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Abstract This paper addresses the problem of transductive learning of the kernel matrix
from a probabilistic perspective. We define the kernel matrix as a Wishart process prior
and construct a hierarchical generative model for kernel matrix learning. Specifically, we
consider the target kernel matrix as a random matrix following the Wishart distribution with
a positive definite parameter matrix and a degree of freedom. This parameter matrix, in
turn, has the inverted Wishart distribution (with a positive definite hyperparameter matrix)
as its conjugate prior and the degree of freedom is equal to the dimensionality of the feature
space induced by the target kernel. Resorting to a missing data problem, we devise an
expectation-maximization (EM) algorithm to infer the missing data, parameter matrix and
feature dimensionality in a maximum a posteriori (MAP) manner. Using different settings
for the target kernel and hyperparameter matrices, our model can be applied to different types
of learning problems. In particular, we consider its application in a semi-supervised learning
setting and present two classification methods. Classification experiments are reported on
some benchmark data sets with encouraging results. In addition, we also devise the EM
algorithm for kernel matrix completion.
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1. Introduction

In recent years, kernel methods (Scholkopf & Smola, 2002; Vapnik, 1998) are increasingly
popular in machine learning and data processing applications due to their benefits from
conceptual simplicity and theoretical potentiality. Kernel machines, such as the support
vector machines (SVM) (Cortes & Vapnik, 1995), kernel principal component analysis
(PCA) (Scholkopf, Smola, & Miiller, 1998) and kernel Fisher discriminant analysis (FDA)
(Baudat & Anouar, 2000), work by mapping data nonlinearly into a high-dimensional feature
space and then implementing some traditional linear algorithms in this feature space. This
approach is attractive since feature vectors in the high-dimensional feature space are more
likely to be linearly separable than data points in the original input space. Moreover, the
so-called kernel trick makes the implementation of kernel methods efficient, since kernels
can be used without explicit usage of the feature vectors themselves.

On the other hand, Gaussian process (GP), also known as “kriging” in geostatistics, has
been widely used for interpolating and smoothing spatial data in spatial statistics (Cressie,
1991). In machine learning, GP is also a common Bayesian tool to assign prior distributions
over functions, and has been successfully used in various nonlinear modeling tasks (Bishop,
1995) such as classification and regression. An important component in GP’s is the covariance
matrix. Usually, the covariance of the random field at any two index vectors is assumed to
be a positive definite function of the distance between the vectors (Wahba, 1990). Thus, the
covariance matrix in a GP can also be regarded as a kernel matrix, and this bridges the two
techniques of GP’s and kernel machines (Seeger, 2000; Smola & Scholkopf, 2002).

1.1. Related work

Because of the central role of the kernel, a poor kernel choice can lead to significantly
impaired performance. Typically, the practitioner has to select the kernel before learning
starts, with common choices being the polynomial kernel, Gaussian kernel, and Laplacian
kernel. The associated kernel parameters, such as the order in the polynomial kernel and the
width in the Gaussian or Laplacian kernel, can then be determined by the user using various
heuristics. A more disciplined approach to set the parameters is by optimizing a quality
functional of the kernel (Ong, Smola, & Willamson, 2003) such as some generalization error
bound (Chapelle et al., 2002) or evidence (Kwok, 2000; Sollich, 2000). Instead of adapting
only the kernel parameters, a recent development is to adapt also the form of the kernel
itself. As in practice we are often interested in finite-sized data sets, almost all information
in the kernel function can be encoded in a kernel matrix. Consequently, one could bypass
the learning of the kernel function by just learning the kernel matrix instead.

Cristianini et al. (2002) introduced the notion of alignment to measure the similarity
between two kernels or between a kernel and a target function. Based on this notion, they
proposed a transductive learning method (Vapnik, 1998) for the kernel matrix by optimizing
the coefficients (eigenvalues) for the spectral decomposition of the full kernel matrix on
both training and test data. Kandola et al. (2002) extended this method to the inductive
setting. Lanckriet et al. (2004) derived a generalization bound for choosing the kernel
and formulated the kernel matrix learning problem as a convex optimization problem that
is not prone to local minima. However, even with the recent advances in interior point
methods, convex programming problems such as semi-definite programming (SDP) are still
very computationally expensive on problems with large kernel matrices. Thus, instead of
using SDP, Bousquet and Herrmann (2003) proposed a simple, efficient gradient-descent
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algorithm that can be orders of magnitude faster than a typical SDP solver. Crammer et al.
(2003), on the other hand, formulated this learning problem under the boosting paradigm,
so that an accurate kernel is constructed from simple base kernels obtained from solving
the generalized eigenvector problem. Recently, kernel matrix learning has been used to
deal with the problem of missing data, giving a kernel matrix completion problem. For
example, Graepel et al. (2002) considered kernel matrix completion by applying SDP. Based
on information geometry (Amari, 1995), Tsuda et al. (2003) introduced the use of Kullback-
Leibler (KL) divergence as a similarity measure between two positive definite matrices. They
then devised an em algorithm for the kernel matrix completion problem.

Notice that among these methods, SDP (Vandenberghe & Boyd, 1996) and gradient
descent (Bousquet & Herrmann, 2003) are algebraic, while boosting (Friedman, Hastie,
& Tibshirani, 2000) can be regarded as statistical. Tsuda et al. (2003) also described an
EM formulation for their em algorithm. However, as mentioned by the authors, this EM
formulation does not in fact have any observed data nor does it have any prior distribution
of missing data. Hence, this so-called EM formulation is only intended for interpreting the
relationship between the equations in the E- and M-steps with those in the e- and m-steps.
In summary, none of the above methods stems from a model-based perspective.

Due to the strong connection between the covariance matrix in a GP and the kernel matrix
as discussed above, the problem of choosing the covariance matrix can also be regarded
as a kernel matrix learning problem. Usually, the covariance matrix is first parameterized
and then the associated hyperparameters are estimated using methods such as maximum
likelihood estimation (MLE) (Mardia & Marshall, 1984) or Markov chain Monte Carlo
(MCMC) (Diggle Tawn, & Mayeed, 1998; Neal, 1997a; Williams & Barber, 1998). These
methods for learning the covariance matrix are based on the inductive setting.

1.2. Outline of our work

In this paper, we propose the notion of Wishart processes by treating a reproducing kernel as
a stochastic process. Specifically, if each feature dimension follows a Gaussian process prior,
then the corresponding random kernel matrix follows the Wishart distribution. Conversely,
if we are given a kernel matrix following the Wishart distribution, then there exists a set of
feature vectors with each feature dimension following the Gaussian process prior. Moreover,
the dimensionality of the kernel-induced feature space is equal to the degree of freedom
of the Wishart distribution. This provides a generative model of the kernel matrix and
motivates us to view the kernel matrix learning problem from a model-based perspective.
Moreover, this also reveals the intrinsic statistical mechanism of reproducing kernels with
Wishart process priors, and inspires us to explore classification and regression problems
using Wishart processes. We use a transductive learning setting (Joachims, 1999; Kandala,
Shawe-Taylor & Cristianini, 2003; Vapnik, 1998) to achieve these goals simultaneously.
Based on the Wishart generative model of the kernel matrix, we first propose in this paper
a hierarchical transductive learning framework for the kernel matrix. We consider the target
kernel matrix as a random matrix distributed according to the Wishart distribution (Gupta
& Nagar, 2000), whose parameter matrix in turn follows the conjugate prior of the Wishart
distribution, which is the inverted Wishart distribution. As will be seen later, this prior has
the effect of including a regularization term in the likelihood function. Under the mauxi-
mum a posteriori (MAP) setting, we develop an expectation-maximization (EM) algorithm
(Dempster, Laird, & Rubin, 1977) to infer the missing data and the model parameters for
the corresponding learning problem. To our own surprise, not only the parameter matrix,
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but also the dimensionality of the kernel-induced feature space as defined above, can be
estimated through the proposed EM algorithm.

Since the kernel matrix is a positive semi-definite matrix, our transductive learning model
based on Wishart processes has potential applications in many machine learning and pat-
tern recognition problems. For example, we can consider an affinity matrix or similarity
matrix as a kernel matrix and then learn it from data using our model. In this paper,
we apply our hierarchical transductive learning model to the semi-supervised learning
paradigm (Zhou et al., 2004), which has recently attracted a great deal of interest. By
using different settings on the target kernel matrix, we present two semi-supervised learning
methods.

The first method is derived from the equivalence outlined above, namely, the reproducing
kernel follows a Wishart process and the dimensions of the feature vectors in the kernel-
induced feature space are mutually independent Gaussian processes. This inspires us to
define each feature dimension as a Gaussian process prior. Thus, the resultant method avoids
the usage of the logistic function. Moreover, we shall see that the EM algorithm can be used
to estimate the covariance matrix in a GP. In the second method, we use the discriminant
kernel (Zhang, 2003) as the target kernel, and then construct a transductive discriminant
analysis method for both classification and clustering problems. Our method differs from the
generalized FDA in that the kernel matrix we use includes information from both the input
vectors and the labels.

In addition, based on the Wishart generative model of the kernel matrix, we devise the
EM algorithm for a kernel matrix completion problem (Tsuda, Akaho, & Asai, 2003), where
a kernel matrix is defined over a data set with missing information. This problem can be
formulated a transductive learning problem. Tsuda et al. (2003) devised an em algorithm for
this and described its relationship with the EM formulation. Unfortunately, the derivation
of the E-step in their EM algorithm is theoretically unclear because of the lack of a prior
distribution on the missing part of the kernel matrix. Our work proposes a rigorous derivation
of the EM algorithm, which also bears resemblance to the em algorithm.

1.3. Notations and organization of the paper

Throughout this paper, matrices and vectors are denoted by boldface uppercase letters and
lowercase letters, respectively. Let A = [g;;] be an m x n matrix. We denote the transpose
of Aby A’ and (ayy, ..., n1, d12, - - ., @mn) by vec(A). Moreover, when m = n, the trace of
A is denoted by tr(A), its determinant by |A|, and its inverse (if exists) by A~!. In addition,
we write A > 0 if A is positive definite and A > 0 if A is positive semi-definite. Also,
the Kronecker product of A and B is denoted by A ® B. To simplify our presentation, we
will employ the notation of (Gupta & Nagar, 2000). Thus, for an n x n random matrix W,
W ~ W, (r, ), means that W follows a Wishart distribution with degree of freedom r and
an n x n parameter matrix X > 0. Finally, for an n x n random matrix X, X ~ ZW, (r, ©)
means that X follows an inverted Wishart distribution with degree of freedom r + n + 1
and an n x n parameter matrix @ > 0.

The paper is organized as follows. Section 2 presents a hierarchical Bayesian model for
transductive learning of the kernel matrix and develops the EM algorithm for our model. In
Section 3, we apply our transductive learning framework with the EM algorithm to the semi-
supervised learning paradigm. An EM algorithm for the kernel matrix completion problem is
then discussed in Section 4. Experimental results on classification applications are presented
in Section 5, and the last section gives some concluding remarks. In order to facilitate

@ Springer



Mach Learn (2006) 63: 69—-101 73

readers, brief introductions to certain topics of the matrix theory, including matrix variate
distributions, matrix differentials and the Kronecker product, are given in Appendix A.
Detailed derivation of the EM algorithm can be found in Appendix B.

2. Hierarchical transductive learning model of the kernel matrix

Let Z denote a given space and S = {t;}7_, C T be a finite set of samples. Most existing
kernel methods define the kernel function K on the Cartesian space Z x Z, i.e.,

K:ITxT—R, K(t,‘,tj):k,‘j:F(ll'),F(tj),

where F : 7 — F is a (usually nonlinear) mapping that relates 7 to a (possibly infinite-
dimensional) feature space F. The kernel trick allows us to compute the inner product of
F(t;) and F(t;) in F without having to explicitly compute the mapping F'. The kernel matrix
(or Gram matrix) defined on all samples in S is denoted as K = [k;;],x,. Our point of
departure is to treat the feature vectors {F (t); t € Z} as a stochastic process. Then the kernel
function {K(t;,t;);t;,t; € Z} also follows a stochastic process. First of all, we give the
following definition.

Definition 1. {K(s, t);s,t € Z} is said to be a Wishart process if for any n € N and
{ti,....t,} S I, the n x nrandom matrix K = [K (t;, t;)] follows a Wishart distribution.

Let us assume that the feature space F is of finite dimensionality . For any input vector
t € Z, we can express F(t) = (Fi(t), ..., F,(t)) as an r-dimensional functional vector. Let
us define F as

Fit) FRt) ... F(@t)
Fi(t) F(t) ... F(t)

F= . . _ ) . )]
Fl(tn) F2(tn) e Fr(tn)

Then K = FF'. In this paper, we formulate a probabilistic generative model of the kernel
matrix K based on random matrix variate theory. Recall that F';(t) (j = 1, ..., r) represents
the jth coordinate of the feature vector F(t) and F(t) is itself a function from 7 to R. Denote
£ = (F i(t), Fi(ty), ..., F;(t,)), which contains the jth feature dimension in all n feature
vectors (j =1, .. ., r). From the dual relationship between the matrix-variate distribution and
the Wishart distribution (Gupta & Nagar, 2000), we have the following theorem:

Theorem 1. Let £, f@ ... ) pe r independent vectors from N(0, X), where 0 is an
n-dimensional zero vector and X > 0 is n x n. Then K is a random Wishart matrix K ~
W, (r, X). Conversely, given a kernel matrix K ~ W, (r, X), where r is an integer, then there
exist r mutually independent n-dimensional vectors f9 from N(0, X).

Thus, we can conclude that {K (s, t);s, t € Z} is a Wishart process if and only if each
feature dimension follows a Gaussian process, or in other words, {F;(t);t € Z}(j =1, ...,r)
are r mutually independent Gaussian processes. Theorem 1 leads us to a generative model for
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the kernel matrix K. That is, we define the kernel matrix K as a random Wishart matrix from
Wh(r,X) on which kernel learning can be performed. Furthermore, its degree of freedom
r is equal to the dimensionality of the feature space induced by kernel K. This generative
model provides a statistical basis for developing a Bayesian inference approach for learning
the kernel matrix. Motivated by this idea, we seek to pursue this interesting direction in the
current paper. Specifically, we shall present a hierarchical model for the transductive learning
of the kernel matrix and then devise an EM algorithm to infer this model.

2.1. Hierarchical model

Let the training set be 7 ={(xi,y1),...,(Xy,,ys,)} and test set be 7=
{Xn 415 Yry+1)s -+ s Kny4mgs Yny+ny)}, Where x; e R, y; € {1,2,...,c} fori=1,...,m
and the y;’s are unavailable for i = n; + 1, ..., n; 4+ ny. Letting n = ny + ny, we refer to
X={xX1,.... %0, X415 -- - Xpp and YV = {y1, ..., Yn;» Yn,+1, - - - » Yn} as the input set and
output set, respectively. We define a kernel matrix K on (7 U 7) x (7 U 7) and partition it

as
Kin Kp
K= ) 2)
Kz Kz
where K;; and Ky, are n; x n; and n, x n, matrices defined on the training and test sets,
respectively, and K, = K, is an n, x n; matrix characterizing the similarities between the
training and test data.
We assume that K is distributed according to a Wishart distribution, i.e., K ~ W, (r, X /r).

Although it is allowed that either n < r or n > r, we consider the case of n < r < oo in this
paper. In other words, we assume K > 0. In this case, we have

rn/2

PKIZ N = o

—r r—n— r -
ZI 2K exp (< Sw(ETK)) 3)

where ¥ > 0is an n x n parameter matrix, which is left completely unspecified in the model,
and its uncertainty is incorporated through a higher-level prior in this paper. Since the conju-
gate prior of a Wishart distribution is inverted Wishart, we assume that ¥ is distributed accord-
ing to the inverted Wishart distribution' ZW, (nr +n + 1, nr ®), where @,,,,, > 0 is called
the hyperparameter matrix and n > 0 is a hyperparameter. From Theorem 4 in Appendix
A.1, it also follows that C = X! is distributed according to W, (nr +n + 1, (nr ®)~!), as?

()" o 2 o2 il
. — r+n I _ t . 4
p(C|O,r,n) C(n,nr—i—n—i—l)'@l |Cl exp( 5 r(@C)) “4)

Like X, we could again define ® and n as a random matrix and a positive random variable,
respectively, and then incorporate their uncertainties by some higher-level priors. However,
for simplicity, @and n will be held fixed in this paper. Therefore, our probabilistic model

' As will be seen later, our choice of K ~ W, (r, £/r) and £ ~ IW,(yr + n + 1, nr ©) facilitates a simple
iterative estimation procedure for the unknown parameters X and r.

2 It is not too restrictive to set the degree parameter p to nr+n+ 1. Indeed, for any p > n, we can write
p =nr+n+1wheren = (p—n—1)/r.
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Fig. 1. A hierarchical model for
transductive learning of the

kernel matrix. Here, O indicates 1
unknown variables while [J
indicates known variables.

is a hierarchical model with three levels. The first (lowest) level corresponds to a random
Wishart matrix K, the second level to the parameter matrix C of the Wishart matrix, and the
third level to the hyperparameter matrix @ of the parameter matrix. Our model differs from
existing kernel learning methods in that ours is based on a probabilistic generative model.
Moreover, by using the hierarchical model, the hyperparameter matrix may be regarded as a
regularization term to avoid the overfitting problem (Ong, Smola, & Williamson, 2003).

The observed data set provides a particular realization of K. With an abuse of notation,
we will denote this realization again by K. Note that only the K;; part of K in (2) is available,
while both K,; and Ky, are missing. Hence, K represents the partially observed kernel matrix.
We will formulate this as a missing data problem and then apply the EM algorithm. In other
words, the incomplete (observable) data is Kij, the complete data is {K;, Ksj, K2},
and the goal is to infer the missing data {Kj;, K} and the unknown model parameters
{C, r}.

As for K in (2), X, C and © are similarly partitioned as

X b)) C C (O] (O]
5 — 1 12 o= | S 12 e- 1 2 5)
Yy Zp Cy Cxn Q Op

Recall that K > O if and only if K;; > 0 and Ky.; > 0 (Horn & Johnson, 1985), where
Ky =Ky — K21K1_11K|2 is the Schur complement of K;;. We take {K][, K,, K22A1}
instead as the complete data to ensure that K is always positive definite. Moreover, we will
use {Ci12, Ca1, C22}, where Cy1, = Cyy — C12C2_21 C,), instead of C in our EM algorithm
given in Section 2.3%. We will see that this representation can make the implementation of
the EM algorithm simpler. Figure 1 shows a graphical model representing the hierarchical
model for transductive learning of the kernel matrix.

3 Alternatively, we often use {C11.2, Cyj1, C22}, where Cy1 = C;zl C,1, which is based on the Bartlett decom-

Cii2 + € C2Co € C2
CnCy) Cxn

{C11.2, C21, C2} and {Cy1.2, Cyj1, C22}, depending upon the context.

position [ :| of C. Moreover, we shall interchangeably employ either of C,
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2.2. Likelihood and inference
First of all, we give a lemma that will be useful in our later discussions.

Lemmal. With C=X"1 as partitioned in (5), we have Cy = 2171125 Cfllclz =
—21222_21, C22 = 22_21‘1 and C2_21C21 = —22121_11.

From this lemma and Theorem 3 in Appendix A.1, we immediately have

Corollary 1. Assume K ~ W, (r, X/r). Then

(i)
Kii ~ W, @, rCi2)™),
Ko | Kii ~N(=CyiKyy, rC)7 ' @ Kyy),
Ky, ~ W, —ny, rCx) M is independent of K| and Kyy;
(ii)
r—ny
EKy [ Ky) = -CoiKyy, EKpg) = Ch.-

As mentioned above, {Kii, Ky, Kop.1} will be used as the complete data and hence
we have to first obtain its density function from p(K) = p(Kji, K31, Ky,). This involves a
standard transformation of variables: K».; = Ky, — KglellKlz,le =K, andB; = K;;.
Now, (dK) = (dKi1) A (dK31) A (dKy).* Since the Jacobian determinant involved is unity,
we have

(dKi1) A (dKyp) A (dKpp) = (dBy1) A (dBa1) A (dKapp).

Thus, p(K) = p(Ki1, Ky1, Ky) = p(Ky1, Kyq, Ky,.1). This then follows from Corollary 1
that the log likelihood function L(C| K, r) of the complete data is

L(C | K, r) = log p(K2.1) + log p(Ki1) + log p(Ks K1)

r—n—1 r—
log [Ki1| +

n—1 r r
log |Kz. —1 . —1
7 log| 221|+20g|C112|+20g|C22|
r r _
—Etr(anKn) - Etr(CnszlClen) —rtr(C2Kyy)
r r -1 rn
—Etr(czszzl) - Etr(CZZKZIKn Kpp) —logC(n,r) + > logr.  (6)
If we knew the complete matrix K, it would be easy to determine the parameter matrix

C by maximizing the (log) likelihood function. Similarly, if we knew the parameter matrix
C, we could determine the matrices Ky, and Kj,.1. The problem is that we know neither.

4 Here, we use the wedge product or exterior product. Definition 6 in Appendix A.2 gives a brief introduction.
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However, by treating this as a missing data problem with complete data K, observed data
K, and missing data K,; and K., we can make use of the EM algorithm (Dempster,
Laird, & Rubin, 1977) to alternate estimations of {Ky;, K».1} and {Cy1.2, Ca1, Ca2, r}.

2.3. Learning with the EM algorithm

The EM algorithm consists of an E-step and an M-step. The E-step calculates the expecta-
tion of the complete data log-likelihood (with respect to the missing data) and the M-step
maximizes this expectation with respect to the model parameters. With the availability of a
prior distribution on the parameters, the EM algorithm can also be used to obtain the MAP
estimate. In this Section, our EM algorithm will work in such a MAP setting. Thus, the EM

algorithm computes the posterior estimates of the model parameters in two steps: Given the
tth estimates, C(7) and r(¢), of C and r, the E-step computes

O(C,r | Ct), r(t)) = E[log p(Ky1, Ky, Koo | C, 1) | Ky, C(8), r(8)],
and the M-step produces the new estimates as
{Ct+ 1), r(t + 1)} = argmaxQ(C, r | C(#), r(t)) + log p(C | r).
Using the hierarchical model defined in Section 2.1, these two steps can be shown to be:
E-step: Given K, Cx(f), Cy1(¥) and r(¢), compute

r r
O, r | C@),r@) = *10g|C1142| - *tr(Cll»zKll) + rtr (C2Cop (DK )

r
—Etr (C12C22 C21K11) — Etl' (C22C22 ([)) IOg |C22|

—%tr (C22C2|1(Z‘)K11C/2|1(l‘)) (7)
- n—1 ny—1
—|—% nzlog— +Z (L)—logmzz(m

rn r—n-—1
+710gr —logC(n,r)+ log |Ky1].

Here Cy1(t) = Cz_zl(t)CZI(t) and W(z) = I''(z)/ ['(2) is the digamma function.
M-step: Calculate
= (Ki1 + 7O
and
Cii2=(1+nB, ®
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and perform the following two sub-steps:

(i) Given Cx (), Cy1(¢) and r(#), compute
Gy (t+1) = (Con(HKy — n071)B, 9
Col+1) = = (CH0)+ 102 + Cop (0K Gy, 1)
— Cop (1)K +101)Cy, (r + 1)) .
(ii) Given r(¢) and C(¢ 4 1), the (¢ + 1)th estimate of r can be obtained by solving

dQ>(r|C(), r(1) _

01(C(t + DICH)) + -
7

0, (10)

where
01(C | C(1) = (1 + n)log|Ciia| — tr(Cr12(Kyy + 1O1y))
+2tr (Cp2(Copn (DK — 1©21))
—tr(C12C5, Co1(Kyy +1011)) — tr (Cx2(C5) (1) + n©2))
+ (1 + ) log |Coa| — tr(CoCop (K11 Cyy (1)), 11

Oa(r | C(1), r (1))

ny—1 .
t — J—
——n—1|milog— + 3w (MOTM I iog 1)
r(t) - 2
Jj=0
+rnlogr —2logC(n,r)+ (@ —n—1)log | Ky | (12)

+r +n+ )nloginr) —2logC(n,nr +n+ 1)+ (nr +n+ 1)log |O|.

In Appendix B, we show the detailed derivation of the above E-step and the first part of
the M-step. From (8), we can see that C;;., depends only on K;; and @, and so it can be
computed a priori because K; and ®4; are known. Moreover, instead of C;;, we estimate
C;21C21 directly. This makes the M-step more efficient. On the other hand, it is easy to see
that Cy;, > 0 and it is proved in Appendix B.3 that Cy (¢ + 1) is also positive definite.
Thus, C(t + 1) is positive definite. For the second part of the M-step, we have the following
theorem, whose proof is given in Appendix B.4.

Theorem 2. Assume that Q(C | C(t)) and Q,(r | C(¢), r(t)) are as defined in (11) and
(12), respectively. Given C(t 4+1) in (9), the solution of (10) exists and is unique.

Since it is based on the standard EM algorithm, it inherits its convergence property
directly from (Dempster, Laird, & Rubin, 1977). It is worthy to note that the update of
C is independent of r. In many cases, such as those in Section 3, it is not necessary to
obtain an estimate of r, and so the update of r in M-step(ii) need not be performed. Since
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M-step(i) involves only C2_21 but not C,;, the computational cost can be significantly reduced
by avoiding matrix inversion at each iteration if the update is performed using C2_21 directly
(instead of Cyy).
After the algorithm has converged, then, depending upon the problem at hand, we can
immediately compute
-

n _
Ky, = 71(3221, Ky = —CyiKii, Ky =K+ ConKi€Cy, (13)

P
using Corollary 1(ii), and from Lemma 1,
_ Kii+10y

I+n
3. Applications in semi-supervised learning

i , Ty =—CopZy, Zn=Cy+ ConZ11Cy. (14)

Given K and ®, we can now estimate the missing parts K, and K, from the EM algorithm.
Transductive learning seeks to transfer the intrinsic attributes of K;; to K;; and Ky, via the
parameter kernel X with hyperparameter kernel ®. The principal clue of transductive learning
is the consistency assumption (Zhou et al., 2004), namely that a classification function
should be sufficiently smooth with respect to the structure revealed by the training and test
data.

In general, definitions of both the incomplete kernel matrix K;; and the hyperparameter
matrix @ depend on the problem being considered and the prior knowledge available. While
the kernel matrix learning framework presented above is not limited to the classification
problem, the focus of this paper is the application of our model-based transductive learning
framework to the semi-supervised learning problem by incorporating unlabeled data into
labeled data for training the classifier. In particular, we will use K;; to capture class label
information from the training data, so that after learning, we can obtain the kernel matrix
K>,, which then contains class label information on the test set, and K,;, which measures
the similarity between class labels on the training and test data. By using different settings
on the kernel matrix K;;, we present two methods for semi-supervised learning. In the first
method, K is defined as a kernel matrix over the output data set )/, while in the second
method, K is defined as a kernel matrix over the joint set (X x ) ) of the input data set X’
and the output data set ). In both methods, the hyperparameter matrix @ is defined as a
kernel matrix over the input data set X'. We can select any kernel defined over X for ®. In
particular, we use a Gaussian kernel for ® in our experiments. Now we can apply K;; and @
to our kernel learning framework, giving the estimates of K, and Kj;, which can be used
for classification.

3.1. A classifier using Wishart processes

Here, we follow the same notations in Section 2, and each input vector is assumed to belong
to only one class. The first classification method is inspired by Theorem 1. Assume that the
target kernel matrix K is defined on the output set Y = {y1, ..., Yu,, Yn;+1> - - - » Yu} Where
yi = j €{l,---,c}if the ith input vector belongs to the jth class. If K ~ W, (r, X/r), then,
according to Theorem 1, there exists a functional vector F' : ) — R’. Our point of departure
is to directly present an explicit form of the function F(y) = (F((y), F2(y), ..., F.(y)),
where r = n + 1. It is obvious that ¢ < r since ¢ < n. First, we define r auxiliary functions
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as,

a  j=y,
Yiy)=1v Jj#Fyandj=<c, j=1,...,r
0  otherwise

for y € V), where, «, y € (0, 1) and o >> y are constants pre-specified by the user. For the
experiments in Section 5, we will use ¢ = 0.98 and y = 0.01. Another effective choice for

Y is

“<oj=y,
Yin=3-1 j#yadj<e Jj=1,....r

0 otherwise.
Letting /(y) = 1 321 ¥(), we thus define

Fi)=v;0)=90)., j=L...r

For clarity, we again write out F defined in (1) as

Fi(y1) F(y1) F.(y»)
F = Fl(yn]) F2(yn1) e Fr(ynl)
Fi(yom+1)  F2Ow+) o FrQu+n)
Fl (yn) FZ(yn) e Fr(yn)
Furthermore, for simplicity of notation, we denote f; = (fi,..., fi;) as its ith row
vector, and also £ = (fi;, ..., fujs fun+1)js - --» [uj) as its jth column vector, where

f,J = Fj(yi).Leta(j) = (flj, ey fmj)/ andb(j) = (f(n|+l)j» ey fnj), (] =1,..., r).Then
£ = (@Y, ®DYY (j =1,...,r).Clearly, fori =1, ..., ny, the f;’s are available, while
fori =n; + 1, ..., n,thef;s are missing because the corresponding labels y;’s are unknown.
This gives a partially observed realization of f) for j = 1, ...,r,i.e., a? is available while
b® is missing. Moreover, we are given a realization of K;; on the output part of the training
set,

£,
Ki=|: |(f.....8 ) +eL,, (15)
f)‘l

1
where I,,, is the n; x n; identity matrix and ¢ is a small amount of jitter (e.g., ¢ = 0.0001)
to prevent K;; from becoming singular.

According to Theorem 1, we have f) ~ N(0,X) (j =1,...,r). This results in
b ~ N(E21 2 'a¥), Tpp.1), conditioned on a?. Recall that £, X}, = —C;,'Cy and
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1. Compute the n x n hyperparameter kernel matrix © = [exp(—”x'i%”z)]
and the nq x ny target kernel K7 according to (15).

2. Run the kernel matrix learning algorithm in (9) to directly obtain
C5,;Cy; and Cg;.

3. Compute b)) = —~C5)'Cxna, for j=1,...,c

4. Label the unlabeled point x; by y; = argmax;{fi;}_, for i =n1 +1,...,n.

Fig. 2. A classifier using Wishart processes.

C,,' = T, then bY) | al) ~ N(—C,, Cya”, Cy)). This leads us to a classification
method, which is summarized in Fig. 2. Here, since r = n 4 1 is pre-specified, there is
no need to use EM to estimate r. Thus, the current M-step reduces to M-step(i) given in
Section 2.3.

3.2. Kernel transductive discriminant analysis

The second semi-supervised learning method is motivated by a distance-based classifier
using the discriminant kernel (Zhang, 2003). We use the Gaussian kernel matrix on X x X
as the n x n hyperparameter matrix ® and the discriminant kernel on Z x Z to define the
n; x n; target kernel matrix K. In other words, its (k, )th element, K((Xx, &), (X;, ¥1)), 18
defined as

lexp (—M) +3 W=

K ((%¢, yi), (%1, y0) = e 2 :
Lop (—lEl) iy

k,I=1,...,n. (16)

—_

Since the discriminant kernel guarantees that all between-class distances must be larger
than all within-class distances, this makes it desirable for distance-based classification or
clustering methods. The discriminant kernel K employs information from both the input
vector x and its associated label y. So the nonlinear mapping, which induces K, should
also be a joint function of x and y, and we will denote it by F(x, y). After obtaining the
complete kernel K, we use a distance-based classification method that utilizes the prop-
erty of the discriminant kernel. Assume that N; points in the training set belong to the
Jjth class C;, and the class mean of C; (in the feature space) is m; = Ni, 2, ec, F(Xi, yi).
We then assign point x to C; if [|F(x,y) —m;||> < ||F(x,y)—m;|? for all j # i
where

IF(x,y) —m;||* = F(x, y) F(x, y) + m/m; — 2F (x, y)'m;

1 2
=1+ 2 D Ky, (i, y)) — A DK, ), (x5, y)X1T)

1

boxj,xeC X, eC;

Here, K(-, -) is the corresponding element of the target kernel K. As can be seen from
(17), this classification method works with K;; and K, and from (13), we have K,; =
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1. Compute the n x n hyperparameter matrix @ = [exp(fux'—?lﬁ)]
and the n; x ny target kernel K;; according to (16).
2. Run the learning algorithm in (9). After obtaining Cy; and Cys,
calculate Ko = —Cgyt Co1 K11
3. For every ny + 1 < k < n, compute ||F(x, yr) — m;||? from (17), assign the test point xj

to C; if || F(xk, y&) — my||? < ||F(xk,yx) — m;||? for all j # .

Fig. 3. Kernel transductive discriminant analysis.

—C,1K| . Therefore, the classification method is independent of r. In other words, we can
drop M-step(ii) for updating r. The proposed procedure is summarized in Fig. 3. Clearly,
this classification method is a nearest mean classifier with the target kernel. We also note
that our classifier is similar to kernel FDA. Both are motivated by the Fisher discriminant
criterion, and seek to obtain discriminant feature vectors such that between-class distances
are larger than within-class distances. However, the procedures for achieving this goal are
different. By employing joint information from both the input and output spaces, we first
define an inner product over the training set such that the distance induced by the inner
product satisfies the Fisher criterion, and then seek to transfer this distance measure to the
test set through transductive learning. Kernel FDA, on the other hand, tries to find maximally
separable feature vectors by optimizing the Fisher discriminant criterion using spectral
decomposition.

4. EM algorithm for kernel matrix completion

In practical applications, it is possible that the observed data are available only for a subset of
samples. Thus, when we work with a kernel matrix derived from such data, we are required
to first complete the missing entries in this kernel matrix (Graepel, 2002; Tsuda, Akaho, &
Asai, 2003; Kin et al., 1954; Smola, Vishwanathan, & Hoffman, 2004). Specifically, given
E; EZ] where K;; is available,
and K, (= K},) and K3, are missing. Then, our goal is to complete K, and Ky,. This
so-called kernel matrix completion problem can be regarded as a special case of kernel
matrix learning and can be included under the transductive learning framework of the kernel
matrix. A common approach to restoring K, and Kj, is through use of an auxiliary kernel
matrix.

Recently, Tsuda et al. (2003) devised an em algorithm for this problem. Moreover, they
also described an EM formulation, where the E- and M-steps are equivalent to the e- and
m-steps, respectively. However, the model in (Tsuda, Akaho, & Asai, 2003) does not have
any observed data nor does it use any prior distribution of the missing data {Kj,, K }. It is
necessary to assign a prior for the missing data to compute the expectation of the missing data
in the E-step. Thus, it is not really clear how to perform this EM algorithm (Tsuda, Akaho, &
Asai, 2003). In this Section, by assigning a Wishart process prior to the kernel matrix K, we
demonstrate a rigorous derivation of the EM algorithm. First, if we let the auxiliary matrix to
be the parameter matrix X of our model in Fig. 1, which is associated with the hyperparameter

an incomplete kernel matrix K, we partition it as K = |:
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matrix @, then our model and the EM algorithm devised in Section 2.3 can be easily used
for this problem.

Now along the line in (Tsuda, Akaho, & Asai, 2003), the auxiliary matrix X
is defined as £ =) " A;u;p; with A; > 0. Denote U= [, #y,..., ] and A =
diag(A1, A2, ..., Ay). Here, U is assumed to be known, while A is unknown and has to
be estimated. Usually, u;p;’s are also called the base kernel matrices (Cristianini et al.,
2002; Lanckriet et at., 2004; Crammer, Keshet, & Singer, 2003). Thus, we seek to use a
weighted combination of these fixed base matrices to approximate K. Consequently, the
problem is to estimate the weighting coefficients 1;’s and the missing data {K,, K, }. As in
Section 2.1, we assume that the kernel matrix K is distributed according to a Wishart distri-
bution W, (r, £ /r). Similar to Section 2.1, we formulate it as a missing data problem where
{Ki1, Ka1, Ky } represents the complete data, K;; represents the (incomplete) observed
data, and {A, r} represents the unknown parameters. Denote C = £~' = Y""_ A~ ',
and partition pt; as p} = (a}, b)), where a; and b; are n;- and n,-dimensional vectors, re-
spectively. Then Cy; = Y 7_ A 'a;a),Cyp = Y /_ A7 'b;b), and Cy; = Y /_, A7 'b;a]. The

log-likelihood function L(A, r | K) can be expressed as

n n
rn r _ r—n-—1 r _
71nr —1nC(n,r)+5 § Ina;! +f1n|K| -3 § 7 WK,

i=1 i=1

L(A,r | K)

. —n-1
%lnr —InCn,r) + ’5 3ot + %(mmm +ln|K22,1|>

i=1

r n
P (a Kina + 20 Koy & + b Kooy by + b) Koy K7y Kb by ). (18)
i=1

From (18) and the relation (Lutkepohl, 1996)
b K2 K[ 'K) b; = (vec(K5,)) (b;b, ® K vec(Ks,),

we have {In K], Koa.1, Koy, vec(K], )(vec(K),))'} as complete-data sufficient statistic for
{A, r}. Given the rth estimates, A(7) and 7(r), of A and r, by using the properties of Wishart
distributions and matrix variate normal distributions, we obtain

2 ny—1 . _ o
E (i Kaxal[Kip, A, 1)) = naln =+ 3 W (%) ~ In[Cy(0).
Jj=0
(1) —ny
E (K1 |[Ki1, A), (1)) = #szl(f),
E (Ko [Ki1, A@D), (1)) = —C3 ()Cau (DK,
E (vec(Kj, )(vec(Ky) [Ki1, A®), (1))
/ 1
= (C3 () ® Ki1) vec(Cra(t))(vec(C12(1)) (Coy (1) ® Kiy) + %cz—; ) @K1
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Thus, for the E-step, we obtain the expectation of L(A,r|K) w.rt. p(Ky., K21|K11,
A@), () as

rn Ja— _
QWA r|AG).r(@) = T Inr —InCn.r) + 5 3 (mx,. AT ;LID(t)pL,)

i=1

1

r—n—1 Ky — (r(t) ni —1)

+ In +n n—+§ _—
2 ICn)] 2

Here

D) — Dy (1) D (0) ’
Dy (1) Do (r)

where Dy (r) = K;; and

Do) = C5,' (1), Doi(t) = —C5' (1)Cor (K 5. (19)

The M-step consists of two parts:

(i) To compute the (¢ 4+ 1)th estimate of A; as

Lit+1) = p D) ;. (20)

(i) To compute the (# 4 1)th estimate of r by solving the following equation

n—1

r r
nlnz—zglll(
J=

_J _ “ / _
2)—§mmmmimwm
ny—1 3 _ .
+myln %— w(%) Q1)
j=0

Since / ln Z =0 \IJ( = ) is a positive monotonic decreasing function of z for z > / (Chen,
1979), n, ln ’(’) Z;’Z 01 \IJ(’(’)#) is always positive since n; In % > nyln r(f)T”‘ Fur-
thermore, applymg Hadamard’s inequality (Liitkepohl, 1996) to the positive definite matrix
UD(#)U’ and considering that g, ’s are mutually orthonormal, we have

n

ID(®)] = [UDOU'| < [ [ wi D) ;-

i=1

Namely, Z;':l In . D(t) p; — In |D(¢)| is also nonnegative. Hence the right-hand side of (21)
is always positive. As a result, the solution of (21) is unique and may be obtained numerically
through solving the equation. Essentially, the EM algorithm alternately works with (19), (20)
and (21). Obviously, (19) and (20) correspond to the e- and m-steps, respectively, in the em
algorithm of (Tsuda, Akaho, & Asai, 2003).
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Table 1.  Test set accuracies (in %) obtained from the classification experiments (60% for training and 40%
for testing). The highest accuracies are shown in boldface.

Method Breast cancer Ionosphere Sonar Wine

GWPC 95.73 (£0.96) 92.44 (£1.92) 87.60 (£3.85) 96.59 (£1.75)
KTDA 96.00 (£0.95) 94.58 (£1.50) 87.40 (£3.61) 98.04 (+1.41)
KFDA 96.58 (+£0.97) 92.34 (£1.99) 83.24 (£3.71) 96.04 (£2.55)
SVM 96.04 (£1.15) 92.06 (£2.08) 83.33 (£+3.80) 96.92 (£1.95)
KNM 90.89 (£1.54) 68.58 (£4.55) 77.37 (£5.86) 94.39 (£3.10)
1-NN 95.14 (£1.00) 85.82 (£2.07) 84.18 (£3.77) 95.00 (£2.52)

5. Experiments

In this Section, we present some experiments to illustrate the two classification methods
devised in Section 3. For the sake of easy reference, we refer to the classification methods
in Sections 3.1 and 3.2 as GWPC and KTDA, respectively. In all our experiments, the
initialization of C is C(0) = 0.8@~! and the maximum number of iterations is set to
100. Once the maximum number of iterations is reached or the difference between the log
likelihoods of two successive iterations is smaller than a threshold value of 0.00001, the EM
algorithm will stop.

5.1. Results on UCI benchmark data sets

First, experiments are performed on four benchmark data sets (Wisconsin breast
cancer, ionosphere, sonar, and wine ) from the UCI Machine Learn-
ing Repository. In our experiments, we compare GWPC and KTDA with ker-
nel FDA (KFDA), SVM, kernel nearest mean classifier (KNM) and 1-NN (i.e., k-
NN with & = 1). The hyperparameter kernel ® is based on the Gaussian ker-
nel. KNM allocates a data point x to C; if ||Fj(x) —w|> < ||F;,(x)—u_f||2, for all
j # i, where

1 2
1Fh00 = will* = Kk %0+ 5 D0 Knxyox0) = 5 D7 Ki(x,x)), (22)

i i
boxjxeC

x;eC;
with u; = Ni, Zx,ec, F(x;), and Fj(-) and K,(-, -) are the nonlinear mapping and kernel
function, respectively, corresponding to ©.

Experiments on these classifiers are performed with the same setting. Specifically, we
set B = 18.5 for the Wisconsin breast cancer and sonar data sets, and 8 =
2.5 for the ionosphere and wine data sets. In addition, we use the public Matlab
package SVMlight to implement SVM, where the regularization parameter C is set to 300
for all four data sets. Results are averaged over 100 random splits of the data, one with
60% for training and 40% for testing, and another with 10% for training and 90% for
testing.

Tables 1-2 and Figs. 4-5 show the results. The standard deviations with respect to 100
random splits are also given inside brackets. As can be seen, the classification accuracies of
GWPC, KTDA, KFDA and SVM are almost the same. Moreover, they always outperform
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Table 2.  Test set accuracies (in %) obtained from the classification experiments (10% for training and 90%
for testing). The highest accuracies are shown in boldface.
Method Breast cancer Ionosphere Sonar Wine
GWPC 94.58 (+1.42) 85.58 (£5.63) 70.45 (+£4.73) 93.79 (£2.14)
KTDA 94.47 (£1.47) 87.56 (+£5.73) 70.22 (+£4.59) 94.59 (+£2.00)
KFDA 93.30 (£1.82) 77.06 (£10.12) 67.07 (£5.55) 85.37 (£7.83)
SVM 93.35 (£2.05) 77.37 (£10.00) 67.07 (£5.50) 92.59 (£3.29)
KNM 90.89 (£1.51) 76.99 (+7.78) 65.63 (+£5.81) 87.22 (£5.32)
1-NN 92.94 (£1.59) 81.14 (£4.27) 69.18 (+4.60) 91.71 (£3.00)
s 1.0
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(a) Breast cancer data (b) Ionosphere data
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3 08 3 — —
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— — 090 —
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0.6 T T T T T T T T T T T T
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(c) Sonar data (d) Wine data
Fig. 4. Box plots of the classification results for GWPC, KTDA, KFDA, SVM, KNM and 1-NN (60% for

training and 40% for testing).
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Fig. 5. Box plots of the classification results for GWPC, KTDA, KFDA, SVM, KNM and 1-NN (10% for
training and 90% for testing).

KNM because they all utilize class label information from the training data during training but
KNM does not. However, compared with KFDA and SVM, GWPC and KTDA are relatively
insensitive to the training set size. Moreover, we find that KTDA generally outperforms
GWPC, though we think that GWPC can be improved significantly by incorporating active
learning.

As mentioned in Section 3.2, it is unnecessary to perform M-step(ii) for updating r
in KTDA. However, in order to illustrate the dimensionality of the learned feature space,
we also implement M-step(ii) in our experiments, where we initialize » = n 4+ 1. Since
n = (p—n—1)/r and p > n, one better choice for n is that n € [0, 1]. In order to study
the effect of n on r, we try both n = 1.0 and n = 0.5 in the experiments. For each of the
100 random data splits, r converges to a fixed point. As an illustrative example, we take
one of the splits to demonstrate the convergence of r (Fig. 6). After the EM algorithm has
converged, the average estimated values of r in the 100 random data splits for different
values of n; (number of training examples) and 7 are shown in Table 3, showing that the
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feature spaces are indeed of very high dimensionality. We find that for n = 1.0 and n =
0.5, the classification accuracy is insensitive, so we only report the classification results with
n = 0.5. As can be seen, with a decrease in n; or n, the value of r increases. When
n; gets smaller, the known part K;; of the kernel matrix becomes smaller. As a re-
sult, information from the hyperparameter matrix ®, which is defined via the Gaussian
kernel, will dominate. We know that the dimensionality of the feature space induced
by the Gaussian kernel is infinite. This probably explains why r increases as a re-
sult. As for the relationships between r and 7, recall that C is distributed according to
W,(qr +n + 1, (gr®)~") in our graphical model. Thus, there exists a tradeoff between
rand 7.
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Fig. 6. Change of estimated value of r with the number of learning iterations for different settings.
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Table 3.  Average estimated values of r in the four benchmark data sets.

# training examples (n;) n  breast cancer  ionosphere sonar wine
in terms of data set size n (n=569) (n=1351) (n =208) (n=178)
1.0 6,761 (£7) 3,040 (£10) 1,723 (£5) 1,502 (£8)
0.6n 0.5 7,366 (£7) 4,407 (£13) 2,521 (£5) 2,187 (£7)
1.0 19,015 (£159) 11,447 (£226) 6,569 (£128) 6,445 (£195)
0.1n 0.5 28,118 (£195) 16,997 (£226) 9,796 (£155) 9,422 (£223)

Table 4.  Average test set accuracies obtained from the classification experiments on the USPS database.
The highest accuracies are shown in boldface.

# training

examples GWPC KTDA KFDA SVM KNM 1-NN

10% 97.74 97.63 97.59 97.04 94.55 96.58
(£0.31) (£ 0.34) (£0.36) (£0.49) (£ 0.45) (£0.37)

1% 93.05 92.45 91.47 90.45 92.08 88.98
(£1.27) (£ 1.36) (+£3.83) (£ 1.65) (£ 1.30) (£ 1.75)

5.2. Results on USPS digit recognition

In this set of experiments, we use GWPC and KTDA to classify handwritten digits of size
16 x 16 from the USPS database. For simplicity, we only use digits 1, 2, 3 and 4 as four
classes, comprising of 1269, 929, 824 and 852 examples, respectively. We set n = 0.5.
The results are averaged over 100 random splits of the data, one with 10% for training and
90% for testing and the other with 1% for training and 99% for testing. Table 4 shows the
averages and standard deviations of the test set accuracies over 100 random splits of the
data. The corresponding box plots are shown in Fig. 7. Here, the regularization parameter
C in the SVM is set to 300 and B in the Gaussian kernel is set to the average Euclidean
distance between training examples. We see that with decreasing size of the training data
set, both GWPC and KTDA outperform KFDA and SVM. Considering that the USPS data
possesses good local consistency, we implemented the consistency method of Zhou et al.
(2004) for comparison. The method was initialized with the classification result of 1-NN
and o in it is fixed at 0.95. When we used the value of 8 reported above, the classification
accuracy of the consistency method (Zhou et al., 2004) is very low (< 50%). We found
that the 8 in this method prefers smaller values. Thus, we used 8 = 10. In this case,
the consistency method obtained better accuracy, which is given in Table 5. However, the
classification accuracies of SVM and KFDA are very low (< 60%). Both GWPC and KTDA,
whose accuracies are given in Table 5, are only slightly affected by changes in the value
of B.

6. Conclusion

In this paper, we have proposed a model-based approach for transductive learning of the ker-
nel matrix. Formulated as a missing value problem, we devise an EM algorithm for learning
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Fig. 7. Box plots of the classification results for GWPC, KTDA, KFDA, SVM, KNM and 1-NN on the
USPS database.

Table 5.  Average test set accuracies obtained from the classification experiments on the USPS database
when B = 10. The highest accuracies are shown in boldface.

# training examples GWPC KTDA Consistency method
10% 96.73 (£ 0.29) 96.61 (+ 0.42) 98.04 (+ 0.29)
1% 90.84 (£ 1.32) 90.44 (+ 1.38) 96.17 (+ 1.27)

the missing entries of the kernel matrix and the unknown parameters of the underlying
distribution. We have demonstrated the efficacy of this approach by proposing two semi-
supervised learning methods. In particular, we have studied our hierarchical transductive
learning framework with the EM algorithm under the classification setting. In another work
(Zhang et al., 2004), based on this same framework, we also devised the Tanner-Wong
data augmentation algorithm (Tanner and Wong, 1987) which is a variant of MCMC. It is
also possible to apply the framework to regression problems with Gaussian processes. This
direction will be pursued in our future work.

Recall that in most existing kernel-based methods, only the kernel on the input set is
used. However, in our first method, the target kernel K and the hyperparameter kernel ® are
defined on the output set and input set, respectively. Their relationship is established through
the parameter matrix X (or C). So the parameter matrix plays a role similar to the cross-
covariance kernel (Baker, 1973). In the second method, since the discriminant kernel K is
the direct sum of the ideal kernel (Cristianini et al., 2002) on the output set and the Gaussian
kernel on the input set, it can also be regarded as a cross-covariance kernel that relates the
input space with the output space. In fact, our proposed methods for semi-supervised learning
consist of two separate processes: the first explores the mutual relationship between kernels
on the input and output sets through a hierarchical model, and the second implements the
classification task with the target kernel or discriminant kernel.
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A. Matrix theory
A.1 Matrix variate distributions

In the following, we will briefly introduce the concept of random matrices and some common
matrix variate distributions. Interested readers are referred to (Gupta and Nagar, 2000) for
more details.

Definition 2 An m x n random matrix X = [x;] is a matrix of random variables xy,, .. .,

xmn .

Obviously, random vectors and random variables are special cases of random matrices.
Analogous to random vectors and random variables, random matrices also follow some
distributions, called matrix variate distributions, with common examples including the nor-
mal, Wishart, and inverted Wishart distributions.

Definition 3. An s x t random matrix X is said to follow the matrix variate normal distri-
bution with mean matrix M and covariance matrix A ® B (denoted X ~ N; (M, A ® B)),
where A(s x s) > 0andB(t x t) > 0, if vec (X') ~ N (vec(M), A ® B). The corresponding
pdf. is

pX) = 2m)~"?|AI7?|B| 7 exp [—%tr (A" X-MB (X - M)’)].

Definition 4. An m x m symmetric positive definite random matrix W is said to follow the
Wishart distribution (denoted W~ W,,(p, S)), if

p(W) =

1
S|/ W[P™" D2 exp | —~tr(STIW) ) .
C(m, p) 2

Here, p > m is the degree of ﬁ'eedom,. S(m x m) = 0 is the parameter matrix, and
C(m, p) = 2pm2gmn=D/4 . ]_[';':1 F(”Jr;*f) is a normalization term with I'(-) being the
Gamma function.

Definition 5. An m x m symmetric positive definite random matrix V is said to follow the
inverted Wishart distribution (denoted V.~ ITWny(p, T)) if

p(V) =

1
T p/2 \Y4 —(p+m+1)/2 —Ztr Tv—l .
com. ,0)| 17721V expl =5 7 ( )

Some properties of these distributions are given in the subsequent part. In particular, the
first moments of W ~ W,,(p,S)and V ~ ZTW,,(p, T) are E(W) = pSand E(V) =T/(p —
m — 1), respectively.
Proposition 1
() If X ~ N;;(M, A ® B), then

EX) =M,

E(X-M)X-M))=ARB.
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2) If W ~ W, (p, S), then

m—1 .
E (log |W|) = log |S| +mlog2 + Z W ('OTJ> .
=0

Here, E(-) denotes the expectation and V(z) = I'’(z)/ T'(z) is the digamma function.

Proof. The moments of X are given in (Gupta and Nagar, 2000). To obtain E(log |W|),
consider

1
/ S| A2 )W |~ =D2exp (—Etr (S“W)) (dW) = C(m, p),

and take the derivatives of both sides with respect to p:

1 1
E/(1og|W| — log |SDIS| /2| W|P=m=D/2exp (—Etr(S_IW)> (dW) = C'(m, p).

Take log of C(m, p) as

m—1

pm m(m—1) p—J
logC(m, p) = 710g2+ Tlogn + Eologf‘ (T .
j:

Then take the derivative of log C (m, p) with respect to p:

7C’(m, P) = ﬂlogZ—l— lmif L (%) = ﬂlogZ—i— lmiilll (E)
C(m, p) 2 2 j=0 I’ (%) 2 2 j=0 2 .

Thus,

m—1 .
E (log |W|) = /log IW|p(W)(dW) = log |S| + mlog?2 + Z v ('OTJ> .
j=0

d

The following results, which can be found in (Gupta and Nagar, 2000), follow easily from
the definitions.

Theorem 3. Suppose W > 0 and W ~ W, (p,S). Partition W and S as Wi Wo
Wi Wy
and [211 :12i| respectively, where Wy, and Sy, are of size k x k. Let Wy =
21 D2
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Wy — W21W]_11W12 and Sy, = Sy — S21Sl_11S12 be the Schur complements of W1, and
S11, respectively. Then

(i) W11 ~ Wi(p, S11) and Wy ~ Wy _1(p, S22);
(i) War | Wi ~ N(S2187! Wiy, 821 ® Wiy); and
(iil) Wy ~ Wy—k(p — k, Spo.1) and is independent of Wy, and W.
Theorem 4. If W ~ W,,(p,S), then W' ~ IW,,(p,S™).
A.2 Wedge product and matrix differentials

For any matrix X, we denote the matrix of differentials (dx;;) by dX.

Definition 6. For an arbitrary m x n matrix X, (dX) denotes the wedge product (or exterior
product) of all mn elements of dX:

dX)=dxpyn---ANdxigg N ANdxpi A AdXp,.

If X is a symmetric m x m matrix, (dX) is the wedge product of the %m(m + 1) distinct
elements of dX:

dX)=dxi N ANdxyp ANdxop AN+ ANdxoyy A NdXpm.
We list below some results of matrix calculus that will be used in the sequel.

Proposition 2
(a) If Xand A are p x q and q X p, then

atr (XA)
X

A’
®) If X,AandBarep x q,q x qgandp x p, then

atr (AX'BX)

= BXA + B'XA';
X

(c) If X'is a p x p symmetric positive definite matrix, then

01 X
% =2X"" —diag(X™"),

otr (XA
ra(x Y Z At A - ding(a)

(d) If Xis a p x p symmetric positive definite matrix and A and B are ¢ x p and p X q,
then

atr (AX'B
% = —X"'(BA + A'B)X ' + diag(X 'BAX ).
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Proof. Here we only prove (d). As I = XX~', we have
0=9I/9x = 8/3x(XX"") = 8/9x(X)X ! + X9/9x(X1).

Ifi # j, since X is symmetric, then 0X/dx;; = e;€;; + e;e}, where e; is the ith column of L.
It then follows that 8/9x;;(X™!) = —X‘l(eie/j +e;e/)X~!. Thus,

9/9x;;(tr (Ax~'B)) = —tr (Ax"'(e;€; + e;€))X 'B)

—tr (AX'e;¢,X"'B) — tr (AX"'e;e[X'B)
= —¢/X'BAX'e; — ¢ X 'BAX ¢,

= —(X"'BAX™");; — (X" 'BAX");
~XT'ABX Y — (XT'BAX Y.

On the other hand, as 9X/dx;; = e;e], thus
3/0x;:(tfAX"'B)) = —(X "A'B'X ),
Result follows from combining the two. d

A.3 The kronecker product of matrices

Definition 7. Let A = (a;;) be a p x q matrix and B = (b;;) be an s x t matrix. The
Kronecker product of A and B, denoted by A @ B, is the ps x qt matrix

anB alzB (lqu

a21B azzB e aqu
A®B=

apiB apB ... a,B

Some important properties of the Kronecker product are listed in the following.

Proposition 3

Q) A®B) =A'Q®B.

(b) If A and B are both n x n, then tr(A ® B) = tr(A)tr(B).

() If A and B are both n x n, then |A @ B| = |A|" - |B|".

If Ais kxI,Bis pxq, XisIxs and Y is g xt, then (AQBX®Y) =
AX ® BY.

(e) If A and B are nonsingular, then (A ® B '=A1@B .

The following proposition (Horn and Johnson, 1991) shows the connection between
Kronecker product and the vec of a matrix.
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Proposition4 [fAist x k, Xisk x ,Bisl x s, Yisl x land D isl x t, then

(1) vec(AXB) = (B’ ® A)vec(X)

(ii) tr(AXD) = (vec(A")) I ® X)vec(D)
(iil) tr(AXYX'D) = (vec(X")Y(DA ® Y)vec(X') = (vec(X'))Y (A'D’ ® Y)vec(X')
A.4 Proof of Lemma 1

Lemma 2 WithC = Z_l as partitioned in (5), we have Cy, = )31_11,2, C1_11C12 = —):1222_21,
C22 = 22721'1 al’ldC;ZICm = — 22121711.

Proof. As
) b)) C C
E-C:|: 11 121|'[ 1 12]21’
Yo Xnp Cy Cn
we have

211C + X12Coy =1,
211Cp+ X12Cy =0,
Xy1Chi + Gy =0,
2Ca+EnpCn =1L

Thus, Ca1 = =25, £51Ci1, Ci2 = =X T12Ca, (11 — T12E5, 21)Cpy =T and (Tpp —
22121_11 Y 1,)Cy» =1, and result follows. O

B. Details of the proposed EM algorithm
B.1 Derivation of the E-step

The E-step is equivalent to computing the expectation Q(C, r | C(¢), r(¢)) of the complete
data log-likelihood function:

Q(C.r | C), r@)
= E [log p(K | C.r) | Ky, C(1), r(1)]

= /L (C,r | K) p(Kpa1 | C@), 7)) p(Ka1 | Ky, C(1), 7 ())(dK22.1) A (dK3p). (23)
Substituting (6) into (23), we obtain
rn r r
QC,r | C@),rt) = Tlogr —logC(n,r)+ 510g|C11-2| + 510g|C22|

r r _ r—n-—1
- Etr(cn-zKu) - Etr(C12C221C21K11) + - log |K1|
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r—n—

1
2 /log K221 p(Ka.q | C(1), r(1))(dK2.1)

- %/tr(czszzl)P(Kzz-l | C@), r())(dKaz.1)
- 7‘/tr(C12K21)P(K21 | Ki1, C@), r())(dKyy)

- %/tr(czszlellKu)P(Kzl | K1, C@), r())(dKyp).  (24)

Using Corollary 1 and Proposition 1 in Appendix A.1, we have:

(n— _
rr(it)ltr (C22C221 (t)) s

/tr(czszz-l)P(Kzzl | Coo(t), r(t))(dK2p.1) =
ny—1 _
/ 10g [Kp2.1 | p(Kpz.t | €0, r())(dKaz1) = nz 1og ot Z (M)
—log |C22(f)|,
ftr(C12K21)P(K21 | Ki1, C(t), r())(dKyy) = —tr (C2Cop (K1) (25)

As aresult of using the statement “Y is (M, C ® D)” is equivalent to the statement that
“yis N(m, C ® D)” with y = vec(Y’) and m = vec(M'), we obtain

E (vec(K12) K1) = —vec (Ki1C12C5, ) = — (€3, ® Kip)vee(Chn),
E (vec(Kp2)(vec(K12)) [Ki1) = (C5)' ® Ki1) vee(Cra)(vee(Cr2)) (€2, ® Kip)
1
+ ;sz ® Kll'
On the other hand,
tr (szKQlellKlz) = (VeC(Klz))/ (ICZZ ® Krll) VeC(Klz)
= tr ((Co2 ® K}}') vee(Ki2)(vee(K 2))') -
It then follows from Propositions 3 and 4 in Appendix A.3 that
/tr(C22K21K1_11K'21)p(K21 | Ki1, C(1), r(1))(dKyy)
= / tr ((Cx ® KjHvec(Kip)(vec(K12))') p (vee(Ki2) | Kii, C(1), (1)) dvec(K»)
n _ ’
= r(—;)tr (C2C5' (1) + tr (CoCo (DK Cyy (1)) - (26)
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So we obtain (7) through substituting (25) and (26) back into (24). It is worthy to note that
{K22.1, log [Kai|, Koy, vee(K) ) (vee(K5,))')
are complete-data sufficient statistic for {Cy1.2 , Ca1, Ca2, r}.

B.2 Derivation of the M-step

After some calculations, we have

1 1
log p(C | ©,r) = W log(yr) — log C(n, yr +n + 1) + % log |©|
r r r
+% log |Cy12| — %tr(clla(all) - %tr (C12C£21C21911)
nr nr
—nrir(C21©12) — th(czz(azz) + 5 log |Caa|. 27

Our M-step is now to maximize Q (C,r | C(¢), r(¢)) + log p(C | ®, r, ) with respect to
C and r, and then obtain C(t + 1) and r(r 4+ 1). Letting F(C,r | C(t),r(t)) = Q(C,r |
C(), r(t)) + log p(C | ©, r), we reformulate it as

r 1
F(C,r | C),r(1) = %QI(C | C() + 5@ | C), ),

where Q1(C | C(¢)) and Q»(r | C(¢), r(¢)) are defined in (11) and (12), respectively. As

DF(CrIC0.re) _ 201(CICH) _
aC =0 aC =0

.
3F(C,r\a(]?(f)ﬂ () 0 90-(r |§r(l‘),l(f)) +0,(C|C@) =0,
our M-step can be separated into two parts: first, obtain the (¢ + 1)th estimate of C by solving
% = 0; then, obtain the (# + 1)th estimate of r by solving (10). For the first part,
using Proposition 2 in Appendix A.2, we obtain the derivatives of Q;(C | C(¢)) with respect
to Cy1.2, Cy1 and Cyp; as

a . —
ach =2(14 n)Cy!, — (1 + ndiag (C1}',) — 2Ky + 1©1y)
112
+ diag(Ky; +170O11),
90, =20, (1)Ca1 (DK — 27Oy — 2C5,) Coi1(Ki1 + nO1y)
aCZl 22 21 11 21 22 21 11 11)»
001 -1 . . -1
o, = 204Gy — (14 mdiag (C5) —2(Cx (1) + nOx)
22

+diag (C3, (1) + n©@x) — 2C5, ()Ca1 (K11 C12(H)C3 (1)

+ diag (C, (NCa1 (DK C12(1)Cx (1))
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+2C5 C21(Kyy +7©;1)C12Cy)
- diag (ngl CZI(KII + U®11)C12C;21) .

As 2A — diag(A) = 0 is equivalent to A = 0, the saddle point equations of F' with respect to
C11.2, Czl and C22 are

Ciiz =0+ &Ky +1701) 7",
C, Ca1 = (C3, (OCx (K1 — n©2)(Kiy + 10117,
(14+17)C% = €3 () + 1Oxn + Cx; (1)Ca1 (K11 C12()C3, (1)
—C3 Co(Kyp +10©11)C12C3 .

Substituting the second equation into the third equation above, we obtain the M-step in (11).
B.3 Proofof C(t + 1) = 0

Assuming that C(¢) > 0, we now proceed to prove that C(t + 1) given in (9) is also positive
definite. Consider the following equality:
C5, (1) + 7O + Co (DK Chyy (1) — Copp 1+ DKy + 1©11)Chy (141)
= C3, (1) + 192 + Co (DK 1 Chy (1)
—(Co(OK11 — 1©2)(Ky1 + nO11) (Cap (K — 1©2;)
= Cy, (1) + 1@ + C3) (NC2(NK 1 Cra(1)C2; (1)
—(C3 (NC (K11 — n®2)(Kii + 101 (K11 Cia(NCy (1) = 1O 12)
= D(t) + 1O — D21(t) + 1O2)D1(1) + 1O, )~ D12(t) + nO1),

where  Dyj(1) = Ky, Dyi(1) = Djy(1) = =C3) (0Cu()Kyy  and - Doyy(r) = C3) (1) +
C5, (1)Cai (1)K C12(1)Cy) (). Now we define a new matrix as

Di(t) Dpa(r)
D) = . (28)
Dy (1) Do ()

It is easy to obtain Dy.i(¢) = Cz_zl(t). So we have D(z) > 0 and D(¢) + n® > 0. This
then follows that Dy, (1) + n©2 — (D21(t) + n©2)(Dy1(1) + nO11) ' (D12(2) + 1O12), the
Schur complement of Dy;(¢) +7n®;;, is positive definite. Therefore, by (9), we
obtain Cyp(t+1) > 0. Integrating Cji.(t+1) > 0, we have C(t+1)> 0 as long as
C(0) = 0.

B.4 Proof of Theorem 2

Using the matrix D(¢) defined in (28), we can re-express Q1(C(t 4+ 1) | C(¢)) as
01(C(t +1) | C(1)) = (1 + ) log |C(t + D| — tr(C(t + (D) + nO)),
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and compute

np—1

00> r(t)
- = 2og—+z (7>+log|D(1)|+nlog|®|
+n+w+ nlo L_}.nlo Z\IJ
nr 7 gnr+n+l g

r+n+1 ol r4+n+1—7j
Friog L SRy (Y,

2 . 2
j=0
So we have
—1 .
nr+n+1 ; nr4+n+1—j
log=— Y ¥ log ————— — "7
nog Z ( )+nn 0g—— rz;) 5
1 1 n = H—ni—j
+ ot —nnlog<1+i) 1y log ") Zw(w> (29)
nr nr 2 = 2

+ tr(C+1)D() + n©)) — log ID(t)| — nlog |O] — (1 + ) log |[Ct+1)| — (1 + n)n.

1 I’1+l

It is clear that nn™— ”* — nnlog (1 + ) is a positive decreasing function of r for r > n.

From the Lemma in the Appendix of (Chen, 1979), we also obtain that both nlog 5 —
Z" : \Il(rzf ) and nn log L= +"+1 — Z" ! \Il(%“_j) are positive monotonic decreasing
functlons of rforr > n. Thus the left- hand side of (29) is a positive monotonic decreasing
function of r for » > n. Furthermore, as

tr(C(r + DD()) + ntr(C(t + 1)O) > log |C(t + DD()| 4 n + nlog |C(t + O] + nn,

together with 7 log "2 — 20| W(XA=1) > 0, which is due to mlogtL >

n; log '(’) "L the right-hand side of (29) is always nonnegative. Therefore the solution

of (29) is umquely determined.
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