Journal of Optimization Theory and Applications (2020) 187:1-21
https://doi.org/10.1007/s10957-020-01741-7

®

Check for
updates

On the Spherical Quasi-convexity of Quadratic Functions on
Spherically Subdual Convex Sets

Orizon Pereira Ferreira' - Sandor Zoltan Németh? . Lianghai Xiao?

Received: 10 May 2020 / Accepted: 19 August 2020 / Published online: 1 September 2020
© The Author(s) 2020

Abstract

In this paper, the spherical quasi-convexity of quadratic functions on spherically sub-
dual convex sets is studied. Sufficient conditions for spherical quasi-convexity on
spherically subdual convex sets are presented. A partial characterization of spherical
quasi-convexity on spherical Lorentz sets is given, and some examples are provided.
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1 Introduction

The aim of this paper is to study theoretical properties of spherical quasi-convexity of
quadratic functions on spherically subdual convex sets. It is well known that quadratic
functions play an important role in nonlinear programming theory. For instance, the
minimization problem of quadratic functions on the sphere occurs as a subproblem in
methods of nonlinear programming (see the background section of [1] for an extensive
review of the literature on the subject). We are interested in the problem of minimizing
a quadratic function, defined by the symmetric matrix Q, constrained to a subset C of
the sphere. This problem is a quadratic constrained optimization problem on the sphere,
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and it is also a minimum eigenvalue problem in C. It is essential to emphasize that there
exists a special case, when C is the intersection of the Lorentz cone with the sphere.
This special case is of particular interest because the minimum eigenvalue of Q in C
is non-negative, if and only if the matrix Q is Lorentz copositive; see [2,3]. In general,
changing the Lorentz cone by an arbitrary closed and convex cone K would lead to
a more general concept of K -copositivity, thus our study is anticipated to initialize
new perspectives for investigating the general copositivity of a symmetric matrix. In
general, exploiting the specific intrinsic geometric and algebraic structure of problems
posed on the sphere can significantly lower down the cost of finding solutions; see
[4-9]. We know that a strict local minimizer of a spherically quasi-convex quadratic
function is also a strict global minimizer, which makes interesting and natural to refer
the problem about characterizing the spherically quasi-convex quadratic functions on
spherically convex sets.

The aim of this paper is to introduce both sufficient conditions and necessary con-
ditions for quadratic functions to be spherically quasi-convex on spherically subdual
convex sets. In particular, several examples are presented. This paper continues the
study of [10], which can be regarded as premier study about the topic of quasi-convexity
of quadratic functions on the Euclidean space. The main literature about the quasi-
convexity of quadratic functions on Euclidean convex sets includes, but it is not limited
to [11-15].

The remaining part of this paper is structured as follows. Section 2 presents previous
results and notations that will be used throughout this paper. In Sect. 2.1, we recall the
fundamental properties of spherically quasi-convex functions on spherically convex
sets and, in Sect. 2.1.1, particular versions of these conditions for quadratic spherically
quasi-convex functions. Section 3 provides derivations of many useful properties of
spherically quasi-convex functions on spherically subdual convex sets. In Sect. 4, we
prove a condition partially characterizing the spherical quasi-convexity of quadratic
functions on spherically convex sets associated with the Lorentz cone. Perspectives
and open problems are presented in Sects. 5, and 6 concludes the paper.

2 Terminology and Basics Results

In this section, we introduce some notations and present the previous results used
throughout the paper. Let R” be the n-dimensional Euclidean space with the canonical
inner product (-, -) and norm ||-||. For a set D C R”, denote by [D] the span of a
set D, i.e., the smallest linear subspace of R” that contains the set D. For a vector
subspace V C R”, denote by Vi={xeR": (v,x) =0, Vv € V}its orthogonal
complement in R”. In particular, for simplifying the notation, for a vector u € R" we
set [u] := [{u}] and [u]* := [{u}]*. Denote by R™*" the set of all m x n matrices
with real entries, R" = R"*!, by ¢! the i-th canonical unit vector in R”, and by I, the
n X n identity matrix. A set £ C R” is called a cone if for any « > 0 and x € #~
we have ax € . A cone # C R" is called a convex cone if for any x,y € 7,
we have x + y € . The dual cone of a cone . C R”" is the closed convex cone
H*i={x eR": (x,y) >0, Vy € Z}. Acone Z C R" is called pointed if
J N (=) C {0}. A pointed closed convex cone is called proper cone if it has a
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nonempty interior. The cone J# C R” is called subdual if 2 C 2 and self-dual if
JH = *. The Lorentz cone is defined by

&L = HX=(X1,.-.,xn)T€R”: X 2\/(x2)2+~~+(xn)2},

which is a special case of the elliptic cone defined by

& = {xER"‘ v, x) > V6, (02 +9n(v”,x)2},

where 605, ..., 6, are positive real numbers and vl v?, ..., v" are LI vectors in R”.
We recall that the Lorentz cone . and the non-negative orthant R’} are self-dual
cones. Let 7 be a closed convex cone. Let x € R”, then the projection P, (x) of the
point x onto the cone J is defined by

Py (x) :=argmin{||lx —y| : yex}.

For any x € ', we define the non-negative part of x, nonpositive part of x and the
absolute value of x with respect to %" by

e
x|

xf =Py (x), x_l =P+ (—x), = x+ +x @))

respectively. We recall from Moreau’s decomposition theorem [16] (see also [17,
Theorem 3.2.5]) that for a closed convex cone J#” there hold:

x=xf —x¥ (xf, z“>_0 x eR". )

Forany z € R x R"7!, let z := (21, z%) € R x R"~!, where 7% := (22, z3,...,zn)T.
An explicit formula for the projection mapping P ¢ onto the Lorentz cone .Z is given
in [18, Proposition 3.3], which is recalled for the case when x ¢ ¥ U —% in the
following lemma.

Lemma2.1 Let x = (x1,x2) € {(y1,¥%) € Rx R*"1: |yi| < |2} and & be the
Lorentz cone. Then,

g (m+1x) SN e L AT
x —( s ) (101). 2 = (=5 ) (11, =)

and, as a consequence, the absolute value of x with respect to £ is given by

<z _ 2
el = o 2” (1212, x12).

For a general nonzero vector x = (x 1 xz) € R x R"™! the absolute value of x with
respect to .Z is given in the next lemma, which follows immediately from Lemma 2.1
and Eq. (2).
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Lemma 2.2 Consider a nonzero vector x = (xl, xz) e R x R*" ! and let £ be the
Lorentz cone. Then, the absolute value of x is given by

1 .
et = g (max (bt 120) 11, minal, 171 sgnGe)<?),

where sgn(xy) is equal to — 1, 0 or 1 whenever x1 is negative, zero or positive, respec-
tively.

Let 2 C R" be a (not necessarily convex) cone. Let us recall that A € R"*" is JZ -
copositive if (Ax, x) > 0 for all x € J# and a Z-matrix is a matrix with nonpositive
off-diagonal elements. It is easy to see that the Lorentz cone . can be written as

L= {x:(xl,...,xn)T eR": x1 >0, (Jx, x) 20},
where J = diag(1l, —1, ..., —1) € R"*" Itis easy to see that
.,?U—fz[x=(x1,...,xn)TeR":(Jx,x)zO}.

This straightforwardly implies that A € R"*" is .Z-copositive if and only if it is
£ U —_Z-copositive. Hence, the S-Lemma (see [19-21]) implies:

Lemma2.3 A € R™" is L-copositive if and only if there exists a p > 0 such that
A — pJ is positive semidefinite.

This result is well-known and it is remarked in Lemma 2.2 of [2]. Let # C R”" be
a pointed closed convex cone with nonempty interior, the .% -Z-property of a matrix
A € R"™" means that (Ax,y) < 0, for any (x,y) € C(%'), where C(¥) :=
{(x,y) e R" xR" : x € A,y € A%, (x,y) = 0}. Throughout the paper, the
n-dimensional Euclidean sphere "~ is denoted by

e [x:(xl,...,xn)T eR" : x| = 1}.

The intrinsic distance on the sphere between x, y € S"~! is defined by d(x, y) :=
arccos(x, y). It is also easy to verify that d(x, y) < z for any x,y € §"~!, and
d(x,y) = m if and only if x = — y. The intersection curve of a plane through the
origin of R” with the sphere §” ! is called a geodesic. A geodesic segment joining x
to y is said to be minimal if its length is equal to d(x, y). A set € € §"! is said to
be spherically convex if for any x, y € € all the minimal geodesic segments joining x
to y are contained in %’ For notational convenience, in the following text we assume
that all spherically convex sets are nonempty proper subsets of the sphere. For each
closed set o7 C S"1, let %, v C R" be the cone spanned by </, namely

Ky ={tx : xed, t €0,4+00)}.
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Fig. 1 Closed set <7 and the cone %, spanned by ./

Obviously, %,y is the smallest cone containing .o (see Fig. 1). In the following
proposition, a relationship between spherically convex sets and the cones spanned by
them will be exhibited. The proof is given in [22, Proposition 2].

Proposition 2.1 The set € is spherically convex if and only if the cone K¢ is pointed
convex.

2.1 Spherically Quasi-convex Functions on Spherically Convex Sets

In this section, we recall the concept of spherically quasi-convex functions on spher-
ically convex sets and we present a basic characterization of them; for more details,
see [10]. For this concept and its properties in Euclidean space, see [23].

Definition 2.1 Let ¥ € S" ! be a spherically convex set and / € R be an interval.
A function f : ¥ — R is said to be spherically quasi-convex (respectively, strictly
spherically quasi-convex) if for any minimal geodesic segment y : I — %, the
composition f oy : I — R is quasi-convex (respectively, strictly quasi-convex) in
the usual sense, i.e., f(y(t)) < max{f(y(t©1)), f(y(n))} forall t € [t;,r] C I,
(respectively, f(y(t)) < max{f(y(t1)), f(y(t))}forallt € [t;,12] C 1,1 # ).
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Remark 2.1 The above definition implies that, if f : §"~! — R is spherically
quasi-convex, then f is constant. However, as we will show, there exist non-constant
spherically quasi-convex functions defined on proper spherically convex sets of $"~!.

To simplify the notations, the sub-level sets of a function f : R" O .# — R are
denoted by
[f <cli={xes: f(x)=<c}, ceR.

We end this section with a proposition whose proof can be found in [ 10, Proposition 6].

Proposition 2.2 Let € € S"~! be a spherically convex set. A function f : € — R
is spherically quasi-convex if and only if for all ¢ € R the sub-level sets [ f < c] are
spherically convex.

2.1.1 Spherically Quasi-convex Quadratic Functions on Spherically Convex Sets

In this section, we recall earlier results of quadratic quasi-convex functions on general
spherically convex sets. Henceforth, we assume that A = AT € R"™", the cone
JH C R" is proper and subdual. Define

¢ = S"" ' Nint(¥), ¢ =S""'nx (3)

and assume that ¢ is open and spherically convex. Let g4 : € — R be the quadratic
function defined by

qa(x) := (Ax, x). “

We remark that g4 can be extended to €. For the simplicity of notations, we will
denote the extended values by g4 (x) too, but the spherical quasiconvexity of g4 will
always be understood as a function defined on %. To proceed, we need as well the
restriction of Rayleigh quotient ¢4 : int(J£") — R defined by

(Ax, x)
Il

pa(x) = )

We remark that 4 can be extended to JZ". For the simplicity of notations, we will
denote the extended values by @4 (x) too, but the quasiconvexity of o will always
be understood as a function defined on int(%"). In the followings, we state some
properties of the functions g4 and @4 (x), for details see [10].

Proposition 2.3 The following statements are equivalent:

(a) qa is spherically quasi-convex; B
(b) (Ax,y) = (x,y)max{ga(x), ga(y)}, forall x, y € €;

(c) <2Cx,yy>> < max {pa(x), pa(V)}, forall x,y € A with (x, y) # 0.

Corollary 2.1 Let J# be self-dual. If q4 is spherically quasi-convex, then A has the
K -Z-property.
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Theorem 2.1 The function q 4 is spherically quasi-convex if and only if ¢4 is quasi-
convex.

The next result uses the following notations: Let ¢ € R and define the cone
[pa <cl:={x e :(Acx,x) <0}, Ao = A —cly.

Corollary 2.2 The function qy4 is spherically quasi-convex if and only if [pa < c] is
convex, for any c € R.

3 Spherically Quasi-convex Quadratic Functions on Spherically
Subdual Convex Sets

In this section, we present partial conditions characterizing the spherical quasi-
convexity of quadratic functions on spherically subdual convex sets associated to
subdual cones. The results obtained generalize the corresponding ones obtained in [ 10,
Sect. 4.1]. In due course, we will present a more precise correspondence. Throughout
this section, we assume that %" is subdual, i.e., Z~ C JZ* and proper. A closed set
o/ € §" s called spherically subdual convex set if the associated cone . is sub-
dual. It is clear that if A = AT € R™*" has only one eigenvalue, then ¢, is constant
and, consequently, it is spherically quasi-convex. Henceforth, throughout this section
we assume that A has at least two distinct eigenvalues. Let us recall that g4 and g4 are
defined in (4) and (5), respectively. Two technical lemmas, which are useful in the fol-
lowing text, will be presented. They are generalizations of Lemmas 14 and 15 of [10],
respectively. More specifically, in Lemma 14 of [10] a condition implying the convex-
ity of [p4 < c],forallc ¢ (X2, A;,), is presented if K = R}, while here in Lemma 3.1
that condition is extended to an arbitrary subdual cone. Similarly, Lemma 3.3 general-
izes Lemma 15 of [10] from K = R’} to an arbitrary subdual cone. For stating the next
lemma, for {v!, v2, ..., v"} a orthonormal system of eigenvectors of A corresponding
to the eigenvalues A1 < Ay < --- < X,, respectively, and ¢ € (A1, A2], define the
convex cone

)»i—C

L= [x eR": (v',x) > \/02(6)(v2,x)2—|—-~~+0n(c)(v”,x)2], 0;(c) := p—

o
(6)
fori =2,...,n. Notethatif A < ¢ < Ay, then;(¢c) > 0,fori =2,...,n,and %,
—.%, are also a pointed proper elliptic cones. We also need to consider the following
cone

W o= (,,(f)VZ U —,,?)»2) n 1nt(%) (7)
Considering that % is a proper cone, then the cone % is also proper, i.e., int(#') # .
Lemma3.1 Letn > 2, A = AT € R™" and {vl, V2, ... , "} be an orthonormal
system of eigenvectors of A corresponding to the eigenvalues A < Ay < --- < Ay,
respectively. Then, the sublevel set [pa < c] is convex for all ¢ ¢ (72, A,) if and

only if vl € W* U —#*. In particular if v' € H#*, then [ps < c] is convex for all
c ¢ (A2, An).

@ Springer



8 Journal of Optimization Theory and Applications (2020) 187:1-21

Proof By using the spectral decomposition of A, wehave A = )1, A; v (v') 7. From
(5), we have

lpa < cl={x ein): Y 0 -, 0?0}, ®)

i=1
If A1 < ¢ < X2, then by using (6) the equality (8) can be completed as follows

W =lpa < 22] 2 [pa < cl = (L U—-ZL)Nint(Fx)

=[x eint(#): (', x)2 = ()W 1) + -+ 0, () (0", x)?} .
©)

1 1

Sufficiency of the first statement: Let v' € #* (a similar argument holds for v' €
—W*). If ¢ < Aq, then considering that vl 02, ... v are linearly independent and
0 ¢ int(.#"), we obtain from (8) that [p4 < ¢] = @ and hence itis convex. If c = A,
then (8) implies that [p4 < ¢] = . Nint(#), where .7 = {x € R" : (V' x) =
0, fori = 2,...,n}. Thus, due to int(-%#") and . being convex, we conclude that
[pa < c]is also convex. Now, we suppose that A1 < ¢ < X,. Since vl e w*, for any
x € W we obtain that (v!, x) > 0 and from (9) we have [p4 < ¢] = % Nint(F).
Due to the convexity of the cones %, and int(.%#"), we obtain that [p4 < c] is convex.
Finally, if ¢ > A, then (8) implies that [p4 < c¢] = int(.¥") is convex.

Necessity of the first statement: We will show that v! ¢ #* U —#* implies that
[pa < c]is not convex, for some ¢ € (A1, A2). Suppose that v! ¢ #* U —#*. Thus,
considering that int(#') # @, there exist y, z € int(#') such that (v!, y) > 0 and
(v!, z) < 0. Thus, (6) and (7) imply that

y € int(¥) Nint(.%,), z € int(J) Nint(— %,). (10)
We claim that there exists ¢ € (A, Ap) such that y € int(J#") N int(%%) and z €

int(22") Nint(— %;). In order to simplify the notations, for x € R" and ¢ € (A1, A2],
we define the following function

Y(x, ) = V) (02 x)2 + -+ Oy () (", x) 2. (11)
Note that i is a continuous function and, from the definition of 6; in (6), it is also
decreasing with respect to the second variable c. By using definitions (6) and (11), we
have

int(#) Nint(%) = {x cint.? : (', x) > w(x,c)}, Vee(uhal (12)

Thus, taking into account the first inclusion in (10) we conclude, by setting ¢ = A3 in
(12), that

Jim iy, ) =Yy 22) < ', y).
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Hence, there exists a ¢ € (A1, A7) sufficiently close to A, such that ¥ (y, &) < (v, y).
Similarly, we can also prove that there exists a ¢ € (Aq, Ap) sufficiently close to
Lo such that ¥ (z,¢) < —(vl, z). Thus, letting ¢ = max{¢, ¢} we conclude that
v(y,c) < (vl, y)and ¥ (z, ¢) < —(vl, z), which by (11) and (12) yields

y € int(%), z € int(— %5). (13)

We know by (10) that y € int(-#") and z € int(-#"), which together with (13) yields
y € int(%) Nint(Z;) and z € int(£) N int(— %) and the claim is concluded.
Therefore, there exist 7, > 0 and r; > 0 such B(y,ry) C int(%) N int(Z;) and
B(z,r;) Cint(J¥) Nint(—.%%), where B(y, ry) and B(z, r;) denote the open balls
with centres y, z and radii r, > 0, r, > 0. Hence, by dimensionality reasons, we can
take u, € int() Nint(.£%) and u; € int(J¢") Nint(— £%) such that !, uy and u are
linearly independent (L.I.). Thus, in particular, we have O ¢ [uy, u,], where [uy, u,]
denotes the straight line segment joining u, to u;. Since int(%;) Nint(— .%;) = @
and O ¢ [uy, u.], the segment [u,, u.] is intersecting, at the distinct points w, # 0
and w; # 0, the boundaries of the sets int(.%;) and int(— £%), respectively. Moreover,
due touy and u, being L., 0 ¢ [uy, u,], and wy, w; € [uy, u,], we conclude that the
vectors v, wy and w; are also L. I. Our next task is to prove that (wy + w;)/2 does
not belong to % U — %5, i.e.,

Sy ) ¢ LU -2 (14)

First, due to wy, and w, belonging to the boundaries of .Z; and —%7, respectively, we
obtain from (6) that

Whwy) = [ 6@0, w)?  hw) == | D 6@, w2 (15)
i=2 i=2

On the other hand, by using the two equalities in (15), we obtain after some algebraic
manipulations that

n 1 2 1 2 1 2
N 1 1

E 0;(c) <v , = (wy + wz)> = <v s —wy> + <v s —wz>

P 2 2 2

n
1 1
+2Ze,~(5)<vl, 5wy><vl, sz>.
=2

Thus, considering that (v!, %(wy + wz))2 = (v!, %wy>2 + (v!, %wz>
(v!, %wz), we have
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2

ng.(-)il( ) 11 )2 211 11

IEZ i (¢ v,Zwy—i—wZ v,z(wy—i—wZ v,zu)y 1),2u)Z

+2 En 0, (@) (' —lw V! —lw (16)
= ' oY T2

Applying Cauchy—Schwarz inequality and then, using again both equalities in (15),
we conclude that

n B l 1 l 1 n B ' n ) '
_;9,‘(6) <v , Ewy><v , sz> < ;91.(6)(1):’ wy)? ;9,'(6)(1)’, w.)?

S 1l (17)
= v,zwy v,2wz.

We are going to prove that Cauchy inequality (17) is strict. For that, assume the
contrary, i.e., that the last Cauchy inequality holds as equality. In this case, there exists
o # 0 such that

<\/02(5) <v2, %wy>, V0,0 <v”, %w},»
— <~/92(5) <u2, —%wz>, 0, (D) <v”, —%wz>) ,

which implies that w, + aw; is orthogonal to the set of vectors {v2, ..., v"}. Thus,
since {v', v%, ..., v"} is an orthonormal system, wy + aw, is parallel to the vector
v!, which is a contradiction due to vectors v', wy and w, being L.I. Hence, (17) holds
strictly and combining it with (16) we conclude that

2

n 2
295(5)<vi, %(wy + wz)> > <u1, %(wy - wz)> :
i=2

and (14) holds. Therefore, considering that %(wy + w;) €luy, u,[, we conclude that
luy, u (¢ £z U —2; Thus, by using the notation (9), we also have Ju,, u [¢ (£ U
—Z)Nint(F) = [pa < c¢l,andduetouy, u, € (LzU—2L:)Nint(F) = [ < ],
it follows that [¢4 < c] is not convex.

The proof of the second statement follows from JZ* C #™*. O

Remark 3.1 The dual of 7 in (7) can be expressed as

W =[(H N L) UK N=L)]F = (K N L) N (H N—L)

=+ ynert -z, 1Y)

Corollary 3.1 Suppose thatn > 3 and Ay < (A1 + A3)/2. If & N =%, = {0} or
H N L, = {0}, then [pa < clis convex for all ¢ & (A2, Ap).
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Proof First note that if n > 3 and Ay < (A + A3)/2, then 6;(Ap) > 1 forany i > 3.
Define the cone

Lot = {x eR": (whx)> V3 x) 24+ (v”,x)z}.

Note that .iﬂ[vz]i is a self-dual Lorentz cone as a subset of the subspace [v2]+. More-
over, considering that 6; (x2) > 1 for any i > 3, we conclude %5, N 2]+ c ﬁvz]L.
Consequently, taking into account that .Z],2)1 is a self-dual cone, the cone £, N [v2]+
is subdual as a subset of the subspace [v*]*. To simplify the notation, denote by upper
star (i.e., *) the dual of a cone in R” and by lower star (i.e., x) the dual of a cone in

[v2]1. Thus, using this notation we state

L = (L, NPT, (19)
Indeed, since vZ, —v? € 2, for any z € ,,2”*2, we have (z, v2) = 0 and hence
f/\*z C [v%]*, which implies ffz c (L, N [V2])s. Conversely, let u € (£, N
[v2]1).. Given v € L, take w € 4, N [v2]1 and ¢ € R such that v = w + 7v2.
Hence, (u, v) = (1, w) > 0, which implies that u € ffz. Hence, we conclude that
(L, N2 C .,2”;‘2 and (19) is proved. Next suppose 2" N —.%5, = {0}. Hence, by

using the first equality in (18) we obtain #* = (J#" N Z},)*. Therefore, considering
that .25, N [v2]*+ is subdual and (19), we obtain

vl e L, N C (G, NI = Z S (NG =

Hence, the result follows from Lemma 3.1. The case 2" N %5, = {0} can be proved
similarly. O

The next lemma is used in the proof of Proposition 3.1, which is essential for proving
Theorem 3.1.

Lemma3.2 Letn > 3and B = BT € R"™*", Let iy < pg < --+ < uy be eigenvalues
of the matrix B. Assume that 1 < o < 0 < wy,. Then, for any vector x € R™"\{0}
such that Bx # 0 and (Bx, x) = 0, and any number 6 > 0, the set E (B, x,d) :=
{x eR": |lx — x| <34, (Bx, x) <0} is not convex.

Proof Since j11 = min, g-1gp(x) < max,cq.—1 gp(x) = w,, we can take X €
R"\{0} such that Bx # 0 and (Bx, x) = 0. Define the following vector subspace
A :=[{u € R* : Bu = pu, forsome u < 0}] of R". It follows from assumption
(a) or (b) that dim(.4") > 2. To simplify the notation set, y := Bx # 0. To proceed
with the proof, we first need to prove that .4~ # [j]*. Assume to the contrary that
A = [y]*. In this case, due to y = Bx and B = B, the definition of [y]+ implies
that (Bv, x) = 0, for all v € 4. Thus, the definition of .4 implies (v, x) = 0, for all
v € A, which yields A4 C [¥]" := {v e R" : (v, ¥) = 0}. Moreover, considering
that (y, x) = 0, we also have y € [%]1. Hence, we conclude that 1+ A4 C [t If
y ¢ 4, then due to j # 0 and 4" = [y]*+ we have dim([y] + .#") = n. Having that
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Y1+ 4 C [X]+, we obtain ¥ = 0, which contradicts the assumption x # 0. Hence,
j € A = [§]+, which also contradicts y # 0. Therefore, .4 # [y]. Thus, we have

dim(A4 N[7]H) > dim A +dim [y]F —dimR" > 24+ (@n —1) —n = 1.

Hence, there exists a unit vector a € .4 such that (a, y) = 0. Since .4/ # [y]{
we can choose a sequence of vectors {a¥} C .4 such that limy_, o a* = a and
(ak, y) # 0. Let {ul, u?, ..., u"} be an orthonormal system of eigenvectors of the
matrix B corresponding to the eigenvalues w1, iz, ..., u,, respectively. Note that
the spectral decomposition of B implies B = Y _/_; u;u' (u')". Since {a¥} C A,
we have a* = Zleak,,'u", where 2 < ¢ = dim(4#) < n and 1, ..., i are the
L

negative eigenvalues of B. Thus, (Ba*, a¥) = Yo

the proof, we define

oz,% ;i < 0. For proceeding with

k -

k. = k (a®,y)

= 1, N t = —2——.

p X +tka k (Bak. ab)

Then, (Bpk, pk) = 0 and, due to (a,y) = 0 and limg_ ak = a, we have

limg 00 pk = x.Hence, if k is sufficiently large, then for any § > 0 arbitrary but fixed,

we have pk € & (B, x, ). For such an k, after some simple algebraic manipulations
we conclude

S kN x4 pk k 5\?
2 2 (Ba*, a*)

Hence, x, p* € & (B, x,8), but (x + p¥)/2 ¢ & (B, &, 8). Therefore, & (B, X, §) is
not convex. |

Proposition3.1 Letn > 3and A = AT € R™ " be a nonsingular matrix. Suppose

that q4 is not constant and Ay < ly < --- < Ay are eigenvalues of A. If q4 is
quasiconvex, then the following conditions hold:
(1) A1 < Ap;

(ii) either Ay <min, 2 ga(x) or max, o qa(x) < A.

Proof Suppose by contradiction that one of the following two conditions holds:

(@) A1 = 22;

(b) min__Zga(x) <Xy <max, _zqa(x).

First of all, note that due to g4 not being constant, we have A; < min__zqa(x) <

max, o ga(x) < An, where % is defined in (3). Hence, we can take a u € R such
that u # X; foralli = 1, ...n, and satisfying

A=A < minxe?qA(x) <u < maxxe%qA(x) < Au, (20)
if the condition (a) holds. Otherwise, if the condition (b) holds, we take a u € R
satisfying

A < minxe?qA(x) <l <pu< maxxe?qA(x) < Ap. 2n
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Then, any of the conditions (20) or (21) implies that (A — 1) is not JZ -copositive.
Since the matrix A — ul, is not JZ -copositive, there exists a p € % such that
(Ap, p) < illpl|*. Hence, there exist also an u € int(.%") sufficiently close to p such
that (Au, u) < p|lu|*. Similarly, since —(A — ul,) = ul, — A is not J# -copositive,
there exists a v € int(.#") such that (Av, v) > p||v||?. Therefore, by continuity, there
exists a r €]0, 1[ such that (A%, ) = w||X||%, where ¥ = (1 — f)u + tv € int(J¥).
Letting B = A — 1, its eigenvalues are given by u; :=A; — pu,fori =1,2,...,n.
Thus, we conclude from (20) and (21) that

mr=p2 <0<y, or pup <pr <0<y, (22)

if the condition (a) or (b) holds, respectively. Since Bx # 0 and (Bx,x) =
0, we conclude from Lemma 3.2 that, for all § > 0, the set & (B, x,8) :=
{x e R": ||x — x| <6, (Bx, x) <0}, is not convex. Hence, there exists an s €]0, 1|
and a°, a' € Z (B, x,9) such that a* := (1 — 5)a’ + sa' ¢ & (B, x,4). Thus,
owing to the ball of centre x and radius § is convex, a® ¢ & (B, x,§) implies
(Ad®, a®) — ulla®||* = (Ba®, a*) > 0. On the other hand, since a°, a! € & (B, %, 8),
we have (Ada’, a') — ulla’|*> = (Ba',a') < 0, fori € {0, 1}. Furthermore, if § is
sufficiently small, then considering that ¥ € int(.#"), we have a®, a! € int #". Hence,
a® al e [pa < n]and a® ¢ [pg < w]. By using Corollary 2.2, this contradicts the
spherical quasiconvexity of A. O

Lemma3.3 Let A € R and A, c € R such that » < c. If the matrix A\I, — A
is JH -copositive, then [pg < c¢] = int(J£'). As a consequence, the set [ps < c] is
convex.

Proof Since A < ¢, we have (Ax, x) —c||x||?> < (Ax, x) — Allx||? = ((A — AL,)x, x).
Thus, considering that A1, — A is J# -copositive, we conclude that (Ax, x)—c||x[*> < 0,
forall x € int(%¢"), which implies that [p4 < ¢] = {x € int(J¥") : (Ax, x) —c||x||2 <

0} = int(#). o
Theorem 3.1 Letn >3,k > 1, A= AT € R and{vl, v, ..., v""} be an orthonor-
mal system of eigenvectors of A corresponding to the eigenvalues A = --- = Ay <

Met1 < -+ < Ay, respectively. Then, we have the following statements:

(1) If q4 is quasiconvex and not constant, then k = 1.

(i) If qa is quasiconvex and not constant, then either h, < minx 7 4q4a(x) or
max, - qa(x) < A2

(iii) Suppose that k = 1 and M1, — A is A -copositive. Then, qa is spherically
quasiconvex if and only if v! € W* U —#*. In particular if v' € J*, then g
is spherically quasiconvex.

(iv) Suppose that #* = # and v' € . Then, qu is spherically quasiconvex if
and only ifk = 1 and Mo I, — A is & -copositive.

Proof Items (i) and (ii) follow from Proposition 3.1. Item (iii) follows from Lem-
mas 3.1, 3.3 and Corollary 2.2. Next, we prove item (iv). Suppose thatk = 1, 7* = &
and v! € . If \a1, — A is # -copositive, then the result follows from item (iii). If
q 4 is spherically quasiconvex, then item (i) implies that k = 1 and item (ii) implies
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that either A — Ay I, or Ao I, — A is £ -copositive. If A — A, 1, is # -copositive, then
e implies ((A — Azln)vl, vl) > 0. Hence, A1 > A,, which contradicts k = 1.
Therefore, this case cannot hold and we must have A» 1, — A is J# -copositive. O

The next corollary follows by combining Lemma 3.3 and Corollary 3.1.

Corollary 3.2 Letn > 3, A = AT e R™ M andry < Ay < -+ < Ay the eigenvalues of
A. Suppose that Ay < (A1 +A3)/2and h 1, — A is 2 -copositive. If & N—2,, = {0}
or X N2, = {0}, then q4 is spherically quasiconvex.

In the following two theorems, we present classes of quadratic quasi-convex functions
defined in spherically subdual convex sets, which include as particular instances [10,
Examples 18 and 19].

Theorem3.2 Letn > 3, A = AT € R"™" gnd {vl, v2, ..., V"} be an orthonor-
mal system of eigenvectors of the matrix A corresponding to the eigenvalues Ap,
A2, ...y Ay, respectively. Moreover, assume that A := Ay, L = A3 = ... = Ap—1,
n = A, and

Wl - %w”r’“e%*, A<p<n, (23)
=

where || is defined in (1). Then, the quadratic function q4 is spherically quasi-
convex.

Proof By using the spectral decomposition of A, we have
A= Zkivl(vl)T =x'ohHT + Zuvl WH T+ M7, (24)

i=1 Jj=2

Hence, forallx € .7, by using ||x||> = - (v', x)? and (24), after some calculations
we obtain

n—un
nw—A

(Ax,x) — pllx)* = (u—/\)[ (", x)? — <v1,x>2]. (25)

To proceed with the proof, we note that (1) implies that [v"|# € J# +.#* and, owing
to # C ¢*, we conclude that |v"|# € J¢*. Thus, (23) implies that

0< %WW@ <@x), Vxex. (26)
Vs

Hence, for all x € JZ, the last inequality yields

77 B M(Un,x)z _ (vl’x)z S u [<Un’x)2 _ (|vn|%’x)2:|
n—A nw—A
n—HK

= 0"+ W )" = ). 2T)
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On the other hand, by using |v”|% =Py ") + Pys(—0v"), v" = Py —
Py+(—v"), Py(v") € K C K*, we obtain (v" + |07, x)(v" — |"|7,x) =
— 4Py ("), x)(Py«(—v"),x) <0, forall x € # . Thus,dueto A < u < 7, the
previous inequality together with (27) implies

n—HK
n—A

W x)r— @ x)2 <0, Vxex. (28)

Thus, considering that A < p, the combination of (25) with (28) implies that uI, — A
is . -copositive. Taking into account that |[v"|* € #*, (23) implies v! € #*.
Therefore, we can apply the item (iii) of Theorem 3.1 to conclude that g 4 is spherically
quasi-convex. O

Remark 3.2 The subduality of % is essential for the proof of Theorem 3.2. Indeed,
suppose that the cone % is not-selfdual and £ is subdual (for example take a
pointed closed convex cone which contains the nonnegative orthant in its interior).
Then, J7* ;Cé ', hence ¥ is not subdual. Choose . such that v* € '\ ™. It

follows that [v"[# = v" ¢ 2 * and therefore the first inequality in (26) fails. Hence,
the proof of Theorem 3.2 fails.

The following example satisfies the assumptions of Theorem 3.2.

Example 3.1 Letting ¢ = R and A < (A +1)/2 < @ < 0, the unit vectors
vl = (e1 + e")/«/z, vE=e2, .. . vt = enl gyt = (e1 — e")/«/z are pairwise
orthogonal and satisfy the condition (23). Now, taking .#* = ¢ and denoting v" =
(™)1, (v")?), by using Lemma 2.2, (23) can be written as

o' - Z%’;H(Tl)zn(max(uv"m I 121 min (1], 1072 sen@HDE™?) €
and A < u < n. The vectors vl = (el +e")/«/§, vE=e¢2, . =l oyt =

(—e! + ") /+/2 are pairwise orthogonal and satisfy the last inclusion.

Theorem3.3 Letn >3, A = A" € R and {v!, V3., v"} be an orthonormal

system of eigenvectors of A corresponding to the eigenvalues L1, A2, ..., Ay, respec-

tively, such that v' € int(¢*). Let

o :=min{(v', y)?>: ye "N.xZ} >0,

3 .12 no2
p = max | T ORI e (29)
(!, y)?
Assume that
M<hm=Z ZX A +8Rh—A), Sefa, l/n}). (30)

Then, Al — A is J -copositive. Consequently, the quadratic function q 4 is spherically
quasi-convex.
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Proof Note that the spectral decomposition of A implies A = Y 7_; ;v (v/)T. Thus,

considering that || x||* = Z?:l (vt, x)2, for all x € #, we conclude that

(Ax, x) = Mallxl> = Y~k = A) (0, %)% (31)

i=1

Since (30) implies A, — A1 > 0and 0 < A; — Ay < A, — Ap, forall j =3,...,n,it
follows from (31) that

(Ar,x) = AP = G = a0 | 7272 (1002 o 07 ?) = 002

Since the second equality in (29) implies (v3, x)% + --- + (v", x)% < n(v', x)2, the

latter inequality becomes

U
(Ax, x) = Aallx|? < (2 = A1) [(nM — - 1) <v1,x>2] .3

First assume that § = 1/7. Thus, the last inequality in (30) implies n(x, — A2)/(A2 —
A1) < 1, which combined with (32) yields

(Ax, x) — Xllx|I> < 0. (33)

Next, assume that § = «. First of all, note that Y /'_;(v’, y)> < Y7 (v, y)? =
yl> =1, forall y € S*. Thus, using (29), we conclude that

3 2 n 2
» = max (v, y)"+ ..+ " y) L yeS"NK
(v, y)?
1 0 1
< max WyeS NnK :E
Hence, it follows from (32) that
1A, —A
(Ax,x) = Xallx]* < (2 — 1) [(— n2 1) <v1,x>2} : (34)
oAy — Al

Due to § = «, the last inequality in (30) implies (A, — X2)/[a(A2 — A1)] < 1,
which together with (34) also implies (33). Hence, we conclude that Apl, — A is 7 -
copositive. Therefore, since v! € .#* and it is an eigenvector of A corresponding to
the eigenvalue A, by applying item (iii) of Theorem 3.1, we can conclude that the
function g4 is spherically quasi-convex. O

Remark 3.3 The numbers « and n have an analytical motivation for the required copos-
itivity. The number « is the cosine square of the maximal angle between the vector
v! and the cone J# (i.e., the maximal Euclidean angle between the first eigenvector
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and the nonzero vectors of the cone). For the number 7, consider the affine hyper-
space .# = {x € R* : (v',x) = 1} and the (n — 2)-dimensional linear subspace
M = {x € R" : (v!,x) =0), (v, x) = 0}. Then, 7 is the maximal length of a
vector in the orthogonal projection of the slice # N ¢ onto . .

In the following, we present an example satisfying the assumptions of Theorem 3.3.

Example 3.2 Letting . the Lorentz cone, the vectors v/ = ¢, foralli € {1,...,n}
and the eigenvectors A1 < Ay < --- < XA, < A2 4 (1/2)(A2 — A1), the condition (30)
is satisfied. In this case, o« = 1/2.

Corollary 3.3 Let n > 3 and {vl, v, v} be an orthonormal system of eigenvec-
torsof A = AT € R" ™ corresponding to the eigenvalues Ay, A, . . ., hy, respectively.
Assume that .| =: , < = Ay = --- = A, If v1 € %, then gy is spherically
quasi-convex. O

Proof Using the spectral decomposition of A, we have

A=n'0HT+> )T (35)
j=2

Since ||x||? = Z?zl(vi, x)2, for all x € R”, by using (35) and A < u, we obtain
pllxl? = (Ax, x) = (w = (', x)?> =0, VxeR" (36)

In particular, (36) implies that ;.1 — A is % -copositive. Thus, since v! € J#*, by
applying item (iii) of Theorem 3.1 with Ay = u we can conclude that the function g4
is spherically quasi-convex. O

In the next example, we show how to generate matrices satisfying the assumptions
of Corollary 3.3 and consequently generate spherically quasi-convex functions on
spherically subdual convex sets.

Example 3.3 The Householder matrix associated to v € int(JZ*) is defined by H :=
I, —2vvT/|v||2. We know that H isa symmetric and nonsingular matrix. Furthermore,
Hv=—vand Hu = u forallu € ., where . := {u € R" : (v, u) = 0}. Since
the dimension of .% is n — 1, then we have 1 and —1 are eigenvalues of H with
multiplicities n — 1 and 1, respectively. Moreover, considering that v € int(J#™*),
Corollary 3.3 implies that gy (x) = (Hx, x) is spherically quasi-convex.

4 Spherically Quasi-convex Quadratic Functions on the Spherical
Lorentz Convex Set

In this section, we present a condition partially characterizing the spherical quasi-
convexity of quadratic functions on spherically convex sets associated to the Lorentz
cone. First, we remark that for the Lorentz cone .Z, since by Lemma 2.3 we have a
characterization of .Z’-copositive matrices, item (iii) of Theorem 3.1 provides a more
general result than Theorem 3.3.
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Proposition 4.1 Let & be the Lorentz cone, n > 2, A = AT e R™M ) < Ay <
.. < A, be the eigenvalues of A, v' be an eigenvector of A corresponding to Ay and
J = diag(1, —1,...,—1) € R™" Ifv! € £ and there exists an p > 0 such that
M l, — A — plJ is positive semidefinite, then q 4 is spherically quasiconvex.

Proof If there exists an p > 0 such that A1, — A — pJ is positive semidefinite,
then it follows from Lemma 2.3 that A, — A is a £-copositive matrix. Therefore,
considering that v! € . = #* and it is an eigenvector of A associated to the
eigenvalue A1, by applying item (iii) of Theorem 3.1, we conclude that g 4 is spherically
quasi-convex. O

The next result is a version of [10, Theorem 20] for this cone.

Theorem 4.1 Letn > 3and {v', v?, ..., v"}beanorthonormal system of eigenvectors
of A = AT e R corresponding to the eigenvalues A1, A2, ..., A, , respectively.
Assume that \| =: A < L := Ay = --- = Ay. Then, q4 is a spherically quasi-convex

function if and only if v' € Z.

Proof If there exists an eigenvector of A corresponding to the smaller eigenvalue
belonging to .Z, then Corollary 3.3 implies that g4 is spherically quasi-convex.
Conversely, assume that g4 is spherically quasi-convex. Thus, by using the spectral
decomposition of A, we have

A=n'oHT+ ) /)T (37)
j=2

We can also assume, without loss of generality, that the number vllT > 0. Letx €

3.2\{0} and note that y = 2xje! —x € 3.Z\{0}. Since Y7, v' (v))T = I, (i.e., the
spectral decomposition of /) and (x, y) = 0 (37) implies that

n
(Ax,y) = <[u L RCHIE O u«)(vl)(vl)T} X, y> =G —ww' D y).
i=1
(33)
Since x, y € .Z, (x, y) = 0 and .Z is a self-dual cone, it follows from Corollary 2.1
that (Ax, y) < 0. Thus, considering that A < w and y = 2x1e! —x (38) yields

0< (' x) y) =@ x)R2vx — @) (39)

On the other hand, due to x € %, we have x! > 0. Thus, since v} > 0, if (vl, x) <0,
then we have (vl,x)[(Zv}xl—(v‘,x)] < 0, which contradicts (39). Hence (v', x) > 0,
where x can be chosen arbitrarily in 3.2\ {0}. Therefore, v! € .Z and the proof is
complete. O
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5 Perspectives and Open Problems

First of all, we note that for all our classes of spherically quasi-convex quadratic
functions g4 on the spherically subdual convex set € = §"~! N int(.#"), the matrix
A has the smallest eigenvalue with multiplicity one and the associated eigenvector
belongs to the dual .#* of the subdual cone .#". We conjecture that this condition is
necessary and sufficient to characterize spherically quasi-convex quadratic functions.
It is worth noting that for selfdual cones such a characterization can be obtained by
proving that, under the assumption vl e ., the matrix Al — A is JZ -copositive,
where {v!, v?, ..., v"}is an orthonormal system of eigenvectors of A corresponding to
theeigenvalues A < Ay < --- < A,,respectively. We also remark that, in Theorem 4.1
we present a partial characterizations of spherically quasi-convex quadratic functions
on the spherical Lorentz convex set. However, the general question remains open even
for this specific set.

Although efficient algorithms for solving intrinsically unconstrained problems
posed on the whole sphere are well known (see [4-9]), an even more challenging prob-
lem is to develop efficient algorithms for constrained quadratic optimization problems
on spherically convex sets. As far as we know, the first algorithm for a special problem
on this subject has recently appeared in [24, Example 5.5.2]; see also [25, Sect. 10].

Minimizing a quadratic function on the intersection of the Lorentz cone with the
sphere is particularly relevant, since the nonnegativity of the minimum value is equiv-
alent to the Lorentz-copositivity of the corresponding matrix, see [2,3]; see also [24,
Example 5.5.2] and [25, Sect. 10]. In general, replacing the Lorentz cone with an arbi-
trary closed convex cone K leads to the more general concept of .# -copositivity. By
considering the intrinsic geometrical properties of the sphere, interesting perspectives
for detecting the general copositivity of matrices emerge.

Note that isometries map geodesics onto geodesics and also preserve convex sets.
Moreover, the composition of convex and quasi-convex functions with isometries is
also convex and quasi-convex functions, respectively. Hence, all concepts studied in
this paper are preserved by isometries of the sphere. On the other hand, considering
that the Euclidean space and the sphere is not isometric, there is no clear relationship
between concepts of convexity and quasi-convexity of these geometric spaces. On the
other hand, in principle, it is possible to extend concepts similar to those studied in
this paper to any submanifolds of the Euclidean space, which naturally depend on
curvatura/metric. As a consequence, the following question arises: It is possible to
unify these concepts or part of them in a common framework? This is an interesting
question that deserves to be investigated.

6 Conclusions

In [10,22,26,27], we studied some intrinsic properties of the spherically convex sets
and functions. In the present paper, we showed further developments of this topic.
In particular, many of the results obtained in the previous papers are related to the
conditions implying spherical quasi-convexity of quadratic functions on the spherical
positive orthant. In the present paper, these results are generalized to subdual cones. As
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far as we know, this is the pioneer study of spherically quasi-convex quadratic functions
on spherically subdual convex sets. As stated in Sect. 5, there are still interesting
questions to be answered in this topic, we foresee further progress in these direction
in the near future.
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