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NUMERICAL INTEGRATION IN log-KOROBOV AND
log-COSINE SPACES

Josef Dick? Peter Kritzer! Gunther Leobacher? Friedrich Pillichshammer?

Abstract

Quasi-Monte Carlo (QMC) rules are equal weight quadrature rules for approxi-
mating integrals over the s-dimensional unit cube [0, 1]*. One line of research studies
the integration error of functions in the unit ball of so-called Korobov spaces, which
are Hilbert spaces of periodic functions on [0,1]® with square integrable partial
mixed derivatives of order «. Using Parseval’s identity, this smoothness can be
defined for all real numbers a > 1/2. In this setting, the condition o > 1/2 is nec-
essary as otherwise the Korobov space contains discontinuous functions for which
function evaluation is not well defined.

This paper is concerned with more precise endpoint estimates of the integration
error using QMC rules for Korobov spaces with « arbitrarily close to 1/2. To obtain
such estimates we introduce a log-scale for functions with smoothness close to 1/2,
which we call log-Korobov spaces. We show that lattice rules can be used to obtain
an integration error of order O(N~1/2(log N)~#1=N/2) for any 1/u < A < 1, where
1> 11is a certain power in the log-scale.

A second result is concerned with tractability of numerical integration for weighted
Korobov spaces with product weights (7;);jen. Previous results have shown that if
Z;’;l 7;j < oo for some 1 /(2a) < 7 < 1 one can obtain error bounds which are inde-
pendent of the dimension. In this paper we give a more refined estimate for the case
where 7 is close to 1/(2«), namely we show dimension independent error bounds
under the condition that 7%, 7; max{1, log %—1}“(1—)\) < oo for some 1/p < A < 1.
The essential tool in our analysis is a log-scale Jensen’s inequality.

The results described above also apply to integration in log-cosine spaces using
tent-transformed lattice rules.
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1 Classical Korobov spaces

We study quasi-Monte Carlo (QMC) integration rules

fxn) ~ f(z) da

n=0 [0,1]

for the approximation of s-dimensional integrals where the quadrature point set P =

{zo,x1,...,xny_1} C [0,1]° is deterministically constructed. We use the notation @, =
(Tn1, Tnoy- .., Tns). In particular we focus on so-called lattice rules, which are QMC rules
using the point set P = {xg, ®1,...,Zy_1} given by

x, = ({ng1/N},...,{ngs/N}), n=0,1,...,N —1, (1)

where ¢1,...,9s € {1,2,...,N — 1} and N is a prime number. The notation {-} in (1)
denotes the fractional part {x} = x — |z| for nonnegative numbers z € R. One of the
main questions in the study of lattice rules is the construction of a good generating vector
g=1(91,92,...,95); see [3,4, 5,12, 13, 18, 19, 20].

For this, let H be a Hilbert space of functions f : [0, 1]* — R with inner product (-, )y

and corresponding norm || - || . The worst-case error
L N
e(H,P)= sup )de— =3 f(x)
rerfla<t|Joas N nz:%

serves as a criterion for the quality of the quadrature point set P. Frequently one studies
reproducing kernel Hilbert spaces Hy which have a reproducing kernel K : [0,1]° x
[0,1]* — R. See [2] for more information on reproducing kernel Hilbert spaces and
6, 8] for background on reproducing kernels in the context of numerical integration. The
reproducing kernel has the properties that K(-,y) € Hg for all y € [0, 1]* and

fy)={(f,K(-,y))u, forall fe Hy and all y € [0,1]*,

where (-, -) g, is the inner product in Hg. One class of reproducing kernel Hilbert spaces
that has been studied intensively, are the Korobov spaces [6]. Those consist of functions

n [0, 1]* which have square integrable derivatives up to order « in each variable. Here,
the reproducing kernel is given by

Koq(@.y) = ) waq(k)em @), (2)

keZs

where wq (k) = [}_; Wa,,; (k;) and

1 if k; = 0,

vlk;| 72 otherwise.

waﬂ/j (k.]) = {
The inner product in this space is given by

ngKQ.Y Zf ( )7

keZs
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where @ denotes the complex conjugate of a complex number a and where f(kz) and g(k)
are the k-th Fourier coefficients of f and g respectively,

~

f(k) = f(x)e 2™k dg.
[0,1]°
The sequence v = (7;)jen of nonnegative real numbers are called weights, and they
determine the dependence of the variables on the dimension [17].
The worst-case error for numerical integration in a reproducing kernel Hilbert space
is given by the formula (cf. [9] or [8, Proposition 2.11])

N-1 N—1
2 1
(Hy, P) = /[ R CLEIVEE-D DY R SLERS =D SRR
) n,mzo
which, for the Korobov space simplifies to
—1N-1
e(Hx, .. P) = 1+ 4 Z > Kan(@n, Tm).
n=0 m=0

If the QMC-rule is a lattice rule, then this formula reduces to

(Hip )= Y wany(k)

keLL\{0}
where the dual lattice L* is given by
={£eZ:£-g=0(modN)}. (3)

In order for the sum in (2) to converge absolutely (and therefore for the reproducing
kernel and worst-case error to be well defined), we need to assume that o > 1/2. One of
the aims of this paper is to study the endpoint « close to 1/2 in more detail. QMC rules
are often applied to functions which do not satisfy the smoothness assumptions usually
considered and hence it is of interest to study QMC for non-smooth functions. We do so
by introducing a log scale in the definition of the Korobov space and we do the same also
for cosine spaces considered in [7]. This will be done in Section 2. In Section 3 we present
a component-by-component construction of a lattice rule which will be used in Section 4
to give bounds on the integration error in log-Korobov spaces.

Section 5 considers tractability of integration in log-Korobov spaces, Section 6 con-
cludes with a possible extension of our results to iterated log-Korobov spaces.

2 log-Korobov spaces

2.1 The log-Korobov space

Throughout this paper log denotes the natural logarithm.
The log-Korobov space is again a reproducing kernel Hilbert space with kernel of the

form (2) with the weight w, , replaced by 7, (k) = [[j_; 7, (k;), where
1 it k; =0,
vl ki1~ (log(klk;])) otherwise,
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where ;¢ > 1 is a real number, v = (;)en is a sequence of positive real numbers and & is

a fixed real number, which we assume to satisfy x > max{exp(e?), exp(e%; /h )} for all 5
(note that this implies ., (k;) < e < e™? for any k; # 0). The reproducing kernel for
the log-Korobov space is given by

Klogvuw(ma y) = Z Tm,y(k)e%ik'(w—y)’

kcZs

and we denote the corresponding reproducing kernel Hilbert space by Hy, . The inner
product in this space is given by

e, = > [R)ak)r (K),

keZs

The squared worst-case integration error for functions in the log-Korobov space using
lattice rules is given by (see for instance [22, Eq. (15)])

GQ(HKlog,u,'y’ P) = Z Tﬂv"/(k)a (4)

keLt\{0}

where the dual lattice L+ is given by (3).

In one dimension, functions in a Korobov space H, . of smoothness o > 1/2 satisfy a
Holder condition and therefore have smoothness beyond continuity (in higher dimension
functions in the Korobov space have finite fractional bounded variation), whereas the
functions in the log-Korobov space need not satisfy a Holder condition. We illustrate this
by the following proposition.

Proposition 1 The (univariate) function f defined by

; Flloa( /@k COS(27T/{31‘) € Hr,, .,

1s uniformly continuous but not Holder continuous.

Proof. Let 3 > 0 and consider the sequence m®(f(0) — f(m™")) for m = 1,2,.... We have

m? (f(0) = f (m szlog o)) (1_COS(2W]€))

Now we observe that
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(Note that = — £ (1 — cos(27z)) is continuous on [0, 1].) Thus we have, for m sufficiently
large, that

m? (f(0) — f(m™1)) > miﬁ /1 l(1 — cos(2mz)) dz =3 oo
— (log(km)) Jo '

In other words, we have that for any L > 0 and sufficiently large m

1 1\’
m m
so that f is not Holder continuous with Holder coefficient . O

Figure 1 shows f with x = exp(e?) and pu = 3/2.
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Figure 1: A non-Holder continuous function which lies in a log-Korobov space.

2.2 The log-cosine space

To remove the periodicity assumption inherent to the log-Korobov space we introduce
the so-called log-cosine space. The idea is to replace the trigonometric basis of the log-
Korobov space by the cosine basis

1,vV2cos(mx), V2 cos(2mx), V2 cos(3mzx), . . . .

Set oo(z) = 1 and o4 (x) = v/2cos(krz) for k € N. For vectors = € [0,1]° and k € N3 we
set ox(x) = [[;_; on,;(z;). The collection (ok)keny is an orthonormal basis of Ly ([0, 1]°)
(cf. [7]). We can define a reproducing kernel Cigg . by

Clog,u,'y<w7 y) = Z Tuf)’(k)ak(w)(jk:(y)a

keNs

where 7, is defined as in Section 2.1. The corresponding reproducing kernel Hilbert
space Hg,, , . is a space of cosine series

f(@) =" [k)ow(),

keNg
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where the cosine coefficients are given by

f(k) = f(@)o(x) d.

[0,1]¢

The inner product in this space is given by

Doy, = S FR)GR (k).

keNg

2.3 The tent-transform and numerical integration in the log-
cosine space

The tent-transform was first considered in the context of numerical integration in [10]

(therein called baker’s transform). In [7] it was shown that numerical integration in the

Korobov space Hg, , using lattice rules is related to numerical integration in a certain

function space based on the system (o )ren; using tent-transformed lattice rules. We

review the necessary steps to explain how this applies to the setting considered here.
The tent-transform p : [0, 1] — [0, 1] is given by

plx) =1— 22 —1].

For vectors & € [0,1]° we apply the tent-transform component-wise, that is, we write
p(x) = (p(z1),...,p(xs)). As in [7, Theorem 2] it follows that

N—1N—-1
1
6(lqctlog,u,'y’ PP) - 1 + m Z Z CIOg7M77(wn7 mm) = Z TM?'Y(k) = e(HKlog,u,'y’ P)’
n=0 m=0 keL1\{0}
where P = {x,x1,...,Ty_1} is a lattice point set given by (1) and where P, =

{p(xp), p(x1),...,p(xNn_1)} is the corresponding tent-transformed lattice point set.

Thus all the results for the log-Korobov space using lattice rules also apply to numerical
integration in the log-cosine space using tent-transformed lattice rules. For simplicity we
state the results only for the log-Korobov space and lattice rules in the following.

3 Component-by-component construction

The component-by-component construction of lattice rules was invented independently in
[11] and [21], and was developed further in [3, 4, 12, 13, 18, 19, 20]. The idea is to find
a good generating vector g = (g1, g2, ..., gs) one component at a time by minimizing the
worst-case error of the (d + 1)-dimensional lattice rule generated by (g1, ..., gaq, gar1) as
a function of g4, in the (d + 1)-st step, holding the components g1, g, . .., gq fixed. In
order to emphasize the dependence of the worst-case error e(Hp,, , ., P) on the generating
vector g, we write e(g) for the worst-case error in Hg,  , _ using a lattice rule with
generating vector g.



3.1 The algorithm

Algorithm 1 Let s € N and a prime N be given. Construct g* = (g5,...,9%) €
{1,..., N —1}* as follows.

o Set gy =1.
o Forde {1,2,...,s—1} assume that gi, ..., g} have already been found. Now choose
9 €{1,2,..., N — 1} such that
(975 94 9)
s minimized as a function of g.

e [ncrease d and repeat the second step until (g5, ..., g%) is found.

This algorithm requires one to compute the square worst-case error €2(gi, ..., g5, g)
for each ¢ € {1,2,..., N — 1}. Hence it is important to have an efficient method for
computing this quantity. We describe such a method in the following subsection.

An efficient implementation, called fast CBC algorithm, using the fast Fourier trans-
form was developed in [18, 19] which applies to Korobov spaces, hence it is clear that the
fast CBC algorithm also applies to the construction of good lattice rules for integration
in the log-Korobov space, see [18, 19] for details.

3.2 Computation of the worst-case error

Using (4) and the fact that

N1
1 . [ 1 ifk=0(modN),
Nzoexp(Qﬂlk?n/N)_ { 0 if k# 0(mod N),

the squared worst-case error can be expressed as

=

1

62(9) = Z Z Tu,'y(hu)ﬁ exp(27i(hy - g, )n/N),
(Z);éug{l ..... 8} huez‘*“‘ n=0
where g, is the projection of g onto the coordinates contained in u C {1,...,s}, and

where Z, = Z \ {0}. From this we further obtain

exp(2mih;gn/N)
*(g) = —1+ 1+1
N%H h%* |25 (log(#|hy]))#
We have
Z exp(2rihgn/N) = ex p(2wihgn/N) Z Z exp(2ri(h +mN)gn/N)
Bllog(rlh)F 2= Thilog(lkD)* 2= 2 T+ mN|(log(xlh + mN]))"
N—1
= » ¢(h)exp(2mihgn/N),
h=0



where

o | S | log(ipma ) ith=0, 5
| ez b+ mN [T (log(k|h + mN|)*if b # 0.

We do not have an explicit formula for ¢, not even for special cases of i and x. However,

for evaluating the slowly converging series defining ¢ one can use the Euler-McLaurin

summation formula, see [1, page 806, item 23.1.30]. These values can then be stored and

reused in the computation of the worst-case error.
The Euler-McLaurin summation formula states that if f € C?™([z1, 2»]), then

/ f(t) dt+ f(z1)+f(22)) +Z BQJ f(Qj 1) (z2)— f(Qj_l)(Z1))+(R(f,m,Z1,22),

lzl

and

(R(f,m, 21, 2)] < igf)”jf / F2) (@) da

where B; is the i-th Bernoulli number and ¢ denotes the Riemann (-function. For example
consider

f() :
xr) = .
(h+ Nz)(log(k(h + Nx)))*
Let gx 5(z) = (h+Nm)k(log1(/i(h+N:v)))3' Then f = ¢y, and
() = Nk N
Ik = T N log(r(h + N2))? (b + Na)+log(r(h + Nx))F+l
= =N (kgpt1,5(2) + Bgrr1,5+1(2)) - (6)

Repeated application of the differentiation rule (6) gives

f(@) = =N(g2,u(@) + p1g2,u41(2))
f"(x) = N?(2g3,u(2) + prg31(2) + 209301 () + (g + 1) g3 ura())
f" () = =N?(6ga,(2) + 2019411 (2) + 3pgap1(x) + (i + 1) gapura()
+ 641gau1(2) + 2(0 + D) pgaura(@) + 3pu(p + 1) gapro(x) + p(p+ 1) (1 + 2)gays(w))

and so on. We see by induction that
° f(%) is positive on (1, 00);
o f21 ig negative on (1, 00);

e [f®)] is a linear combination of 2* functions giy1,4e, ¢ € {0,1,...,k}, with all
coefficients less or equal N*u(p+1)---(u+k —1).

In particular we can estimate

|fB (@) < NP p(p+1) - (e + k= 1) gy u(2)

/OO }f(?m)(x)‘ dr = /OO f(2m)(x) dr

and



=—f(2m*”(z1)=| =) (z1)]

_ 1 (2N plp+1) - (p+2m —2)
=N \h+ Nz log(k(h+ Nz
Thus we get
¢2m) 1 (2N N\ p(ut+1)--(ut2m—2)
|(R(f,m, 21, 22)| < (2m)2n N \ h+ Nz log(k(h + Nzp))*
T D) (uk2m—2) (1"
6 N TZ1

uniformly for all zo > z;. Now |[(R(f, m, z1,00)| can be made arbitrarily small by fixing
m and choosing z; big enough.

4 FError bounds

The classical approach for proving error bounds on the worst-case error in the Korobov
space using lattice rules employs an inequality by Johan Jensen, which asserts that

(Zak) < Zak (7)

for a sequence of nonnegative numbers a; and 0 < A < 1; see [6, 14]. However, in our
setting, this inequality can only be used with A = 1, for which it is trivial. To obtain a
more precise inequality, roughly speaking, the idea is to consider the mapping

1 . 1
z(log(r2)) z(log(rz))HA

for pA > 1. We have the following generalization of inequality (7):

(8)

Lemma 1 Let ¢ : [0,2) = R be concave on [0, z), where 0 < z < 0o, and let 0 < ay, as, . ..
be real numbers such that Y ,_ ax < z. Then

(n—1)6(0) + ¢ (Z ak> <Y lar).

If Y70 ap < z, (0) > 0 and, in addition, there is a 0 < zy < z such that ¢(zy) > 0,
then
o(3om) < 3oton ®
k=1

Proof. W.lLo.g. we may assume that not all the a; are equal to 0. Let A := >} | ay.
Since ¢ is concave we have

(1 25000+ ot 2o ((1-%) -0+ %4) =)



Summing over k € {1,2,...,n} gives
(n=1)¢(0) + ¢(A) < ) d(ax) . (10)
k=1

If (0) > 0, inequality (10) remains valid without the term (n —1)¢(0). Since > ;- ax <
00, there exists an ng such that 0 < aj < zy for all £ > ng. Since ¢ is concave ¢(0) > 0,
and ¢(z) > 0, we have that ¢(x) > 0 on [0, z9). Thus ¢(ax) > 0 for all k& > ny. Therefore
we have, for all n > ny,

¢ (Z ak) <Y dlar) <D dlar) .-
k=1 k=1 k=1

Letting n — oo yields the result. (Note that concave functions on open intervals are
continuous. ) O

In order to be able to apply Lemma 1, we now proceed by constructing a mapping
that is concave and shares some other useful properties with the mapping z — 2.
Let A be a fixed number in (1/u,1]. We define a function ¢ : (0, 1] — R by

Y(2) = 2(log(1/2))7. (11)

Furthermore, we define a function ¢ : [0,00) — R by

0 if z=0,
o(z) == YP(2) if z € (0,e2],
(z —e 2 (e™) +p(e™) if z > e ?~,

We summarize some properties of the function ¢ in the following lemma.
Lemma 2 Let ¢ : [0,00) = R be defined as above. Then the following statements hold:
(a) @ is strictly increasing;
(b) ¢ is concave;
(c) (1) > 1;
(d) if z,y € (0,67, then p(zy) < p(x)p(y);
(e) fory € (0,62 (2u)*1=N] it is true that

-1 Y
7S Qogl ey

Proof. Regarding (a), it is easily checked that lim, 0% (2z) = 0 and that ¢/’ is positive on
(0,e7?]. Furthermore, 1'(e~?*) > 0, which implies that ¢ is strictly increasing.

Regarding (), it is easy to see that 1 is concave on (0, e~*] by computing the second
derivative, so ¢ is concave.

10



Regarding (c), since y(e™%) = e~ 2(2u)*(=N and ¢/(e=) = 2EL(2)#(1=N we ob-
tain

o A1 _ _ _
Q1) = (1= )2 (207 e (2 Y
A+1 A+1
- %(gﬂ)u(lk) + e 2 (2u)H=N) (1 _ %)
A1
> %(gﬂ)u(l—k)_

Let now f(A) := 22 (2p)#= for A € (1/p,1]. Then we have f/(X) = 200N =1n(1=2) (1 —
wu(l + A)log(2p)) < 0, which implies that f is non-increasing on (1/p,1]. Hence we
conclude that p(1) > f(A) > f(1) = 1.

Regarding (d), assume that z,y € (0,e 2#]. This, in particular, means that z,y €
(0,e72] and that log(1/z),log(1/y) > 2. Thus,

y(log(1/(xy)))
y(log(1/z) +log(1/y))* Y
y(log(1/x) log(1/y))*~Y

= o(z)p(y).

8

o(ry)

IA I
5 B

For (e), fix y with 0 < y < e 2#(2u)*!™Y = p(e™2"). As ¢ is non-decreasing, this
implies that z := ¢~ (y) € (0,e7%].
Since p(z) = y, we have

1 (log(1/2))"4-

— 2(log(1 p(1=X) i )
y = =(0g(1/2))17 or - ;

Hence,

log(1/z) = p(l—A)loglog(1/z) + log(1/y)

> (1= \)log(2u) + log(1/y)
> log(1/y).
This yields
. y y
. <
7 ) =2 = g1/ = (log(1/y))e0
as claimed. -

We also have the following lemma.

Lemma 3 Let ¢ : [0,00) — R be defined as above, lety > 0, and k > max{exp(e?), exp(e?y/#)}.
Then for all k # 0 we have

1

¢ (1 (k) < Dy e max{1, logy~ Y ’
Py (K)) < 7 Dy max{ e T Togtr TR

where D, » . > 0 is a constant depending only on p, A, and k.

11



Proof. Note that by the choice of k we have r, (k) < e % and log(x |k|) > 1 for any
k # 0. We then have

) = ¢ (77

-
(log(x |k:|))u)

N k| (longf k)~ (log(y~" k| (log(r |k|))u))u(1—A)
_ v

= Tkl Gog ()"

(logy ™" + log [k| + ploglog(r [K]))"" ™ .
Furthermore,

logy™" + log k[ + tlog log(r |k[))

max{1,logy '} + log |k| + ploglog(x |k|)
pmax{1,logy '} (1 + log [k] + loglog(s [k]))
pmax{1,logy~"} (1 + log(r [K]) + log log(x [k]))
3pmax{1,logy "} log(x [k]),

(VAN VANN VAN VAN

where we used log(k |k|) > 1. This yields the result.
O

Now the following theorem shows how the worst-case error using a lattice rule with a
generating vector constructed by Algorithm 1 can be bounded.

Theorem 1 Let g* = (g7,...,9%) € {1,...,N — 1}* be a vector constructed by Algo-
rithm 1. Let v = (7;)jen be a sequence of positive real numbers and assume that £ >

SUDjen max{exp(eQ),exp(e%j/“)}. Then for every d € {1,...,s} and any 1/pu < X < 1 it
is true that

Td(ua )‘7 R, 7)
N (log(N/ T, A, ,)))" ™

fO’f’ any N > eQH(QM)ﬂ(Ail)Td(ua )\7 R, ’7); where

(g1, 92) < (12)

d
Ta(ps A K, y) = 3H (1 +2C, ) v max{l,log 7;1}M(1—,\)) ’
j=1

with a constant C), 5, only depending on p, A\ and k.

Proof. Using induction on d we first show that

* * T :L[/7)\7"i77
P (gh.... 7)) < TN, (13)

The result then follows from Lemma 2(e).

Note that if & > sup, oy max{exp(e?), exp(e%j/“)}, then r,,,, (k;) < e ™ if k; #0. We
can then use (¢) and (d) of Lemma 2 to obtain

S S

‘P(Tu,'v(k)) =@ H Ty (kj) < H Qp(ruﬂj (kj)) < HSO(T;M/J- (kj))
kj;élo /g;lo =

12



For d = 1, we have ¢gf = 1. Using Lemma 1 and Lemma 2(a), we obtain

p(e*(1)) = ¢ Yo (k)

kez\{0}
k=0 ( mod N)
<Y o)
kez\{0}
k=0 ( mod N)
— — - 1
< 2Duemax{llogy POV e
k=1 &
k=0 ( mod N)
— — - 1
= 2D, max{l, log PN Y kN(log(H/fN))
kl,i

9 oo
< =D, 1, log ~; 1 =N
= N Ly, Ba! maX{ ,10Z€ 71 } ; k lOg :‘ik

- %CH,A,/{% maX{L lOg 7171}“(17)\ )
where Cx e = Dy 3oty wesiamys < 00 and where Dy, 5 is defined as in Lemma 3.
This implies the result for d =1
Suppose now the result has already been shown for dimension d < s, i.e., there exists
a vector g = (97,-..,gy) satisfying (12). As the algorithm chooses g}, to minimize
e*(g, g), we clearly have e*(g5, g5, 1) < €*(g}, 9) for all g € {1,2,..., N — 1}. From the
monotonicity of ¢, see Lemma 2(a), we obtain

oPgh i) S vor > #lgig)).

We therefore have

o(e* (g5, 9511))

1
< _ Z ¥ Z Ty (Ka, k)
ge{l,...N—-1} (kq,k)€Z41\{0}
(g5,9) (ka,k)=0 ( mod N)
1
- N —1 Z ¥ Z Tﬂ77<kd> + Z Z T,u,,‘y<kd7 k)
ge{l,....N—1} kg cz4\{0} kyczd keZ\{0}

g’5-kq=0(mod N) (g7:9)-(ka,k)=0( mod N)

IA
|-
N
©

Z Tuny(ka) | +¢ Z Z Tury(Ka, k)

g€{l,...N—1} kqeZ4\{0} kgeZd keZ\{0}
g%-kg=0(mod N) (9%:9)-(ka,k)=0( mod N)

13



where we used Lemma 1 to obtain the last inequality. Hence we see that

p(€*(g3, 9i11) < ¢(€*(g3)) + ba, (14)

where

O := ﬁ Z 2 Z Z Ty (R, k)

ge{l,...N—1} kyezd keZ\{0}
(g5,9)-(kq,k)=0 (mod N)

Using Lemma 1 once again, we get

s Y Y e Y elnuakah)

k,czd keZ\{0} ge{l,..,N—1}
(g5,9)-(kq,k)=0 (mod N)

D RED SEEE D SRR (W 5)

kgezd  keZ\{0} ge{l,...N—1}
k=0(mod N) g5-kq=0(mod N)
1
- Z Z N _1 Z (ruy(Ka, k)
k €74 keZ\{0} ge{l,...N—1}
k#0 ( mod N) (95,9)-(kq,k)=0( mod N)
1
< Z Z P(ru~(ka k) + N_1 Z Z (T~ (ka, k),
kqyezd  keZ\{0} kq.c7  keZ\{0}
k=0(mod N) k#0 ( mod N)
where we used that there is at most one solution g € {1,..., N — 1} to the congruence
(92:9) - (ka, k) = 0 (mod N).
Let now

Y= Z Z (P(ru,'y(kdvk))

k.74  keZ\{0}
k=0 (mod N)

and

Yo = ﬁ Z Z ‘P(Tu,'y(kda k))

kq,c74  keZ\{0}
k#0 ( mod N)

Regarding >.;, we have

21 = Z @(Tu,%pﬂ (k)) + Z Z ¢<Tﬂ77<kd7 k))

keZ\{0} kgezi\{0} kezZ\{0}
k=0 ( mod N) k=0 (mod N)
- Z (p(ru,’Yd-H (k))
keZ\{0}
k=0 ( mod N)
+ Z oM H (Z @(Wﬁj(@)) Z P(Tpyan: (K))
0£uCld]  jeu \k=1 keZ\{0}
k=0( mod N)

14



= Z @(T%’Ydﬂ 1+ Z oM H (i‘p Ty, ’YJ )

kezZ\{0} 0#uC[d] jeu \k=1
k=0 ( mod N) N 4

=311
In exactly the same way as for d = 1, we see that
2 —1 u(1-X)
Y11 < NC;L,A,H’MH max{1,logy,} .

Moreover,

Yo = H (1 +2 Z ‘P(Wﬁj(@)) -

The sum ), (7,,,(k)) can be estimated similarly to the case for d = 1 by removing
the assumption & = 0 (mod N). Thus 5 < $Ty(u, A, k,7) and therefore

1
_Td(luu )\7 K, 7)

2
1 < 5 Cuanrasn max{L logygfy 0~ 2

For Y5, we have, in the same way as above

DS 2 Y el ) Y wlra k)

keZ\{0} kqez?
k#0 ( mod N)
2 o
= N Z (rumas (K 1+ Z 2 H (Z‘P (T, ( )
keZ\{0} 0AuCld] jeu \k=1
< 290, max{1Tog 74 0N STl A, k).

3

Summing up, we obtain

1 _ _
0y < NQCH,)\7,€fyd+1 max{1, log fydjl}“(l )‘)Td(,u, A K, Y).

Using this estimate and the induction hypothesis together with (14), yields

* * 1 — —
@(ez((gdagdﬂ))) < NTd(/ia A, Ky Y) (1 + 2C 2w Vd+1 max{1, 10g’7d4}1}u(1 /\)) .

The result follows. O

Theorem 1 is similar to [12, Corollary 2] (where 5; = 1). Our result gives a more
refined estimate for the endpoint where A is arbitrarily close to 1/p.

We discuss now a relation between the worst-case error integration errors in the
Korobov space and log-Korobov space, respectively. The worst-case error in the Ko-
robov space H,_ depends on a and is defined for o > 1/2 only. One can introduce

15



a new figure-of merit by setting o« = 1/2 and truncating the infinite sum in (2) to
k€ C(N) = (—N/2,N/2]* N Z*. This figure-of merit is then given by the finite sum

R(g) = Z wy/2.~(k)

ke(LLnC(N))\{0o}

and can be used to obtain bounds on e(Hg, , P) for any a > 1/2 (see [15, Theorem 5.5]
or [14, Lemma 4.20] for the case where v; = ... = 7, = 1). The advantage is that R
is independent of o and that lattice points g with “small” value for R(g) automatically
yield a “small” worst-case error in Hy, - for every o > 1/2. The worst-case error in the
log-Korobov space can be used in a similar way as the criterion R. Theorem 2 below is
similar to a weighted version of [15, Theorem 5.5] or [14, Lemma 4.20] and the well-known
inequality

1/

P(Hgor P)= > wark)< | S war(k) :(eQ(HKQW,P))I/A.

keL1\{0} keL+\{0}
for 1/(2a) < A <1, where 4* = (7})jen, which is a direct consequence of (7).

Theorem 2 For any g € {1,2,.... N —=1}*, p>1, a > 1/2 and 1/(2a) < X < 1 we

have
1/A
P)) ,

A

e(Hic, . P) < (e(Hx

Y
1og, YN T ok, A

1 p
Tpaok,) = MAX {(log K", <2)\a — 1) } , (15)

A _ A
and where Y Tyax0 = (7} TyamA) jen-

where

Proof. For 1/(2a) < A <1 we have

s A
’Y,
e PV = 3 wan) < X wa®= 3 Tl
keL-\{0} keL-\{0} keL-\{0} kjjélo J
We claim that for any k; € Z \ {0} we have

1 Ty,

< )
[Fej |22 [k (log ([ k5 [))»

1 p
Tpaok,) = MAX {(log/{)“, <2)\a - 1) } .

This amounts to showing that log(kz) < 7';/5 m}\xwiil for all z > 1. The result clearly

holds for x = 1. By differentiating both sides with respect to =, we require that

where




This means that we require

"
H —(2Aa—1)
T”a“A"<2Aa——1) .

for all x > 1. Since 2 Aa — 1 > 0, the claim follows.
Thus we have

’7 Th,a, k)
) i J s
(e“(Hk,.. P Z H |kj|(log(k|k;|))~

k:eLl\{O} ] 1
J

= Z TH’77)\T;L,04,K,A(k)
keLt\{0}
=e*(Hg , P).

log, Y Ty ok, A

Combining Theorems 1 and 2 we obtain the following result.

Corollary 1 Let u > 1, let v = (7;) en be a sequence of positive real numbers and assume

that k > sup,ey exp(e%j/“). Let g* be constructed using Algorithm 1 based on the log-
Korobov space Hr,,, , . and let P denote the lattice rule with generating vector g*. Then
foralla>1/2,1/2a) <A <1and 1/pu < XN <1 we have

Ty X 1) 1/(2))

d\H, Ny R,

€<HKa 1//\/71//\ ’P) = / n(1=X) ’
Y L0 R, N<10g<N/Td<IU/7)\7K/7’Y>>>

1/>\/ 1/A

where Ty q.xx 15 given by (15), and where 71/’\/ uan/\ = (v Tﬂ,aﬁ’)\)jeN.

J

5 Tractability

We now investigate the dependence of the right-hand side in (12) on the dimension.
In order to get an upper bound on the error of numerical integration in the Korobov
space Hp,  using lattice rules, which is independent of the dimension, we require that
Z;’;lfy; < oo for some 1/(2a) < 7 < 1. Theorem 1 allows us to give a more precise
condition for the case where 7 is close to 1/(2a).

To make our study more precise, we need to recall the concept of tractability. Here,
we only give the definitions relevant to our setting, for much more detailed information
we refer, e.g., to [16, 17]. Let e(V,s) be the Nth minimal QMC worst-case error of
integration in a Hilbert space H given by

e(N,s) = i%fe(H, P),

where the infimum is extended over all N-element point sets P in [0, 1]*. We also define
the initial error e(0, s) as the integration error when approximating the integral by 0, that

is,
e(0,s) = sup / f(x)dx|.
[0,1]°

JeH, || flI<1
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This is used as a reference value.
We are interested in the dependence of the Nth minimal worst-case error on the
dimension s. We consider the QMC information complexity, which is defined by

Nmin(e,s) =min{N € N:e(N,s) <ee(0,s)}.

This means that Ny,(e, s) is the minimal number of points which are required to reduce
the initial error by a factor of €. We can now define the following notions of tractability.
We say that the integration problem in H is

1. weakly QMC tractable, if

1 Nmin )
lim 28 Tmin€, %) (£:9) = 0;
st+e—l—o0 s+e1
2. polynomially QMC-tractable, if there exist non-negative numbers ¢, p and ¢ such
that

Niin(€, ) < es%e™P. (16)
3. strongly polynomially QMC-tractable, if (16) holds with ¢ = 0.

It is well-known and easy to show that the initial error for integration in Hp,  and
in Hr,, . 1s equal to 1 in both cases.

The following theorem states necessary and sufficient conditions for the different no-
tions of tractability. It turns out that these conditions are exactly the same as the standard
tractability results for the Korobov space Hg, _, which can be found, e.g., in [17].

Theorem 3 o A necessary and sufficient condition for strong polynomaial tractability
of integration in Hy, , and Hg, _ 1is

o
Z v < 0Q.
j=1

o A necessary and sufficient condition for polynomial tractability of integration in
Hg, . and HKlog,m 18

lim sup
s—soo  logs

o A necessary and sufficient condition for weak tractability of integration in Hy, , and

is
lim L:j =17

S—00 S

Klog,u,‘y

=0.

Proof. We start with showing the sufficiency of the conditions stated in the theorem. Note
that the proof of Theorem 1 yields, for the special choice of A = 1,

€2<g*) < 4,071 <% H (1 +2C AR ’)/j)> . (17)

j=1
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Suppose first that Z _17; < o00. Then

H(l +2C 2 n7j) = €xXp <Z log(1 + QCH,A,R’VJ')> < exp (20%)\7,{ nyj> ) (18)

j=1 j=1 j=1

where we used log(1 + z) < x for > 0. This implies strong polynomial tractability.
Suppose now that limsup,_, . @ Z§:1 7; < oo. Then by similar arguments as for
strong polynomial tractability,

s

[T +2Cuamm) <5

j=1
for some positive constant 7 > 0 that depends on u, A\, and k. Now choose N > 3s7e?*.
We then obtain, by using (17) and applying Lemma 2(e) with A = 1,

38"

62(9)<W

Hence, in order to achieve a worst-case error of at most ¢, it is sufficient to choose N such
that
N > 3s"max {82“, 5_2} ,
which implies polynomial tractability.
Finally, assume that lim, .o 3377 = 0. Choose N > 3exp(20,,,x > 5, 7;)e*
We again apply (17) and Lemma 2(e) with A = 1 to obtain

3exp(20, 2 Ej:1 ¥5)
v .

If we want to achieve a worst-case error of at most €, we can choose N such that

62(9* S

N > 3exp (20;%)\7,.62%) max{e* ¢}

j=1

Hence by the assumption that limg .., % Z§:1 v; = 0, we see that we indeed have weak
tractability.

Regarding necessity of the conditions, we consider the Korobov space Hg,  with
a = p/2. For 7 > 0 sufficiently small we have w,;-(k) < 7y, (k) for all k € Z. Note
that 7 can be chosen independently of «;. Hence

1 i, = D wars(R)FR)E = D R)I =1,

keZs keZs

and thus the unit ball of the Korobov space Hk, .. is contained in the unit ball of the
log-Korobov space Hg, , . Consequently, the worst-case error of integration in the log-
Korobov space H,, ,  is at least as large as the worst-case error of integration in the
Korobov space Hp, . The necessary condition on -« for achieving weak tractability in
the Korobov space Hy,  is lim, o0 + > =177 =0 (see, e.g., [17, Theorem 16.5]), which
is equivalent to the necessary condition on - stated in the theorem. For polynomial
and strong polynomial tractability we can proceed in the same way, again using [17,
Theorem 16.5]. O
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Theorem 1 also allows us to obtain a more refined result for strong polynomial tractabil-
ity. With a suitable choice of weights we can get rid of the dependence on s in Theorem 1.

Theorem 4 Let ju > 1, let v = () jen be a sequence of positive real numbers and assume
that K > sup;cy max{exp(e?), exp(ezv;/“)} and that for some 1/p < A <1 we have

r:.= nyj max{l,logfy]fl}“(l’)‘) < 0.

j=1

Then for the generating vector g* constructed by Algorithm 1 and the worst-case error in
the space Hp,,, ,  we have

1
N(log N)#(1-2)"

62 (g*> <<,u,>\,n,F

where the implied constant is independent of the dimension s.

Proof. 1 I' := 3777 v; max{l,logfy]fl}“(l_” < 00, then using an argument as for the
derivation of (18) yields

To(p, A vy y) < 3exp (20, 0x]") = Buar~ forall s € N.

From (13), we then have
e’(g") < ¢~ (Buana/N). (19)
Now choose N > B, , .~ (note that the choice of N does not depend on s), and again

apply Lemma 2(e) to (19). This yields

Bu«\,f@r‘/
N(log(N/Bm)ww))“(l_/\) .

e*(g*) <
The result follows. O

If Zj’;l 7} < oo for 7 =1 but not for any 7 < 1, then, for instance, [12, Theorem 4]
yields a convergence of order O(N~/2). On the other hand, Theorem 4 can yield a slightly
better convergence rate if Zj’;l 7v; max{1, log fyj’l}“(l_” < oo and therefore yields a more
precise estimate for such cases. For instance, in [13] additional conditions are needed
when 7 = 1, but it is not clear whether this can be partly avoided using Theorem 4.

6 A possible extension

The results in this paper could also be extended in the following way. Let log,(x) denote
the ¢ times iterated logarithm, that is, log,(z) = x, log,(z) = logz, log,(z) = loglogx
and so on. Let k be a fixed, sufficiently large, real number. Define

(k) = 1 if k=0,
Ty e\R) = ~v(log,(k|k])) " Hf;é(logi(“|k|))_l otherwise,
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and 7,4 ¢(k) = [T, 7u;.0(k;). Note that for any £ € N and y > 1 we have

Z rue(k) < oo.

00
k=1

We can again define a reproducing kernel

Kiog, uvy(T,Yy) = Z 1o ()27 @),

keZs

Using a modification of the function ¢, similar results for the space Hiop, 0y 88 for the
space H,,, , could be obtained.
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