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Abstract

In this paper, we consider maximum likelihood estimations of the degree of freedom
parameter v, the location parameter p and the scatter matrix X' of the multivariate Stu-
dent ¢ distribution. In particular, we are interested in estimating the degree of freedom
parameter v that determines the tails of the corresponding probability density function
and was rarely considered in detail in the literature so far. We prove that under certain
assumptions a minimizer of the negative log-likelihood function exists, where we have
to take special care of the case v — 00, for which the Student 7 distribution approaches
the Gaussian distribution. As alternatives to the classical EM algorithm we propose
three other algorithms which cannot be interpreted as EM algorithm. For fixed v, the
first algorithm is an accelerated EM algorithm known from the literature. However, since
we do not fix v, we cannot apply standard convergence results for the EM algorithm.
The other two algorithms differ from this algorithm in the iteration step for v. We show
how the objective function behaves for the different updates of v and prove for all
three algorithms that it decreases in each iteration step. We compare the algorithms as
well as some accelerated versions by numerical simulation and apply one of them for
estimating the degree of freedom parameter in images corrupted by Student ¢ noise.
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1 Introduction

The motivation for this work arises from certain tasks in image processing, where the
robustness of methods plays an important role. In this context, the Student ¢ distri-
bution and the closely related Student ¢ mixture models became popular in various
image processing tasks. In [31] it has been shown that Student ¢ mixture models are
superior to Gaussian mixture models for modeling image patches and the authors
proposed an application in image compression. Image denoising based on Student ¢
models was addressed in [17] and image deblurring in [6, 34]. Further applications
include robust image segmentation [4, 25, 29] as well as robust registration [8, 35].

In one dimension and for v = 1, the Student ¢ distribution coincides with the
one-dimensional Cauchy distribution. This distribution has been proposed to model
a very impulsive noise behavior and one of the first papers which suggested a
variational approach in connection with wavelet shrinkage for denoising of images
corrupted by Cauchy noise was [3]. A variational method consisting of a data term
that resembles the noise statistics and a total variation regularization term has been
introduced in [23, 28]. Based on an ML approach the authors of [16] introduced
a so-called generalized myriad filter that estimates both the location and the scale
parameter of the Cauchy distribution. They used the filter in a nonlocal denoising
approach, where for each pixel of the image they chose as samples of the distribu-
tion those pixels having a similar neighborhood and replaced the initial pixel by its
filtered version. We also want to mention that a unified framework for images cor-
rupted by white noise that can handle (range constrained) Cauchy noise as well was
suggested in [14].

In contrast to the above pixelwise replacement, the state-of-the-art algorithm of
Lebrun et al. [18] for denoising images corrupted by white Gaussian noise restores
the image patchwise based on a maximum a posteriori approach. In the Gaussian
setting, their approach is equivalent to minimum mean square error estimation, and
more general, the resulting estimator can be seen as a particular instance of a best lin-
ear unbiased estimator (BLUE). For denoising images corrupted by additive Cauchy
noise, a similar approach was addressed in [17] based on ML estimation for the fam-
ily of Student ¢ distributions, of which the Cauchy distribution forms a special case.
The authors call this approach generalized multivariate myriad filter.

However, all these approaches assume that the degree of freedom parameter v of
the Student ¢ distribution is known, which might not be the case in practice. In this
paper we consider the estimation of the degree of freedom parameter based on an
ML approach. In contrast to maximum likelihood estimators of the location and/or
scatter parameter(s) u and X, to the best of our knowledge the question of exis-
tence of a joint maximum likelihood estimator has not been analyzed before and in
this paper we provide first results in this direction. Usually the likelihood function
of the Student ¢ distributions and mixture models are minimized using the EM algo-
rithm derived e.g. in [13, 21, 22, 26]. For fixed v, there exists an accelerated EM
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algorithm [12, 24, 32] which appears to be more efficient than the classical one for
smaller parameters v. We examine the convergence of the accelerated version if also
the degree of freedom parameter v has to be estimated. Also for unknown degrees of
freedom, there exist an accelerated version of the EM algorithm, the so-called ECME
algorithm [20] which differs from our algorithm. Further, we propose two modifi-
cations of the v iteration step which lead to efficient algorithms for a wide range
of parameters v. Finally, we address further accelerations of our algorithms by the
squared iterative methods (SQUAREM) [33] and the damped Anderson acceleration
with restarts and e-monotonicity (DAAREM) [9].

The paper is organized as follows: In Section 2 we introduce the Student ¢ distri-
bution, the negative log-likelihood function L and their derivatives. The question of
the existence of a minimizer of L is addressed in Section 3. Section 4 deals with the
solution of the equation arising when setting the gradient of L with respect to v to
zero. The results of this section will be important for the convergence consideration
of our algorithms in the Section 5. We propose three alternatives of the classical EM
algorithm and prove that the objective function L decreases for the iterates produced
by these algorithms. Finally, we provide two kinds of numerical results in Section 5.
First, we compare the different algorithms by numerical examples which indicate that
the new v iterations are very efficient for estimating v of different magnitudes. Sec-
ond, we come back to the original motivation of this paper and estimate the degree
of freedom parameter v from images corrupted by one-dimensional Student ¢ noise.
The code is provided online'.

2 Likelihood of the multivariate student t distribution
The density function of the d-dimensional Student ¢ distribution 7, (, X) with v >

0 degrees of freedom, location paramter i € R? and symmetric, positive definite
scatter matrix X € SPD(d) is given by

(&2 1
Py, p, X) = — (422 i T
FEPETIEE (1 - T 1- )

with the Gamma function I'(s) = fooo t*~le~! dr. The expectation of the Student ¢
distribution is E(X) = u for v > 1 and the covariance matrix is given by Cov(X) =
ﬁZ‘ for v > 2; otherwise, the quantities are undefined. The smaller the value
of v, the heavier the tails of the T, (u, X') distribution. For v — o0, the Student ¢
distribution T, (u, ) converges to the normal distribution A/ (u, X) and for v = 0
it is related to the projected normal distribution on the sphere S?~! ¢ R?. Figure 1
illustrates this behavior for the one-dimensional standard Student ¢ distribution.

As the normal distribution, the d-dimensional Student ¢ distribution belongs to
the class of elliptically symmetric distributions. These distributions are stable under
linear transforms in the following sense: Let X ~ T, (1, X') and A € R4*4 be an

Uhttps://github.com/johertrich/Alternatives- EM- Studentt
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Fig. 1 Standard Student ¢ distribution 7, (0, 1) for different values of v in comparison with the standard
normal distribution N (0, 1)

invertible matrix and letb> € R?. Then AX +b ~ T, (A uw+b, AX AT). Furthermore,
the Student ¢ distribution 7, (u, X') admits the following stochastic representation,
which can be used to generate samples from 7, (u, X) based on samples from
the multivariate standard normal distribution A'(0, I) and the Gamma distribution
r (%, %) Let Z~N(@©,I)andY ~T (%, %) be independent, then

Xt B2 (1)
=p+—=~T(u,2).
VY ’
For i.i.d. samples x; € R4, i = 1,...,n, the likelihood function of the Student ¢
distribution T, (., X') is given by
d+v\" n
r () 1

E(V,/L,ELX],. . s-xn):

d+v ?

(e n nd 5 n L B d+v
(3)" @72 1212 ;2 (H—%(xi—u)TE L(x; —M)> 2
and the log-likelihood function by

L, w, Zlxt, ..., xp) = nlog(T (d;r”)) —nlog (' (%)) — % log(v)

n
n 1 _
—Elog|2|—d%§ 10g<1+;(xi_M)T2 l(xi_M)>-

i=1
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In the following, we are interested in the negative log-likelihood function, which up
to the factor % and weights w; = % reads as

L(v,p, ©) = —2log (T (4F2)) + 21og (T (%)) — vlog(v)

+(d+v) > wilog (v+ (4 — 0" Z (5 — w) +log 1.

i=1

In this paper, we allow for arbitrary weights from the open probability simplex A, =
{w=(wi,...,wy) € Ry : Y7, w; = 1}. In this way, we might express different
levels of confidence in single samples or handle the occurrence of multiple samples.
Using % = X"1and % = —(X_T)abT(X_T) (see [27]), the derivatives
of L with respect to i, X' and v are given by

i — )
VA — )T — )

0L 5 = 240y
— (v, i, = — v w;
o n £ i

2 = —w)tE!
v+ — T2 — )

L v v+d) | ¢ v+d
Q_U(V’M’E):d)(z)_(b( 2 )+;wi<v+(xz‘—u)T2—‘(xi—M)

O ( v+d )_1>
BT -0 E T - ’

P (x) ==Y (x) —log(x), x>0

L -
Gy i B) = —(d+v) ) wi + 3z
i=1

with

and the digamma function

_ 4 ey 2 F@
W(x)—a og (I'(x)) = )

Setting the derivatives to zero results in the equations

n

Xi — [

0= : ,
; T e T T -

@)

n

1 1
22(x — i—w'Ee
I:(d+v)2w,- 2(x; — ) — u) 2

i=1

v+ — )T g — )
F(3)=e(3)-o(57)

n
. v+d _ v+d _
2w <u+<xi—u)T£*1(xi—m log <v+(x,-—u>T2*'<xi—u)> 1)' @
i=1

3

o
Il
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Computing the trace of both sides of (3) and using the linearity and permutation
invariance of the trace operator we obtain

f(E 0 - e - wTEE)
vt (= )TE G — )

B
I

n t
tr(l) = (d+v) Y w
i=1

S e DR T )
) v T T - )

i=1

which yields

1
v (= T — )

l=d+v)) w
i=1

We are interested in critical points of the negative log-likelihood function L, i.e., in
solutions (u, X, v) of (2)—(4), and in particular in minimizers of L.

3 Existence of critical points

In this section, we examine whether the negative log-likelihood function L has a
minimizer, where we restrict our attention to the case u = 0. For an approach how
to extend the results to arbitrary u for fixed v we refer to [17]. To the best of our
knowledge, this is the first work that provides results in this direction. The question
of existence is, however, crucial in the context of ML estimation, since it lays the
foundation for any convergence result for the EM algorithm or its variants. In fact,
the authors of [13] observed the divergence of the EM algorithm in some of their
numerical experiments, which is in accordance with our observations.

For fixed v > 0, it is known that there exists a unique solution of (3) and for
v = 0 that there exist solutions of (3) which differ only by a multiplicative positive
constant (see, e.g., [17]). In contrast, if we do not fix v, we have roughly to distinguish
between the two cases that the samples tend to come from a Gaussian distribution,
i.e., v — 00, or not. The results are presented in Theorem 1.

We make the following general assumption:

Assumption 1 Any subset of less or equal d samples x;, i € {1,...,n} is linearly

independent and max{w; :i =1,...,n} < %

For v = 0, the negative log-likelihood function becomes

L(v, YY) = —2log (F <d%)> +2log (F (%)) —vlog(v)

n
+d+)) wilog (v + xiTE*lxi) +log(|Z)
i=1

= —2log (F <d%)> + 2log (F (%)) —vlog(v)

. 1 Ty—1
+(d +v)log(v) + (d +v) Y w; log 14 —x 270y ) + log(12).
i=1
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Further, for a fixed v > 0, set

n
Lu(D)=d+v)) wilog (v n xiTzf‘xi) +log(|Z)).
i=1
To prove the next existence theorem we will need two lemmas, whose proofs are
given in the Appendix.

Theorem1 Letx; e R4, i=1,...,nandw € AnfulﬁllAssumption 1. Then exactly
one of the following statements holds:

(i) There exists a minimizing sequence (v, X,), of L, such that {v, : r € N} has
a finite cluster point. Then we have argmin, s)eR_,xSpD@)L(v, X) # ¥ and
every (¥, f]) € argming, 5)eR. oxSPD() L (v, X) is a critical point of L.

(i1) For every minimizing sequence (v, X,), of L(v, X) we have rl_i)rgovr = 0.

Then (X)), converges to the maximum likelihood estimator > = Z?:l w,-x,-xl.T
of the normal distribution N'(0, X).

Proof Case 1: Assume that there exists a minimizing sequence (v,, X,), of L, such
that (v,), has a bounded subsequence. In particular, using Lemma 4, we have that
(vr)r has a cluster point v* > 0 and a subsequence (v, )x converging to v*. Clearly,
the sequence (vy,, 2y, )k is again a minimizing sequence so that we skip the second
index in the following. By Lemma 5, the set {X, : r € N} is a compact subset of
SPD(d). Therefore there exists a subsequence (X, )x which converges to some X* €
SPD(d). Now we have by continuity of L(v, X') that

LOv*, 2*) = lim L(v,, %) = L(v, X).
k— 00

min
(v, X)eR-0xSPD(d)
Case 2: Assume that for every minimizing sequence (v, X ), it holds that v, — oo
as r — o0. We rewrite the likelihood function as

NOEE
vV

r (%)

n

1
+(d+v) Y w;log (1 + —xiTZ‘_lxl) + log(|X]).
vV

i=1

L(v, X) = 2log + dlog(2)

Since

(S

lim —F (%)% =1
v—>00 F(d‘é“’) v

we obtain

n
1
lim L(v,, X,) = dlog(2)+ lim (d+v,) E w; log <1 + —xiTZ‘,I)ci)—}—logﬂZ‘,I).
r—00 Vp—>00 i Vy

%)
Next we show by contradiction that { X, : » € N} is in SPD(d) and bounded: Denote
the eigenvalues of X, by A1 > --- > A,4. Assume that either {A,; : r € N} is
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unbounded or that {A,; : » € N} has zero as a cluster point. Then, we know by
[17, Theorem 4.3] that there exists a subsequence of (X),, which we again denote
by (X;),, such that for any fixed v > 0 it holds

lim L,(X,) = o0
r—0o0

Since k — (1 + f)k is monotone increasing, for v, > d 4+ 1 we have
1 u 1 vrtd
T Tyl
(d~|—vr)zlw,10g <1+—x z- xl) = X;wilog ((1~|—v—rx,- X x,-) )
l 1=
n 1 Vr
> 21: wj log <<1 + v—rx,-TZ‘r_lxi) )
i=
n 1 - . d+1
;wilog (1 + e lxi X xi)
" 1
- (d—i—l)Zw,- log< yn lxlTZrlx,)
i=1

n
d+1)Y wilog (1 n xiTz;lxi)
i=1

v

v

—log(d + 1)4*1,
By (5) this yields
lim L(v,, X,) > dlog(2) — log(d + 1)¢*!
00
n
+lim (d+1) Y wi log (1 + x?z;lx,-) +log(1Z,])

i=1
dlog(2) —log(d + D! + lim L (%)) = oo
r—>00

This contradicts the assumption that (v, X\), is a minimizing sequence of L. Hence,
{X, : r € N} is a bounded subset of SPD(d).

Finally, we show that any subsequence of (X)), has a subsequence which converges
oY = Z" | WiXiX T Then the whole sequence (X)), converges to 3.
Let (E ) be a subsequence of (X,),. Since it is bounded, it has a convergent

subsequence (Erkz), which converges to some ¥ e {Z, :r € N} C SPD(d). For

simplicity, we denote (2”‘1)1 again by (X,),. Since (X)), is converges, we know

that also (x; £, 'x;) converges and is bounded. By lim v, = oo we know that the
F—> 00

Vr
functions x +— (1 + Vi) converge locally uniformly to x +— exp(x) as r — oo.
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Thus we obtain

hm (d +v,) Z w; log (1 + —xTE x,)
d+v,
= rlgrc}o Z w; log ( —xTE xl> )

vy 1 d
Ty —1 Ty—1
= rlggo E w; log< 1 + —xl- X xl-) <1 + i )N xi) )

I
T iE
=1
&
q‘?

Hence, we have

n
L(v,X)= rl_i)ngoL(ur, X)) =dlog(2) + Z wixinJ_lxi + log (’f]’) .

inf
(v, 2)€R=oxSPD(d) —
1=

By taking the derivative with respect to X' we see that the right-hand side is minimal
ifandonly if ¥ = ¥ =37, w,-x,-xl.T. On the other hand, by similar computations
as above we get

inf L, %) < lim L (vr, 2)

(v, X)eR. o xSPD(d) r—00

— dlog(2) + log (’2))

1 R
+ hm (d—l—vr)Zw, log <1+ TZ‘_lx,)
i=1
= dlog(2)+log( )+wa >l +10g< ),
i=1

so that ¥ = X. This finishes the proof. O

4 Zerosof F

In this section, we are interested in the existence of solutions of (4), i.e., in zeros of
F for arbitrary fixed 4 and X. Setting x :== 5 > 0,1 = % and

L Ts g 1
sl._z(x, W) x;—mp), i=1,...,n
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we rewrite the function F in (4) as

" X+t X+t
Fx) =¢x)—od(x+1)+ w,-( —log< )—1)
l_; X+ X+

Si
= > wiFy(x) =Y w; (A) + By, (x)). (6)
i=1 i=1
where
Fy(x) = A(x) + By(x) @
and

AG) = d(x) —d(x +1),  Bi(x) :=x—+t—log(x+t>—l.
X+s X+s
The digamma function ¢ and ¢ =  —log(-) are well examined in the literature (see
[1]). The function ¢ (x) is the expectation value of a random variable which is I" (x, x)
distributed. It holds —1 < ¢(x) < —5- and it is well-known that —¢ is completely
monotone. This implies that the negative of A is also completely monotone, i.e., for
all x > 0 and m € Ny we have

()" e™m(x) >0,  (=D"TTAM(x) > 0,

in particular A < 0, A’ > 0 and A” < 0. Further, it is easy to check that

1in})¢()€) = —09, xlingo¢(X) =07, (8)
lim Ax) = —oo, lim A(x) =0". )

On the other hand, we have that B(x) = 0 if s = ¢ in which case F;, = A < 0 and
has therefore no zero. If s # ¢, then B; is completely monotone, i.e., for all x > 0
and m € Ny,

(—=1)"B"™ (x) > 0,
in particular By > 0, B, < 0 and B! > 0, and

t t
By(0) = - —log (-) C1-0.  lim Byx) = 0",
S S X—>00

Hence, we have
lim Fy(x) = —o0, lim Fs(x) =0. (10)
x—0 xX—>00

If X ~ N(u, X) is a d-dimensional random vector, then ¥ := (X —u)TX~1(X —
n) ~ Xj with E(Y) = d and Var(Y) = 2d. Thus, we would expect that for samples
x; from such a random variable X the corresponding values (x; — )T X =1 (x; — ) lie

with high probability in the interval [d — ~/2d, d ++/2d], respective s; € [t — /1, +
J/t]. These considerations are reflected in the following theorem and corollary.

Theorem 2 For F; : R.og — R given by (7) the following relations hold true:

i) Ifselt—+tt+/t1NRog, then Fy(x) < O forall x > 0 so that F; has no
zero.
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ii) Ifs>0ands & [t — A1, t + /1), then there exists X+ such that Fg(x) > 0 for
all x > x4. In particular, Fy has a zero.

Proof We have
2
R = ¢ 0 =9/ =
(s —1)?
x(x+1) @+ +0
We want to sandwich F; between two rational functions Py and Py + Q which zeros
can easily be described.
Since the trigamma function v/ has the series representation

= V0 =V D) -

o]

, _ 1
¥ (x) = Z—<x+k)2’
k=0

see [1], we obtain

, > 1 1 t (s —1)?

Flo) — _ _ - .ol

s kz:(:)(erk)2 x+k+0?2 x(x+1) x+5)Xx+1) (in

For x > 0, we have
o0 1 1 1 1 t
1) = f - gt ,
o (x+uw? x+u+1)? x x4+t (x+0x

g(u)
Let R(x) and T (x) denote the rectangular and trapezoidal rule, respectively, for
computing the integral with step size 1. Then, we verify

Rx) =) glky=) -
= e +h)? (r+k+n)?

so that
(s —1)?
(x +8)(x+1)
1/1 1 (s —1)?
) ()7 o+ t)2> T =16 = x+9)2x+1)
By considering the first and second derivatives of g we see the integrand in 7 (x) is
strictly decreasing and strictly convex. Thus, Ps(x) < F;(x), where

P = 4 (- ) -
T 2\R2 (e +1)2 (x +85)2(x +1)
Qx4+ 45— (s — )22 (x +1)
B 2x2(x 4+ )2 (x 4+ 1)2
. Ds(x)
22+ 9)2(x + )2

F!(x)

(R(x) =T (x) + (T(x) = I(x)) —
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with pg(x) = azx3 4+ apx? + ajx + ag and
a0=t2s2>0, a; =2st(s +1) >0,
a2=t<4s+t—(s—t)2), a3=2(t—(s—t)2>.
Fort > 1, we have
a3 >0 <— s €t — 1,1+ /1] (12)
and
>0 < selt+2—VA+56,t+24+VA+51]D [t — 1,1+ 1.

Fort = 1 itholds [t +2 — ~/&+ 51,1 +2 + /4 + 511 D [0, 1 + /71.
Thus, for s € [t — /1, t + /1], by the sign rule of Descartes, ps(x) has no positive
zero which implies

0 < Py(x) < Fl(x) for selt—+/tt+~/11NR-y.

Hence, the continuous function Fy is monotone increasing and by (10) we obtain
Fy(x) <Oforallx > 0ifs € [t — /7,1 + +/7]1 N R=y.

Lets > 0ands ¢ [t — /1,1 + +/t]. By

o0 1
1
T(x) — 1(x) =Z<§<g<k+1>+g<k)>—/ g<k+u>du>
0
k=0
and Euler’s summation formula, we obtain
1 1
T(x)—I(x) = k+1) —g'k)— —g¥ k k+1
(x) — I (x) ];)12(8( +D =g 0) - 558V @0, Ee okt 1)
with g’ (u) = —ﬁ + ﬁ and g® (u) = (xj’u)ﬁ - (+5—+t)6 so that
T(x)—1(x) = (0)+Z —
- g <6 (x +sk+t)6 T 6t &0
1 13tx +3t2x + 13
<18 )= (13)

x3(x +1)3
Therefore, we conclude
1 3tx +32%x+13  ps()x(x+1) + (tx® + 2x + 33) (x +5)2
e 263 (x +5)2(x + t)3 '
0(x)

F(x) < Py(x) +

The main coefficient of x> of the polynomial in the numerator is 2 (t —(s— t)2)
which fulfills (12). Therefore, if s ¢ [t — +/f,t + +/], then there exists x large
enough such that the numerator becomes smaller than zero for all x > x,. Conse-
quently, F/(x) < Ps(x) + Q(x) < O for all x > xy. Thus, F; is decreasing on
[x4+, 00). By (10), we conclude that F; has a zero. O
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The following corollary states that Fy has exactly one zero if s > t + /1.
Unfortunately we do not have such a results for s < ¢ — /7.

Corollary 1 Let F; : Rog — R be given by (7). If s > t + /1, t > 1, then Fy has
exactly one zero.

Proof By Theorem 2ii) and since lim, .o Fy(x) = —oo and lim; .o, = 0T, it
remains to prove that F, has at most one zero. Let xo > 0 be the smallest number
such that F(xg) = 0. We prove that F(x) < 0 for all x > xo. To this end, we show
that h;(x) = F(x)(x + $)2(x + 1) is strictly decreasing. By (11) we have

s 1

Z(x+k)2 (x +k+1)? x(x+z)) (s =07

k=0

hs(x) = (x +$)%(x +1) (

and for s > ¢ further

o0

I l 1 t
B = (269G 40+ @ +97?) (Z x+k?2 (+k+n? x(x+f>>
k=0

, © s 2 tQ2x +1)
ey (g CH k3 Gkt +x2<x+”2)

e 1 1 ot
s (X:(xka)2 (x +k +1)2 x(X+t)>

k=0
0 2 2 tQ2x +1) )

) _
HE+ )T+ D) (g T A s R T

= (x +9)*Rx) — 1 (x)),

IA

where I (x) is the integral and R (x) the corresponding rectangular rule with step size
1 of the function g := g1 + g defined as

1 1

-2 2
&) = (x+t)<(x+u)3 + (x+t+u)3>'

We show that R(x) — I (x) < Oforall x > 0. Let T'(x), 7;(x) be the trapezoidal rules
with step size 1 corresponding to 7 (x) and [;(x) = fooo gi(uw)du,i = 1,2. Then it
follows

R(x)—1(x) = R(x) =T(x)+Tx) —I(x) = R(x) =T (x) + T1(x) — [1 (x) + T2 (x) — L(x).

Since g is a decreasing, concave function, we conclude 77 (x) — Ir(x) < 0. Using
Euler’s summation formula in (13) for g1, we get

1

1
I (x) — Ii(x) = —Egi(o) ~ 70

Y &), & e kk+1).
k=0
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. 4) . .. . .
Since g} Visa positive function, we can write

1 1
R@) = 1(x) < R() = T(0) + Ti(x) = [1x) < 78(0) = -81(0)
_3(r ! Lan(=2 2
T2 (x2 B <x+t)2>+2(x+ )(x3 * (x+t)3)

()
2\x3  (x+1)3

t (=3t +3)x2 4 (=52 +3t)x — 263 +42
2 x3(x +1)3 ’

All coefficients of x are smaller or equal than zero for # > 1 which implies that &,
is strictly decreasing. [

Theorem 2 implies the following corollary.

Corollary 2 For F : R.9 — R given by (6) and §; = (x; — ,u)TZ’_l(xi — W),
i =1,...,n, the following relations hold true:

i) IfSi €ld—2d,d+~2dNReg foralli € {1, ...,n}, then F(x) < 0 forall
x > 0 so that F has no zero.

ii) Ifé;i >0andé; & [d— V2d,d + \/ﬁ]foralli e {1, ...,n}, there exists x4
such that F(x) > 0 for all x > x4. In particular, F has a zero.

Proof Consider F = Y ' | Fy,. If 8 € [d — ~/2d,d + ~/2d] N R~ for all i €
{1,...,n}, then we have by Theorem 2 that Fj,(x) < O for all x > 0. Clearly, the
same holds true for the whole function F such that it cannot have a zero.

If8; & [d—~2d,d+2d] foralli € {1,...,n}, then we know by Theorem 2
that there exist x;+ > 0 such that Fy,(x) > O for x > x;4. Thus, F(x) > 0 for
X > x4 = max;(x;4). Since lim,_,¢ F(x) = —oo this implies that F has a zero. [

5 Algorithms

In this section, we propose an alternative of the classical EM algorithm for comput-
ing the parameters of the Student ¢ distribution along with convergence results. In
particular, we are interested in estimating the degree of freedom parameter v, where
the function F is of particular interest.

Algorithm 1 with weights w; = %, i =1,...,n,is the classical EM algorithm.
Note that the function in the third M-Step

v ) v +d “
@ (3) =0 ()0 (3 ) + wi b - loxt) - 1)

i=1

Cr

has a unique zero since by (8) the function ¢ < 0 is monotone increasing with
limy_ 0 ¢(x) = 07 and ¢, > 0. Concerning the convergence of the EM algorithm
it is known that the values of the objective function L(v;, i, X,) are monotone
decreasing in r and that a subsequence of the iterates converges to a critical point of
L(v, n, X) if such a point exists, see [5].
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Algorithm 1 EM Algorithm (EM).

Input: x1,....x, e R n>d+1,weA,

n n
Initialization: vo = ¢ > 0, g = ,1—1 S xi, 2o = % S (i — po)(xi — uo) T
i=1 i=1
forr =0, ...
E-Step: Compute the weights

Sir = (xi — )" Z 7 (i — )

oot d
yir = vy + 8y
M-Step: Update the parameters
n
Z Wi Vi, rXi
i=1
Hrel = n
Z WiVi,r
i=1
n
Sept = ) wivir (i — )i — )"

n

. +d
vt = zeroof ¢ () —¢ (” B ) + 3 wi (i — log(i) — 1)

i=1

Algorithm 2 distinguishes from the EM algorithm in the iteration of X', where the

factor —— is incorporated now. The computation of this factor requires no addi-
Z Wi Vi,r
i=1

tional computational effort, but speeds up the performance in particular for smaller
v. Such kind of acceleration was suggested in [12, 24]. For fixed v > 1, it was shown
in [32] that this algorithm is indeed an EM algorithm arising from another choice of
the hidden variable than used in the standard approach, see also [15]. Thus, it follows
for fixed v > 1 that the sequence L (v, u,, X,) is monotone decreasing. However, we
also iterate over v. In contrast to the EM Algorithm 1 our v iteration step depends on
Ur+1 and X1 instead of w, and X,. This is important for our convergence results.
Note that for both cases, the accelerated algorithm can no longer be interpreted as an
EM algorithm, so that the convergence results of the classical EM approach are no
longer available.

Let us mention that a Jacobi variant of Algorithm 2 for fixed v, i.e.,
n

wivir (i — ) (i — )T
Yy = :
" ; 2?21 Wi Vi,r

’

with w, instead of u,41 including a convergence proof was suggested in [17]. The
main reason for this index choice was that we were able to prove monotone conver-
gence of a simplified version of the algorithm for estimating the location and scale
of Cauchy noise (d = 1, v = 1) which could be not achieved with the variant
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incorporating w,4+1 (see [16]). This simplified version is known as myriad filter in
image processing. In this paper, we keep the original variant from the EM algorithm
(14) since we are mainly interested in the computation of v.

Instead of the above algorithms we suggest to take the critical point (4) more
directly into account in the next two algorithms.

Algorithm 2 Accelerated EM-like Algorithm (aEM).

Same as Algorithm 1 except for

3wy (6 — ) (i — prg)T
E—H _ i Vi,r\Ai r+ i r+ (14)
S P
Vy41 = zeroof n

v v +d - v +d v +d
0] (—) — ( ) + —lo —1
2 125 Vr +8ir+1 £ Ve + 8irt1

Algorithm 3 Multivariate Myriad Filter (MMF).

Same as Algorithm 2 except for

Vr+1 = zero of
U v+d> n ( r+d < vr+d ) )
=) - + —log| — | —1
¢ (2) ( Z Vr +8ir41 £ Vr =+ i r 41

Finally, Algorithm 4 computes the update of v by directly finding a zero of the
whole function F in (4) given w, and X,. The existence of such a zero was discussed
in the previous section. The zero computation is done by an inner loop which iterates
the update step of v from Algorithm 3. We will see that the iteration converge indeed
to azero of F.

Algorithm 4 General Multivariate Myriad Filter (GMMF).

Same as Algorithm 2 except for

Vy41 = zero of
d “ d d
¢<K>_ <v+ ) Z ( v+ —log< v+ )_1>
2 i v+ 8! r+1 v+ 5i,r+l
for/ =0,...do
Vr,0 = Vr
Vri+1 = zero of

v v+d - v +d v +d
i S B )
i <2> ¢< 2 ) t2 (Vr,l F ot e\ b+ S

i=1
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In the rest of this section, we prove that the sequence (L(v,, u, r, X)), gener-
ated by Algorithms 2 and 3 decreases in each iteration step and that there exists a
subsequence of the iterates which converges to a critical point.

We will need the following auxiliary lemma.

Lemma 1 Let F,, F,: R.o — R be continuous functions, where F, is strictly
increasing and Fy is strictly decreasing. Define F = F, + Fj. For any initial value
xo > 0 assume that the sequence generated by

X141 = zero of Fy(x) + Fp(xp)
is uniquely determined, i.e., the functions on the right-hand side have a unique zero.

Then it holds

1) If F(xg) < O, then (x;); is strictly increasing and F (x) < O forall x € [x;, x;41],
l e D\I().

i) If F(xg) > 0, then (x;); is strictly decreasing and F(x) > 0 for all x €
X141, x1], 1 € No.

Furthermore, assume that there exists x_ > 0 with F(x) < 0 for all x < x_ and
x4+ > O with F(x) > 0 forall x > x. Then, the sequence (x;); converges to a zero
x* of F.

Proof We consider the case i) that F (xp) < 0. Case ii) follows in a similar way.

We show by induction that F(x;) < O and that x;11 > x; for all [ € N. Then
it holds for all / € N and x € (x;, x;41) that F,(x) + Fp(x) < Fa(x) + Fp(x)) <
Fo(xj41) + Fp(x;) = 0. Thus F(x) < O forall x € [x;, x;+11,1 € No.

Induction step. Let F,(x;) + Fp(x;) < 0. Since F,(xj4+1) + Fp(x1) =0 > F,(x7) +
Fy(x;) and F, is strictly increasing, we have x;4+1 > x;. Using that Fj is strictly
decreasing, we get Fj(x;41) < Fp(x;) and consequently

F(xi41) = Fa(xi41) + Fp(x41) < Fa(xi41) + Fp(xy) = 0.

Assume now that F(x) > O for all x > x4. Since the sequence (x;); is strictly
increasing and F(x;) < 0 it must be bounded from above by x;. Therefore it
converges to some x* € R~ (. Now, it holds by the continuity of F, and F} that

0= llim Fu(xi41) + Fp(xp) = Fo(x™) + Fp(x™) = F(x™).
—00
Hence x* is a zero of F. O

For the setting in Algorithm 4, Lemma 1 implies the following corollary.

Corollary 3 Let F,(v) := ¢ (%) —¢ (Uerd) and

n
v+d v+d
=3 (2 () ) e
i v+ 8i,r+l v+ 8i,r+l
Assume that there exists vy > 0 such that F == F, + Fp, > 0 forall v > v. Then
the sequence (v1); generated by the rth inner loop of Algorithm 4 converges to a
zero of F.
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Note that by Corollary 2 the above condition on F is fulfilled in each iteration
step, e.g.,if 6; , € [d — v2d,d + v2d]fori =1,...,nand r € Ny.

Proof From the previous section we know that F, is strictly increasing and Fj is
strictly decreasing. Both functions are continuous. If F (v,) < 0, then we know from
Lemma 1 that (v,); is increasing and converges to a zero v of F.

If F(v,) > 0, then we know from Lemma 1 that (v,.;); is decreasing. The con-
dition that there exists x_ € R.o with F(x) < 0 for all x < x_ is fulfilled since
lim,_,o F(x) = —oo. Hence, by Lemma 1, the sequence converges to a zero v
of F. O

To prove that the objective function decreases in each step of the Algorithms 2—4
we need the following lemma.

Lemma 2 Let F,, Fj,: R.g — R be continuous functions, where F, is strictly
increasing and Fy is strictly decreasing. Define F .= F, + Fp, and let G: R~¢9 — R
be an antiderivative of F, i.e., F = %G. For an arbitrary xo > 0, let (x;); be the
sequence generated by

Xi41 = zero of Fa(x) + Fy(x).
Then the following holds true:

1) The sequence (G(x;)); is monotone decreasing with G(x;) = G(xj+1) if and
only if xo is a critical point of G. If (x;); converges, then the limit x* fulfills

G(x0) = G(x1) = G(x™),

with equality if and only if xq is a critical point of G.

i) Let F = I:"a + Fb be another splitting of F with continuous functions I:"a, Fb,
where the first one is strictly increasing and the second one strictly decreasing.
Assume that Ii; (x) > F)(x) forall x > 0. Then holds for y| := zero of F,(x)+
F(x0) that G(xp) > G(y1) > G(x1) with equality if and only if xq is a critical
point of G.

Proof 1) If F(xp) = 0, then xq is a critical point of G.

Let F(xp) < 0. By Lemma 1 we know that (x;); is strictly increasing and that
F(x) < Ofor x € [x/, xy+1], ¥ € Np. By the Fundamental Theorem of calculus it
holds

XI+1

G(xi41) = G(xp) +/ F(v)dv.

X
Thus, G(x;41) < G(x7).
Let F(xg) > 0. By Lemma 1 we know that (x;); is strictly decreasing and that
F(x) > 0forx € [x/4+1, x-], ¥ € Ng. Then

Xl

Gun=GwHo+/ F)dv.

Xi+1

implies G (x74+1) < G(x7). Now, the rest of assertion i) follows immediately.
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ii) It remains to show that G(x1) < G(y1). Let F(xg) < 0. Then we have y; > xg
and x1 > x¢. By the Fundamental Theorem of calculus we obtain

X1

F(xo) + / CFL(n)dx = Fa(xo) + f F!(0)dx + Fy(x0) = Fa(x1) + Fy(x0) = 0,

0 X0
and

yio_ - yro_ - - ~
F(xo) + / B (dx = Faxo) + / "B ()dx + Fy(x0) = Fa(yn) + Fy(x0) = 0.

0 X0

This yields
X1 o
/ Fa/(x)dx:/ F(x)dx,
X0 X0

and since F, 7 (x) > F,(x) further y; < x; with equality if and only if xo = x, i.e., if
Xo 1is a critical point of G. Since F(x) < 0 on (xg, x1) it holds

X1

Gx) =GO +f F(x)dx = G(y1),
i

with equality if and only if xo = x;. The case F(xp) > 0 can be handled similarly.
O

Lemma 2 implies the following relation between the values of the objective
function L for Algorithms 2—4.

Corollary 4 For the same fixed v, > 0, u, € R, X, € SPD(d) define iy+1,
21, fil}/l, v}ﬂm and er_%MF by Algorithm 2, 3 and 4, respectively. For the GMMF
algorithm assume that the inner loop converges. Then it holds

L(vr, ry1, Zrt1) = L(Vfil}/[, Mrls Zr1) = L(VM_I\{IF’ Hr1s 2rt1)

GMMF
L(Ur+1 s Mr+1, 2r+1)

v

Equality holds true if and only if (%L(u,, Urs1, 2r+1) = 0 and in this case v, =

aEM _  MMF _ , GMMF

Vel = Vel = Vgl

Proof For G(v) := L(v, y41, Xr+1), We have %L(u, Wrt1, 2r41) = F(v), where

. vy v+d = _ & —
FW*—¢<2> < )-+§:wl<v+&rﬂ bg(v+&mH> 1)'

We use the splitting

F=F,+F,=F,+F,

roy=o(3)-e(*37). B=e(3).

n

v+d v+d
Fp(v) = wi|——— —log| — | -1,
b(v) Z ' (v+5i,r+1 g<v+5i,r+1> >

i=1

with
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and

- v+d

Fp(v) = —¢ (T) + Fp(v).
By the consids:rations in the previous section we know that F,, 17"“ are strictl}: increas-
ing and Fp, Fj are strictly decreasing. Moreover, since ¢’ > 0 we have F, > F,.

Hence it follows from Lemma 2(ii) that

L(vr, hr1, Zr41) =2 L (VfEM, Mrtl, 2r+l) >L (V;\AMF, Mrtl, 2r+l) .

Finally, we conclude by Lemma 2(i) that

L (V,MMFs Mr+1, 2r+1) >L (erMMF’ Mr+1, 2r+l) .
O
Concerning the convergence of the three algorithms we have the following result.

Theorem 3 Let (v,, i, X)), be sequence generated by Algorithm 2, 3 or 4, respec-
tively starting with arbitrary initial values vo > 0, ug € R¢, Xy € SPD(d). For
the GMMF algorithm we assume that in each step the inner loop converges. Then it
holds for all r € Ny that

Ly, pr, Xr) > L(Vr+lv Mr+1, 2r+1),
with equality if and only if (vy, Uy, Xp) = (Vrg1, Urt1s Zrt1)-

Proof By the general convergence results of the accelerated EM algorithm for fixed
v, see also [17], it holds

L(vr, pr+1, Zr+1) < L(vr, ur, ),
with equality if and only if (i, X,) = (ir+1, Zr+1)- By Corollary 4 it holds
L(Wri1s r+1s Zra1) < L, i1 Zrg1)s
with equality if and only if v, = v,41. The combination of both results proves the

claim. O]

Lemma3 Let T = (T1, T», T3) : Rug x R? x SPD(d) — R x R? x SPD(d) be
the operator of one iteration step of Algorithm 2 (or 3). Then T is continuous.

Proof We show the statement for Algorithm 3. For Algorithm 2 it can be shown
analogously. Clearly the mapping (72, T3) (v, u, X') is continuous. Since

Ti(v, u, ) = zeroof ¥ (x, v, (v, u, X), T3(v, u, X)),

where

v v m=6(3) -0 (5

n
. v+d _ v+d _
v (v+(xi—u>72*1(x,-—u> log <v+<xi—u)TE*1(xi—u>) 1) '
i=1
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It is sufficient to show that the zero of ¥ depends continuously on v, 7, and
T5. Now the continuously differentiable function ¥ is strictly increasing in x, so
that %lll(x, v, 1>, T3) > 0. By W(T1, v, Tz, T3) = 0, the Implicit Function The-
orem Yyields the following statement: There exists an open neighborhood U x V
of (Ty,v,Tr, T3) with U C Rigand V C R.g x RY x SPD(d) and a continu-
ously differentiable function G: V — U such that for all (x,v,u,X) € U x V
it holds

Y(x,v,u,X)=0 ifandonlyif G, pu, X)=x.

Thus the zero of ¥ depends continuously on v, 7> and T3. O

This implies the following theorem.

Theorem 4 Let (v, i, Xy), be the sequence generated by Algorithm 2 or 3 with
arbitrary initial values vy > 0, uo € R?, Xy € SPD(d). Then every cluster point of
(v, Uy, Xp)y is a critical point of L.

Proof The mapping T defined in Lemma 3 is continuous. Further we know from its
definition that (v, u, X') is a critical point of L if and only if it is a fixed point of
T.Let (D, &1, ﬁ’) be a cluster point of (v, u,, X),. Then there exists a subsequence
(Vr, s Ury» X, )s which converges to (¥, (i, > ). Further we know by Theorem 3 that
L, = L(v,, i, X)) is decreasing. Since (L, ), is bounded from below, it converges.
Now it holds

L (Ga la’ ZA‘) = lim L (Vrya Mrgs Erv)
§—00 ’ : h

= lim L, = lim L, 4
§—>00 §—>00

= 1lim L (vy41. 41, Zry41)

§—>00
= lim L (T (oo . ) = L (T (0. 2. £)).

By Theorem 3 and the definition of T we have that L(v, u, X) = L(T (v, u, X))
if and only if (v, u, X) = T (v, u, X'). By the definition of the algorithm this is the
case if and only if (v, u, X) is a critical point of L. Thus (, (i, ) is a critical point
of L. O

6 Numerical results

In this section we give two numerical examples of the developed theory. First,
we compare the four different algorithms in Section 6.1. Then, in Section 6.2, we
address further accelerations of our algorithms by SQUAREM [33] and DAAREM
[9] and show also a comparison with the ECME algorithm [20]. Finally, in
Section 6.3, we provide an application in image analysis by determining the degree
of freedom parameter in images corrupted by Student ¢ noise. We run all exper-
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iments on a HP Probook with Intel i17-8550U Quad Core processor. The code is
provided online?.

6.1 Comparison of algorithms

In this section, we compare the numerical performance of the classical EM algo-
rithm 1 and the proposed Algorithms 2, 3, and 4. To this aim, we did the following
Monte Carlo simulation: Based on the stochastic representation of the Student ¢ dis-
tribution, see (1), we draw n = 1000 i.i.d. realizations of the T, (u, X) distribution
with location parameter £ = 0 and different scatter matrices X~ and degrees of
freedom parameters v. Then, we used Algorithms 2, 3, and 4 to compute the ML
estimator (9, i, 2).

We initialize all algorithms with the sample mean for u and the sample covariance
matrix for X'. Furthermore, we set v = 3 and in all algorithms the zero of the respec-
tive function is computed by Newton’s method. As a stopping criterion we use the
following relative distance:

Jlitrst =P+ 15001 = 2% fllogtrsn) = Tog(on)?

1
VI 2+ 1513 flog (v

We take the logarithm of v in the stopping criterion, because T, (i, X') converges to
the normal distribution as v — oo and therefore the difference between T, (i, X)
and T, 41(u, ) becomes small for large v.

To quantify the performance of the algorithms, we count the number of iterations
until the stopping criterion is reached. Since the inner loop of the GMMF is poten-
tially time consuming we additionally measure the execution time until the stopping
criterion is reached. This experiment is repeated N = 10.000 times for different
values of v € {1,2,5,10}. Afterward we calculate the average number of itera-
tions and the average execution times. The results are given in Tables 1 and 2. We
observe that the performance of the algorithms depends on X'. Further we see, that
the performance of the aEM algorithm is always better than those of the classical EM
algorithm. Further all algorithms need a longer time to estimate large v. This seems
to be natural since the likelihood function becomes very flat for large v. Further, the
GMMF needs the lowest number of iterations. But for small v the execution time
of the GMMEF is larger than those of the MMF and the aEM algorithm. This can be
explained by the fact, that the v step has a smaller relevance for small v but is still time
consuming in the GMMF. The MMF needs slightly more iterations than the GMMF
but if v is not extremely large the execution time is smaller than for the GMMF and
for the aEM algorithm. In summary, the MMF algorithm is proposed as algorithm
of choice.

In Fig. 2 we exemplarily show the functional values L(v,, u,, X)) of the four
algorithms and samples generated for different values of v and ¥ = I. Note that
the x-axis of the plots is in log-scale. We see that the convergence speed (in terms

<1073,

Zhttps://github.com/johertrich/Alternatives-EM- Studentt
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Table 1 Average number of iterations (lowest in bold) and the corresponding standard deviations of the

different algorithms

») v EM aEM MMF GMMF
01 0
0 ol 1 6232+ 2.50 2344+ 0.79 22.16 £0.75 20.61 +0.70
2 46.17+ 1.82 2642+ 1.08 21.48 +0.94 17.79 £ 0.80
5 5042 £11.22 4997+ 7.48 25.28 £2.61 1214 +£1.73
10 122.62 +£31.74 117.40 £31.65 38.16 +4.51 14.32 +0.96
100 531.07 £91.41 528.14 £92.19 53.66 £ 6.98 10.76 +=2.07
1
( 0 (1) ) 1 6234 £ 252 2343+ 0.78 22.16 £0.75 20.59 £0.70
2 46.20 = 1.81 2643+ 1.07 21.49 +0.94 17.79 +0.80
50.68 £ 10.86 50.06 £ 7.42 2531 £2.58 12.06 =1.75
10 122.72 £ 31.65 117.51 £31.56 38.18 =4.50 14.28 +0.97
100 531.75 £90.98 528.84 £91.75 53.62 £6.94 10.64 + 2.02
10 0
( 0 10) 6235+ 2.55 2344+ 0.78 22.15+£0.76 2059 £0.71
2 4627+ 1.82 2645+ 1.08 21.51+£0.95 17.81 £ 0.80
50.71 £11.21 50.15+ 7.61 25.34+£2.63 12.08 +£1.78
10 122.44 + 30.66 117.19 £ 30.56 38.17 +4.46 14.27 +0.96
100 533.21 £ 89.80 530.27 £ 90.57 53.64 £6.93 10.62 +2.01
2 -1
( | o ) 1 6232+ 255 2343+ 0.78 22.15+£0.76 20.60 = 0.70
46.22+ 1.82 2643+ 1.09 21.50 £0.94 17.80 +0.80
50.76 £ 11.12 5021+ 7.52 25.35£2.59 12.09+1.75
10 122.37 £31.01 117.17 £30.92 38.13 +4.49 14.30 £ 0.96
100 530.89 £91.36 527.96 £92.15 53.68 £7.07 10.75 £ 2.08

of number of iterations) of the EM algorithm is much slower than those of the
MMF/GMME. For small v the convergence speed of the aEM algorithm is close to
the GMMF/MMEF, but for large v it is close to the EM algorithm.

In Fig. 3 we show the histograms of the v-output of 1000 runs for different values
of v and ¥ = [. Since the v-outputs of all algorithms are very close together we
only plot the output of the GMMF. We see that the accuracy of the estimation of
v decreases for increasing v. This can be explained by the fact, that the likelihood
function becomes very flat for large v such that the estimation of v becomes much
harder.

6.2 Comparison with other accelerations of the EM algortihm

In this section, we compare our algorithms with the Expectation/Conditional Maxi-
mization Either (ECME) algorithm [19, 20] and apply the SQUAREM acceleration
[33] as well as the damped Anderson Acceleration (DAAREM) [9] to our algorithms.
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Table 2 The execution times (lowest in bold) and the corresponding standard deviations of the different

algorithms

») v

EM

aEM

MMF

GMMF

01 0 I
0 0.1
2

10
100

th

10
100

10 0
0 10

10
100

10
100

0.008469 £ 0.00111

0.006428 £ 0.00069
0.007237 £ 0.00208
0.017421 £ 0.00532
0.070024 £ 0.01306

0.008645 =+ 0.00090

0.006431 £ 0.00074
0.006883 £ 0.00162
0.016434 £ 0.00439
0.072309 £ 0.01507

0.008839 £ 0.00108

0.006516 £ 0.00075
0.007293 £ 0.00207
0.020598 £ 0.00659
0.078682 £ 0.01969

0.008837 £ 0.00107

0.006481 £ 0.00070
0.006968 £ 0.00167
0.016608 £ 0.00442
0.072354 £ 0.01509

0.003511 £ 0.00044

0.003995 £ 0.00042
0.007768 £ 0.00181
0.017991 £ 0.00567
0.075191 £ 0.01418

0.003581 £ 0.00034

0.003989 =+ 0.00044
0.007352 4+ 0.00128
0.016964 £ 0.00470
0.077724 £ 0.01624

0.003664 £ 0.00043

0.004054 £ 0.00048
0.007799 £ 0.00180
0.021193 £ 0.00683
0.084275 £ 0.02087

0.003648 £ 0.00039

0.004016 £ 0.00041
0.007440 £ 0.00129
0.017107 £ 0.00468
0.077586 £ 0.01619

0.003498 + 0.00044

0.003409 £ 0.00036
0.004133 £ 0.00085
0.006187 £ 0.00122
0.008146 £ 0.00131

0.003572 £ 0.00036

0.003417 £ 0.00039
0.003939 £ 0.00058
0.005869 £ 0.00089
0.008363 £ 0.00155

0.003639 + 0.00042

0.003449 £ 0.00039
0.004149 £ 0.00082
0.007228 4+ 0.00167
0.009039 £ 0.00213

0.003641 £ 0.00041

0.003433 + 0.00036
0.003965 £ 0.00055
0.005920 £ 0.00092
0.008385 £ 0.00153

0.006954 £+ 0.00114

0.005388 £ 0.00061
0.003752 £ 0.00100
0.005796 + 0.00110
0.005601 £ 0.00097

0.007126 £ 0.00098

0.005427 4 0.00071
0.003550 + 0.00079
0.005493 £ 0.00077
0.005773 £+ 0.00117

0.007217 £ 0.00104

0.005428 £ 0.00065
0.003740 £ 0.00098
0.006834 + 0.00155
0.006246 + 0.00160

0.007207 £ 0.00104

0.005413 £ 0.00061
0.003561 + 0.00077
0.005499 £ 0.00076
0.005715 £ 0.00114

ECME algorithm: The ECME algorithm was first proposed in [19]. Some numeri-
cal examples of the behavior of the ECME algorithm for estimating the parameters
(v, u, ') of a Student ¢ distribution T}, (i, X') are given in [20]. The idea of ECME
is first to replace the M-Step of the EM algorithm by the following update of the
parameters (v, i, X,): first, we fix v = v, and compute the update (p;+1, Xr41)
of the parameters (u,, X,) by performing one step of the EM algorithm for fixed
degree of freedom (CMI-Step). Second, we fix (u, X) = (ur, Xr) and com-
pute the update v,y of v, by maximizing the likelihood function with respect
to v (CM2-Step). The resulting algorithm is given in Algorithm 5. It is similar
to the GMMF (Algorithm 4), but uses the X'-update of the EM algorithm (Algo-
rithm 5) instead of the X-update of the aEM algorithm (Algorithm 2). The authors
of [19] showed a similar convergence result as for the EM algorithm. Alterna-
tively, we could prove Theorem 3 for the ECME algorithm analogously as for the
GMMF algorithm.
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Algorithm 5§ ECME Algorithm (ECME).

Input:xl,...,xneﬂ?d,nzd—i—l,weﬁn

n n
Initialization: vp = ¢ > 0, uo = % Z Xi, 20 = % Z(xi — o) (x; — ;L())T
i=1 i=1
forr =0,...
E-Step: Compute the weights
Sir = (i — ) Z7 0 — )

v +d

vy + 5i,r
CM1-Step: Update the parameters

Yir =

Wi Vi,rXi

. HM=

MHr+1 =

> wivir
i=1

21 = Z wi Vi (4 — e 1) (5 — 1)’

CM2-Step: Update the parameter

Vr+1 = zeroof
v v+d " v+d v+d
o () -o(5) B (s e () )
2 Z V+51r+1 g V+5i,r+1

Next, we consider two acceleration schemes of arbitrary fixed point algorithms
Yr+1 = G(94). In our case ¢ € R? is given by (v, u, X') and G is given by one step
of Algorithm 1, 2, 3, 4, or 5.

SQUAREM Acceleration: The first acceleration scheme, called squared iterative meth-
ods (SQUAREM) was proposed in [33]. The idea of SQUAREM is to update the
parameters ¥, = (v, i, X,) in the following way: we compute ¥, ;] = G(3,) and
%2 = G(U1). Then, we calculate s = 9,1 — ¢ and v = (Jr2 — V1) — 5.
Now we set ' = 0, — 2ar + «?v and define the update 9,11 = G(¥'), where «

is chosen as follows. First, we set « = min(— ”;“Z, —1). Then we compute ¥’ as

described before. If L(¥#) < L(9,), we keep our choice of . Otherwise we update
abya = "‘—51 Note that this scheme terminates as long a ¢, is not a critical point
of L by the following argument: it holds that ¢ + 2r + v = ¥, 2, which implies
that it holds that limg— 1 L(¥ — 2a + o?v) = L(®,2) < L(¥,) with equality if
and only if ¥, is a critical point of L, since all our algorithms have the property that
L) = L(G(¥)) with equality if and only if ¢ is a critical point of L. By con-
struction this scheme ensures that the negative log-likelihood values of the iterates
are decreasing.
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6.4

----EM
e 3EM

MMF

GMMF

----EM
e EM

- MMF
GMMF

----EM

GMMF

41 3.7
10° 10t 102 10° 10* 102

3.65

364

3.55-

35}

3.45-

3.4r

3.35
10° 10t 102

(e) v = 100. (f) v = 200.

Fig.2 Plots of L(v,, i, X\) on the y-axis and r on the x-axis for all algorithms

Damped Anderson Acceleration with Restarts and e-Monotonicity (DAAREM): The
DAAREM acceleration was proposed in [9]. It is based on the Anderson accel-
eration, which was introduced in [2]. As for the SQUAREM acceleration want to
solve the fixed point equation ¥ = G () with ¥ = (v, u, X') using the iteration
%r+1 = G (). We also use the equivalent formulation to solve f () = 0, where
f(@) = G(@) — 9. For a fixed parameter m € N.o, we define m, = min(m, r).
Then, one update of ¥, using the Anderson Acceleration is given by
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(e) v = 100. (f) v = 200.

Fig.3 Histograms of the output v from the algorithms
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GW) = Y (GWrmt)) = GOyt j1)y,”
Jj=1

ﬂr+1

O+ FO) = D (@rmptj = Promptjo1) = (F Oy tj)
j=1

— @ j-0NY,, (14)

with y ) = (]-'rT]-'r)*1 FY f(®,), where the columns of F, € RP*" are given by
f@r—myjr1) — f(@r—m,+j) for j =0,...,m, — 1. An equivalent formulation of
update step (14) is given by

Drit = O + F(0,) — (X + Fy®,

where the columns of X, € RP*™ are given by &,_, 4 j+1 — Or—m,+; for j =
0,...,m, — 1. The Anderson acceleration can be viewed as a special case of a
multisecant quasi-Newton procedure to solve f (1) = 0. For more details we refer
to [7, 9].

The DAAREM acceleration modifies the Anderson acceleration in three points.
The first modification is to restart the algorithm after m steps. That is, to set
m, = min(m, ¢,;) instead of m, = min(m, r), where ¢, € {1,...,m} is defined
by ¢, = rmodm. The second modification is to add damping term in the com-
putation coefficients y ). This means, that y ) is given by y) = (FIF, +
Arl)_lfrTf(ﬁr) instead of y") = (]-"rT.F)_l}"rTf(ﬁr). The parameter A, is chosen
such that

IFFF + 2D FL 00013 = 8 I(FFF) T FY F00113 (15)

for some damping parameters §,. We initialize the §, by §; = H—% and decrease
the exponent of « in each step by 1 up to a minimum of x — D for some
parameter D € N.o. The third modification is to enforce that for the negative log-
likelihood function L does not increase more than € in one iteration step. To do
this, we compute the update .41 using the Anderson acceleration. If L(J,41) >
L(¥,) + €, we use our original fixed point algorithm in this step, i.e., we set
91 = G(D,).

We summarize the DAAREM acceleration in Algorithm 6. In our numerical exper-
iments we use for the parameters the values suggested by [9], that is € = 0.01,
€&=0,0a =12,k =25,D =2k and m = min([%}, 10), where p is the number of
parameters in ¥.
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Algorithm 6 DAAREM acceleration.

Input: Parameters € > 0,¢, >0, > 1,k >0, D >0,m > 1
Initialization: Initialize 99 = (vg, o, Zo) as in the corresponding fixed point

algorithm.
Setcy = 1,51 = 0,9 =9 + f(Do), L* = L(x1).
for r=1,2,...do
Set m, = min(m, ¢,), §, = l+a+*" and compute f. = f(9,).
Define the columns of F., X € RP*™ by fr_p4j+1 — fr—m,+; and
Vr—m,+j+1 — Ur—m,+j respectively, j =0, ..., m, — 1.

Define A, by (16) and set y ") = (FIF, + A1)~ F £,.
Setty41 =0 + fr — (&r +-7:r)y(r)
if L(t,+1) < L(9y) + € then
Set 9,41 = tr41 and Spew = s + 1.
else
Set 9,411 = U + f; and Spew = S
if k modm = 0 then
if L(0,41) > L* + €. then
Set Spew = max{spew — m, —D}
Set cg+1 = 1 and L* = L(O+1).
else
Set Cr41 = Cr + 1.

Simulation Study: To compare the performance of all of these algorithms we perform
again a Monte Carlo simulation. As in the previous section we draw n = 100 i.i.d.
realizations of T, (i, X) withu = 0, ¥ = 0.1Idand v € {1, 2, 5, 10, 100}. Then, we
use each of the Algorithms 1, 2, 3, 4 and 5 to compute the ML estimator (¥, fi, f]).
We use each of these algorithms with no acceleration, with SQUAREM acceleration
and with DAAREM acceleration.

We use the same initialization and stopping criteria as in the previous section and
repeat this experiment N = 1.000 times. To quantify the performance of the algo-
rithms, we count the number of iterations and measure the execution time. The results
are given in Tables 3 and 4. Since the DAAREM and SQUAREM accelerations were
proposed originally for an absolute stopping criteria, we redo the experiments with
the stopping criteria

\/||Mr+l — e l? + | X1 — Er”%: + (log(vr41) — log(‘)r))2 <1078

The results are given in Tables 5 and 6.

We observe that for nearly any choice of the parameters the performance of
the GMMF is better than the performance of the ECME. For small v, the perfor-
mance of the SQUAREM-aEM is also very good. On the other hand, for large v the
SQUAREM-GMMF behaves very well. Further, for any choice of v the performance
of the SQUAREM-MMF is close to the best algorithm.
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Table 3 Average number of iterations (lowest in bold) and the corresponding standard deviations of the
different algorithms using a relative stopping criterion

Algorithm v=1 v=2 v=>5 v=10 v =100

EM 6224 £247 4620+£1.84 50.14+£11.01 122.45+30.81 530.72+ 89.11
aEM 2339+£0.75 2646+1.08 49.60+ 7.55 117.214+30.74 527.77+ 89.92
MMF 22.13+£0.73 21.514+£096 25.12+ 2.63 3817+ 447 5398+ 7.06
GMMF 20.56 £0.67 17.79+£0.79 12.06+ 1.73 1435+ 097 1086+ 2.10
ECME 60.81 £2.41 40.73+£197 29.07+ 1.81 2212+ 3.81 1281+ 296
DAAREM-EM 22.09+£4.05 22264+459 2039+ 542 24724+ 634 28.09+ 693
DAAREM-aEM 1552 +£1.57 14904+£2.39 1535+ 322 1784+ 441 20.07+ 3.68

DAAREM-MMF 15.16 £1.45 14.024+2.09 13.12+ 2.09 1499+ 3.62 66.86 &+ 630.74
DAAREM-GMMF  14.114+1.04 1281 +£146 9.61+ 1.27 984+ 146 1015+ 2.10
DAAREM-ECME  22.694+4.71 19.15+£3.50 17.06+ 333 1689+ 375 1235+ 3.90
SQUAREM-EM 2636 £2.25 21.77+£4.56 2143+ 3.13 46.01 £10.72 111.24+ 4047
SQUAREM-aEM 1532+£098 14.864+:0.86 2287+ 226 4357+ 829 3856+ 3535
SQUAREM-MMF  1547+£1.09 14.05+140 14.18+ 156 1840+ 121 2241+ 9.39
SQUAREM-GMMF 1330+149 1199+0.16 9.02+ 049 890+ 0.80 828+ 129
SQUAREM-ECME 2425£279 19204+196 1848+ 3.12 1798+ 333 1341+ 341

6.3 Unsupervised estimation of noise parameters

Next, we provide an application in image analysis. To this aim, we consider images
corrupted by one-dimensional Student 7 noise with & = 0 and unknown ¥ = ¢ and
v. We provide a method that allows to estimate v and o in an unsupervised way. The
basic idea is to consider constant areas of an image, where the signal to noise ratio is
weak and differences between pixel values are solely caused by the noise.

Constant area detection: In order to detect constant regions in an image, we adopt
an idea presented in [30]. It is based on Kendall’s t-coefficient, which is a measure
of rank correlation, and the associated z-score, see [10, 11]. In the following, we
briefly summarize the main ideas behind this approach. For finding constant regions
we proceed as follows: First, the image grid G is partitioned into K small, non-
overlapping regions G = U,f:l Ry, and for each region we consider the hypothesis
testing problem

Ho: Ry is constant vs. Hi: Ry is not constant.

To decide whether to reject Hg or not, we observe the following: Consider a fixed
region Ry and let /, J C Rj be two disjoint subsets of Ry with the same cardinality.
Denote with u; and u j the vectors containing the values of u at the positions indexed
by I and J. Then, under Hy, the vectors u; and u; are uncorrelated (in fact even
independent) for all choices of I,J € Ry with I NJ = @ and |I| = |J|. As a
consequence, the rejection of Hy can be reformulated as the question whether we
can find 7, J such that u; and u; are significantly correlated, since in this case there
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Table 5 Average number of iterations (lowest in bold) and the corresponding standard deviations of the
different algorithms using an absolute stopping criterion

Algorithm v=1 v=2 v=>5 v=10 v =100

EM 87.56 £3.22 60.61 £2.93 58.16+10.53 126.97 £30.12 535.17 &+ 88.15
aEM 29.00£1.27 3098 +144 5340+£7.24 119343030 531.86+89.26
MMF 28.07£1.23 2658+1.13 29.24+239 41.21+449 5530£7.15
GMMF 26.54+1.19 2297+1.15 1584+£1.77 17.31+1.04 12.32 +£2.19
ECME 86.02£3.32 5499+292 3630+£272 25924433 13.94 £3.37
DAAREM-EM 3048 £7.45 29.11£837 2450+£6.35 27.65+6.44 29.13 £ 6.63
DAAREM-aEM 19.96 £2.05 19.19+3.15 18.74+430 2045+4.92 21.34 £3.90
DAAREM-MMF 1944 +£1.80 18.20+2.61 1594+244 17.65+4.30 62.17 £ 546.96

DAAREM-GMMF 18494150 1629+1.86 12264+1.54 12.15+1.67 11.50 £2.18
DAAREM-ECME 30.87£8.03 24.74+5.14 20.88+4.38  19.68 =4.66 13.95+4.42
SQUAREM-EM 3497+£3.73 2891+£459 2545+3.00 499741056 111.47 +38.98
SQUAREM-aEM 20.73 £1.08 18.02+0.78 26.56+2.05 4694 +8.43 41.79 £ 31.88
SQUAREM-MMF  21.04£0.51 17.84+0.96 18.07+124 21.59+1.34 25.51+£10.29
SQUAREM-GMMF 17.09 £1.39 15.02+0.21 1212+0.73 12.01+0.97 11.28 +1.34
SQUAREM-ECME 3328 £4.73 2584 +£2.73 2282+277 21.12+3.36 16.13 £3.40

has to be some structure in the image region Ry and it cannot be constant. Now, in
order to quantify the correlation, we adopt an idea presented in [30] and make use
of Kendall’s t-coefficient, which is a measure of rank correlation, and the associated
z-score, see [10, 11]. The key idea is to focus on the rank (i.e., on the relative order)
of the values rather than on the values themselves. In this vein, a block is considered
homogeneous if the ranking of the pixel values is uniformly distributed, regardless
of the spatial arrangement of the pixels. In the following, we assume that we have
extracted two disjoint subsequences x = uy and y = u; from a region Ry with I and
J as above. Let (x;, y;) and (x;, y;) be two pairs of observations. Then, the pairs are
said to be
concordant if x; < x; and y; < y;
orx; > xjand y; > yj,
discordant if x; < x; and y; > y;
orx; > x;and y; <yj,
tied ifx,-:xj ory;, =Yyj.
Next, let x,y € R" be two sequences without tied pairs and let n, and ng4

be the number of concordant and discordant pairs, respectively. Then, Kendall’s t
coefficient [10] is defined as t: R" x R" — [—1, 1],
e —Ng
T(x,y) = ﬁ
2

From this definition we see that if the agreement between the two rankings is perfect,
i.e., the two rankings are the same, then the coefficient attains its maximal value 1.
On the other extreme, if the disagreement between the two rankings is perfect, that

@ Springer



109

Numerical Algorithms (2021) 87:77-118

€200°0 F €9800°0

20€00°0 F €v010°0

882000 F 1€010°0

6¥¢00°0 F £2010°0

6¢S00°0 F 10L10°0

HNOF-INFIVNOS

6£100°0 F $SS00°0 TS100°0 F 1SS00°0 8T100°0 F L9000 02100°0 F 195000 1L200°0 F $€800°0 ANIND-WHIVNOS
£6700°0 F 609000 9r100°0 F TSS00°0 121000 F €700°0 60000 F 81700°0 8S100°0 F LESO0'0 ANIW-WEIVNOS
£€2900°0 F LL600°0 L1$00°0 F T9T10°0 1L100°0 F 299000 060000 F 90700°0 6+100°0 F S0S00°0 WHE-IWEIVNOS
£8600°0 F ¥€920°0 91%00°0 F $9110°0 1L100°0 F 6L500°0 TS100°0 F £0900°0 6£200°0 F 6LL00°0 WH-WHIVNOS
TTE00'0 F $6600°0 01%00°0 F S9£10°0 ¥Tr00°0 F TOP10°0 ¥6£00°0 F 80S10°0 65L00°0 F ¥1€20°0 HNOE-WEIVVA
TLTO0'0 F LE600O L¥200°0 F 998000 #0T00°0 F TSLOO'0 61200°0 F 9L600°0 LOY00°0 F 86T10°0 ANND-WHIVVA
YEIPTO F £9920°0 ¥8200°0 F 06L00°0 98100°0 F 81L00°0 18100°0 F €8L00°0 ¥$200°0 F T1600°0 ANIN-WEEY VA
L6100°0 F 9¥800°0 86200°0 F L6800°0 ¥L200°0 F S£800°0 €0200°0 F L1800°0 L9200°0 F £2600°0 WHE-NHIV VA
S0€00°0 F 8L010°0 95€00°0 F 91110°0 8€€00°0 F $6600°0 $6£00°0 F L¥110°0 $SY00°0 F 98T10°0 WH-WHIVVA
£6700°0 F 208000 60£00°0 F 08010°0 LTEO0'0 F ¥1E10°0 ¥S€00°0 F 86910°0 L800°0 F 8S0£0°0 amnod
19100°0 F 289000 91200°0 F 0LLOOO 0S100°0 F 175000 L9100°0 F 1SL00°0 Y000 F 61110°0 ANIND
$0T00°0 F 8L600°0 92200°0 F L1800°0 9€100°0 F T8S00°0 20100°0 F £0S00°0 £9100°0 F 96500°0 NN
$9020°0 F L8800 69L00°0 F TTTTO0 L§T00°0 F T1010°0 LT100°0 F §9500°0 65100°0 F 185000 Wge
62610°0 F LTT80'0 E7LO00 F 6L1T0°0 96200°0 F 80010°0 £0200°0 F $6600°0 12700°0 F 8LS10°0 WH

001 =« or=a g=a T=a 1=a wnpLos Y

uonrd1o Jurddos eynjosqe ue Sursn SWILIOS[ JUSIIJIP AU} JO SUOTIBIASP pIepue)s Surpuodsaliod ay) pue (P[oq Ul }S9MO]) SOWT) UOTINOAX? AL, 9 d|qel

pringer

As



110 Numerical Algorithms (2021) 87:77-118

is, one ranking is the reverse of the other, then the coefficient has value —1. If the
sequences x and y are uncorrelated, we expect the coefficient to be approximately
zero. Denoting with X and Y the underlying random variables that generated the
sequences x and y, we have the following result, whose proof can be found in [10].

Theorem 5 Let X and Y be two arbitrary sequences under Ho without tied pairs.

Then, the random variable ©(X,Y) has an expected value of 0 and a variance of

S%fﬂ Moreover, for n — 00, the associated z-score 7: R" x R" — R,

2(x )_3«/n(n—1)f(x - 3v2(ne — na)
V= Aoy Y T =D 15

is asymptotically standard normal distributed,

2(X,7) " NGO, D).

With slight adaption, Kendall’s T coefficient can be generalized to sequences with
tied pairs (see [11]). As a consequence of Theorem 35, for a given significance level
a € (0,1), we can use the quantiles of the standard normal distribution to decide
whether to reject Ho or not. In practice, we cannot test any kind of region and any
kind of disjoint sequences. As in [30], we restrict our attention to quadratic regions
and pairwise comparisons of neighboring pixels. We use four kinds of neighboring
relations (horizontal, vertical and two diagonal neighbors) thus perform in total four
tests. We reject the hypothesis Hg that the region is constant as soon as one of the
four tests rejects it. Note that by doing so, the final significance level is smaller than
the initially chosen one. We start with blocks of size 64 x 64 whose side-length is
incrementally decreased until enough constant areas are found.

Parameter estimation. In each constant region we consider the pixel values in the
region as i.i.d. samples of a univariate Student ¢ distribution T}, (u, o2), where we
estimate the parameters using Algorithm 3.

After estimating the parameters in each found constant region, the estimated loca-
tion parameters p are discarded, while the estimated scale and degrees of freedom
parameters o respective v are averaged to obtain the final estimate of the global noise
parameters. At this point, as both v and ¢ influence the resulting distribution in a
multiplicative way, instead of an arithmetic mean, one might use a geometric which
is slightly less affected by outliers.

In Fig. 4 we illustrate this procedure for two different noise scenarios. The left col-
umn in each figure depicts the detected constant areas. The middle and right column
show histograms of the estimated values for v respective o. For the constant area
detection we use the code of [30]. The true parameters used to generate the noisy
images where v = 1 and o = 10 for the top row and v = 5 and o = 10 for the bot-
tom row, while the obtained estimates are (geometric mean in brackets) b = 1.0437
(1.0291) and 6 = 10.3845 (10.3111) for the top row and U = 5.4140 (5.0423) and
6 = 10.5500 (10.1897) for the bottom row.

3https://github.com/csutour/RNLF
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A further example is given in Fig. 5. Here, the obtained estimates are (geometric
mean in brackets) b = 1.0075 (0.99799) and 6 = 10.2969 (10.1508) for the top row
and ¥ = 5.4184 (5.1255) and 6 = 10.2295 (10.1669) for the bottom row.

Appendix. Auxiliary lemmas
Lemmad Let x; € R:,i=1,...,nandw € An Sfulfill Assumption 1. Let (vy, X)),
be a sequence in R.g x SPD(d) with v, — 0 asr — oo (or if {v.}, has a subse-

quence which converges to zero). Then (v, X), cannot be a minimizing sequence of
L(v, X).

Proof We write
L(v,¥) =gW)+ Ly(X),

g(v) = 2log (r (%)) —2log (r (d%)) — vlog(v).

where

80 85 90 95 100 105 110

(a) Noisy image with detected (b) Histogram of estimates for (c) Histogram of estimates for
P

homogeneous areas.
3

2.5

0.5

B 10 12 14 6 Yo 80 90 100 110 120

(d) Noisy image with detected (e) Histogram of estimates for (f) Histogram of estimates for
homogeneous areas. v. 2.

Fig.4 Unsupervised estimation of the noise parameters v and o2
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Then it holds lim, ¢ g(v) = oo. Hence it is sufficient to show that (v,, X,), has
a subsequence (v, 2, ) such that <L v, (E,k)) is bounded from below. Denote by
r

Ar1 = ... > Aqq the eigenvalues of X,.
Casel:Let{A,; :reN,i=1,...,d} C[a,b] forsome 0 < a < b < occ. Then
it holds liminf,_, o, log | X\ | > log(ad) = dlog(a) and

v

. - 1
rlingo(d + ;) Z w; log (ExiTxi)

i=1 i=1

n
1
d Z w; log (ExiTx,) .
i=1

n
liminf(d + v,) Z w; log(v, + x,TEr_lx,-)

r—00
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Note that Assumption 1 ensures x; 7% 0 and xl.T x; > 0fori =1,...,n. Then we get

n
liminfL,, (£,) = liminf(d + v,) Y w; log(vr + x; X, 'x;) + log | % |
r—00 r—00 P

n
1
d wilog (Zx,Txi) + dlog(a).
i=1

Hence (L,, (X)), is bounded from below and (v,, ;) cannot be a minimizing
sequence.

Case2:Let{A,; :reN,i=1,...,d} £ [a,b]forall 0 < a < b < oco. Define
or = | XvlF and P, = %. Then, by concavity of the logarithm, it holds

v

n
Ly, (Zy) = (d+v) Y wilog(v, +x[ 27 'x;) + log(|Z,])

i=1

n
> d Y wilog(x] X, 'x;) + v log(v,) + log(| )

i=1

n
1
>d E w; log (p—xiTPrlxl-) + log(,of | P-|) + const
r

i=1

n
=d Z w; log(xl-TPflx,') + log(| P|) +const. (16)
i=1
=:Lo(Pr)
Denote by p,1 > ... > prq > O the eigenvalues of P.. Since {P, : r € N} is

bounded there exists some C > 0 with C > p, | for all r € N. Thus one of the
following cases is fulfilled:

i) There exists a constant ¢ > 0 such that p,. 4 > cforallr € N.
ii) There exists a subsequence (P ); of (Pr), which converges to some P €
0SPD().
Case 2i) Let ¢ > 0 with p, 4 > ¢ for all » € N. Then liminflog(| P,|) > log(cd) =
r—0o0
dlog(c) and

r—00

n n
.. _ 1
lim infd E w; log(x,-TPr 1x,') >d E w; log <Ex,-Txi) .
i=1 i=1
By (16) this yields

n
liminfL,, (X,) > liminfd Z w; log(x] P7'x;) + log(| P,|) + const
r—00 r—00 Pt

A%

n
1
d Z wj log (ExiTxi) + dlog(c) + const.
i=1
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Hence, (L, (%,)), is bounded from below and (v,, X;) cannot be a minimizing
sequence.

Case 2ii) We use similar arguments as in the proof of [17, Theorem 4.3]. Let (P, )«
be a subsequence of (P,), which converges to some P € dSP D(d). For simplicity
we denote (P, )¢ again by (P-),. Let py > ... > pg > 0 be the eigenvalues of P.
Since | P||F = rlirgO | P-]|F = 1itholds p; > 0.Letg € 1,...,d — 1 such that

P1>...2Dpg > pgr1=...=pqg=0.
By er1,...,erq, we denote the orthonormal eigenvectors corresponding to
Dr1s--» Pr.d. Since (Sd)d is compact we can assume (by going over to a subse-
quence) that (e, 1, ..., e, q), converges to orthonormal vectors (eq, ..., ¢4). Define

So == {0} and fork = 1,...,d set Sy = span{ey, ..., ex}. Now,fork = 1,...,d
define

Wie=S\Si—1={yeR: (y,er) #0, (y,e;) =0forl =k +1,...,d}.
Further, let

L={ie{l,....n}:xie S8} and L ={ie{l,....n}:x; € Wi}.
Because of Sy = WUSs— we have I = I,UI_; fork =1, ..., d. Due to Assump-
tion 1 we have |I| < ’ik’ < dim(Sy) = k fork = 1,...,d — 1. Defining for
j=1,....d,

Lj(P) = dZwi log(x} P x;) + log(py)),
iE[j

itholds Lo(P,) = Z‘]j-zl Lj.For j < g we get

. - 1. g

liminfZ;(F;) = lin;g}dew[ log (Exi xi>+log(p,_j) = dZwi log (Ex,- x,')-l-log(pj).
i€l i€l

Since fork € {1,...,d}andi € I,

d

_ 1 2 1
xiTPr 1xi = 12:; o ()Ci, e,,j> > P

2
(xi, eri)”,

and lim,_ o (X, err) = (xi, ex) 7 0, we obtain
liminfp, xx; Pox; > liminf(y, e.x) > (v, ex)?* > 0.
r—00 r—00

Hence, it holds for j > ¢ + 1 that

Li(P) = dy_wi [log(T P7'xp) + log(p )| + | 1= Y wi | log(pr)

lGIj l€[j

= dZw,- log(p,,jxl.TPrflxi) +11- dZw,- log(pr. ;).

i€l i€l
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Thus, we conclude

d q d
liminfLo(P,) = liminfy " L;(P,) = _liminfL;(P,) +liminf Y L;(P,)
j=1 j=1 j=q+1
q 1 d
T o T p—1
> ZdZwi log (Exi xi> —|—log(p_,')+11rrggclf Z dZw,- log(prjx; P xi)
j=1 iel; Jj=q+1 i€l;
d
+Hliminf Y | 1—d) wi | log(py))
j=q+1 iel;
q 1 4
> Zdzwi log(Ex;[x,‘)-l—lOg(pj)-f‘ Z dZw; log({x;, ;)
j=1 iel; J=q+l i€l;
d
Himinf ) | 1—d) wi | log(pr.j)
Jj=q+1 iel;

d
= const—i—lirrg(i)rolf Z (l — dzwi) log(pr, j)-

J=q+1 iel;

It remains to show that there exist ¢ > 0 such that

d
lim inf Z l—dZwi log(py.j) > é. (17)
Jj=q+1 i€l

We prove for k > g + 1 by induction that for sufficiently large r € N it holds

d

Dol 1=a) wi|log(pr) = |d Y wi— (k—1) | log(pri).  (18)

j=k iel; el
Induction basis k = d: Since I; = I;; U I;_| we have
= ¥ =Y
iel; iel_ i€k

and further

1=dY wi=1—d| Y wi— Y wi | =1-d | 1= > wi | =d ) wi—@d-1).

iely ieid iei,171 ieid,1 iEid,1

If we multiply both sides with log(p,4) this yields (18) for k = d.
Induction step: Assume that (18) holds for some k + 1 withd > k+1 > g+ 1,1i.e.,

d
k
- E 1 —dE w; | log(pr,j) > d ENw,- -7 log(pr k+1)-
j=k+1 i€l icl;
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Then we obtain

M=

1 - dZwi log(py, )

ielj

~.

[
M&. llr-

L—d) w; |log(prj)+ [ 1=d> w; | log(pri)
j=k+1 ielj i€l

v

k
d | Y _wi = = [1og(prarn) + | 1= d Y wi | log(pri).

ieik iely

and since Zieik w; < ‘ik‘ % < § by Assumption 1 and p; x4+1 < prx < 1 finally

k
>d | wi— 7 | logtpri)+ | 1= dy wi | log(pr)

ieik iel

= (d D wi— k-1 |log(pra).
iefk_l

This shows (18) for k > g + 1. Using k = g + 1 in (17) we get

d
liminf (1—d2wi)log(prj)znrn;gf dy wi—q| log(prgr) > —oo.

j=q+1 ielj iel, bounded from above

<0
This finishes the proof. O

Lemma 5 Let (v, X)), be a sequence in R~g x SPD(d) such that there exists v_ €
Rso withv_ < v, for all r € N. Denote by A1 > --- > A4 the eigenvalues of X,.
If {x1,r : r € N} is unbounded or {Lq, : r € N} has zero as a cluster point, then
there exists a subsequence (vy,, Xy )k of (vr, X,),, such that kll)ngo Ly, X2p,) = oo

Proof Without loss of generality we assume (by considering a subsequence) that
either A, — ocoasr — ooand A,y > ¢ > Oforall » € N or that A,; — 0 as
r — 00. By [17, Theorem 4.3] for fixed v = v_, we have L,_(X,) — coasr — o0.
The function #: R.¢9 — R defined by v +— (d + v)log(v + k) is monotone
increasing for all k& € R>¢. This can be seen as follows: The derivative of A fulfills

, d+v 1+v
h(v) = —— +loglv+k) > m—l—log(v—}—k),

k+v

and since
Jd [1+v k—1
— [ —— +1 k)= —,
ok <k+v+0g(v+ )) k +v)?
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the later function is minimal for k = 1, so that
, 14+v 14+v
h(v) > —— +loglv+k) > —— +1loglv+1) =1+1log(1+v)>0.
k+v 1+v

Using this relation, we obtain

n n
@-+v) Y witog (v +xT 57 ) = (@ +v-) Y wilog (v- +x7 57 x;)
i=1 i=1

and further

n
LopnZ) = @d+v) Y wilog (vr + x;rZ‘r_lxi) +log(1Z,])

i=1
n
> (d+vo) Zwi log (v, —}—xiTEr_lxi) + log(| X+ |)
i=1
=L, (X)) —> o0 as r — oo. O
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