢(z) is
single-valued and satisfies

1
P’YE(Z)ZPIJ‘M ~(1 ﬁz)a

-7
Ve (2) =~71 (z - P.Yg(z)).

Furthermore, P¢(2) is ﬁ—Lipschitz continuous.



Proof. We have

1
€1(:) = min{€(w) + Gl + 5-lhu— 21 = 5 ul*}

. z 11— 1 2 B
_ffléﬁ{g(“H 5y =157 }_ 2 — 277

12112
where the second equality follows from the definition of §~ .
As a result, for v € (0, %), P.¢ is single-valued and

1
Pog(2) =P _o_e(3— vﬁz)'

1

Since P o ¢(z) is 1—Lipschitz continuous, we know that P¢(2) is 1—5 —Lipschitz

1—~
continuous. R
Finally, since ¢ is convex, [3, Prop.12.29] tells us that £7 is differentiable and
1 - 1 8
V&' (2) = VET=-8 zZ)— z
§(2) " § (1—76) "
1 1-48, 1 1 8
=1 (= &l ) - 157
1—98 v ‘l1-=9p =Fs 1= 1—np

Lemma 2. In addition to Assumption[dl if g is twice differentiable at P.4(2°),
then P.,4 has a Jacobian at 2°, g7 is twice differentiable at z° with the Hessian

V297 (2°%) = % (I - (I + 7V2g(PW(zO))) ) ) :
In addition, the mapping
A(z) =1 —-2yV?g"(2) = yL"V?h((LP+y(2)) L(I —vV?g"(2)) (6)

1s invertible.

1

Proof. Since v € (0, £

), P4 is single-valued and

Py(2%) = (Id +~Vg)~'2°, (7)

where (Id+~Vg)~! is the inverse mapping of Id +Vg. Since V3g(P., (20)) is
symmetric and its eigenvalues are bounded by L, we know that I++V? g( Py (zo))
is invertible, which is the Jacobian of Id +vVg at P,,4(2).

Applying the Inverse Function Theorem to (@) by setting F as P,, and 2°
as p in (@), we have

T, (20) = (T+79%(Poy(=))



Hence, Lemma [ yields
2 47,0 1 2 o)
V(") = - I—(I+~N (P2 ))) .
According to (@),
A(ZO) = Al — ’}/Ag. (8)

where

-1

A =2(1+9V%9(Poy (7)) 1,

Ay = ETPh(L Py () L (19929 (Py (7))

Since v € (0, L%,)v Ay is invertible, as a result,

det(A(zO)) = det(Al—’yAg) = det(]—”yAzAl_l)det(Al) = 12[(1—")/)\1 (AQAl_l))det(Al),

i=1

where \;(A2A71),i = 1,...,n are the eigenvalues of A A7
Let us set
C=1+7V?g(Py(2°) =C" =0,

and rewrite Ay A7 " as
A AT = LTVPh( Py (2°)) LOCT2C ™ =1) 7! = LTV2h(P,4(2%)) L(2I-C) "

Note that LTV2h(P,g4(z"))L is symmetric and (21 — C)~! is symmetric,
positive definite. Therefore, \;(A2A47") € R, and we can set A\;(AA7') >
Ao(Ag A7) > N (A2ATY).

In order to show det(A(z%)) # 0, it suffices to show that 1 —~yA; > 0 when
v € (0, mg)

We have

MAsA) Do (LTV2h(PW(ZO))L) A (2I-0)™)

1
<0 (LR NL) 5
g
1
= |[(LTV2h(P,,(z°)) Lo - ————
I( (Pog(z")) L2 [
(b) 2 2 0 1
< |ILIZIV2h(Pag(2 ))IlzijL -
1
< ||L|2L,————
< |IL]l2 "L,



where (a) is by [27, Corollary 11], and (b) is by Cauchy-Schwartz. Since v €
(07 m)a we have

1— A\ (A A~Y) > 1 — |L|20—— > 0.
YAL(A2A7 ) = 1 —|[L]]3 AL,

Therefore, det(A(z°)) # 0. O

We can now write DYS iteration (B as gradient descent of an envelope under
the following additional assumption.

Assumption 2.
1. f is B—weakly convex and vy € (0, Blf)
2. g,h are twice continuously differentiable.

Theorem 3. Under Assumptions [l and[d, DYS iteration [ can be written
equivalently as

2 T(F) = 2% — an AT RV (R, )
where the metric and envelope are, respectively,
A(z) =1 —29V?¢"(2) —yLTV?h(L Pg(2))L(I —yV?g(2)),
©7(2) = g7(2) =71V (2)* = 7{a(2), Vg™ (2)) + h(L Prg(2))
= 2a@IP + £ (2 = 29V9"(2) = 7a(2) ). (10)
Proof. In view of Lemma [Mland ), we have
wh = p(z*) - Pvg(zk) = P'yf(Tk —4¢") - P'vg(zk)v (11)

where

Por(r? —q") =¥ — yg" — AV £ (rF — 4q).
Pvg(zk) =2F - ’ng'y(zk)u
TR = 2P, (%) — 2F = 27 — 29V g7 (2F),

= ey {93,

By substitution,
wh = —Vg(z5) = 9a(z") =V £ (2 — 29V (=) = va(zh)).
Let V. denote taking gradient to z; then

V.17(2 = 29997(2) = 7a(2)) = ARV (2 = 29997 (2) — 74(2) ),



where A(z) is given in (). After some computation, we can verify that

ARyt = = (Vg7 () = 471V (M)12) =7 ( =79 ({a(2), Vg7 (1))
— V(L Pyg(2)) = (= %Vzl\q(Z)llz) — V. f7 (zk —29Vg(2*) - W(Z))
= V().

Since A(z*) is invertible, we can rewrite DYS iteration () as (). O

4 Properties of envelope

In this section, we show that the global minimizers, local minimizers, criti-
cal(stationary) points, and strict saddle points of the envelope 7 defined in
(@Q) correspond one on one to those of the objective function ¢ in (3.

First, we show lower and upper bounds of the envelope, which generalize

[25, Prop. 2.3], [21l Prop. 4.3], and [I8, Prop. 1].

Lemma 4. Under Assumption[d, the following three inequalities hold for any

z € R":
¥7(2) S¢(Prg(2)), (12)
¢ (2) > ¢(p(2)) + C1(V)Ip(2) — Pyg(2)|1%, (13)
07 (2) <o(p(2)) + Ca(7)[Ip(2) = Pyg(2)II7, (14)

where ¢ (z) is defined in (I0),

1 —~yLy||L||? — L
01(’7) — Y h||27|| B 9>07

A LalLIP + 4Ly
2y
and p(z) is any element of Py (2P4(2) — 2z — vq(2)).

Ca(v) = 0,

Proof of inequality (I2). By applying Lemma [l to g, ¢7(z) can be written as

7(z) =min{g(u Lz—u2— lz— POE
#(2) =min{gu) + 3-ll2 = ul*} == (= = Py =)
—g(2), %(z —Poy(2)
+ h(LPog(2)) - 3 lla(=)?

min(f() + 5l =2+ 2Py () —2ae) —ul (1)



Taking u = P,4(z) in the two minimums of (I&)), we have
T(z z i z— 2)||% - l z— )12

@7 (2) <g(Pry(2) + 27|| Pog(2)|l 7||,Y( Pog(2)ll
—(a(2), 2 = Pyg(2))
+A(LPoy(2) = 5 lla(=)I?
+ F(Pagle)) + o1 = 2+ Pryz) = 24(C)I?

:SO(PW(Z))-
O

Proof of inequality (I3). According to [I9, Thm. 1.25], we know that P, s (2P.4(2)—
z—q(z)) # @ for v € (0, m)

By taking u = P.4(#) in the first minimum of (I5]) and v = p(2) € Py ¢(2P4(2)—
z —q(z)) in the second, we have

2(2) =g(Pry(2)) + %nz P,

- v<q<z>,§<z —Poy(2)))
+ h(LPyg(2)) = 3 la(=)]?
() + %n 24 2P(2) —a(s) —pIE (16)

By making use of

h(y) 2 h(z) = (Vh(y),z —y) = -~ lle - y|? forany z,y € R™,
we arrive at
1
¢ (2) 2 g(Prg(2)) - gllz — P2

—{4(2); 2 = Ppyy(2))
+h(Lp(2)) = (VA(L Pyy(2)), L(p(2) = Pag(2)))

~ ZL (=)~ Prg()IP - Dlla(e)]?
+ 1) + 5 12Pg(2) = = = 30(2) — (I

Next, by making use of [|a+b+-c||* = ||al|?+||0?||+]|c[|*+2(a, b) +2(b, c) +2(a, c)
for

a=P,g(z) = p(2),
b= P’YQ(Z) - %
c=—7q(z),

10



we obtain
£1(2) 29(Pg(2)) + h(LP(=)) — 2L ((=) ~ Poy(2) I
1 1
+F(02) + 5 Prgl2) = PP + (Prg(2) = pla). Z(Pog(2) = 2)

Finally, by substituting

Vg(Pay(2)) = —%(Pvgcz) o),

L
9(y) = g(z) = (Va(y),w —y) = Fllz —y|* forany 2,y € R,
we arrive at ([3). O

Proof of inequality (I4). Similarly to the proof above, we can also start from
(IG) and apply

L
h(y) < h(z) — (Vh(y), = y) + =Lz = y||* forany 2,y € R™,

L n
9(y) < g(=) = (Va(y),x —y) + Fllz — y|* forany z,y € R,
which gives (4. O

Now we can establish the direct connections between the global and local

minimizers of ¢7 and those of ¢. These results generalize [25] Prop. 2.3] and
[21, Thm. 4.4].

Theorem 5. Under Assumption[d, we have

1. infyern () = inf.ern 7 (2),

2. argmingcpn p(x) = Pqgy (arg min_ cpn (<p7(z)))
Proof of 1. From ([2) we have

<
BSOS o)

If inf,cpn 07 (2) < infiern p(z), then there exists z; € R™ such that ¢7(z1) <
inf ern @(z). Then ([[3) gives

nf p(@) > (1) 2 9(p(1)) + CO Paglz1) = () 2 9(p(21)),

which is a contradiction. O

11



Proof of 2. Let us first show that

argmin p(z) C Py, (arg min (¢” (z)))
CERD z€R®

There is nothing to show if argmin,cp. ¢(x) = @; If argmin,cpn p(x) # @,
then, for any z* € argmin,cpn p(x), we have z* = P,4(z*) for z* = (I +
YVg)(x*). As a result, (I2) and ([I3) give us

dnf p(@) = ¢(27) = p(Prg(27)) = @7 (z") = @(p(z") +C (N Prg (27) —p(z")|I*

Which enforces Poy(2*) = p(z*) and ¢(P,4(2*)) = ¢7(z*). So for any z € R®
we have

P(") = inf ole) < 9(p(2) < ¢7(2) = COI Pay(2) = D) < 97 (2),

which yields z* € argmin_cpa ¢7(2),2" € P4 (arg min, cgn (cp"*(z)))
Now let us show that

Py (arg min (<p7(z))> C argmin p(z).
z€R® z€RD

Again, we can assume that arg min_ . (¢7(2)) # @. For any z* € argmin, g, ¢7(2),
we need to show P,4(2*) € argmin, cpw ¢(2).
Let 2** = (I +vVg)p(z*), then P, 4(2**) = p(z*) and ([I2) and ([I3) give us

P1(27) < 9(Pag (27) = (p(2")) < @7(2") = C(NI Prg(=") — p(2")|%.
Since z* € argmin, cpa ¢7(2), we must have
Pog(z") = p(2") = Pqg(2™),
©7(2") = @(27) = (Paq(27)).
Consequently, for any z € R® we have
@(ng(z*)) = ‘P’Y(Z*) < 807(2) < @(P'yg(z))a
which concludes P, 4(2*) € argmin,cgn (). O

It turns out that the local minimizers of ¢ and ¢ also have a one-to-one
correspondence.

Theorem 6. Under Assumptions[d and[Z, we have:

1. If Pyg(z*) € argmingc gp_ (o+),5) P(z) for some § > 0, then z* is a local
minimizer of ©7.

2. If 2* € argmin ¢ (.- . 97 (2) for some e >0, then
©(Prg(z")) < ©(Prg(2)) for all z such that ||z —z*| <e.

That is, Pg(2*) is a local minimizer of p(x).

12



Proof of 1. Since P,4(2*) is a local minimizer of ¢, according to [19, Exercise
10.10], we have

0¢e a‘P(Pvg(Z*)) = af(Pvg(Z*)) + vg(Pvg(Z*)) + q(z*))

Since P, is single-valued, this is equivalent to

* 1 * * *
Oeaf(PW(Z ))"";(_Pvg('z )tz +7(J(2 ))7
Since f + %H - ||? is convex and P, is single valued, this is further equivalent

to
Pyg(2") =Py (2P79(Z*) -2 = ’YQ(Z*)) =p(z").
According to Lemma [I} Py is ﬁ—LipSChitZ continuous, we can conclude

that there exists n > 0 such that when ||z — z*|| < n, we have ||p(z) —p(z*)|| < o
and

©7(2") = p(Pag(27) = ¢(p(2")) < @(p(2)) < 7 (2)=C V)l Prg(2)=p(2)]|* < 97 (2).
O

Proof of 2. According to Lemma 2] A(z) is invertible at z*. Theorem [l tells
us that ¢7 is differentiable at z*, so V¢7(2*) = 0 and P,4(z*) = p(z*). As a
result, for any z € R™ with ||z — z*|| < e we have

SD(PW(Z*)) =¢7(2") < ¢7(2) < @(Pvg(z))'

Furthermore, according to Lemma [2] we have
-1
Pog(2) = Pogl) + (1 +9V29(Pog (=) ) (2= =) +oll|z = ="|).

—1
Since (I+7V2g( Py (2*))) is positive definite, we can conclude that P,y (B(z*, )

contains a ball centered at P~ 4(2*), as a result, P.4(2*) is a local minimizer of
(). O

Now, let us show the one-to-one correspondence between the critical points
of the envelope 7 and the stationary points of the objective ¢(x).

Theorem 7. Under Assumptionsl and[2, z* is a critical point of 7 if and
only if Pyg(2*) is a stationary point of ¢.

Proof. Since f is Bf—weakly convex and v € (0, B_lf)’ by Lemma [II we know
that P, is single-valued. And by Theorem [ we have

Ve(z) = —A(2) = (p(2) = Pyy(2)), (17)

13



where p(z) = Pyy ((2 P g(z) =z —~yLTVh(L Pyg(z))). So V7 (z*) = 0 if and
only if

Py (") =Py (2 P, (") — 2* —yLTVA(L Pw(z*)))
— argzmin{f(z) + %Hz — (2 Py(z*) — 2% — WLTVh(LPVg(Z*)D ||2}

Since the objective in the argmin is convex, by [19l Exercise 10.10] we know
that this is equivalent to

1
0 € Of(Pyy(=")) + ;( = Py (") + 2" + 9L VA(L Py (2)).
By the definition of P,, and v € (0, m), this is further equivalent to

0 € 9f(Prg(2")) + Vg(Prg(z*)) + LTVA(LPg(z%)) = 0p( Pryg(z")).
O

In order to establish the correspondence between the strict saddles of ¢7 and
v, we also need the following assumption.

Assumption 3. For any critical point z* of ©¥, f is twice continuously differ-
entiable in a small neighbourhood of P 4(2*), and there exits Ly > 0 such that
V2 f(Pog(z*)|| < Ly. In addition, v € (0, L%c)

Lemma 8. Let z* be a critical point of ©”. Under Assumptions[, [2 and[3, o7
1s twice differentiable at z* and

VA (") = —A(2") = (Jo(2") = Je,, (7)) (18)

-1

= —A(=")

2=~

(14992 (0:1)) 4G + 246 (14 77%0(Pg()))
(19)

In case of h =0 (DRS) and g =0 (FBS), V?p"(2*) is symmetric.
Proof. [I8) follows from (M), p(z*) = P,4(2*), and [2I, Prop. 2.A.2], (19)

follows from Lemma [2] and chain rule.

When g =0 or h =0, (@) tells us that A(z*) is symmetric, so the first part
on the right hand side of ([I9) is symmetric.

When h = 0, we have

-1

AE) (149929 (Poy ) = (2(1er9a(Poyle)) 1) (FrPa(Pogl)

so the second part is also symmetric. When g = 0, the second part is %A(z*),
thus symmetric.
So we can conclude that when h = 0 or g = 0, V27 (z*) is symmetric. O
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Theorem 9. Let z* be a critical point of ¢7. Under Assumptions [ [ and[3,
when h =0 (DRS) or g =0 (FBS), z* is a strict saddle point of ©” if and only
if Pyg(2%) is a strict saddle point of ¢.

Proof. According to Lemma8, we know that V27 (2*) exists and it is symmet-
ric.
Let z* be a strict saddle point of ¢7(z), then Taylor expansion gives
o e l L \Ixg2, v (% Uk k|12
P1(z) = @7 (2") + 5 (2 = 27) VIR (2)(2 = 27) + offl2 = 277,

o(p(2)) = o(p(z*)) + %(p(Z) —p(z") V20 (p(z)) (p(z) = p(z*)) + o(|lp(z) — p(z*)[|?).

On the other hand, (I3) gives
07 (2) = ¢(p(2))-

Let V207 (2*)v = v, where |Jv|]| =1 and X < 0. Setting 2z — z* = av, we arrive
at

1
" (z") + 5Aa” +oa?)

> (p(=") + 5 (=)~ (=) V2o (0(=")) (p(2) — p(=")) + ollIp(2) — p(=") ).

(20)
Furthermore, (I2)), (I3) together with p(z*) = P,4(2*) yield ¢7(z*) = ¢ (p(z*)),
combine this with ([20) and p( ) —p(z*) = O(||z — z*|)) = O(«), we conclude

that /\mm( @(Prg(z )))

*

Similarly, let P,4(2*) be a strict saddle of ¢(2), then Taylor expansions gives

@7 (2) =7 (") + (Z—Z)TV2 () (= = 2") +o(llz — 2717,

)b
1
2
©(Prg (Z)) = ( q(2 *)) ( q(2) — Pvg(Z*))TVQSD(PW(Z*)) (Pvg(z) - P’Y!](Z*))

+0(|[ Prg(2) — vg( ).
On the other hand, (I2) gives

©7(z) < w(ng(z)),

Let V2p(P.4(2*))v = Av where A < 0 and |v]| = 1. By setting z = (Id +
YVg)(Pyg(2*) + av), we obtain P,4(z) — P,4(2*) = aw, taking @ — 0 gives
Amin (VQcp'Y(z*)) <0. O
5 Avoidance of strict saddle points

In this section, we first show that under smoothness conditions, the probability
for DRS and FBS with random initializations to converge to strict saddle points

15



of DRE and FBE is zero, respectively. Then, by combining this result with
the correspondence between the strict saddle points of the envelope and the
objective, as stated in Theorem [@ we can conclude that DRS and FBS, if
converge, will almost always avoid the strict saddle points of the objective.
Therefore, when the objective satisfies the “strict saddle property”, DRS and
FBS, if they converge, will almost always converge to local minimizers.

In order to prove the main result, Theorem [[5] we need the following Stable-
Center Manifold Theorem, and its direct consequence, Theorem [Tl

Theorem states that, if 7" is a local diffeomorphism around one of its
fixed point z*, then there is a local stable center manifold WS with dimension
equal to the number of eigenvalues of the Jacobian of T at z* that are less than
or equal to 1. Furthermore, there exists a neighbourhood B of z*, such that a
point z must be in W if its forward iterations T%(z), for all k > 0, stay in B.

Theorem 10 (Theorem IIL.7, Shub [20]). Let z* be a fized point for a C” local
diffeomorphism T : U — R", where U is a neighbourhood of z* and r > 1.
Suppose E = Es @ E.,, where Ej is the span of the eigenvectors that correspond
to eigenvalues of Jr(z*) that have magnitude less than, or equal to, 1, and
E, is the span of eigenvectors that correspond to eigenvalues of Jr(z*) that
have magnitude greater than 1. Then there exists a C" embedded disk W
that is tangent to Es at z*, which is called the local stable center manifold.
Moreover, there exists a neighbourhood B of z*, such that T(W )N B C W&

loc loc’
N2, T~*(B) C WS, where T™%(B) = {z € R* | T*(z) € B}.

The assumption of this following theorem is weaker than that of Theorem 2
of [12], as we do not assume that 7' is invertible in R® but only around every
2" e Ay
Theorem 11. Assume that T(z) = z + a(p(z) — Py4(2)) is a local diffeomor-
phism around every z* € A%, where Ay = {z € R* |z = T(z), max; \; (Jr(z)) >
1} is the set of unstable fized points of T. Then the set W = {20 : lim z* € A%}
has Lebesgue measure p(W) = 0 in R™.

Proof. Take any 20 € W, we have 2% = T*(2%) — 2* € A%, there exists to > 0,
such that for any ¢ > to we have T%(2°) € B,-. So T'(2°) € S £ N2, T~*(B,~)
for any t > to.

From Theorem we know that S is a subset of the local center stable
manifold W, whose codimension is greater or equal to 1, so we have u(S) = 0;

Finally, T%(2°) € S implies that 2° € T~ (S) C U2, T~/(S), since

T7(8) =T (Mo T7F(B=+)) = ML, T (Bz) © M2 T "(Ber) = S,
we can conclude that p(WW) = 0. O

Now let us show that T'(z) in Theorem [[I] is indeed a local diffeomorphism
around its fixed points.

Lemma 12. Let T(z) = z + o(p(2) — P14(2)) and z* € FixT. Under Assump-
tions [, A and [3, T is a local diffeomorphism around z* in the following two
cases.
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1. h=0 and a € (0,01), where

2

1 1—vLy 1—yLy*
1+~Lgy 1+~Ly

a1 =

2. g=0 and o € (0,az), where

1+ ’7Lf

Oy = ———————.
VL L]+ Ly)

Proof. By Assumption [[l and Lemma [ p(z) is continuous, therefore when z
sufficiently close to z*, p(2) is in the neighbourhood of P, 4(2*) guaranteed by
Assumption Bl Lemma [2] and chain rule tell us that

o) = (T+99°7 () AG),
T, (&) = (1 +W29(ng<z)))_la

where A(z) is defined in (@), therefore Jr(z) exists and Jr(z) = I + a(Jp(z) —

Jp g (2))
"For the local invertibility of T" around z* | let us show that Apin(J7r(2)) >0
for z sufficiently close to z*.

1. When h =0 and « € (0, 1), let

-1
By(z) = (I+9V29(Pay(2)))
Bz@>::(14‘7V2fQKZD)_{
Then from (@) we have
Jr(z) =1+ a(B2(2)A(z) — Bi(z))
=1+ a(B(2)(2B1(z) — I) — Bi(2))
=1- %a[—i—a(Bg(z) - %I) (2B1(z) — I).

Since 2Bj(z) — I is positive definite, [27, Corollary 11] tells us that

1 1 1 2
Amin(J7(2)) > 1 - —a+ o - = —
(Jr(2)) (1+7Lf 21 + 4L,

: 1).

As a result, Amin(J7(2)) > 0 when a € (0, 7).
2. When g =0 and « € (0, ), let

Bs(z) = L"V*h(L Pyy(2))L,

17



then
Jr(z) =1+ a(Ba(2)A(z) — Bi(2))

— I+ oz(Bz(z)(I — yBs(2)) — I)
=1 — ol +aBy(z)(I —vBs(z)).

By Assumption[Il I — yBs(z) is positive definite. [27, Corollary 11] gives

1
Amin (J >1- 1 —~||L|PLp) ———.
(r(2)) = 1= a ol =5|lLIPL)
As a result, Amin(J7(2)) > 0 when a € (0, ag).
O O

Now we are ready to show the main result of this section: when v and « are
small enough, it is impossible for DRS and FBS to converge to any strict saddle
point of ¢7, thus any strict saddle point of ¢.

Lemma 13. Under Assumptions[] and[2, z* € FixT if and only if Vo7 (2*) =
0.

Proof. This follows directly from Theorem [3] O

Theorem 14. Define Z* = {z* € R"| V¢ (2*) = 0, Amin (V@7 (2%)) < 0} as
the set of strict saddle points of ¢¥. Under Assumptions[, [2, and[3, then in
each of the following cases,

1. h=0 (DRS) and o € (0, 1), where
2

1 1—vLy 1—vyLy*
1+~Lgy 1+~Ly

a1 =

2. g=0 (FBS) and « € (0, a2), where

1+ ’7Lf

Oy = ———————.
VL L]+ Ly)

the set W = {20 € R* | lim ¥ € Z*} satisfies u(W) = 0.

Proof. Take any z* € Z*, Lemma [2 states that A(z*) is invertible, and A(z)
defined in (@) is symmetric when h = 0 or g = 0. Also, VZp(2*) is symmetric
when h =0 or g =0.

According to (I8]), we have

Tp(27) = Jp, (%) = =y AT (") V2 (27),
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since A1 (2%)V27(2*) is similar to A~ (2*)V20" (2*) A~ 2 (2*), we know that
Jp(2*) = Jp,,(2*) has real eigenvalues and

Amax (Jp(2*) = Jp, (%)) > 0.

Since

Amax (J7(2%)) = 1+ @Amax (Jp(z*) — Jp_, (7)),

from Theorem [7, 0] and Lemma [I3] we know that Z* = A%.
Furthermore, from Lemma we know that T is a local diffeomorphism
around every z* € Z* = A%, therefore Theorem [Tl gives (W) =0. O O

Theorem 15. Define X* = {z* € R" |Vo(z*) = 0, \min(VZ¢(z*)) < 0}.
Under Assumptions [, [3, and [3, the set V = {20 € R | limP,,(2*) € X*}
satisfies p(V') = 0.

Proof. Combine Theorem [ with Theorem [T4 O

By Theorem I3 under smoothness conditions, DRS and FBS iterates will
almost always avoid the strict saddle points of the objective. When the objective
satisfies the strict saddle property, i.e., the saddle points of the objective are
either local minimizers or strict saddle points, we can conclude that FBS and
DRS almost always converge to local minimizers of the objective whenever they
converge.

Many problems in practice satisfy the strict saddle property. Examples
include dictionary learning [24], simple neural networks [5], phase retrieval [23],
tensor decomposition [I0], and low rank matrix factorization [4].

6 Conclusion

In this paper, we have constructed an envelope for DYS and established various
properties of this envelope. Specifically, there are one-to-one correspondences
between the global, local minimizers, critical (stationary) points and strict sad-
dle points of this envelope and those of the original objective. Then, by the
Stable-Center Manifold theorem, we have shown that the probability for FBS
or DRS to converge from random starting points to strict saddle points of the
envelope is zero. If the original objective also satisfies the strict saddle property,
we have concluded that, whenever FBS and DRS converge, their iterates will
almost always converge to local minimizers.

A limitation of this work lies in its smoothness assumptions. The construc-
tion of the envelope requires the Lipschitz differentiability of g(z). Furthermore,
twice differentiability of f(x) at specific points is needed for the strict saddle
avoidance property of FBS and DRS. It is undoubtedly interesting to investigate
the possibility of weakening these assumptions in the future.
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