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Abstract We introduce graphical learning algorithms and use them to produce bounds on
error deviance for unstable learning algorithms which possess a partial form of stability. As
an application we obtain error deviance bounds for support vector machines (SVMs) with
variable offset parameter.
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1 Introduction

Bousquet and Elisseeff (2002) determine bounds on the deviance between the empirical and
true risk for stable learning algorithms and Kutin and Niyogi (2002) have extended their
work to handle various forms of stability. However many important learning strategies are
not stable in any of these senses. For example Vapnik’s (Boser et al. 1992) 1-norm soft
margin support vector machine (SVM) which includes the offset parameter is not stable.
In this paper we develop graphical learning algorithms to analyse the statistical stability
of unstable learning algorithms that possess a partial form of stability and prove a general
bound on the risk deviance for them. This result is then applied to SVMs which include the
offset parameter to produce bounds on risk deviance which are similar to those Bousquet
and Elisseeff obtained without the offset parameter. The results are presented in Sect. 2 and
the proofs are contained in Sect. 3.
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2 Results

Consider sets X and Y and let P be a probability measure on Z := X x Y with corresponding
random variable z = (x, y). Let the model space be a nonempty set F and consider a loss
function L : F x Z — R. The risk associated to the measure P and the loss function is
defined as

Rep(f) =E._p(L(f.2)). ey

Note that if we identify a training set T = (zy, ..., 2,) € Z" with its empirical measure, then
1 n
Rer(f)=— L(fz)
i=l

is the empirical risk of f. The goal of the learning problem is to find an f such that R p(f)
is minimal where P is unknown and 7 is an i.i.d. sample from P. A typical strategy is to
minimize R, 7 or a regularized version. However, often solutions to these optimization
problems are not unique so we define a learning strategy to be a set-valued map

A:Z" - 27,

where 2% denotes the power set of F. Let us denote the value of the map A at the sample
T € Z" by the subset Ay C F. Then a learning algorithm is defined as a selection A from
the set-valued map A. That is,

A:Z" = F, where AT € Ar, VT € Z".
We now define graphical learning strategies which are the key notion of this work.

Definition 2.1 Let the hypothesis space be decomposed into F =U x S. We say that a
learning strategy A is graphical with respect to this decomposition if there exists a family
(A")ueys of mappings

A" 7" > S
and a set-valued map
U:7"— 24
such that
Ar={(u,A7):ueUr}, VT eZ".

This definition implies that for each T € Z", Ar is the graph over I/ determined by the
family (A"),cy restricted to the subset Uy C U. In particular the set-valued nature of A is
generated by U. In the following we will refer to S as the stable space and U/ as the unstable
space.

We define a graphical learning algorithm to be a selection from a graphical learning

strategy. It is easy to show that a graphical learning algorithm A corresponding to a graphical
learning strategy Ay = {(u, A%}) : u € Ur} is determined by a selection i from U through

Ar = (ir, AL;T), where iy € Ur, VT € Z".

The following illustrates an important example of a graphical learning strategy.
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Example 2.2 Consider an optimization criterion function Jr and suppose the learning
strategy is determined by minimization: A7 := argminy Jy(f). Then we show that if the
minimization problem determined by fixing the unstable variable A% := argmin, Jr(u, s)
has a unique solution for all u, then A is graphical. For the proof let us define Uy :=
argmin, Jr(u, A%). Our goal is to prove that Ay = {(u, A%}) : u € Ur} which is clearly
graphical. To that end suppose that (u’,s") € Ar. Then Jr(u',s") < Jr(u',s) forall s € S
implies that s’ = A';/. Moreover, since Jr(u',s’) < Jr(u,s) for all (u,s) it follows that
Jr(u/, A';/) < Jr(u, A%) for all u and so we conclude that u’ € Ur. Consequently we ob-
tain that Ay C {(u, A}) : u € Ur}. Conversely, consider a point (u', A‘}/) with u’ € Uy.
It follows that Jr(u/, A”}/) < Jr(u, A}) and from the definition of A% it follows that
Jr(u, A%) < Jr(u,s) for all s € S. Consequently we obtain Jr (u/, A‘;’) < Jr(u,s) for all
(u, s) and so conclude that {(u, A7) :u € Ur} C Ar.

We now define graphical strategies which are Lipschitz continuous when the unstable
parameter is varied. To do so, recall that a pseudometric is a nonnegative bivariate function
which is symmetric and satisfies the triangle inequality.

Definition 2.3 Let (U, d) be a pseudometric space. A graphical learning strategy A with
respect to U x S is Lipschitz continuous with respect to the loss function L over a subset
Zy C Z if we have

|L((u1, AT).2) = L((u2, AP), 2)| <d(uy,uz), VzeZy, T €Zy, uy,uz €U.

A Lipschitz continuous graphical learning algorithm is defined as a selection from a
Lipschitz continuous graphical learning strategy.

The following theorem provides performance guarantees for a Lipschitz continuous
graphical learning algorithm in terms of its performance for fixed values of the unstable
parameters and the covering numbers of the unstable space. Recall that for a pseudometric
space (U, d) the covering numbers N (U, d, €) are defined by

NU,d, €) :=min nzl:Elul,...,uneuwich/lCUBe(ui)}, >0,

i=1
where B, (u;) denotes the set of points u such that d(u, u;) <e.
Theorem 2.4 Consider a pseudometric space (U, d) and a graphical learning algorithm

A with respect to U x S which is Lipschitz continuous with respect to the loss function L
over Z. Then for any § > 0, € > 0 we have

P"(T ezZ" :RL,P(AT) - RL,T(AT) > 8)

<NU.d,e)supP" (T € Z" : Ry p(u, A}) — Ry 1 (u, A}) > § — 2¢)
uel

and

P (T € Z": Ry p(Ar) — Rpr(Ar)| > §)
<NWU,d,e)supP" (T € Z" : Ry p(u, A}) — Ry 1 (u, A})| > 8 — 2€).

uel
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Remark 2.5 A common method for defining learning strategies on product spaces U x S
can be described as follows. Let A : Z" — S denote any S valued learning algorithm. Then
the learning strategy Ar = {(u, AT) :u € Ur} where U : Z" — 24 is any set valued map
is obviously graphical and Lipschitz continuous with the trivial pseudometric and therefore
satisfies the assumptions of Theorem 2.4. For example, consider SVMs which include an
offset parameter (see the discussion at the end of this section for a description of SVMs). It
is well known that all solutions to the standard SVM learning strategy have the same Hilbert
space component Ay and vary only in their offset parameter. If instead of choosing one of
these offsets one chooses the offset parameter by minimizing the empirical classification
error, then this theorem applies.

Theorem 2.4 is independent of any notion of stability. However, if a Lipschitz continu-
ous graphical learning algorithms is stable for fixed values of the unstable parameter, The-
orem 2.4 may be used to provide performance guarantees through stability arguments. For
example, although many important algorithms may not be stable in any of the senses pre-
scribed by Bousquet and Elisseeff (2002) or Kutin and Niyogi (2002), many of them possess
this partial form of stability. As an illustration we now demonstrate how Theorem 2.4 can
be applied to classification. Here S and U are spaces of functions from X to R, F =U+ S
and Y = {—1, 1}. However instead of the usual classification loss function we consider a
continuous approximation. Namely, for y > 0 define the y-clipped loss function L, by

L, yf(x) <0,
L,(f.2)= rfﬁ”,0<wmsw
0, yf(x)>vy.

Note that L is the standard 0-1 classification loss. According to Bousquet and Elisseeff
(2002) a real valued classification algorithm A has classification stability g > 0 if

|Ar — Ap-illo < B, Vi, T €Z8,

where T~/ :=(z1,...,Zi_1, Zi41, - - - » Zu) denotes the n — 1-sample which one obtains by re-
moving the i-th point from the n-sample T = (zy, ..., z,). It is said to have uniform stability
with respect to the loss function L if

IL(Ar,-) = L(A7—i, )l < B, Vi, T €Z].

We can now prove performance guarantees for Lipschitz continuous graphical learning al-
gorithms which are stable for fixed values of the unstable parameter.

Theorem 2.6 Consider a pseudometric space (U, d) and a graphical learning algorithm
A with respect to U x S which is Lipschitz continuous with respect to the loss function L,
over Z. Suppose that for each u, (u, A") : T — u + A% has classification stability . Then
forany € > 0,

YIEZ
P (T €Z": IRy, p(Ar) =Ry, 7 (Ap)| > € + 2By ) S NWU.d, e/4)e 2407
Let us now apply Theorem 2.6 to support vector machines with offset parameter. To that
end, let H denote a reproducing kernel Hilbert space of functions on X with kernel k such
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that K :=sup,.y +/k(x, x) < 0o. For A > 0 we define the unstable space by
U :={beR:|p|<1+1'7K}. 2)

Define the model space F := U, x H and consider the loss function L, . To define the SVM,
we consider the hinge loss function Lijng.(f, z) :=max {0, 1 — yf(x)} and define the SVM
criterion function at f = (b, h) €U, x H to be

R (f) = MG 4 Ry (b + 1), 3)
where A > 0. Consider the fixed-b learning strategy A? defined by

A, 1= argmin Ry, (b, h). “

It is well known that solutions to (4) are unique. In the following theorem we will consider
a general class of SVM learning strategies which are defined by

Ay = {(b, AL,) b e Ur),
where U : Z" — 2" is some set valued map.
Remark 2.7 The standard SVM
Ar = arg fgﬂggH Rra(f) (&)

is such a strategy if we make the stipulation that if all the data have the class label y*
then we choose the solution (b, h) = (y*, 0). To see this observe that Howse et al. (2002)
(see Steinwart and Scovel 2007 for a published and more general result) show that any
such selection A 5 from (5) satisfies b € U, so the a priori restriction from R to U/, changes
nothing. Moreover, more general SVMs, for which the offset parameter b is determined
differently than the standard SVM, are also such strategies. For example consider when
A7, = {(b, AI}YA) :b e Ur} for A?,x defined in (4) and b is defined by minimizing the
empirical y-clipped loss:

. : b
Ur = argiIElé{I; RL?,T(b + A7)
for some y > 0.

Theorem 2.8 Consider a graphical learning algorithm with respect to U, x H defined by
A, = {(b, A?,x) :b € Uz} such that A’ , satisfies the fixed-b SVM (4) and U : Z" — 2 s
any set valued map. Then for any y > 0 and € > 0 we have

. . K?
P" (T ezZ": |RLy,P(AT,A) - RLV.T(AT,)LN >€+ m)

1 _ nez
y2e

<

©)
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Remark 2.9 Let us state the bound (6) in the alternative form to compare it with the result
of Example 2 of Bousquet and Elisseeff (2002) for soft margin SVMs with b = 0. In Sect. 3
we prove that if § < e™! then with probability greater than 1 — § we have

IR, p(Ar;) — Re, 1 (Ars)l

1
+In-. @)

2
k* Y2035+ AI2K 4+ 4/2)3
Ay In (3 ( +V2) +1> ;

< 4 M ATVE
T Ayn + Jn " QCAIKZ +y)?

The bound (7) can be compared with the result of Bousquet and Elisseeff as follows. Setting
y =1, the % term is identical, the coefficient in front of the large square root is larger by
a factor of two and inside the large square root is an additional Inn and constant term. The
factor of 2 can mostly be removed by modifying Theorem 2.6 so that € /4 in the covering
numbers becomes more like €/10 with a better constant in the exponential. This however
increases the coefficient in the logarithm term. Consequently the stability analysis of Bous-
quet and Elisseeff (2002), which only worked for b = 0, can be carried over to algorithms
which choose b in some other way.

3 Proofs

Proof of Theorem 2.4 From Definition 2.1 of a graphical learning strategy we obtain

RL,P(AT) - RL,T(AT) =< fSUf Re.p(f)—=Rerr(f))
€AT

= sup (Rp,p(u, A7) — Ry r(u, A}))

uelr

<sup(Rg p(u, A7) — Ry r(u, A})).

ueld
Moreover since
|L((u1, A7), 2) — L((u2, AP), )| <d(ui,uz), up,uz €U
it follows that
IR p(ur, A7) — Ry 7 (ur, AY) — Ry pua, A7) + Ry 7wz, A7) < 2d(uy, us),
up, Uy €EU.
Let O C U denote an e-net of size N (U, d, €). We conclude that

sup(R,p(u, A7) — Ry r(u, A7) <sup (Rp p(u, A7) — Ry r(u, AT)) + 2€.

ueld ueO

It then follows that

P”(T € Z" sup (Ry.p(u, A%) — Ry 1 (u, AL)) > 5)

uel

< P”(T € 7" sup Ry p(u, AY) — Ry 1(u, A%)) > 6 — 26)
ue®
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<NWU.d,e)sup P"(T € Z": (Ry p(u, A}) — Ry 1 (u, A})) > 8 — 2€)
ueO

<NWU.d,e)supP"(T € Z": (Rp p(u, A}) — Ry 1 (u, A})) > 8 — 2€).

ueld
The result for the absolute value follows in a similar way. O
Proof of Theorem 2.6 1t is easy to see that classification stability 8 implies uniform stability
B/y for L, . Furthermore note that the proof of Theorem 12 of Bousquet and Elisseeff
(2002) can be slightly modified to provide the same result for the absolute value of the

risk deviance for real classification algorithms with uniform stability §/y. That is, since
IL,(f.2)| <1, f €F,z€Z, wehave

ne?

€ . net
P" (T €Z": Ry, pu+ A7) —Rp, v+ A7)| > 3 + 2,6)/’1) <e 26nBy~T+DT (8)

for all u € U. Consequently Theorem 2.4 gives

P (T €Z": Ry, p(Ar) — Ry, 7 (A7) > §)

<NU,d,e/4)sup P" (T €Z": Ry, pu+ A7) —Rp, 7+ A7) > 8 — %)
ueld

and if we set § := € + 28y ~! and utilize (8) we obtain the result. O
We now prove a lemma controlling how the fixed-b SVM defined in (5) can vary with b.
Lemma 3.1 Let Q be a probability measure on Z and H be a reproducing kernel Hilbert

space of functions on X with kernel k such that sup, .y ~/k(x, x) < 00. Define the regular-
ized risk at f = (b, h) to be

R (f) = A, + Rigpe0(b+h) ©)
and let
boo._ :
AQ,A = arggglgRQ,x(b, h) (10)

denote the unique (Zhang 2001; Steinwart 2003) solution to the fixed-b soft margin problem
at Q. Then

|AG, — AG, |15, <27 by — bal. )

Proof Consider the more general situation where we have a function F : H — R defined
by F(h) := A||h||> + G(h) where G : H — R is convex and finite. Then according to Barbu
et al. (Barbu and Precupanu 1986) the subdifferentials add

AF (h) = 20h + dG(h).

Let 2* be a minimizer of F. It follows that 0 € d F (h*™) =2 Ah* 4+ 0G (h*) so that —2Ah* €
dG (h*). However, by the definition of subdifferential,

G(h) — G(h*) = (=2Mh*,h — h*), Vh.
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Therefore
F(h) = F(h*) = 1P = MBI+ G(h) = G(h*) = Ah|* = AIR** = 2Ah*, h — h)
and consequently we obtain the inequality of Bousquet and Elisseeft (2002)
Mk —h*|I> < F(h) = F (k") (12)

which they derived under the additional assumption of differentiability of G. To apply (12)
observe that since sup, .y +/k(x, x) < 0o it follows that R Lyjnge.0 (b + ) is a finite convex
function for all b. Therefore by setting G (h) := RLhingg,Q(bl +h) and F(h) :=Rp (b1, h)
we can apply (12) to obtain

MAG, — A, I3 < Roubi, AG,) — Rou(bi, Ag )
and by setting G (h) := RLhinger(bz + h) and F(h) := Ry, (b2, h) we obtain
MAY, — A, I3 < Roalba, AY ;) — Rou(ba, AZ,).
Adding the two we obtain
201G, — Al
<Roa(bi. AG,) = Roa(bi, AD,) + Roi(ba, AQ,) — Rouba, AG,)
= Ripnge 01 + AG ) = Ry 0(br + AQ,) + Riyge0(b2 + AQ )
— Ripge0(b2 + AG,)
= ]Ez~Q(Lhinge(b1 + AhQZ’M 2) = Lhinge (b1 + A[S,A’ 2) + Linge (b2 + AIS’A, 2)
— Liinge (b2 + Asz,p 2)).

Since || Luinge (b1 + A% 5. -) = Liinge (02 + A 1, lloo < b — ba| and || Lyinge (b2 + Al ;. ) —
Linge (b1 + Agﬁk, Moo < |by — by| the result follows. O

Proof of Theorem 2.8 To apply Theorem 2.6 we show that the assumptions imply that A;
is Lipschitz continuous and that A’ is classification stable for each value of b with the same
stability. We then bound the covering numbers.

Let us first show that A; is Lipschitz continuous. To that end we prove the following
lemma which we note is valid for more general measures than empirical measures.

Lemma 3.2 Let H be a reproducing kernel Hilbert space of functions on X with kernel k
such that K :=sup, .y +/k(x,x) < oo and let U C R. Consider a graphical learning algo-
rithm with respect to U x H defined by AT,A = {(b, A';_k) :b € Uy} such that AbT,A satisfies
the fixed-b SVM (4) and U : Z" — 2Y is any set valued map. Then A, is Lipschitz continuous
with respect to L,, for the pseudometric

1
dy (b1, b2) := ;(F'/ZKV b1 — ba| + |b1 — bal).
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. 2 . C e
Proof We first note that since |a| + |b| < (/al 4 +/[P)” that d,, ; is a pseudometric. Since
L, is Lipschitz continuous in its first variable with constant y L, for all values of the second
variable z = (x, y) we obtain that

1
L, (b1, A} ), 2) — Ly ((bs, A7), 2)| < - |A%, (0) + by — AP, (x) — by
1
< ;(wl — ba| +|A7, (x) — AT, (0)])

1
(b1 — bol + K[| A, — A%, 14).

< —
14

Application of Lemma 3.1 then finishes the proof. |

Bousquet and Elisseeff (2002) show that the soft margin solution without offset A(}! N
defined in (4) has classification stability

KZ

P=

13)

The same proof technique can be used to show that AbT_ ,, has the same classification stability
(13) for any b.

We now bound the covering numbers N (U, d, ;, € /4). Because these covering numbers
are small compared with the exponential decay of the probability bounds we bound them
crudely.

Lemma 3.3 Consider U, defined in (2) and d,, ) defined in (3.2). Then for all € > 0 we have

412K +V2)3
N dyse)< 2 KEVD Ly
y2e
Proof Let d}h(bl, bz) = )\._1/2K«/ |b1 — b2| + |b| —b2| SO that dy,)» = %d)L and N(Z/{A, d%)h, 6)
= NU,,d,, ye). Define B := 1+ A~Y2K . For by, b, € U, =[—B, B] we have |b; — b,| <
2B from which we conclude that |b; — by| < 4/|b; — b2|v/2B so that

di (b1, by) =27 K\/|by — by| + by — by| < (A'2K +/2B)y/|by — bal.

Consequently, if we let « := A™'/2K 4+ /2B then dj (b, b,) < a+/[b; — bs| and we
obtain

€? 2Ba?
N, dy,€) <N(U,av/|-|,€)=N UAJ'L; = + 1.

Finally, the inequality (a + b)*> < 2a® + 2b* implies that

2
Bo? = (72K + 1)<A_1/2K + V202K + 1))
<20 7"PK + (K2 42007 2K + 1)
<207PK + DK +V2)?

<272K +V2)°. O
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We can now conclude the proof of Theorem 2.8. The classification stability bound (13)
combined with the fact that Lemma 3.2 implies that A, is Lipschitz continuous with respect
to L, for the pseudometric d,, ; and the bound on the covering numbers of Lemma 3.3
applied to Theorem 2.6 finishes the proof. O

Proof of Remark 2.9 To prove the alternative form (7) observe that for x,a,b > 0 and

§(x) = (j‘—c + De " we can bound the inverse x (8) as follows: § = (;—’ + De~®* implies that

X = %(ln(f—( 4+ 1) +1n %) which implies that x > éln% so that x < %(ln(l;‘—bl +1) +1n %).
5

Therefore if § < e~! it follows that x < j(In(ab+1) + In§). Setting x = €%, a =

“12 3 .
840" PK+VD® and b= —2— then gives the result. O
14 238412

4 Discussion

Theorem 2.6 is general in that it shows how to express bounds on risk deviance for learn-
ing algorithms in terms of bounds on the risk deviance for the algorithm restricted to fixed
values of a parameter space. This result is then applied to SVMs which include the offset
parameter to produce bounds on risk deviance which are similar to those Bousquet and Elis-
seeff obtained without the offset parameter. However it is useful to note that this inductive
risk deviance theorem requires no notion of stability. This technique is similar to structural
risk minimization (Vapnik 1998) where a discrete collection of classes is to be optimized
over. The main difference is that in structural risk minimization no continuity assumptions
are necessary when moving between the classes since simple union bounds are used. On
the other hand, we thank one of the referees for pointing out that this method could be used
in structural risk minimization over a continuous family of classes if the simpler notion of
continuity is replaced by |L(u1,a, z) — L(u,,a,z)| <d(uy, uz). In Theorem 2.6 the Defini-
tion 2.3 needs to be a stronger assumption since the result is in terms of learning algorithms
which are more general than those constructed from risk minimization.
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