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1 Introduction

Consider a (discrete-time, one-dimensional) branching random walk. It starts with an
initial ancestor particle located at the origin. At time 1, the particle dies, producing a
certain number of new particles; these new particles are positioned according to the law of a
given finite point process. At time 2, these particles die, each giving birth to new particles
that are positioned (with respect to the birth place) according to the law of the same point
process. And the system goes on indefinitely, as long as there are particles that are alive.
We assume that, each particle produces new particles independently of other particles in the

same generation, and of everything up to that generation.
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The number of particles in each generation obviously forms a Galton—Watson process,
which will always be assumed to be super-critical.

Let (V(z), |z| = n) be the positions of the particles at the n-th generation. The process
(V(z)) indexed by a Galton-Watson tree is called a branching random walk. We do not
assume the random variables V(x), |z| = 1, to be independent, nor necessarily identically
distributed, though it is often assumed in the literature (for example, in [16]).

We are interested in min,—, V'(x), the minimal position of the branching random walk
after n steps. Under a mild integrability assumption, we have (Kingman [I1], Hammersley [7],
Biggins [2]), on the set of non-extinction,

(1.1) % ‘15‘111711 V(z) — 7, a.s.,
where v € R is a known constant.

The rate of convergence in (1)) has recently been studied, independently, by Hu and
Shi [§], and Addario-Berry and Reed [1]. To state the result, we assume the following

condition:

(1.2) E( 3 e—”x)) ~1, E( 3 V(x)e—W)) —0.

|z|=1 |z|=1

This is referred to in the literature as the boundary case; see for example Biggins and
Kyprianou [3]. Under (L.2), we have v = 0 in (L.I]).

For discussions on the nature of the assumption ([L2]), see Jaffuel [9]. Loosely speaking,
letting m denote the essential infimum of min|,—; V (), then under some mild integrability
conditions, a branching random walk can always be made to satisfy (L[2)) after a suitable
change of scale, if either m = —o0, or m > —co and E[} | 1iz—my] < 1.

In addition of (I.2), we assume the following integrability condition: there exists 6 > 0
such that

(1.3) E(Ze‘w(x))<oo E(ZV —<1+”<x)<oo, E[<Z1)

|z|=1 |z|=1 |z|=1

140
] <o

Theorem 1.1 ([8], [1]) Assume (13) and (I.3). On the set of non-extinction, we have

inV(z) — 3 in probability.

1.4
(14) logn |I:(:I|1=n 2’




The proofs of Theorem [[T] presented in [§] and [I] are totally different, but both of them
are rather technical. [In [I], it is furthermore assumed that the random variables V(x),
2| =1, are i.i.d. and that }Z, _, 1 is a.s. bounded.]

The sole goal of this note is to give a simple and self-contained proof of Theorem [L.1],
using only elementary properties of sums of i.i.d. real-valued random variables. We list in
the Appendix these elementary properties of sums of i.i.d. real-valued random variables.

Theorem [T is equivalent to saying that for any o < 2 and 5 > 2

(1.5) P{ ‘rr‘lin V(z) < alogn ’ non—extinction} — 0,
(1.6) P{ ‘Ir‘lin V(z) > flogn ‘ non—extinction} — 0, n — 00.

We prove (LH) and (L.6]) in Sections 2] and Bl respectively. Our proof of (LO) is presented
under an additional assumption: E{[},_, 1]} < oo and E{[> .- ~(1+V@]21 < oo for
some ¢ > 0. It is possible to adapt the proof without using the addltlonal assumption, by
means of a truncation argument (see, for example, Lemma 4.5 of Gantert et al. [6]) and at
the cost of an extra page, but we think it is more interesting to keep the proof as simple as
possible.

Throughout the paper, we use a,, ~ b, (n — c0) to denote lim,, 3= = 1; the letter c
with subscript denotes a finite and positive constant.

Remark. In order to make our proof truly self-contained, we reprove all known results

for branching random walks that are needed in the paper.

2  Proof of (I.5)

For any vertex x, let [&, 2] be the unique shortest path relating z to the root &, and x;
(for 0 < i < |z|) the vertex on [@, ] such that |x;| = 1.
We assume ([L2)). Let Sy, Sy — 51, S3 — S9, -+ be i.i.d. random variables such that

(2.1) P{Sl < u} E{ Z e l{V )<u}}, Vu € R.

|z|=1
In particular, E(S;) = 0. We write S, := min;<;<,, S; for n > 1.

We claim that for any n > 1 and any measurable function g : R” — [0, co),

(2.2) E{ > g(V(w),-+ Vi) | = B{eSg(S1, - 80 }.

|z|=n



This is easily checke by induction (on n): Forn = 1, (22]) is nothing else but (ZI)). Assume
that (2.2)) is proved for n. Then by conditioning on the first generation of the branching

random walk and using the induction hypothesis, we obtain the claimed equality for n + 1.

Proof of (17). Let K >0 and 0 < a < 2. Let

Zn = Z Liv(@)<atogn, V(wi)>—K, ¥1<i<n}-

|z|=n

By (2.2), we have,

E(Z,) = E{eS” lis,<atogn, s;>—K, \ﬂgign}} < naP{Sn <alogn, S, > —K},

For n such that alogn > 1, we have P{S, < alogn, S, > —K} < ¢ (1‘;%/"2)2 (Lemma [A.T]).
Since a < %, it follows that lim,,_,., E(Z,) = 0.

Under the assumption E[Z|x|:16_v(x)] =1 (X \z=n e”V@  n > 0) is a (non-negative)
martingale with respect to its natural filtration; so it converges almost surely. In particular,
SUDy, D= e V@) < o0 a.s. A fortiori, inf, ming =, V(z) > —00 a.s

Since we have already proved that Z,, — 0 in probability, this implies (L. O

3 Proof of (I1.6)

The proof of (LL6]) also relies on the study of the associated random walk (.S;). It is
technically slightly more involved, because we use a second-moment argument this time. We
start with the observationd that, under assumption ([3)), there exists a constant ¢y < 0o

such that, on the set of non-extinction,

1
(3.1) limsup — max V(z) < ¢, a.s.
n—oo N |z|=n
Indeed, by (L3), there exists 6 > 0 such that c3 := E[}>_, _, V@] < co. Let a > bgT%, and
let Y, == 3, Lv@)an}. Clearly, Y, < e—and > lel=n eV By Chebyshev’s inequality,

P(Y, > 0) < E(Y,) < e ™E[Y V@] = 79 (¢3)", which is summable in n because

|z|=n

1See the last Remark in the Introduction. There is a deep explanation to the presence of the new random
walk (S;) using the size-biased branching random walk of Lyons, Pemantle and Peres [14] and Lyons [13].
This idea has been used by many authors in various forms, going back at least to Kahane and Peyriere [10].

?See the last Remark in the Introduction. In fact, assumption (I2)) ensures that min|,—, V() — oo a.s.
on the set of non-extinction; see Lyons [13].

3See the last Remark in the Introduction. It is, obviously, an immediate consequence of (ITJ).
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c3 < €. By the Borel-Cantelli lemma, lim,_,» Y, = 0 a.s. on the set of non-extinction,
yielding (B.1).
Proof of ({I.6). Let C' > 0 be the constant in Lemma [A.3] Let

[0, 00) if1<k<n,
Iy = Iy(n) := < [§ logn, o0) ifn <k <2n,
2logn, 3logn+2C] if k= 2n.

Consider the random variable

Zn = Z 1{\/(90)6[% logn, % log n+2C], minj <;<p V(2;)>0, min, < j<on V(xj)zg logn}

|z|=2n

- Z 1{V(93k)61k,V1§k§2n}.

|z|=2n
Applying (2.2)) gives that

E(Zn) = E{eSQ” 1{Sk€[k’V1SkS2n}} > n3/2P{Sk e, V1<k< 2n}.

By Lemma [A.3] this yields E(Z,) > ¢, for some constant ¢; > 0.
We now estimate the second moment. By definition,

E(Z)) = E{ > 1{V(mk>,V(yk)ezk,v1sz~cs2n}}

jal=2n |y|=2n
2n—1
= E(Z,)+ E{ DD lwesenmsisy Y, Y 1{V(mk>,V(yk>elk,w<ks2n}}
§=0 |2|=j (@j1,9541) (@,9)
= E(Z,)+ A,

where, the double sum Z(xjﬂ’ yj+1) 1S OVET pairs ()41, yﬂl) of distinct children of z, whereas

Z(x,y) is over pairs (z, y) with |z| = |y| = 2n such tha
Applying the Markov property at generation j + 1 gives that

> xjp and y > Y.

2n—1

A, = E{ Z Z Liv(zen, vi<i<jy X

J=0 |z[=;

(3.2) XY L vaen Fin(V @) fin(V(g5e0)) |

(@541, Y5+1)

4By z >y, we mean either z = y, or y is an ancestor of x.



where, for any u € R,

fj,N(u) = E{ Z 1{U+V(~’0z)€~’e+g‘+1v Vlﬁfﬁ%—j—l}}'

|x|=2n—j—1
Applying (2.2)), we get:
fin(u) = E{e&%ﬁl1{u+3e€Ie+j+1vVlgﬁz"_j_l}}
3 3
< p¥2e0u P{§2n_j_1 > —u, 5 logn —u < Sy, j1 < 5 logn —u + 20}7

where S, := minj<;<; S; as before. By (A,

n3/2e—u

u 3 3
Fin(u) < n3/2e2C P{§ logn —u < Sy,_j_1 < 5 logn — u + 20} < cx W

This inequality turns out to be too rough when ;7 < n, so we do differently in the latter

situation. Since 2n — j — 1 > n — 1 this time, we apply Lemma [AT} for u € 1,4,

fin(u)

IN

3
n3/2e20_uP{§2n—j—l > —u, S2n—j—1 < ilogn —Uu+ 20}

3/2-u (u+1)(u + logn)?
(2n — 7 —1)3/2
)

(u + logn)?
cr (logn)?e™(u +1)%.

IA

Ce M

IN

cge “(u+1

IN

Let us go back to (B.2)), to see that

n

A, < c?(logn)4E{ Z Z Lven, vi<icjy X

3=0 |z[=j

Y VSV (ay) 4 1PV () + 1)

(@541, Y5+1)

2n—1
+C§n3E{ Z 2n — j Z Liv(zen, vi<i<iy Z e V(en) V(ym’}.
j=n+tl |2[=J (Tj41,Y5+1)

We observe that Z(xj%yjﬂ)e‘V(:”J’“)_V(yHl)|V(xj+1) + 1P|V (yj41) + 1] is bounded by
[Zle e—V($j+1)|V(l»j+1) + 1|3]2’ whereas Z(:cj+1,yj+1) e V(@j+1)=V(yj+1) by [ijﬂ e—V(xj+1)]2.
Under the additional assumption that E{[>,_, 1]*} + E{[3,_; e "V} < oo for



some § > 0, we have B{[}",,,_, e”V@|V(2) + b+ 1]*]*} < ¢s (b4 1)° for some g > 0 and all
b > 0. Therefore,

n

An < co(logn)t E{ Y lweenm<icie OV (z) + 1)6}

2n—1 1
3 L —2V(2)
TCion E{ Z M — j Z_l{V(zi)emwgsz}e }
j=n+1 |2|=7
Applying ([2.2]), this leads to:
n 2n—1 1
4 -5, 6 3 _S.
An < 09(log n) Z E{e J(Sj + 1) 1{§j20}} + cion Z o — ]E{e Jl{Sieli7V1§i§j}}'
J=0 j=n+1
It is easy to bound the two expectation expressions on the right-hand side. For the first
; ; -5 6 c
expectation, we simply use Lemma [A.T] to see that E{e™(S; + 1)°1(g5 >0} < Gz for

some c¢1; > 0 and all j > 0. For the second, we recall that for j € [n+1, 2n—1]NZ, S; € I;

means S; > %logn, so that

_S. o .
E{e Sgl{siefi,wgisj'}} < E{e Syl{ﬁj,lzo,g1ogn§sj<3logn}} +ﬁ
1 3 1
= n3/2 P{ﬁj—l >0, 5108;” <55 < 310gn} + =
1 9(logn)? 1
C19 ; —,
n3/2 ]3/2 n3

<

the last inequality being a consequence of Lemma [A.Il Accordingly,

n 2n—1
1 1 9cp(logn)? 1
An < 09011(1Og n)4 E W + 010n3 E o — ]( n3/2j3/2 + $> < 012(10g n)4.
7=0 j=n+1

Since E(Z2) = E(Z,) + A, and E(Z,) > ¢4, this yields E(Z?) < ci3(logn)* [E(Z,)]?. By
E(Zn)] 1

the Cauchy—Schwarz inequality, P{Z, > 0} > [E(Z%) > ozt hence
P{ in V(z) < o1 +2o}>P{Z S0} > 1
min — n >
|z|=2n vh=glen - c13(logn)t

We obviously can apply the same argument to study minjz—s,—1 V' (2), to see that for some

constants C' > 0 and c14 >0, and all n > 2,

1

3 -
. i < — > —
(3.3) P{ min V' (z) < 5 logn + C’} oz )

|z|=n -
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Le‘@ e >0 and let 7, :=inf{k : #{x: |z| = k} > n°}. For all large n,

3 ~
P{Tn < oo, max min V(x) > max V(y)+ -logn + C}
ke[, n] |z|=k+Tn ly|=7n 2

< E P{Tn < oo, min V(z)> max V(y)+ 3 logn + 5}
kel |SC|=]<:+T7L ‘y|:7'n 2
E[Efn}
< S [P{ i V()>31 +5HM
min —logn
< 2 min V() > g ;
2: M

which, according to ([B3), is summable in n. By the Borel-Cantelli lemma, a.s. for all
sufficiently large n, we have either 7,, = oo, or MaXpe(n p) Mg |=ftr, V(z) < maxjy—., V(y)+
2logn + C. By (&1), on the system’s non-extinction, a.s;for all large n, we have either
Tp = 00, O MaXpe[n »] Mil|g|=f4r, V(z) < ci5mn + %logn +C.

Recall that the number of particles in each generation forms a super-critical Galton—

#ia: [z[=k}
mk

Watson tree. In particular, on the system’s non-extinction, convergesH a.s. to a

positive random variable when k& — oo, which implies &= —

oo a.s. (n — o0), and

-
logm?’
MaXke (2, n] Mg =kt 7, V(x) > minj, =, V() a.s. for all large n. As a consequence, upon the
system’s survival, we have, a.s. for all large n,

3 2
min V(z) < (= + G

1 C.
|z|=n -2 logm) ogn+

Since € > 0 can be as small as possible, this yields: on the set of non-extinction,

3
lim sup min V(z) < -, a.s.
n—oo lOgMN |z|=n 2

A fortiori, we obtain (L.6]). O

A Appendix on sums of i.i.d. random variables

We list a few elementary properties of one-dimensional random walks needed in this note;
they are either known results in the literature, or simple consequences of known results. Let
Si, Se — Sy, Sz — So, -+ be ii.d. real-valued random variables such that E(S;) = 0 and
that 0 < E(S?) < co. A trivial consequence of Stone’s local limit theorem is that there exist
constants c1g > 0 and Cy > 0 such that
(A.1) supP{r <S5, <r-+h} <cp

reR

Vn > 1, Yh > Oy,

ni/2’

°See the last Remark in the Introduction. From here, the proof is routine, following McDiarmid [15].
®Here, m := E[Z\z\:l 1] € (1, o0) is the mean reproduction number in the Galton—Watson process.
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We also recall (see Kozlov [12]) two well-known estimates for the tail behaviour of S, :=

ming <;<,, S;: for some constant c¢;7 > 0,

C17
(Ah2) P é% 2:0} ~ ;575, n — oo,
A3 lim sup n'/? su {S >—u} < 00
( ) 7%wmp uZ%QL+'1 -

Lemma A.1 Let Cy > 0 be the constant in [A1). There exists c1g > 0 such that for a > 0,
b>—aandn >1,

[(a+1) An'2][(b+a+1) An'/?]
n3/2 '

P{b< 5, <b+Co, 8, > —a} <
where x Ay := min{z, y}. In particular, there exists c19 > 0 such that for a > 0, b > —a
andn > 1,

[(a+1) A2l [(b+a+1)* An]
n3/2 )

P{s, <b, 5,> —a} <ei

Proof. We only need to prove the first inequality.

There is nothing to prove if n < 99; so let us assume that n > 100. We present the
proof only for the case that n is a multiple of 3; say n = 3k. A similar argument applies if
n=3k+1orif n=3k+ 2.

By the Markov property at time k, we have

P{b< Sy <b+Co, Sy > —af

< P{ﬁkz—a} sup P{b—xSSngb—:z+Co, §2k2—a—x}.

r>—a

By (A3), P{S, > —a} < 020%. It remains to check that

(b+a+1)AkV/?

supP{b—xSS%Sb—x—i-Co,§2k2—a—x}§021 ?

r>—a

Let §j i= Sop—j — Soi. Then P{b—x < Sy, <b—a+Cy, Sy, > —a—z} < P{-b+2—-Cp <
Sop < —b+ x, ming <;<ok S, > —a—b-— Cy}. By the Markov property, this leads to: for

T > —a,
P{b—xSSngb—x+Co, ﬁzkz—a—x}

< P{ min giz—a—b—Co}supP{—b+:5—C’o—y§§k§—b+x—y}.

1<i<k yeR
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The first probability expression on the right-hand side is bounded by a constant multiple
of b+“+/2k1/2 (by (A.3])), whereas the second probability expression bounded by a constant

multiple of k=12 (by (A])). Lemma [Adlis proved O

Lemma A.2 There exists a constant C' > 0 such that for any 0 < a < b < oo,

lim inf n'/? inf P{u§5n<u+0’§n20}>0.

n—oo ue[anl/Q,bn1/2}

Proof. Follows immediately from a conditional local limit theorem (Caravenna [5]): if the
distribution of S is non-lattice (i.e., not supported in any a + bZ, with a € R and b > 0),
thenH forany h >0, P{r < S, <r+h|S, >0} = %e}(p(—ﬁ?sf)) + 0(=47), N — 0,
uniformly in r € R; if the distribution of S; is lattice, and is supported in a + bZ with b > 0

being the largest such value (called the “span” in the literature), then P{S, = an+bl| S, >

__ blan+b)t (an+-be)?
0} =~ imen P~ ams

) + 0(=17), n — oo, uniformly in ¢ € Z. O

Lemma A.3 Let C > 0 be the constant in Lemma [A.d For any sequence (a,) of non-

negative numbers such that limsup,,_, ., -3 < 00, we have

(A.4) lim inf ng/QP{S >0, min S; > a,, a, < So, < ay, +2C’} > 0.

n—00 n<j<2n

Proof. Let co > 0 and ng > 1 be such that a, < con'/?, ¥n > ny. Let p, denote the
probability in (A4). Writing A := 2c2n'/? + kC for k > 0, we have, for n > ng + [(£)?],

[n1/2]

pa > > P{ﬁn >0, A <55 < A,
k=0

min (S S)>an—>\k, an—)\kSSQn—SnSan+2C—)\k+1}.

n<j<2n

Note that 2C — A\y11 = C' — \. By independence, the probability on the right-hand side is
P{S, >0, M < Sp < Mt f P{S, > a0 = Ay 00 = M < Sy S a0 +C = M}

The first probability expression is, by (A.2) and Lemma [A.2] greater than % (for large
n), wniformly in 0 < k < |[nY2], whereas the second is, by writing S; := S,_; — S,
> P{minlgjgn §j > ap—MNe+C, —a,—C+A; < §n < —a,+Ag }, which is > P{minlgjgn §j >
0, —a, —C+ X\ < S, < —a, + i}, and thus by (A.2) and Lemma[A.2] again, greater than
21 (for large n), uniformly in 0 < k < |[n'/2]. Consequently, for all sufficiently large n,
P > ZL"WJ 2 % 21 proving the lemma. O

"We mention that in the case a = 0, Lemma [A]]is essentially Lemma 20 of Vatutin and Wachtel [17].
8For any r € R, r* := max{r, 0} denotes its positive part.
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