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Abstract In this paper, we consider matrix optimization with the variable
as a matrix that is constrained into a low-rank spectral set, where the low-
rank spectral set is the intersection of a low-rank set and a spectral set. Three
typical spectral sets are considered, yielding three low-rank spectral sets. For
each low-rank spectral set, we first calculate the projection of a given point
onto this set and the formula of its normal cone, based on which the induced
stationary points of matrix optimization over low-rank spectral sets are then
investigated. Finally, we reveal the relationship between each stationary point
and each local/global minimizer.

Keywords Matrix optimization - Low-rank spectral set - Stationary Point -
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Mathematics Subject Classification (2000) 90C26 - 90C30 - 90C46

1 Introduction

In general, matrix optimization is an optimization problem , that involves ma-
trices as variables. In this paper, we are interested in low-rank constrained
matrix optimization, which aims at minimizing an objective function with a
low-rank matrix as the variable. In recent years, this problem has attracted
considerable attention in the fields of machine learning, signal and image pro-
cessing, control, statistics and so on (see, e.g., the related surveys of [1-5]).
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The low-rank set (see (2) for the definition) is disjunctive and noncon-
vex, making the low-rank constrained matrix optimization problem NP-hard
in general. Therefore, in recent decades, scholars have paid many efforts in
finding different techniques to process the low-rank sets. These techniques can
be summarized into three groups.

The first group consists in replacing the rank function by an approximate
function. These methods include convex approximation via the nuclear norm
[6,7], nonconvex approximation via the Schatten p-norm (0 < p < 1) [8-11]
and other approximation functions (see, e.g.,[12,13]).

The second group consists in searching an equivalent representation for
the low-rank set. In [14], Burer and Monteiro factorized a low-rank matrix as
the product of two much smaller matrices. This method has also been widely
studied recently, e.g., [15-19]. In [20], Gao penalized the sum of the n — r
smallest singular values of a matrix to force a solution to be approximately at
most rank 7, and similar approaches can be found in [21-23]. In [24], Zhou,
Qi and Xiu penalized the distance between a matrix and the low-rank set,
achieving a very small distance such that the matrix was almost in the low-
rank set.

The third group consists in studying the low-rank constrained matrix
optimization problem directly along with the point of the tangent and nor-
mal cones to the low-rank set. In [25], Luke presented the expression of the
Mordukhovich normal cone (see [26, Defintion 6.4]) to the low-rank set and
applied this expression to derive the local linear convergence rate of the inex-
act alternating projection algorithm to solve the feasibility problem (namely,
finding the intersection of the low-rank set and a closed set). In [27], Cason,
Absil and Van Dooren presented expressions of the Fréchet normal cone to an
intersection of the low-rank set and a unit ball and proposed an iterative algo-
rithm that converges to an F-stationary point of the low-rank approximation
problem (see [27, Section 6]), where the Fréchet normal cone and F-stationary
point can be found in Section 4 and (42), respectively. In [28], Schneider and
Uschmajew developed a projected line-search method and established the con-
vergence analysis via the idea of the F-stationary point. In [29], Zhou et al.
developed a Riemannian rank-adaptive method for the low-rank constrained
matrix optimization problem with an extra matrix manifold constraint. In [30],
Li, Song and Xiu established the optimality conditions of low-rank constrained
matrix optimization by taking advantage of the tangent and normal cones.

Motivated by the above research, this paper focuses on a class of low-rank
constrained matrix optimization problems, that is, matrix optimization over
low-rank spectral sets (MOLS), which aims at minimizing a general contin-
uously differentiable objective function subject to the variable being in the
intersection of a low-rank set and a spectral set. Three typical spectral sets
are considered. The major contribution of this paper is to provide a compre-
hensive description of the stationary points and local and global minimizers
of the MOLS, which establishes the first-order optimality conditions for the
MOLS. Specifically, we first investigate the properties of the projection of a
given point onto each low-rank spectral set and then derive the closed formulas
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of their normal cones. These formulas enable us to define two types of station-
ary points, namely, two kinds of first-order optimality conditions. Finally, the
relationship between each stationary point and each global/local minimizer of
the MOLS is revealed under some mild conditions on the objective function.

The outline of this paper is as follows. Notation definitions and basic spec-
tral decomposition are presented in Section 2. The properties of the projections
onto low-rank spectral sets are given in Section 3. Sections 4 and 5 provide
closed formulas of the normal cones to low-rank spectral sets and some results
of the stationary points of the MOLS. We investigate the optimality conditions
associated with the stationary points and global/local minimizers in Section
6. Finally, conclusions are presented in the last section.

2 Preliminaries

In this paper, we focus on the following MOLS problem

i X 1. X eSS 1
Inin f(X), s esS*(r)nc, (1)
where f : S™ — R is continuously differentiable with S™ denoting the space of
real symmetric matrices of order n equipped with the Frobenius inner product.
Here, we call S*(r) NC a low-rank spectral set (LSS), where

S™(r) :={X € §" : rank(X) <r} (2)

is the low-rank set with r € {1,2,--- ,n} and rank(X) being the rank of X,
and C is a spectral set in S™ (see Definition 2.1 below). Three typical choices
of interest in this paper are the closed unit Frobenius ball, the symmetric box
and the spectrahedron, i.e.,

C={XeS":|X|r <1}, 3)
Co:={X eS": ~tl, = X <tI,, t>0} (4)
C3:={XeS": X =0, Tr(X) =1}, (5)

where || X || is the Frobenius norm and Tr(X) is the trace of X.

Our research on MOLS is motivated by a number of important applica-
tions in various areas. For example, the graph similarity problem in [31,27]
is a special case of C = C;. When C = C5 in (1), the application covers the
wireless sensor network localization problem [32,33] and the nearest low-rank
correlation matrix problem [34,35]. Moreover, the quantum-state tomography
problem [36,37] can be modeled by (1) with C = Cs.

Some related fundamental notation used throughout the paper is defined
as follows. Let R™ be the Euclidean space equipped with the norm || - ||2.
Let S™ be the Euclidean space of the real symmetric matrices equipped with
inner product (X,Y) = Tr(XY) and the induced Frobenius norm || X|p :=
VTr(XX) for X,Y € S”. Let rank(X) denote the rank of X € S™. For a given
vector € R” and an index set T C {1,--- ,n}, we denote zp = (z;);er € RI7|
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as the subvector of z corresponding to the indices in T, where |T| is the
cardinality of set T'. Similarly, X is the submatrix consisting of the columns of
X indexed by T'. The complementary set of T"is written as T+ = {1,--- ,n}\T.
Define a sparse set by R"(r) := {z € R" : ||z|lo < r}, where r € {1,--- ,n}
and || - ||o is the lyp norm counting the number of nonzero entries of z. For a
vector x € R™, let Diag(z) be an n x n diagonal matrix with diagonal entries
x;. Denote S as the space containing all the positive semidefinite matrices
and S™ := —S%. The n-order identity matrix is written as I,.
For any given matrix X € S™ with s := rank(X) < n, denote

A(X) = Diag(A(X)) and ACX) = (A (X), -, Aa(X)T

as the vector containing all the eigenvalues of X arranged in nonincreasing
order, i.e.,

A(X) > > M (X).
For a subset o« C {1,--- ,n}, write
Aa(X) == (AMX))a = (Ni(X))icas  Aa(X) = Diag(Aa(X)).

Let I" be the index set that contains all the indices of the nonzero elements of
A(X). We then have the following eigenvalue decomposition (EVD)

Ar(X)

X=UAX)U" =[Ur Up.] [ 0

} [Ur Upi]" =UrAp(X)U/,  (6)

where U := [Ur Up.] € O™ and Ur € R"*? is the submatrix that contains all
columns indexed on I" of U and O™ is the set of all n x n orthogonal matrices,
ie.,

O"={AcRY™: ATA=AAT =1,}.
Hereafter, for simplicity, we write the block diagonal matrix as
A1 Al .. 0
A, 0 ---A,
where A; is the matrix for ¢ € {1,--- ,n}.

Definition 2.1 [38, Proposittion 5.1] The set C in S™ is a spectral set if there
exists a symmetric set K 1.) in R” such that

C:=X"HK)={X eS": \X) € K}.

L A set K € R™ is said to be symmetric if Pz € K for every z € K and every P € P,
where P" denotes the set of all n X n permutation matrices ( For those matrices that have
only one nonzero entry in every row and column, which is 1, see [38]
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For example,

Ci=XA"1Ky), Ki={zeR":|z|2 <1},

Co=2"1K2), Ka:={z€R":|z||ec <t, t >0},

C3=2"1YK3), Ks:=={zeR":|z]1=1,2;,>0,i=1,...,n}
In fact, since X = UA(X)U " = UDiag(A(X))UT, || X||r < 1 is equivalent to
[IA(X)]|2 < 1, which means A(X) € K. Moreover, it is easy to find that Ky
is symmetric. Then, C; is a spectral set, and C; = A~1(K1). Similar reasoning

can be applied to derive the last two equations. In addition, one can verify
that S™(r) and S™(r) N C;,7 = 1,2,3 are also spectral sets, namely,

ATHR™Y(r) =S™(r), AMR"(r)NK) =S"(r)NC, i=1,2,3. (7)

3 Projections

To study the projections onto S™(r) N C, we first introduce the metric projec-
tion, which is defined as

IIo(X) € Hp(X) := argminy ||V — X||p.

Here, we denote IT,(X) as the set containing all projections of X onto {2,
and ITp(X) is a particular projection in I, (X). I (X) is a singleton if (2 is
a closed and convex set. The following result associated with projection onto
the low-rank set is borrowed from [20, Lemma 2.9]. Let

o= {i: |M(X)] > A (X)},
B = {i: [M(X)| = AP (X)}, (8)

v = {i s N(X)] < (X},
where \2P3(.) is the rth largest (in absolute terms) entry of (|A1(*),- -+ , [An(-)])-
Clearly, (8) implies |a| < r. Define
Vo = [Ua UpQ Uy], 9)
2= |% | areorio com, (10)

where
By = {i: N(X) =220}, B =i M(X) = —A2¥(X) ).
It is easy to check that

Qe Voeor, As(X)=QAs(X)QT. (11)
We now rewrite the EVD (6) as
Aa(X) .
X =[Uq Ug Uy Ag(X) Ua Ug Uy| (12)
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and the metric projection over the set S™(r) is given by
s () (X) = {VQDiag(y)Vér :any y € Y and any () satisfies (10)}, (13)
where

Y= {y ER":y; = {)‘1(0)’()’ z)tehg;feo with any B C B, |Bo| =1 — a} :

In general, the set IIgn(y(X) is not singleton. The multiplicity of projection
occurs only at the index set of B. If rank(X) = s < r, then A\2»5(X) = 0 and
|| = s. In this case, IIgn .y (X) = {X}.

We aim at calculating projections over three low-rank spectral sets to
prepare for the first-order optimality conditions of problem (1) in Section 5.
Before the main results are presented, we introduce lemma [39, Fact 2.3], which
plays an important role in the subsequent proof.

Lemma 3.1 [39,Fact 2.3] Let K be a symmetric set. For any X € S", the
projection of X onto the spectral set \=1(K) is given by

L1y (X) = {UDiag(y)U T+ y € Ie(A(X)), U € 0"(X)},  (14)
where the set O"(X) := {U € O" : X = UDiag(A(X))U"}.

This lemma is actually a generalization of [40, Corollary2.8] due to (7). For
simplicity, write HCHS"(T) (X) =1 (HSTL(T) (X)) and

Mgy (X) = {Hcﬂgn(,,)(X) LV Mgy (X) € g (X)}.

Theorem 3.1 Let X € S™ have the EVD as in (12) and let Vo be given as
(9). For a set T, by defining Z¢ (X) : " — R" as

ClAi(X)a (&S Ta

I:Egl (X)]z = (15)
0, otherwise,

— ; —1/2 ; — 2 _ abs 2 .
where ¢1 = min{l,cp "} with cp = ||Aa(X)|5 + (r — |a|)(A2"3(X))?, it
follows that

s (ryne, (X) = He, gn ) (X) (16)

- . —aUB, T+ any @ satisfies (10),
- {VQDlag (~c1 (X)) Yo : any 81 C B, |Bi| =7 —|af [~ a7

Proof. We first prove the second equation (17). For any @ satisfying (10) and
any 81 C B,|B1| = r — |a|, every element IIgn(,)(X) in Ign(y(X) from (13)
takes the form

Hgn () (X) = VgDiag ([)\auﬁ1 (X)T O]T) VC—?r
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Since Vg € O™ due to (11), 81 C B and the definition of 3 in (8), we have

sy (X) 17 = [ Xaug, (X3
= [Aa(X)II3 + (r = ) (AT (X))* = cp. (18)

Lemma 3.1 with A™!(K) = C; and X = IIgn(,)(X) indicates
HC1 (HS”(T) (X)) = VQDiag(x*)VQTa
where

* . (18) —«
* = argming.,<; |2 — Paug, (X)) 07|l = Z57P1(X),

1

which verifies (17). Next, we prove (16) by proving two parts. In the first part,
s (r)ne, (X) € I, Mgn()(X) is proven. In the second part, we show the
reverse inclusion.

Part 1. For any [lgn(yne, (X) € Ign(y)ne, (X), Lemma 3.1, in which
A7H(K) =S"(r) N Cy, indicates

gn(ryne, (X) = UDiag(«*)U ',
where z* is an optimal solution of
min {|z — A(X)||2: z € K1 NR"(r)}. (19)

The above problem is equivalent to
. Z 2 <1,
win {loaua, ~daua, (Dl g2zt (20)

for any 31 C 3,|81]| = r — || owing to [41, Lemma 1], where «, 3 are defined
as in (8). Therefore, there exists one 3] such that z* is an optimal solution
of (20) with 8; = B]. For such 3, by (13) with @ = I, there must be one
Hgn () (X) satisfying

Hgn () (X) = UDiag([Aaug; (X)" 01U,
which again with Lemma 3.1 with A™*(K) = C; and X = IIgn(,y(X) implies

e, s y(X) = UDiag(z5)U ",

where x7% is an optimal solution of

min { ||z = Paug; ()7 0]TJl2 ¢ [lzll2 < 1}

The solution of the above problem is actually the same as (20) with 81 = 3.
Then, 2* = 2%, which suffices to show that IIgn(yne, (X) C Ile, Ign () (X).
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Part 2. To show IIgn(yyne, (X) 2 Ile, Ign () (X), we first specify a mini-
mizer Y* € argminy cgn (yne, [|Y — X |7 = Hgn (e, (X) and then prove that
for each X* € Il¢, Tlgn () (X), it follows that

X eS*(r)nCy, || X-X"r=|X-Y"|F.
Thus, X* € Ign(r)ne, (X). From the proof of Part 1, we can see that for the

above, given (3,

ClAa(X)
Y*=U ClAﬁ’l (X) UT S HC1HS"(7’)(X)
0

also satisfies Y* € Ilgn(;)nc, (X). So the optimal objective function value is

o= i Y - X||Z2 =V - X|2
! yednin 1Y = X[F = | I

= (o = 1D?[Aavg (X)IE + 1 A@\81 )0y (X1l
= (= 1D Aaup (X3 + Xa\au (X113
(18),(8) abs
=7 (e = 12ep + (1B = (r = [ (AP (X)? + I ()7

Then, for any X* € Il¢, Ilgn(,y(X), it takes the form in (17), namely,

ClAa(X)
o o {cmlm 0] QT |uT.
0
In addition,
o o [48.00)
Ag(X) = QAﬁ(X)QT _Q|: ? A,@\,Bl(X)] T’
resulting in
Ao (X)
— A,Bl (X) :l T ’
X=U Q{ Asp (%) 9 -
A,(X)

Now, above facts allow us to derive the following chain of equations
IX* = X[IF = (er = D*[davs, (X)E + 148007 (X)) E

(e1 = D?[aus: (X3 + X800y (X2

(18),(8)
=7 (e = Der + 18] = (r = a3 (X)) + M (X)]1F
= f*.

Furthermore, clearly, X* € S"(r) N Cy. Therefore, X* € Tgn(;yne, (X), which
implies Ilgn (r)nCy (X) DI, ]._.[Sn(,r) (X). O

)
)



Matrix Optimization Over Low-Rank Spectral Sets 9

Theorem 3.2 Let X € S™ have the same EVD as in (12) and let Vi be given
as in (9). For a set T, by defining 57 (X) : 8™ — R" as

sign(A; (X)) min{|X\;(X)|,t}, i € T,

(=2, (X)]i - (21)
0, otherwise,

where sign(z) =1 if x > 0, sign(z) = —1 if © < 0, and sign(x) = 0 otherwise,
it follows that

Mg (rye, (X) = He,Hgn ) (X) (22)
_ . —aUB, T+ any @ satisfies (10),
_ {VQDlag (_62 (X)) V3 ey e BBl = ol [ (2D)

Proof. We first prove the second equation (23). For any @ satisfying (10) and
any B2 C B,|B2| = r — ||, every element IIgn () (X) in TIgn(,)(X) from (13)
takes the form

s () (X) = VgDiag ([Aaug, (X) T 0]7) Vg .
Since Vg € O™, Lemma 3.1 with A~ (K) = C3 and X = IIgn(,y(X) indicates
e, (Isn () (X)) = VoDiag(z*)Vy
where

o* = argming. <, |2 — Paug (X)T 07|l = 2577 (X),

2

yielding (23). The proof of (22) is similar to that of Theorem 3.1 and is thus
omitted here. O

Note that ITgn(,-)(X) keeps the r-largest absolute eigenvalues of X'. Now, we
consider TIgn(yne, (X). Let 1Tz, (X) be the operator that keeps the r-largest
(not in absolute terms) eigenvalues of X and sets the remaining n — s to zero,
and let II; (X) be the set covering all IT; (X). To derive Il (X), we need
the following notation similar to (8)-(10).

a:={i: N(X) > A\(X)}, (24)
b:={i: N(X)=X(X)}, (25)
c:={i: N(X) < \(X)}, (26)
Wp := [Ug UpP U.],where P € Ol (27)
It is easy to check that

Wp €O, Ap(X)=PAp(X)PT. (28)

Similarly, we now rewrite the EVD (6) as

Aqa(X)

X = [Ua Uy U] Ap(X) Ua Up Ue] " (29)
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and then IT; (X) is given by
I, (X)= {WpDiag(y)W; cany y € Y and any P € O‘bl} ) (30)

where

n )\iX,iean .
y—{yER : yi—{ E) ) otherwiseo with any by C b, |b0—r—|a|}.

Theorem 3.3 Let X € S™ have the same EVD as in (29) and let Wp be given
as in (27). For a set T, by defining Zf (X) : S* = R" as

0, otherwise,

where p := max{j : \;(X) > %(27:1 Ai(X) = 1)}, it follows that

sn (ryne, (X) = e I, (X) (32)

B ' —aUbs T any Pe€ olel,
_ {WPDlag (~c3 (X)) e any by Cblbs| =7 —laf [~ %)

Proof. We first prove the second equation (33). For any P € 0Pl and any
bz C b, |bs| =r — |al, every element [T, (X) in I, (X) from (30) satisfies

Iz, (X) = WpDiag ([Aaubs (X) T 0]7) W
Since Wp € O", Lemma 3.1 with A™}(K) = C3 and X = I pn(7y(X) indicates
He,(Iz, (X)) = WpDiag(z*)W5,
where
o* = argmin_cie, |2 = Paupy (X) 7 01" [l2 = 58,7 (X),

where the last equality follows [41, Lemma 3](Page 16), which verifies (33).
Next, we prove (32) through proving two parts. In the first part, we prove
that TIsn (e, (X) € I, IIz, (X). In the second part, we show the reverse
inclusion.

Part 1. For any Ilsn(yne,(X) € Ign(r)ne, (X), Lemma 3.1, in which
A7L(K) = S"(r) N C3, indicates

Hsn(rynes (X) = UDiag(+")U ',
where U = [U, Up U.] and x* is an optimal solution of
min {[|z — A(X)[[2: z € K3NR"(r)}. (34)
The above problem is equivalent to

: . Hzaubgnl =1,2aub; > 0,
min { ey = Aoy (X [yl = Lo (35)
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for any by C b, |bs| = r — |a| owing to [41, Algorithm 1] (Page 17), where a, b
are defined as in (24-25). The rest of the proof of Part 1 to verify

s (1)ne, (X) € e I, (X)
is similar to that of Part 1 in Theorem 3.1.

Part 2. The idea is the same as that used to prove Part 2 in Theorem
3.1. From the proof in Part 1, we can see that for a given by C b, |b}| = r—|al,

Y*:=U [Dlag(()‘i(X»ie“Ub’s) 0] U'e e, I, (X)
is also Y* € Ilgn ()nc, (X), where U = [Ug Up U] and

Ni(X) := max {Ai(X) > nx) - 1),0}, icaubl.

<.
—

In addition,

A
x®7g Ap(X) v

Therefore, the optimal objective function value is

i Y —X|Z = |V - X|?
Yesrg(lgmcg | ==l 2

Xa(X) = Aa (X113 + [Py (X) = Aoy (X113 + [Aoreg (X3 + [Ae(X)]13-

f*

Then, from (33), any X* € IIc, I, (X) can be expressed as

Diag(Aa(X)) B
0
Moreover,
28 Ap, (X
A(X) 2 PA(X)PT = P { by (X) . (X)] PT,
resulting in
Aa(X)
=2 Ab (X) :| T —T
X=U P 3 P U
|: Ab\b3 (X)
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These facts suffice to show that

X — X|I%

= [Ra(X) = Aa ()3 + [Nes (X) = Aoy (X3 + [ Aoros (X3 + [[Ae(X)]13

= [Aa(X) = Aa(X)3 + [y (X) = Ay (X113 + [Norey (X113 + [Ae (X3

=/
where the second equality is based on three facts: (i) b C b,b5 C b, (ii)
Ai(X) = A(X), and (i) A (X) = max{/\T(X) — LT n(X) - 1),0} for
any i € b. Moreover, X* € §™(r) N C3. Therefore, X* € Ilgn(;ync, (X), which
implies g (ryne, (X) 2 e, Mg, (X). O

4 Normal Cones

In this section, we provide a decomposition property of the Fréchet normal
cone to S™(r) N C to prepare for the optimality conditions of problem (1) in
Section 5. Let {2 be a closed and non-empty subset in S™ and X € 2. A matrix
Z is Fréchet normal (also called prenormal in [42]) to 2 at X provided that
for every € > 0, there exists a 6 > 0 such that

(Z,Y = X) <e|l|]Y = X||p, forallY e (X+6B)n{,

where B is a unit ball in S” and (X,Y) = Tr(XY). Fréchet normal cone
NE(X) (also written as N (X) in [26]) is the set containing all these matrices
7. For any closed and convex set {2 and any X € {2, one has

NG(X) = NG™(X),
where N™ (X)) is the convex normal cone in convex analysis, namely,
NGE™V(X)={WeS": (W)Y — X) <0, VY € 2}.

The indicator function of set {2 is given as 0 (x) = 0if z € 2 and dp(x) = +o0
otherwise. Let bdf? and intf? stand for the boundary and interior of set (2,
respectively.

A closed formula for the Fréchet normal cone to the set of low-rank (pos-
sibly rectangular) real matrices has been derived by [27,28]. This formula can
be directly applied to the space of a symmetric matrix.

Lemma 4.1 For X € S"(r) with the same EVD as in (6) and s := rank(X),
the Fréchet normal cone to S™(r) at X is given by

{0}, s <,

Ngo(ry(X) = 0
{[Up Ulu] [ D:| [Ur U]‘*L}T ‘ DESn_S}7S=7".
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The next results present the normal cones to sets C. We would like to define
some notation here. For X € C with the EVD in (6) and letting s := rank(X),
we define two types of matrices. For Y € S°, Z € S"~%, define

Mx (Y. Z) = [Ur Ups] [Y Z} Ur Upe]T. (36)

Particularly, for Ca, let

ny = {i: M(X) =t} n- = {i: \(X) = —t}, (37)
Nt = {i:0 < |N(X)| <t}, m= = {i: \(X) =0}.

For A e Sn+l B e Sn=l ¢ e SIn-1. D e SI"=! define

Nx(A,B,C, D) (38)
A

B
= [Um Uno Uy Un:}

C
D

[Un, UnsUn_ Un:]T-

Clearly, one can check that if X € Cs, then
F'=nyUnsUn_, I''=n_. (39)

As a closed and convex set, each K; usually appears in the vector space. Its
normal cone has been given in [43, Examples 5.14 and 5.2.6] and [26, Example
6.10] and allows us to obtain the normal cone of C; by the following lemma.

Lemma 4.2 [39, Fact 2.4] Let K € R™ be a closed symmetric set. For any
X € AY(K), the Fréchet normal cone to the spectral set \=*(K) is given by

NI o) (X) = { UDiag(y)UT : y € NE(A(X)),U € O"(X)}.  (40)

Proof. Since K is closed and symmetric, its indicator function dx is lower semi-
continuous and symmetric. Then, the result directly follows from [44, Theorem
4.2] in the sense of the Fréchet normal. a

Proposition 4.1 (Normal cones to C) For X € C with the EVD in (6) and
s :=rank(X) = |I'|, the normal cone to C at X is given as follows.

(i) If X € intCy, then NE (X) = {0}. If X € bdCy, then
NE (X) = {Mx (pAp(X),0) : p > 0} .

(it) If X € intCy, then NE (X) = {0}. If X € bdCs, then

NG, (X) = {NX(A,O,C,O) tA€ S‘f*', Ce S‘_”"},
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(i11) If X € Cs, then
NG (X) = {Mx (pLs,pln—s+ D) : pE R, D € S*™*} .

Proof. (i) Let X € C;. Then, from [43, Examples 5.14] and Lemma 4.2, the
normal cone to C; at X is given by

» _ {0}, for X € intCy,
NC1 (X) - {p){7 Wlth 1% 2 0, fOr X S bd01

This result, together with the EVD in (6), yields the conclusion immediately.
(ii) Let X € Cq. Clearly, Ng2™(X) = {0} when X € intCy. Consider the
case of X € bdCs. Decompose

Co=0Cy xC3x-xCh,

where each C := {X € S" : —t < )\;(X) < t} is a closed interval. Then, by
[26, Example 6.10] and Lemma 4.2, the normal cone to Co at X takes the
form

NE (X) = NE (X)) N5 (hal(X) x -+ x Nby (Aa(X)),
where
> 03 i€ N+
NCF;()\Z-(X)) ={cuu) @ ¢ <0,ien_
= 0, otherwise

This result derives the conclusion immediately.
(ili) Let X € Cs. Clearly, Cs is the intersection of S and

A= {X € S"|Te(X) = 1}.

Then, by [43, Proposition 5.3.1 and Remark 5.3.2], the normal cone to Cs at
X is given by

NE (X) = NE(X) + N (X)
={pl,:peR}+{WeS" : tr(XW)=0,W e S"}.

Since X has the same EVD as in (6), then
Ngi(X) ={Mx (0,D): DeS"}.

This result concludes the proof. a
To end this section, we calculate the normal cone to S™(r) NC, which turns
out to be a summation of the normal cone to S™(r) and the normal cone to C.

Theorem 4.1 Let X € S*(r)NC. We have

N&n (rmyne(X) = Néu (,y (X) + NE (X). (41)
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Proof. Since R"(r) N K is closed and symmetric and it is easy to verify that
S*(r)NC = A"L(R"(r) N K), we have the following chain of equations
N&n (ryne (X)
= Nii@n e X)
Lemma4.2 . n
=" {UDiag(w)U " : w € Ngu (9 (MX)), U € O™(X)}
= {UDiag(w)U" : w € N,y (M(X)) + N£ (A(X)),U € O"(X)}
= {UDiag(w)U" : w € Ngu(,y(M(X)),U € O"(X)}
+  {UDiag(w)U" : w € NE(\(X)),U € O"(X)}
Lemma4.2
T N -1 () (X) + N3 ) (X))
= Nf(X) +NE(X),

— —

where the third equation holds from N, (%) = Ni., () + Nig(z) for
x € R"(r) N K by [45, Corollary 4.1] or [46, Corollary 2.9] for K = K1, Ks, K.
The proof is thus complete. O
Remark 4.1 It is worth mentioning that (41) may not hold for other general
sets C. To derive it, some basic qualification conditions [26, Theorem 6.42] are
necessary. However, these qualification conditions are naturally satisfied when
C is one of Cy1, Co and Cs. Therefore, (41) allows us to calculate Ngn(r)mc (X)
easily through Lemma 4.1 and Proposition 4.1.

5 Stationary Points

In this section, we investigate the first-order optimality conditions of problem
(1), starting with the definitions of two types of stationary points. The a-
stationary point defined below is actually a generalization of the concept of
the L-stationary point for the sparsity constrained optimization of Beck and
Eldar in [47, Definition 2.3].

Definition 5.1 Let X € S”(r) N C be a given feasible point of (1).
(i) We say X is an F-stationary point of (1) if
0 € VF(X) + Ngu(py (X) + NE(X). (42)
(ii) We say X is an a-stationary point of (1) if, for a given oo > 0,
X € Hgn(pyne (X — aVf(X)). (43)

Using the formulas of the Fréchet normal cone in Section 4 and the properties of
projection onto S™(r)NC in Section 3, we present more explicit representations
of an F-stationary point and an a-stationary point.
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Theorem 5.1 For any X € S™(r) NCy with the same EVD as in (6), denote
s:=rank(X) = |I'| and

L {0}, X € intCy,

We have the following results.

(i) X is an F-stationary point of (1) if and only if
{pX :pe Qe (X)}, s<r,

.pEch(X)}7 (44)

Vi(X)e
{MX (pAr(X),D) : D e §n-s s=r.

(i) X is an a-stationary point of (1) for a given o > 0 if and only if

V) € {Mx (par(x),0) s £ 5 BN PESIL b

where Ap := max;e(1,... n_s}y [Ni(D)].

Proof. (i) By Lemma 4.1, Proposition 4.1 (i) and the sum rule of Theorem
4.1, we can obtain the formula of Nsli(r)mcl (X)), which allows us to reach the
conclusion.

(ii) Sketch of the proof: For the ‘If’ part, we need to show that

VFX)€O) = X €Mgipne, (X —aVF(X)), VX € S™(r)NCy,

where ©; is the set of the right hand side of (45). We prove this part by
considering two cases: X € bdC; and X € intCy. For the ‘Only if’ part, we
need to show

X € Ugn(ryne, (X —aVf(X)) = Vf(X)ec6O.

To do this, we first prove that X and X’ := X —aV f(X) have a decomposition
similar to

X=U [AF(X) 0] u', X'=U [Al } U',

where Ay, Ay will be specified later, which suffices to show that
Vf(X)=Mx (pAr(X), D).

We then show p < 0 and Ap < (1/a — p)A2>5(X) by means of the two cases of
X € bdC; and X € intC;.
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‘If’ part: Case 1) Suppose X € bdC;. It follows from Vf(X) € ©; that

Hsn (e, (X —aVf(X))
= Hgn(ryne, Mx (Ar(X),0) — aMx (pAr(X), D))
= Hgn(yne, (Mx (1 — ap)Ar(X), —aD))

) e, Mgy (Mx (1 — ap)Ap(X), —aD))

= e, (Mx ((1 = ap)Ar(X),0))
= HCI ((1 - ap)X)
= )(7

where the fourth equality holds because

\i(—aD)| = (D
epiex_i(zaD)l=a max [A(D)]
= adp < (1 - ap) X™(X)
0, r<s,
| (I —ap)minep |N(X)], r =5,

which implies X € Ilgn(;yne, (X —aV f(X)). Case 2) Suppose X € intC;.
This is a special case of Case 1) with p = 0.
‘Only if’ part: For any X € Ign(yne, (X —aVf(X)), let

X' := X —aVf(X) = U'Diag \(X")(U")".
Let o', 3,4 be defined as in (8) and @’ be defined as in (10), in which X is
replaced by X'. It follows from (17) that for any X € Ilgn (e, (X'), there is
a Q' satisfying (10) and a 8] C @,|81| =r — |&/| such that
/ !/
X = (UL UpQ U] {CA"“U@ (X7) 0] UL UsQ ULT, (46)
where

¢ = min{L, (| Aar (X') 3 + (r = oA (X)%) 712}

= min{1,1/¢}, where ¢ := |Aqug (X')||F. (47)
Recall that X has the same EVD as in (6), i.e.,
XU {AI‘(X) 0} Ut

If rank(X) = s < r, we have rank(X”’) < r, which implies
la'|=s, v =0, Ag/(X')=0. (48)

Thus, by denoting

o, ifs<r,
T'_{a’uﬂ’l,ifsr, (49)
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we can rewrite X in (46) as

dAp (X!
X = (U, UsQ U] [ al )0] UL, UgQ UL (50)
By the uniqueness theorem of eigenvalue decomposition in [48, Corollary
4.4.4], the entries in Ap(X) and ¢ Ap(X'’) have the same values but different
indices, and the columns of U and [U,,, Ug Q" U.,] are the same but with
different locations. Without loss of generality, we let

r=T, Ap(X)=dAp(X'), U=[UL UsbQ UL (51)
Then, we can rewrite X’ as
[ Ao (X7)
X =U Ag (X') )’
L Aw’(XI)
(11) [ Ao (X')
= U Q' Ap (X')(Q)T o’
I Ay (X7)
(51) Aar (X7)
='U Agi(X') U’
Ay (X)
6y, [Ar(X)) T 6y [Ar(X)/d T
- v Ay VY Are(xn] U

which in combination with (50) yields

Os(0) - EEE0TIOD XXy b ) ]y
where
vl A (XD (53)

This result proves Vf(X) = Mx (pAr(X), D).
We now need to show that p < 0 and Ap < (1/a— p)A2P5(X), before which
we require several facts. If s < r, then Ag,(X’) =0 due to (48) and 3] C 3,
which results in
(49)
[Ar(X)r =" [ Aer (X7 = [[Aarupy (X)) |
When s =7, T = a’ U] from (49). Overall, we have

A7 (X)|F = ¢,

(47)

o.

which results in our first fact,

(51) “n o< 1,if ¢ <1,
14rCOle 2 e =0 @O HOS G



Matrix Optimization Over Low-Rank Spectral Sets 19

The second fact is that

F:{a’, r<s, FL:{’B/ r<s,

aUB,r=s, (B\B) U~ 7 =s, (55)

and thus, according to the definitions of &', 31,4, we obtain the third fact

in [ A;(X7)] > A (X)) 56
min |A; (X7)] 2 max [A;(X7)] (56)

Case 1) Suppose X € bdCy. Then, [|[Ar(X)||F = 1, which indicates ¢ > 1 by
(54) and hence ¢’ <1 by (47). Therefore, p < 0 by (53). If s = r, the following
chain of inequalities holds

(1/a = A(X) =" (1/a = p)min [N(X)|

(53)

(51) _ . Sy 22 : (v
=" (1/a = p)cmin [\ (X")] =" min |Ai(X)|/a

(56) —
> max |\ (X)]/« (%) AD.
iert

If s < r, then holds A\2P%(X) = 0 and

D® A (X))o Ag(x")/a 0.
Thus, Ap = 0 = (1/a — p) \2P5(X). These results prove (45).
Case 2) Suppose X € intC;. We must have ||Ap(X)||r < 1, which implies
¢ < 1 by (54) and hence ¢/ =1 by (47). This result yields p = 0. The rest of
the proof is the same as that of Case 2). O

Theorem 5.2 For any X € S™(r) NCq with the same EVD as in (6), denote
s:=rank(X) = |I'| and let ny,me,M—, N= be defined as in (37). We have the
following results.

(i) X is an F-stationary point of (1) if and only if

{NX(A,O,C,O) cAes™l ce S'f"}, s <,

Vf(X) e (57)

cAesmlcesl )
{NX(A,O,C',D). D e sin-| + ,S=T.

(i) X is an a-stationary point of (1) for a given o > 0 if and only if

cAes™l ceslh-l
ViX) € {NX(A,O,C,D) pesnl it xh < L) (Y

where Ap :=maX;e(1,... n—s} [Ni(D)].
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Proof. (i) By Lemma 4.1, Proposition 4.1 (ii) and Theorem 4.1, we can obtain
the formula of N&, (1)ACs (X)), which enables us to derive the conclusion.
(ii) Sketch of the proof: For the ‘If’ part, we need to show that

VIX) €Oy — X €Tlgniyne, (X —aVf(X)), VX € S™(r) NCs,

where O, is the set of the right-hand side of (58). For the ‘Only if’ part, we
need to show that

X € gnpne, (X —aVf(X)) = V[f(X) €O,

To do this, we first prove that X and X’ := X — aVf(X) has a similar
decomposition to

X=U [AF(X) 0] ut, X'=U [Al } U,

where A;, Ay will be specified later, which results in Vf(X) = Mx (H, D).
We then prove that H takes the form

A
H=| 0 |,
C

which yields Vf(X) = Nx(A,0,C, D). We complete the proof by verifying
Ap < é/\f}bs(X).
‘If’ part: For any X € S"(r) NCs , it follows from X € Cy and (39) that

I'=mnyUnsUn_. (59)

Since Vf(X) € Oy, there is an A € sl ¢ e Slf’l and D € SL?:‘ with
Ap < LA2bs(X) such that

A
Mx(E,0), where E =: 0 ,
C

Vi(X) = Nx(4,0,0, D) “0E>

which contributes to

X —aVf(X)=Mx(Ap(X),0) — aMx(E, D)
= Mx(Ar(X) — aE,—aD) (60)
and
Ay, (X) —aA
Ar(X) —aFE = Ay, (X)
Ay (X) —aC
As A c SL"*‘,C € ST’I and « > 0, it follows that
Ai(X = aVf(X)) = Xi(Ap(X) — ak)
t—Oé)\i(A) >t, 1€ Ny,
= Ai(X) € (—t,0)U(0,1), 7 € s, (61)
= aN(O) < —t, ien..
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If s < r, then A2"%(X) = 0, making D = 0. If s = r, by the definitions (37) of
N4,M+,7M—, it is easy to see that A2P5(X) = min;e,, [Xi(X)|, which together
with Ap < éx\f}bs(X) suffices to show that

max  |[A(—aD)] = a  max |[N(D)| =alp

ie{l,--- ,n—s} ie{l,--- ,n—s}
< ATR(X) = min [\(X)
1E€EM+
(61) .

= min [Ai(X —aV f(X))]
i€ny

= min |Ai(X - aVf(X))
Both cases allow us to derive
HSn(T.) (MX(AF(X) — OAE‘7 70&D)) = MX(AI‘(X) - OZE, 0)

and hence to obtain

22
2 e, s () (X — aV (X))

60
D e, Mg () (Mx (Ar(X) — aE, —aD))

= l¢,(Mx(Ar(X) — aFE,0))
@ x.

Hgn(ryne, (X — aV (X))

Therefore, X is an a-stationary point, which proves the ‘If’ part.
‘Only if’ part: For any X € Ign(yne, (X —aVf(X)), let
X' := X —aVf(X) = U'Diag \(X"))(U)"

and o', 3,4’ be defined as in (8) and Q' be defined as in (10), in which X is
replaced by X'. It follows from (23) that for any X € Ilgn()nc, (X'), there is
a @ satisfying (10) and a 85 C 3,85 = r — |&@’| such that

X = [V Up@ UL {Dlag(ya'wa)o][ L URQULT,(62)
where

y € R" with y; = sign(\(X")) min{|\;(X")|, ¢}, i =1,...,n. (63)

Recall that X has the same EVD as in (6), i.e.,
XU {AI‘(X) 0} Ut

If rank(X) = s < r, we have rank(X"’) < r, which implies

la'|=s, v =0, Ag/(X')=0. (64)



22 Xinrong Li et al.

Similarly as the proof of (51), by the uniqueness theorem of eigenvalue de-

composition in [48, Corollary 4.4.4], we can let

o
r={ e LS Ar(X) = Diag(ur). U= (UL UpQ U] (65)

a’upglif s=r,

and rewrite (62) as
X = [l Up Q' U] [Dlag(”)o][ LU UL

Then, we can rewrite X’ as

[ Ao (X7)

X =U Ag(X') unH’
i Ay (X)

(11) [ Ao (X1)

= U/ QIA[;/(XI)(Q/)T (U/)T
Ay (X)

A (X") ] U’
A‘y’ (X/)

U'.

A (X7)
©)

(©) {AF(X,) . (X’)]

The above two equations contribute to

vin = 2K —aan(X)) = X;X/ —U [HD} U,
where
7 Diag(yr)a— AF(X/)’ D.— AFLOEX/)

Now, let us consider H. For any ¢ € I', we have

(63)

= sign(A;(X")) min{ |\ (X7)], 1} — \i(X)
—t—XN(X") >0, Ai(X7) < —t,
= t— (X)) <o, (X)) >t
=0,0<|NX)) < ¢t
This result implies that
{iel: NX') >t} ={iel: NX)=t} = N4,
{ZGF}\,(X/)S—t} :{ZEZ—‘)\,L(X):—t} =n_,

(el 0<NX) <ty={iel: NX)=NX')#0}=ns.

(66)

(69)
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Based on these equations, define

— [Di _ / _ _ / (69) Im+
[Diag(yn,.) — An, (X")] Ja = [Ag, (X) = Ay (X)] Ja € ST,

A:

: / ’ (69) Q-1
C = [Diag(yn_) — Ay_(X")] Ja = [Ay_(X) — Ay_(X")] Ja € S
Therefore, V f(X) can be rewritten as

A
0
C
D

— Nx(4,0,C,D) with Aes™! cesml

Vf(X) = [Un+ Uni Unf Un:] [Un+ U"’Ii Unf Un: } T

Similarly, we also have (55), where 3] is replaced by 35, and (56). If s = r,
then

< (68) )
Ap = max |A(X
p = max[A;(X)|/a

(56)
< min N (X)) 2 min - (X)]/a

€M UnLUn—

= min X (X)]/a B min [A(X)]/a = A (X) /.
€Nt

1EMNL

If s < 7, it holds that A\2P5(X) = 0 and

DE A (X))o Ag(x")/a Do

Thus, Ap = 0 = A\2P5(X)/a. These results prove (58). O

Theorem 5.3 For any X € S™(r) N Cs with the same EVD as in (6) and
denoting s := rank(X) = |I'|, we have the following results.

(i) X is an F-stationary point of (1) if and only if
{Mx (pLs,pl—s+ D) : peR,D eSS}, s<r,
Vi(X) e (71)
{Mx (pIs,D): peR,D e S" 5}, 5=r.

(i) X is an a-stationary point of (1) for a given o > 0 if and only if

cR,DecS* s
VI(X) e {MX (pls; pln—s + D) : fmh Ap > AT(X)/a}’ (7

where Ap 1= mine(y ... n—s} Ai(D).
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Proof. (i) By Lemma 4.1, Proposition 4.1 (iii) and the sum rule of Theorem
4.1, we can obtain the formula of N{, (Cs (X), which can be used to derive
the conclusion.

(ii) Sketch of the proof: For the ‘If’ part, we need to show that

Vf(X> €3 = Xc¢ HS”(T’)QC{; (X — OtVf(X))7 VX € Sn(’l") NCs,

where @3 is the set of the right-hand side of (72). To do so, we prove two
equations

Hsn(ryne, (X —aV (X)) =1le, (Mx (49,0)) = X
where Ag will be specified later. For the ‘Only if’ part, we need to show that
X € HS"(T)(‘]CS (X — OéVf(X)) — Vf(X) € Os.

To do this, we first prove that X and X’ := X — oV f(X) has a similar
decomposition to

Ar(X)

_ T r_ Ay T
X_U[ O]U, X—U[ mER

where A1, As will be specified later, which yields Vf(X) = Mx (H, pI,,_s + D).
We then prove that H = pI; and Ap > —\.(X)/a.
‘If” part: For any X € S"(r) NCs, it follows from V f(X) € O3 that there is a
p €R,D e S"* with Ap > —\.(X)/« satisfying

Vf(X) = Mx (plapln—s =+ D) )
which suffices to show that

s (r)ne, (X — aV (X))
= HS"(T)HCg (MX (AF(X)a 0) —aMx (pIsapIn—s + D))
= Hsn(r)nes Mx (Ar(X) — apls, —aD — apl,—))

32
) e, 1., (Mx (Ar(X) — aply, —aD — apl,_,))
= e, (Mx (Ap(X) — aply, 0)), (73)
where the last equality holds because
Ai(—aD — apl,_,) = — in  \(D) —
I
=—aAp —ap < A\ (X) —ap
< min \(X) —
< minAi(X) — ap
= min A;(X —apl).
Now, we need to prove Il¢, (Mx (Ap(X) — apls,0)) = X. From Lemma 3.1,
this fact can be verified by proving the following result

Ar(X) L {Apmape] ’

AMX) = { 0 } = argmin_ ¢y, )

0

2
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where e is a vector with all elements being one. In fact, 3 is convex; thus, the
right-hand side has a unique optimal solution. Since X € Cs, it follows that
A(X) € K3. One can prove that A(X) is the unique solution by verifying the
Karush-Kuhn-Tucker (KKT)-system of the above problem, where the Lagrange
multipliers for 2 > 0and ez = 0 are [0 ape | and —ap, respectively. Overall,

Mg (e, (X — aVF(X)) Z Tle, (Mx (Ar(X) — apl,,0)) = X,

which means X is an a-stationary point.
‘Only if’ part: For any X € Ilgn()nc, (X —aV (X)), let

X' := X —aVf(X) = U'Diag \(X")(U")".
Let @/, b, ¢’ be defined as in (24-26), in which X is replaced by X’. It follows

from (33) that for any X € Ilgn(,)nc, (X'), there exists a P’ € Ol and a
by C b, |by| =r —|a’| such that

X = vy vz | PeSes) T oo

where
y € R" with gy, =max{\(X')—7,0},i=1,...,n (75)

and 7 := %( 2 N(X) —1),0 = max{j : \;(X) > %( g:l (X)) = 1)}

j=1
Recall that X has the same EVD as in (6), i.e.,

X=U {AF(X) o} U'.

If s < r, we have y; = 0, Vi € b}, which together with (75) indicates

A(X) = N(X) < Vied. (76)
If s = r, we have y; > 0, Vi € b}, which together with (75) indicates

(X)) = M(X) > Vi b, (77)

Similarly as the proof of (51), by the uniqueness theorem of eigenvalue de-
composition in [48, Corollary 4.4.4], we can let

a’, if s<r, .
r={ Uy HoST Ar(xX) = Diagtur), U =00 Uy UL (79

and can rewrite X in (74) as

c!

X = (U, UL P UL] {Dlag(yT)o][U;, Uy P UL (79)
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Then, X’ can be written as

Ao (X7
X =U Ay (X') @’
i A (X7
28 [ Ao (X')
(:) U/ P//lb/ (X/)(P/)T (U/)T
i A (X7
| e XD
=U Ap (X) U’
Aer (X)
_ | ArX0) T
=v A (x| Y
These two equations yield
X-X H T
VI =——= { pIn—s+D:|U (80)
with
. B / N
p = —T/Oé, H = Dla’g(yf)a AF(X )7 D j— _AF a(X ) _ pI (81)

For any i € I', we have \;(X) # 0, which implies

75
0 £ M(X) = ys = max (X)) — 7,0} = M(X) =7 20, ic T (82)

Therefore, we have

H (8:2) AF(XI) — T[S — A[‘(X/)

«

= pl;.
This result proves Vf(X) = Mx (pls, pIn—s + D). The final step is to esti-
mate Ap. If s = r, the definitions (24-26) of a’,b’, ¢’ yield

max \; (X') < min \;(X'),
iert iel’

which is beneficial for the following chain of inequalities

(81)

Ap = minie{l,,.. n—s} Ai(D) —max;epr A(X')/a—p
>  —minjer )\i(X’)/a—p(E;:?) —miner(Ni(X) +7)/a—p
) minier M(X)/a @ —A\r(X)/a

If s < r, we have
P / (81) /
Ap = —maxjers Ni(X')/a—p =" —maxicrue Ai(X')/a—p

(76)
(® XX/ a—p > —7/a—p=0.



Matrix Optimization Over Low-Rank Spectral Sets 27

Thus, the proof is completed.

O
Remark 5.1 We would like to describe the relation between an F-stationary
point and an a-stationary point based on Theorems 5.1, 5.2 and 5.3.

(i) When s < r, for each C, one can observe that an F-stationary point is
the same as an a-stationary point. For example, from (71) and (72), when
s <1, Ap > =A(X)/a=0due to X € Cs, then D € S|"*. When s =r,
an a-stationary point must be an F-stationary point, but the converse
is not true. Therefore, being an F-stationary point is a weaker necessary
optimality condition than is being an a-stationary point.

(ii) The a-stationary point as a stronger necessary condition has been widely
studied in [11,28,30,45,47,49] , and under some mild conditions, a global
optimal solution is an a-stationary point for some « > 0; see [47, Theorem
2.2] or Theorem 6.1 (1) established in the next section. Therefore, in terms
of guaranteeing an optimal solution, being an a-stationary point is a better
condition than being an F-stationary point.

(iii) Most importantly, compared with that of an F-stationary point, the char-
acterization of an a-stationary point presents a much easier way to design
numerical algorithms to search. The updating scheme usually takes the
form

X = Tgn(pyne (XF — aV (X))

based on a-stationary point (43), where X* is the currently computed
iterate; see [11,28,47,49] for more details. Numerical experiments have
demonstrated that such a scheme could yield desirable solutions with fast
computational speed since the projection Ilgn ()¢ (Xk — an(Xk)) often
has a closed form, such as the cases of C =C;,i =1,2,3.

6 Local and Global Minimizers

Given the expressions presented in the previous section, this section estab-
lishes the relationships among the stationary points and the global/local min-
imizers of (1). We first introduce the so-called r-restricted subspace.

Definition 6.1 Let X € S"(r) with s := rank(X) have the same EVD as in
(6). We call the subspace

% i={Mx(A,0): AeS} (83)
the X-restricted subspace. In fact, X € S% C S™(r).

We say the gradient of a function f is Lipschitz continuous with constant L
over S™ if

IVF(X) = VI < LilX Y[, ¥XYesm

Our first result is to analyze the relations between an a-stationary point and
the local/global minimizers of (1).
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Theorem 6.1 For problem (1), the relations between an a-stationary point
and the local and global minimizers are given as follows.

(A) If the gradient V[ is Lipschitz with constant Ly over S™, then a global
minimizer of (1) is also an a-stationary point for any 0 < oo < 1/Ly.
(B) Let f be convex and X € S™(r) NC be an a-stationary point.
(B1) If X € bdC, then X is a global minimizer of (1) restricted on S%.
(B2) If X € intC with rank(X) = r, then X is a global minimizer of (1)
restricted on S .

(B3) If X € intC with rank(X) < r, then X is a global minimizer of (1).

Proof. (A) This conclusion is proven in [47, Theorem 2.2] for the vector case.
For the sake of completeness, we provide the proof of this part. Let X be a
minimizer of (1). Suppose that there exists a matrix Y,

X #Y € Hgn(pyne(X — aVf(X)).
It follows that
IY = X +aVF(X)|E < IX - X +aVF(X)|F,
which suffices to show that
(VAX)Y - X) < —(1/2a))|lY — X]* (84)

Since f is the gradient Lipschitz with a positive Lipschitz constant Ly and
0 < a < 1/Ly, by the Descent Lemma [50, Proposition A.24] and (84), we
have

FOY) < FX) 4 (VF(X),Y = X) + Ly - X P
< g0+ My xp < i),

contradicting the optimality of X.

(B1) We consider three cases:

Case of C = C;. If X is an a-stationary point, then from Theorem 5.1, there
exists a p < 0 and a D € S"* such that

V(X) = Mx(pAr(X),D).

Since X € bdCy, || X||r = |[Ar(X)||r = 1. For any Y € C; N S%, there exists
an A € S® with |Al|r < 1 such that Y = Mx(A,0), which yields

Y - X =Mx(A,0) - Mx(Ap(X),0) = Mx (A - Ap(X),0).
For any Y € S% NC1, X +Y € S™(r). As f is convex, it holds that
fY) = f(X) 2 (Vf(X),Y - X)
= Mx(pAr(X),D), Mx(A - Ar(X),0))
— p(AR(X), A= Ap(X)) = p(Ar(X), A) — p
> pllAllp [ Ap (X)]|F — p = 0.



Matrix Optimization Over Low-Rank Spectral Sets 29

Therefore, X is a global minimizer of (1) restricted on S’%.
Case of C = (C,. If X is an a-stationary point, then from Theorem 5.2, there

exists an A € Sl_m", Ce S‘f", D e SI"=l, where n,,m+,m_, n— are defined
as in (37), such that

For any Y € S% N Cy, it follows that

Y = X = Nx (A1, A2, 43,0) = Nx (i, 1, Ao (X), =tIy_,0)
= Nx (Al —tly, |, Az — Ay, (X), As +tl|n_|70) .

By Y € Cy, it has Ay — tl,,| € Sll”l and Az +tl, | € ST’I. These results
suffice to show that

(VF(X),Y - X)=(A, A —tf|,7+|> +(C, A3 +t1\7‘l—|> >0,

which together with the convexity of f yields the conclusion.
Case of C = Cs. If X is an a-stationary point, then from Theorem 5.3, there
exists a p € R and D € S"~° such that

V(X) = Mx(pls, pI—s + D).

Since X € bdCs, then (I,, Ar(X)) = 1. For any Y € C3 N S%, there exists an
A € S®° with (I, A) =1 such that Y = M x (A, 0), which yields

Y - X =Mx(A4,0) — Mx(Ap(X),0) = Mx(A— Ar(X),0).
For any Y € S% NCs, X +Y € S™(r). As f is convex, it holds that

fY) = f(X) 2 (VF(X),Y = X)
= <MX(pIsapInfs + D)vMX(A - AF(X)aO»
=p{ls, A= Ap(X)) =p(1-1)=0.

Therefore, X is a global minimizer of (1) restricted on S%.

(B2) and (B3) If X € intC, problem (1) reduces to rank-constrained optimiza-

tion. These results have been established by [30, Theorem 2] and are omitted

here. O
Our next major result is to analyze the relations between an F-stationary

point and the local/global minimizers of (1).

Theorem 6.2 For problem (1), the relations between an F-stationary point
and the local and global minimizers are given as follows.

(A) A local optimal solution of (1) is also an F-stationary point.
(B) Let f be conver and X € S™(r) NC be an F-stationary point.
(B1) If X € bdC, then X is a global minimizer of (1) restricted on S%.
(B2) If X € intC with rank(X) = r, then X is a global minimizer of (1)
restricted on S .
(B3) If X € intC with rank(X) < r, then X is a global minimizer of (1).
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Proof. (A) If X is a local optimal solution of (1), then 0 € V f(X)+N, Sn(r)mc (X)

by [26, Theorem 6.12]. From Theorem 4.1, 0 € Vf(X) + NSI’:L(T) (X)+ NE(X),
namely, X is an F-stationary point.
(B) The proof is omitted here since it is similar to that of (B) in Theorem 6.1.

O
To end this section, we bring an example to illustrate Theorem 6.1.
Example 6.1 Consider the problem
— v _vy2
min f(X) =5l X -Vl
s.t. rank(X) < 2 (85)
X[ <1,
4 V2/20 2/2
where Y =U | 3 UT with U = 0 1 0
2 V2/20 —/2/2

Clearly, f is convex, and the gradient Vf(X) = X —Y is Lipschitz continuous
with constant Ly = 1 over S*. Based on (17), the global minimizer of (85) is

X* :=THgs2)nc, (Y) = UDiag(4/5,3/5,0)U .

Direct calculation yields Vf(X*) = X* — Y = —UDiag(16/5,12/5,2)U " and
X* € bdC;. From (45), we have

o . p <0, De§*?
@p(X).—{MX*<pAF<X )7D X S(é ))\abs X*
4p/5
<0, DeER
U 30/5 |UT: P =
o5 DI<2(L-p)

Then, it can be seen that V f(X*) € ©,(X*) with p = —4 for any o > 0, which
together with Theorem 5.1 (ii), reveals that X™* is an a-stationary point of
(85).

Let us consider a point X := UDiag(2/v/5,0,1/v/5)UT. Direct calculation
gives Vf(X) = UDiag(2/v5 —4,-3,1/v/5—-2)UT and

0,(X) =1 U 2p/\/gD gr. P S0 DER
g N Dl < &= (2 - )

Then, it holds that Vf(X) € 0,(X) with p=1—2v/5 for any 0 < a < \/51+1,
which together with Theorem 5.1 (ii), indicates that X™ is also an a-stationary
point with 0 < a < \/51+ - of (85). Apparently, X is not the global minimizer
of (85), but it is a global minimizer restricted on

a
s2nc;=SU| 0 |U":Va,beR, a®+b* <1
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7 Conclusions

In this paper, with the help of explicit expressions of the projections and
Fréchet normal cones to constrained sets, we have established the first-order
optimality conditions (i.e., a-stationary point and F-stationary point) of the
MOLS and have revealed the relationship between each stationary point and
each local/global minimizer of the MOLS. Whether similar results hold for
low-rank optimization problems with general constraints, such as linear /nonlinear
equalities and inequalities, remains to be determined. We leave this topic to
be investigated in the future.
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