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Abstract

The symmetric maximum, denoted by @, is an extension of the usual maximum
V operation so that 0 is the neutral element, and —x is the symmetric (or inverse) of
x, i.e., x @(—x) = 0. However, such an extension does not preserve the associativity
of V. This fact asks for systematic ways of parenthesing (or bracketing) terms of a
sequence (with more than two arguments) when using such an extended maximum.
We refer to such systematic (predefined) ways of parenthesing as computation rules.

As it turns out there are infinitely many computation rules each of which cor-
responding to a systematic way of bracketing arguments of sequences. Essentially,
computation rules reduce to deleting terms of sequences based on the condition
x @(—x) = 0. This observation gives raise to a quasi-order on the set of such com-
putation rules: say that rule 1 is below rule 2 if for all sequences of numbers, rule
1 deletes more terms in the sequence than rule 2.

In this paper we present a study of this quasi-ordering of computation rules. In
particular, we show that the induced poset of all equivalence classes of computation
rules is uncountably infinite, has infinitely many maximal elements, has infinitely
many atoms, and it embeds the powerset of natural numbers ordered by inclusion.

Keywords: symmetric maximum, nonassociative algebra, computation rule, par-
tially ordered set

1 Introduction

Among the wide variety of algebraic structures sofar studied in the realm of aggregation
theory, only a few have been considered with nonassociative fundamental operations; see
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e.g. [2,5 16, [7, 9], see also [§] for a recent reference. If commutativity, distributivity,
and existence of neutral element and of symmetric element, etc., are often abandonned,
associativity remains a desirable property in order to avoid ambiguities when assessing the
outcome of composed computations within the algebraic structure. However, in certain
situations such nonassociative operations are both natural and necessary: this is the case
of the symmetric maximum [5] [6].

For a preliminary discussion, consider the set N of nonnegative integers and the max-
imum operation V defined on it. Let us try to build on Z an operation @ behaving like
a group addition but coinciding with V on the positive side, that is, for every a,b € Z,
a@0 = a (neutral element), a @(—a) = 0 (symmetry), a@b = a Vb if a,b > 0. If such
an operation exists, it is necessarily nonassociative as shown below:

—39(392)=-393=0 (1)
(—393)@2=0@2=2. (2)

One can show [5] that the best definition (in the sense that it fails associativity on the
smallest possible domain) of @ is given by:

—(la] Vv 1b]) ifb# —a and |a|V |b] = —a or = —b

a@b=14¢ 0 if b=—a (3)
la| V [b] otherwise.
Except for the case b = —a, a @ b equals the element among the two that has the greatest

absolute value.

The main problem is how to interpret this nonassociative operation when evaluating
expressions like @7, a;, as it was the case in [6]. The solution proposed in [0, 5] was
to define computation rules, that is, to define systematic ways of putting parentheses so
that no ambiguity occurs. Since we deal with commutative operations, a simple example
of a computation rule is the following: put parentheses around each pair of maximal
symmetric terms. If we apply this to our example above, this rule corresponds to ().
Another one is to make the computation separetely on positive and on negative terms,
and to aggregate the result: (@; ;) @(@; a; ). This corresponds to ().

It is easy to see that there are many possible computation rules, but to study them,
one needs to formalize the intuitive idea of a computation rule. The aim of this paper
is twofold: to propose a formal definition of a computation rule, which was lacking in
[5], and to study the set of all computation rules endowed with a very natural ordering.
As we will see, the poset of computation rules induced by this ordering is uncountable;
in fact, from Corollary 24] below, it follows that this poset is equimorphic (equivalent
with respect to embeddability) to the power set of positive integers ordered by inclusion.
Moreover, we show that the poset of computation rules has infinitely many atoms and
has infinitely many maximal elements; these are completely described in Subsections [4.3]
and (4.4

Throughout the paper, we adopt the following notation: if Z is a set of symbols,
then £(Z) denotes the language (set of words, including the empty word &) built on the
alphabet Z.



2 The symmetric maximum

In this section we recall basic concepts and preliminary results needed hereinafter (for
further developments see [6, [5] and [8, §9.3]). However, we assume that the reader is
familiar with elementary notions in the theory of ordered sets, and refer the reader, e.g.,
to [1, B, 4] for basic background.

Let C be a chain endowed with an order < and least element 0, and let C~ := {—c:
¢ € C} be its dually isomorphic copy, which we refer to as its symmetric counterpart.

We define C' := C' UC~, and set 0 = —0. Since we will only consider countable
sequences of elements of C', without loss of generality, we may assume that C' = Z, or a
finite symmetric interval of it.

Let us introduce a binary operation @ on C fulfilling the following independent con-
ditions:

(I) @ coincides with V on C2.
(II) —a is the symmetric of a, i.e., a@(—a) = 0.

(IITI) —(a@b) = (—a) @(—b) for all a,b € C.

As observed in Section [ (I) and (II) imply that @ is not associative. Note also that
from (III), it follows that @ coincides with the minimum on C'~. The following results
are not difficult to verify.

Proposition 1. Under the conditions (I), (II) and (III) above, no operation is associa-
tive on a larger domain than that on which the symmetric maximum defined by (@) is
associative.

Proposition 2. The symmetric maximum has the following properties:

(i) @ is commutative on C.
(ii) 0 is the neutral element of @.

(ili) @ is associative on an expression involving ai,...,a, € C, n > 2, if and only if
Viciai # = Nizy i
i=1 Qi i=1 Qi+
(iv) @ is nondecreasing in each argument on C.

Property (iii) of Proposition [2 will be the basis for defining computation rules.

3 Computation rules

The lack of associativity of @ induces ambiguity when evaluating expressions like @7 ; a;.

To overcome this difficulty, computation rules were proposed in [6, 5], and which amount
to eliminating situations where nonassociativity occurs, as characterized by property (iii)
in Proposition 2l

Given a sequence (a;);er with I C N, we say that it fulfills associativity if either |I| < 2
or ey @i # — N\iey @i- Hence @ier a; is well-defined if and only if (a;);e; fulfills associa-
tivity. Informally speaking, a computation rule is a systematic (predefined) way to delete
symbols in a sequence in order to make it associative, provided that this corresponds to
some arrangement of parentheses.



Example 3. Consider the following sequence in Z: 3,2,1,0, —2, —3, —3. A possible way
to make the sequence associative is to delete 3, —3, which corresponds to the arrangement

B2-3)0(-3020-20©1©0)=-3.

Another possibility is to delete all occurrences of maximal symmetric symbols, that is,
first 3, —3 then 2, —2, wich corresponds to:

B@(-39-3) 0290 —-2)01@0 =1.

Even though deleting the 3 makes this sequence associative, it does not correspond to
any arrangement of parentheses.

In this section we reassemble these ideas and propose a formalism where the intuitive
idea of a computation rule is made precise, and show that our formalization fulfills our
initial requirements.

Since 0 is the neutral element of @, we deal with sequences (words) built on Z := C'\
{0}, including the empty sequence . Hence, we consider the language £(Z). Nonempty
words are denoted by o = (a;);er, where I is a finite index set.

We are interested in computing expressions @;c; a; unambiguously. Since @ is com-
mutative, the order of symbols in the word does not matter, and we can consider any
particular ordering of the word, like the decreasing order of the absolute values of the
elements in the sequence:

(1,3,-2,-3,3,1,2) — (3,3,-3,2,—2,1,1).

Hence, we do not deal with words, but with such ordered sequences. We denote by &
the set of all such sequences. We introduce a convenient and unambiguous encoding of
sequences, based on two mappings. The mapping 6 assigns to every o € &, the list of
the absolute values in ¢ in decreasing order:

0(c) == (n1,...,ng).

We assume that 0(c) is always a finite sequence of arbitrary length. The mapping v :
S — Uien(N2)" is defined by:

U((@i)ier) = ((pr,ma), - -, (pg, mg))

where py, my are the numbers of occurrences of the k-th greatest absolute value of elements
in the sequence, p; being for the positive element, and my for the negative one. In other

words, for 0(c) = (n4,...,n,), the sequence o can be rewritten after reordering as:
o= —N, .., =N, —Tg,y .., —Tg).
(@17 7n147\ ny, ; nl} 717’q7 7nqj\ nqa ) ng)
Vs v ' Vs
p1 times m1 times pq times mq times

Note that no pair in ¢(o) can be (0,0).
Example 4. Consider the sequence o = (1,3, —-3,2,—2,—2,3,1,1,1). Then

77Z)(0-) = (( ) )7(172)7(470))'



Note that 6(c) and ¢ (o) uniquely determine . Also, saying that o fulfills associativity
means that either p; or m; is 0. We denote by &g the set of sequences which do not
fulfill associativity.

Definition 5. There exist five elementary rules p; : & — &, defined as follows. For any
sequence o with () = (P M) ict, o)

(i) elementary rule p;: if p; > 1 and my > 0, the number p; is changed into p; = 1;
(ii) elementary rule po: if m; > 1 and p; > 0, the number m; is changed into m; = 1;

(iii) elementary rule p3: if p; > 0, m; > 0, the pair (p;, my) is changed into (p; — ¢, m; —
¢), where ¢ := p; A my. If this results in the pair (0,0), then this pair is deleted,
and all subsequent pairs (pg, my), k = 2,3, ..., are renumbered as (pg_1, Mg_1)-

(iv) elementary rule py: if p; > 0, my > 0, and if ps > 0, the number p, is changed into
pe = 0. If this results in the pair (0,0), then this pair is deleted, and all subsequent
pairs (px, my), k = 3,4, ..., are renumbered as (px_1, My_1)-

(v) elementary rule ps: if p; > 0, m; > 0, and if my > 0, the number ms is changed into
mg = 0. If this results in the pair (0,0), then this pair is deleted, and all subsequent

pairs (px, my), k = 3,4, ..., are renumbered as (px_1, Mg_1).
Rules py, ..., ps have no action (i.e., p;(c) = o) if the conditions of application are not
satisfied.

We define the (computation) alphabet as W := {p1, po, p3, P4, p5}-

Definition 6. A computation rule R is any word built on ¥, i.e., R € L(V). We say
that R is a well-formed computation rule (w.f.c.r.) if for any sequence o € & we have
R(o) € 6\ &y. We denote by R the set of well-formed computation rules.

For example, pops3p1, pip1, (p1ps)*(paps)* are computation rules, where as usual w*
denotes the infinite concatenation wwwww--- of the word w (we recall that words are
read from left to right). Observe that only the two latter rules are well-formed.

Note that from Definition B, we have R(c) = o for any rule R and any sequence ¢ in
S\ &g. We give examples of w.f.c.r.’s which include those already proposed in [5] (we
leave to the reader the proof that they are well-formed):

(i

0=
(P1P2P3)*7

= (paps)* ()= = (paps)*prp2p3,

[
<

opt = (/)4/)5)*/72/737

L= (/71/73) )

) (o=
i) ()=
iii) (-)*
i) (*)pess = (Paps)"p1ps,
) ()
i) ()
i) ()

R = (p2p3)".



Note that (o) = ¢ for all 0 € &,.

We use @(R(0)) to denote the value of @;era; after applying the computation rule
R € R to Y(o) = ¥((ai)ier). To compute @(R(0)), one needs to delete symbols in the
sequence (o) exactly as they are deleted in ¥ (o). We say that R, R’ € R are equivalent,
denoted by R ~ R', if for any sequence o € & we have @(R(0)) = @(R/(0)).

The next fundamental theorem shows that our setting covers all possible ways of
putting parentheses on words in £(Z) in order to make them associativel.

Theorem 7. Any computation rule applied to some o € & corresponds to an arrange-
ment of parentheses and a permutation on o. Conversely, any arrangement of parentheses
and permutation on some ¢ € G making the sequence associative is equivalent to a com-
putation rule applied to o.

Proof. Let us define 5 basic rules applied on any sequence o with ¢ (o) = (pg, Mg )kex as
follows:

(i) basic rule p’lf, for a given k € K: if p, > 1, the number p, is changed into py — 1;
(i) basic rule o'y, for a given k € K: if my, > 1, the number my, is changed into my, — 1;

(iii) basic rule p’lg, for a given k € K: if p > 0,my, > 0, the pair (pg, my) is changed
into (pr — 1, my — 1);

(iv) basic rule p'%, for k > 1: if p, > 0, the number p;, is changed into py — 1;
(v) basic rule p/f, for k > 1: if my, > 0, the number my, is changed into my, — 1,

For all these rules, if a pair (0,0) appears, it is immediately deleted. Observe that the
elementary rules are concatenations of the above basic rules. Indeed, we have:

pr=(")" pe=()" ps=0(p3)" pa=(0)" ps=(5)"

Claim 1. Any way of parenthesing a word in L(Z) corresponds to a word (rule) in
LR, 5 een), and conversely.

Proof of Claim[1. Indeed, consider a word w € L(Z): parentheses are put around 2
consecutive elements, like (a @ b), where a or b can be the result of a pair of parentheses
too. Only three cases can occur:

(i) either a = b, then (a @b) = a = b. This corresponds to basic rules p'¥ (if a > 0) or
p's (if a < 0) for a suitable ;

(ii) or a = —b, then (a @b) = 0. This corresponds to the basic rule o/t for a suitable k;

(ili) otherwise |a| < |b| (or |a|] > |b]). Then (a @b) = b and this corresponds to the basic
rules p/% (if a > 0) or p'& (if @ < 0) for a suitable k. O

Tt is noteworthy to observe that this framework is suitable for any nonassociative operation which
satisfies (ii) and (iii) of Proposition 21



Claim 2. Given a sequence o € &g, for any rule p in E({p"f, o ,p’lg}keN) making o
associative, there exists a computation rule R in L(V) such that @(p(c)) = @(R(0)).

Proof of Claim[4. We have already established that any elementary rule is a particular
rule in £({p"¥,..., 5 }ren), and therefore this is true also for any computation rule in
L(D).

Take then any rule pin £({p'}, ..., p'¥}ren) making o associative. The result @(p(o))
is some number in o, say dng, with § = 1 or —1 (i.e., the kth positive or negative symbol
in 6(c)). Let us construct a computation rule R such that @(R(¢)) = dny, as follows:

e Suppose k = 1,0 = 1 (provided p; > 1). Then R = pyp3. For the case 6 = —1, we
find R = p1ps.

e Suppose k > 1, 6 = 1 (provided p, > 0) or 6 = —1 (provided my, > 0). Apply the
following algorithm:
— Initialization: R < ¢
— Fort=2to k—1, Do:
x If p, =0 put R < Rps
x If m; =0 put R < Rpy
x Otherwise put R < Rp4ps

— Case 6 = 1: if my >0, R < Rps.
— Case 6 = —1: if pp > 0, R < Rpy.
— R < Rp1paps

By construction, R is equivalent to p on o, and the proof of the claim is now complete. [

Theorem [1 now follows from Claims [Il and 2. O
Remark 8. Note that a well-formed rule in £({p’¥,..., 't }ren) (ie., making any o as-
sociative) is not necessarily equivalent to a w.f.cr. in fR. For instance, consider the

w11

well-formed rule p = p'2((p'1)*(¢'5)*p'3)*, and apply it on the sequences:
o =(2,3)(1,0)0,1)(2,1), o = (2,3)(1,1)(0,1)(2,0).

Then @(p(0)) = ny and @(p(c’)) = ny. Let us try to build an equivalent w.f.cr. R € R .
Since the second pair in ¢ is the final result, one cannot touch it. Therefore, R contains
only p1, p2, p3, and thus one finds —ng on o’. Hence, compositions of basic rules may
result in rules more general than our computation rules. However, those rules which are
not computation rules are rather artificial.

Hereinafter, we will make use of the following “factorization scheme” for computation
rules.

Lemma 9. Let R be a w.f.c.r. in fR.



(i) Factorization: Rule R can be factorized into a composition
R=T\Ty---T}-- (4)

where each term has the form T := w;plipy ps, with w; € L({ps,ps}) (possibly
empty), and a;, b; € {0,1}.

(ii) Simplification: Suppose that in (4) there exists j € N such that w; = wp} or wpf
for some w € L({p4, p5}), or that p, and ps alternate infinitely many times in w;.
Let

ki = min{j : w; = wpj; or wpi}, and

ke = min{j : ps and ps alternate infinitely many times in w,}.
o If k< kg, then R~ 1T -- 'Tkl-
e Otherwise, ky < ki, and R ~ T --- T} , where T = (paps)*pi*2 png P3.

Proof. Let R be a w.f.cx. Then R is necessarily infinite, otherwise one can always con-
struct a sequence o such that R(o) € &\ &,. Also, p; necessarily belongs to R, otherwise
the sequence o with ¢(¢) = (2,1) would not be made associative by R. Therefore, the
word R can be cut into terms where p3 acts as a separator, i.e., R = Rip3Rsp3 - -+, with
R; € L({p1, p2, pa, ps}). Now observe that p; and p¥ are equivalent for any k > 1, and
the same holds for p,. Moreover, the order between p;, po and w; is unimportant because
none of these symbols can make the sequence o associative (i.e., the rule will not stop
after applying these elementary rules), and each of them applies on a different symbol of
o. This proves that each term 7; can be written in form (4)).

Observe that since R is infinite, there can be infinitely many factors 7T; or finitely
many, provided one factor 7T; has an infinite w;. In the first case, there is no last factor
and the proof of (i) is complete. In the second case, it remains to prove that the last
factor 1 has the same form, i.e., it ends with p3. Suppose on the contrary that there are
elementary rules py4, ps after ps. If o is made associative after applying ps3, then the rule
stops and the remaining py4, p; are useless. If not, it is because p3 has acted on a pair
(p, p) with p > 0. But if the next pair is, say, (1,1), o will not be made associative by the
remaining py, ps, contradicting the fact that R is well-formed.

Let us prove (ii). Suppose first that ky < k;. Observe that any w; where py, ps5
alternate infinitely many times is equivalent to (psps5)*. Moreover, (psps)* deletes all

pairs after the current one. Therefore, it remains only the current pair, and p?kQ png 03
necessarily stops on it, for any value of ay,, by, .

Suppose now that k; < ko, and wy, = wpj (the other case is similar). Then p} deletes
all pairs after the current pair of the form (p’,0), and stops at the first pair of the form

(p',m’) with m’ > 0, which is transformed into (0,7’). Then p|" pgkl p3 makes the current
pair either of the form (0,0), or (p,0) or (0,m). In the two last cases, R stops. In the
first case, the current term is deleted, and the next pair encountered is (0, m’), where the
rule stops. The proof of (ii) is complete. O

Remark 10. Note that (ii) of Lemma [O does not refer to every w containing a pj or a p.
For instance, if w = psp}ps, then the subsequent terms of R are relevant.



Remark 11. If T; == w;p% p5 ps, where w; # (paps)*,wpl,wpt, for any w € L({ps,ps}),
then there is o; such that T;(0;) = € and T;(0;0) = o for every o € &.

We refer to the compositions given in (ii) as factorized irredundant forms of compu-
tation rules. For instance, (-)* can be factorized into two equivalent compositions

(VE = (paps) (prp2ps)” = (paps)” p1p2ps.

but only the second is a factorized irredundant form. Note that our previous examples
of w.f.c.r.’s are given in factorized irredundant forms.

Now it is natural to ask whether two equivalent rules have necessarily the same fac-
torized irredundant form. The next proposition shows that there is a unique factorized
irredundant form for each equivalence class of computation rules.

Proposition 12. Let T =T ---T, and 7" = T] --- T/ be two rules in factorized irre-
dundant form, where n,m may be infinite. Then T ~ T" if and only if n = m and for
every 1 <i<n, T, =T

Proof. Clearly, the conditions are sufficient. So let us prove that they are also necessary.

First, we show that n = m. For a contradiction, suppose that n # m, say n < m. In
particular, for every j < m, wj is not of the wpj nor wps form for any w € L({p4, ps}),
and w;- # (paps)*.

Note that (a1, b;) = (@, b)), otherwise T o¢ T" (just consider (2,1), (2,2), or (1,2)).
Thus, to verify that T} = T7, it suffices to show that w; = w]. Let p and p’ be the number
of times that py and ps alternate in w; and wj, respectively. It is easy to see that p = p/
(just consider sequences of the form (1,1)(1,0)%(0,1)[(1,0)(0,1)]4(1,0)(0, 1), for suitable
a,b € {0,1} and ¢ € N). Moreover, either both start with ps or both start with ps (just
consider strings of the form (1,1)[(1,0)(0, 1)]?).

So suppose both start with py and p = 2t — 1 (the case p = 2t is similar), say

wi = oo plpl and wi = pipy - oyt
where 7y, 7; # 0, and let k = min{j : [; # l;orr; # 1}, say [, <[}, (the other cases are
dealt with similarly). Then, for

o = (1, 1)[(1,0)(0, 1)]*71(1,0)"+(0, 1)[(1,0)(0, 1)}

@(T(0)) > @(T'(0)), which contradicts T ~ T". Hence, w; = wj, and we conclude
T, = T]. In fact, following exactly the same steps, one can verify that T; = T, for every
1< n.

Now, as in the case above (an,b,) = (a,,b,), otherwise T ¢ T'. Moreover, by
assumption, we have that w, = wpj or wpi for some w € L({p4, ps}) \ {(paps)*}, or that
wn = (paps)*. Since W, # (paps)*, wn # (paps)*. Hence, py and ps must alternate the

same number of times, say

_ Al le Tt ro_ ly g
Wp = P4 ps - pips and wy, = pgpst - pips

where either [, = « # [ and r, = r;, = 0, or 7, = % # r, and [;, [, > 0. Without loss of
generality, suppose that the latter holds. Then, for

0= (17 1)[(17 0)(07 1)]n_1(17 O)(Ov l)rH—l

9



@(T(0)) < @(T"(0)), again a contradiction. Using Lemma [9 (ii), we see that all possible
cases have been considered and, since each leads to a contradiction, we have n = m.
Now, by making use of (concatenations of) sequences of the form

(1,1)(1,0)7(0, 1)[(1,0)(0, 1)]*(1,0)(0, 1)"(2, 1)°(2, 2)(1, 2)°,

if both have infinitely many terms T;,7;, then T; = T! for every ¢ € N, and if 7" and
T" have the same (finite) number of terms, say n, then 7; = T for every ¢ < n, and
(am bN) = (a’;w b;z)
Thus, to complete the proof it remains to show that in the latter case, we have w,, =
w/; in fact, both w,, and w], are (paps)*, or wpj or wpk for some w € L({p4, p5}) \{(paps)*}
For the sake of a contradiction, suppose first that w, = (p4ps)* but w/, = wpj or

w! = wpi where py and p; alternate finitely many times in w, say p times. Then
@(T' (o (1, 1)[(1,0)(0, 1)]p+2)) < @(T'(e(1,1)[(1,0)(0, 1)]p+2))’

where o is the concatenation of the sequences o;, 1 < i < n, given in Remark [Il

Now suppose that w, = wp} and w!, = w'p where py and p; alternate finitely many
times in w and W', say p and p’ times, respectively. (The remaining cases can be dealt
with similarly.) Without loss of generality, suppose that p < p/, then taking a as the
ceiling of £ we have

o @(T(o(1,1)[(1,0)(0,1)%(0,1))) > @(T(o(1,1)[(1,0)(0, 1)]*(0, 1))), if w and &’ both
start with p4 or ps, or w and W’ start with ps and py4, respectively, and

e ©(T(a(1,1)(0, D[(1,0)(0, 1)]*(0,1))) > @(T(e(1,1)(0, )[(1,0)(0,1)]*(0,1))), if w

and w’ start with ps and ps, respectively,

where again o is the concatenation of the sequences o;, 1 < i < n, given in Remark [T1l
Since both cases yield the desired contradiction, the proof is now complete. O

4 The poset (B/., <) of computation rules

The above considerations allow us to focus on the quotient R/ of equivalence classes
rather than on the whole set of w.f.c.r.’s. Moreover, by making use of Lemma [9 we can
focus on factorized irredundant forms.

We consider the following order < on R/. which was introduced in [5]. Let R, R’
be two computation rules in 9/, and, for each sequence o = (a;)ics, let J, and J.,
Joy J. C I, be the sets of indices of the terms in o deleted by R and R’, respectively.
Then, we write R < R’ if for all sequences 0 € & we have J, 2 J/. To simplify our
exposition, we use R(c) C R'(0) to denote the fact that J, 2 J.. If J, = J/, then we
simply write R(c) = R'(0). Moreover, we may adopt the same notation to arbitrary
substrings of w.f.c.r.’s.

It is easy to verify that < is reflexive and transitive (but, as we will see, not linear).
Also, it is antisymmetric: if two rules R, R’ delete exactly the same terms, i.e., R < R’
and R’ < R, then they are equivalent. Conversely, it follows from Proposition [[2] that if
two rules are equivalent, then they have the same factorized irredundant form, therefore
R < R and R’ < R. Thus, (R/~, <) is a poset (partially ordered set). In what follows,
we make no distinction between w.f.c.r.’s and the elements of 93/ which will be always
written in the factorized irredundant form.
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4.1 Preliminary results
In the sequel, let w,w’ € L({p4, p5}), and a,b,c,d € {0,1}.

Lemma 13. Let T,7" € R/.. If T > T, then wppSpsT > wppbpsT'. Moreover, if py
and ps alternate finitely many times in w, then wp®pSpsT > wptpspsT’ (resp. wpipspsT ||
wpiphpsT") if and only if T > T' (vesp. T || T").

Proof. From Lemma [0 (ii), if ps and ps alternate infinitely many times in w, then

wpiphpsT = (paps)*pipsps = wpiphpsT'.
So we may assume that w = p§*p% - - pin pir | with a;, b; € NU {*}. We assume also that
a; # 0 for 2 < i< n,and b; # 0 for 1 < n — 1. We treat the case a; # 0, b, # 0, the
remaining cases follow similarly.
To see that wppbpsT > wppbpsT', just note that for every string v = (p1, my) - - - (pr, M),
(p1,m1) > (1,1), we have

wpipspsT(v) = (pipbps)(pr,ma)T((p),my) -+ - (Pl miy))
3 (ptphps)(pr, m)T (P, mY) - -+ (P, mi)) = wpl 3T (7).

Hence, wpppsT > wpipbpsT’, and by antisymmetry, the strict inequality occurs if and
only if 7> T". Similarly, if 7" || 7", then by taking

e 0. and o such that T'(0~) 3 7"(0>) and T'(0.) C T (o), respectively, and
e 7. = 00> and 7. = oo, where o is given in Remark [I (for T; = wp?pps),

we can verify that wp$pbpsT || wptpbpsT’. This completes the proof of the lemma. O
By repeated applications of Lemma [[3, we have the following corollary.

Corollary 14. Let T,T" € R/, and let R = T\Ty - - - T,,, € L(T), where T; = w;p p5 ps.
If 7> T’ then RT > RT'. Furthermore, if py and ps alternate finitely many times in
each w;, then RT > RT’ (resp. RT || RT") if and only if 7" > T" (resp. T || T").

Remark 15. In fact, by Corollary [I4] it follows that if py and ps alternate finitely many
times in each w;, then 7' > T (resp. T || T") if and only if RT > RT" (resp. RT || RT").

Lemma 16. Let T, T € £(¥) such that T > T'. Then wpplpsT > wpplpsT" if and
only if (a,b) = (c,d) or (¢,d) = (1,1). Moreover, wppSpsT > wpipdpsT" if and only if
(a,b) # (erd) = (1,1).

Proof. To see that the condition in the first claim is sufficient, observe that if (a,b) =
(¢,d), then by Lemma M3 wppbpsT > wpipdpsT'. If (c,d) = (1,1), then for every
nonassociative string o = (py, mq) - - - (pr, mx) (i-e., (p1,m1) = (1,1)) we have
wpipspsT(0) = (pipsps)(pr, ma) T (P, m) -+ (phor i)
- T/(<p/17 m/l) e (p;cH m;d)) = wpfpgpgT/(U),

and hence wp?pSpsT > wpipdpsT'. Moreover, if (a,b) # (c,d) = (1,1), then by consid-
ering (2,1) if (a,b) equals (0,1) or (0,0), and (1,2) if (a,b) equals (1,0), one can easily
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verify that wppSpsT > wpiplpsT’, thus showing that the condition of the second claim
is also sufficient.

To verify that the conditions in the first and second claims are also necessary, it suffices
to show that if (a,b), (c,d) # (1,1) and (a,b) # (c,d), then wpplpsT || wpsplpsT. But
this fact can be easily verified by making use of the strings (2, 1), (1,2) or (2,2), and thus
the proof of the lemma is now complete. O

Lemma 17. If p; and ps alternate infinitely many times in w but not in ', then
wpipsps ~ wplpspsT < w'pipspsT, for every T,T" € L(W).

Proof. Let w = (paps)* and W' := p§plt -+ p4 po with a;, b, € NU {*}. (By Lemma [
wpipsps ~ wptpbpsT, for every T € L(V).) Then for every string v = (p1,my) - - - (P, M),
(plaml) > (1a 1)7

wpipspa(v) = (p5p503) (p1.mi) T (ptp5ps) (p1, m)T (P, my) -+ (P, i) = W' 0 phps T (7).

Hence, wpiphps < W' pipbpsT'. For 1 < i < n, let a; = 0 (resp. B; = 0) if a; = 0 (resp.
b; =0) and o; = 1 (resp. B; = 1) otherwise. By considering

o= (1,1)(1,0)*(0,1)"* - - - (1,0)*"(0, 1)"",
one can easily verify that wp?pbps < w'pdphpsT". O

Lemma 18. Let w := p{'pl -+ p4"p2, n > 0, and let ' := pz/lpg/l = -lempglm, m > 0.
For T = wp$pbps(-) T and T" = w’p§pbps(-) T, the following assertions hold:

(i) If n =m =1, then T || T if and only if by # by, or [by = b} =0 and a; # a}].
(ii)) If n=m > 1, then T || 7" if and only if

a) b, #0b,, or
b) b, =0, =0 and a, # a,, or

)
)

c) b, = b, # 0 and there exists 1 < j < n such that (a;,b;) # (a;», b;»), or
)

d) b, =08, =0,a,=a,#0,and a,_1 # a,,_, or there exists 1 < j <n — 1 such
that (a;,b;) # (), V).

5V
(iii) If n# m, then T || T".

Proof. We may assume that a; # 0 for 2 < i < n and b; # 0 for 1 < n — 1, and that
a}#OforQéjémandb}#Oforlgjgm—l.

(i): To prove sufficiency, suppose first that by # b}, say by > b}. Then, by consid-
ering o = (1,1)(0,1)"%(1,1) and ¢’ = (1,1)(0,1)"*! we see that T £ T’ and T % T',
respectively.

So suppose that by = b} = 0 and a; # d}, say a; > a}. Then, by considering o =
(1,1)(1,0)%(1,1) and o’ = (1,1)(1,0)% " we see that T £ T" and T' # T", respectively.

We prove necessity by counterposition. Observe first that if by = b} and (a1,b1) =
(a},b}), then T'=T". So suppose that by = b} # 0 and a; # a} , say a; > a}. We claim
that 7' < T". By making use of o = (1,1)(1,0)%™!, we see that T'(¢) C T’(¢). Thus, we
only have to show that T < T".

12



Let o = (p1,m1)(pa, ma) - - - (P, my). If the action of ppSps does not delete all terms
of (p1,my), then T(c) C T'(o) since the “subrule” (-)* in T" and T” does not act on o;
hence, without loss of generality, we may further assume that (p;,m1) = (1,1).

Now, if my # 0, then T'(0) C T"(0), and if po = 0, then T(0) = T"(¢); hence, we
may assume ms = 0 and py # 0. In fact, we may suppose that ps < a} since, otherwise,
T(o)C T'(0).

Under the assumption that my = 0 and py < @}, and applying the same reasoning to
(p3,m3), we again derive that the only case to consider is when mz = 0 and 0 < p3 <

— po. Proceeding in this way, we may eventually arrive at (p;,m;) with m; = 0 and
pi>0fori=2...,7—1,m; =0 and

The only case to consider reduces then to p; = 0, hence (pj, m;) = (0,0), so this term
disappears, and similarly all remaining terms till (pg, my). Otherwise, if

k-1
- Zpi >0
i—2

we have to consider the case (pg,my) = (px,0) with 0 < pr < d) — Zi‘:zl p;. But then
clearly T'(o) C T"(0). In any case we have T < T” (hence, T' |JT"), and the proof is now
complete.

(ii): The proof of sufficiency in the case when (a;,b;) = (a},0)), for 1 < j <
follows exactly the same steps as in the proof of (i), by adding (0, 1)[( 0)(0, 1)]"2 (after
the first (1,1)) to the strings used above. We consider the case when b, = b/, # 0 and

there exists 1 < j < n such that (a;, ;) # (a},}), say a; > a}. The case b, = b, = 0,
an1 = a, y # 0, and (a;,b;) # (a},b;) (say b; > b;) for some 1 < j < n — 1, follows

similarly by interchanging the roles of p; and ps, and those of (1,0) and (0,1) (and
and b)) in the strings below.
So let o be given by

e 0

(1,1)(0,1)(1,1)772(1, O)“Q‘“(O, 1)(1,1)"7711,0) if 1 < j, and

(1,1)(1,0)%%(0,1)(1,1)* (1, 0) otherwise.

e U

Then T'(0) # ¢ =T"(0) and thus T' £ T". Now let ¢’ be given by

o o = (1,1)(0, 1)(1, 1)2(1L, 0%+ (0, 1)(1, 1)"~~2(1,0) if 1 < j (with (1,1)~= =
(0,0) whenever n — 7 — 2 < 0), and

e o/ = (1,1)(1,0)%7(0,1)(1,1)"%(1,0) otherwise.

Then T'(0') = e # T'(0’) and thus T 2 T".

The proof of necessity is similar to case (i). If none of the conditions of (ii) is satisfied,
then we may assume that b, = b, # 0, (a;,b;) = (a}, b)) for every 1 < j < n, and focus
on the case a, # a,, (for otherwise T = T"). (The case when b, = b/, = 0, a, = a,,,
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bn—1 = b;t—l’
mentioned substitutions.)

So suppose without loss of generality that a, > a, = t. As in case (i), we show that
T < T'. By making use of o = (1,1)(0,1)(1, 1) 2(1,0)% ", we see that T'(c) C T"(0).

So let o = (p1,m1)(pa, m2) - - - (pr, mg). By reasoning as in (i), we may assume that
k > t+n and, since (a;,b;) = (a},b;) for every 1 < j < n, that (p,ma) = (0,1),
(pj,m;) = (1,1) for 3 < j < n+1, and that p; = 0 for each n+1 < j < t 4+ n; for
otherwise we reach the same conclusion T'(o) C T"(0).

If prynt1 = 0 or myppi1 = 0, then T(0) = T"(0) or T'(o) T T'(0), respectively. If
Prans1 7 0 and my i1 # 0, then T'(0) C T'(0), and the proof of (ii) is now complete.

(iii): Suppose that n # m, say 1 < n < m. First we consider the case n = 1.
Let ¢ = (1,1)(0,1)(1,0). Then T(c) # ¢ = T'(0) and thus T £ T'. Let ¢/ =
(1,1)(0,1)%(1,1)™*(1,0) where a = 0 if b; = 0, and o = 1 otherwise. Then T'(¢") = ¢ #
T'(¢'") and thus T 2 T".

Suppose now that n > 1. Then, for o = (1,1)(0,1)(1,1)™2(1,0), we have T'(c) #
e=T'(o) and thus T £ T".

To show that T' 2 T”, let ¢’ be given by

and (a;,b;) = (a},b;) for every 1 < j < n — 1 follows similarly by the above

n=1(1,1)(1, 1)™ "1, 0) if by, b, # 0,

I
e 0 = ny Ym

1,1)(0,1)(1, 1) *(1,1)
1,1)(0,1)(1,1)"2(1,0)(1, 1)(0, 1)(1, 1)™"=*(1,0) if b, = 0 and ¥, # 0,
(0,1)(1,1)"Y(1,1)
( )" (1, 0)

o o =

(1,1) (1,1)
(1,1) (1,1)

e o/ =(1,1) (1,1)™"=2(1,0)(0,1) if b, # 0 and ¥/, = 0, and
(1,1) (1,1)

n=2(1,0)(1,1)(0,1)(1,1)™"1(1,0) if by, b, = 0.

I
® 0 = ny ¥m

1,1)(0,1)(1,1

In each case we get T'(0') = ¢ # T'(0). Thus T 2 T’, and the proof of Lemma [I8 is now
complete. O

Remark 19. Note that the proofs of (i) and (ii) of Lemma [I8 show that if b, = o/, # 0
and (aj,b;) = (a},b;) for 1 < j < n, then T" < T" if and only if a, > a,. Similarly, if
bp =0, =0, a, =a, #0, a,_1 = a,_,, and (a;,b;) = (a}, b)) for 1 < j < n—1, then
T<T/ifandonlyifbn 1 >0

Moreover, if b, = b, a,, = a,, and there exists 1 < j < n such that a; > aj or b; > ¥/,
then we have that w’plpgpg( )_ ;{ wpipspsT for every T € R and any a, b E {0, 1} To

illustrate, suppose a; > aj. Then consider o given by

o = (1,1)(0,1)(1,1)"7*(1,0)% (0, 1)[(1,0)
o o= (L 1)(1,0)%71(0, D[(L, 0)(0, 1)]" (1,

(0,1)]"71(1,0) if 1 < j, and
0) otherwise.
Remark 20. By reasoning as in the proof of (iii) of Lemma [[§ and taking w and w’ as

above with m < n, one can show that w'p;p2p3(-)T € wpipbpsT for every T € R and any
a,b € {0,1}.
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4.2 The subposet Ra3.

Let Moz := {R € R/ : R € L{p1,p2,ps})}. Writing these rules in factorized irre-
dundant form, they read R = T\T5--- where, for each i € N, T; = piphps for some
a,b € {0,1}. Note that from Proposition [I2] it follows that each such expression is
necessarily in 2R/, is in the factorized irredundant form, and has infinite length.

For T' € Rya3, and a,b € {0,1}, set T, = {i € N: T, = p4pbps}. Since T is of infinite
length, (Iﬂ)a,be{og} is a partition of N. Moreover, (Iﬂ)a,be{og} uniquely determines 7.

Proposition 21. Let T, 7" € Rip3. Then T < 7" if and only if T, D 7} and T}, C T,
for any (a,b) # (1,1). In particular,

(i) T < T" whenever Z1; D I}, and T, C TV, for any (a,b) # (1,1);
(ii) T'|| 7" whenever ZL || Z% for some a,b € {0,1}.

Proof. Clearly, the third claim is a consequence of the first. Since (Z7))qpefo11 is a
partition of N, the second claim is also a consequence of the first.

To see that the conditions in the first claim are sufficient, note that, if 7" acts on a
string o = (p1, m1) - - - (pr, ms), then its factor T; acts on the term (p;, m;). Suppose that
for some o we have T'(¢) 0 T"(0). Then, using the above remark, for some ¢ we have
Ti(pi,m;) 3 T}(p;, m;), which means that T] = p%pSps, T; = p$pips with (c,d) < (a,b)
pointwise and (¢, d) # (a, b). There are two possibilities:

e (a,b) = (1,1), and hence 7!, 2 Z1,, or
e (a,b) = (1,0) or (a,b) = (0,1), in which case (c,d) = (0,0), and thus T}, Z ZZ;.

To show that the conditions of the first claim are necessary, suppose first that Z7, 2
T, Let i = min{j € 7] : j ¢ Th}. If i € T% for ab = 00 or 01, consider ¢ =
(1,1)71(2,1). Then T(o) = (1,0) # ¢ = T'(0). If i € I}, consider o = (1,1)"(1,2).
Then T'(0) = (0,1) #e =T1"(0). Thus T L T".

So we may assume that Z[; D Z[,. We treat the case ZJ; Z Z1; the remaining cases
follow similarly. Let ¢ = min{j € ZJ, : j € Z&{}. 1f i € Z};, consider o = (1,1)""1(2,1).
Then T(0) = (1,0) # ¢ = T'(0). If i € Tk, consider o = (1,1)""*(2,2). Then T(c) =
(1,0) #e =T"(0). Thus T'€ T', and the proof is now complete. O

As immediate corollaries we have the following results.
Corollary 22. Let T € Ria3.
(i) T is the least rule if and only if ZI, = N, i.e., T = (-)_.
(ii) T is an atom if and only if Z]; = N\ {i} for some i € N.
(iii) 7 is a maximal element if and only if Z{, = 0.

Corollary 23. Let T,T" € Rig93 where T' =TTy --- and T' =T{Ty---. Then TAT' = S
where T3, = Z{, UZ]} UU 44y 2010) Zop © T2, ', where ® denotes the symmetric difference,

ab

and 75 = I N TY for every (a,b) # (1,1).
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In other words, fR23 constitutes a A-semilattice. Now, by Proposition 211 if T',7" <
R € Ryg3, then 1), 1) O T and T, 71, C IE for every (a,b) # (1,1). Hence, Corollary
23 can be refined by considering intervals of the form [(-)—, R] for some R € Ryq;3.

Corollary 24. Let R € Ri93. Then ([(-)=, R], <) constitutes a lattice under A and V
defined by

(i) TAT = S where 9, = T}, UZE U |
every (a,5) # (1,1);

(ii) TV T =S where ¢, = T}, N T}, and I5 = T} UTY for every (a,b) # (1,1),

anyzn Loy © Ly, and I3, = Th N I} for

(a, ab > a

for every T, 7" € [(-)=, R], with T = T1Ty--- and T" = T{Ty - - -. Moreover, ([(-)=, R], <)
is order-isomorphic to (P(U 4, 4.1.1) IR), Q).

From Corollary 24] it follows that ($R123, <) embeds the power set of integers ordered
by inclusion. Furthermore, for B € Riaz, if [ U, 42011 2| = n is finite, then |[(-)=, R]| =
2n,

4.3 Least element and atoms

We turn to the study of the atoms of 58/.. The next proposition was presented in [5].
Proposition 25. The rule (-)* is the least element of R/..

Proof. Tt follows immediately from the fact that (-)* deletes every term of a nonassociative
string. 0

Proposition 26. Let T' = wp$phpsT" be an element of R/, where (a,b) # (1,1). Then
T is an atom if and only if py and p5 alternate infinitely many times in w (and therefore
T =e¢).

Proof. Note that if p, and ps alternate infinitely many times in w, then T = wp¢pbps. By
Lemma [I6] the condition is sufficient.

To show that it is also necessary, let T" be an atom, and for the sake of a contradiction
suppose that p, and ps alternate finitely many times in w. Let 7" = (p4p5)*T. Then
T" = (paps)* pipsps > (-)T. Moreover, by Lemma [[7 we have T > T” which contradicts
the fact that T is an atom. O

Consequently, for (a,b) < (1,1), we have only 3 atoms, namely (psps5)*ps, (paps)*p1p3
and (paps)*paps.

Proposition 27. If T = wppepsT’ is an atom, then py and ps alternate finitely many
times in w.

Proof. If py and ps alternate infinitely many times in w, then 7' = {-)*. O

Proposition 28. Let T = wpyp2p3T’ such that ps and ps alternate finitely many times
in w. If T is an atom, then T" = (-)*.
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Proof. Let T = wp1pap3T’ be an atom. Suppose for the sake of a contradiction that
T' # (-)*. By Proposition 25 7" > (-)*, and by Lemma [I7 7" = wpipaps(-)T > (:)T.
Moreover, by Lemma [I3] 7" > T" which contradicts the fact that 7" is an atom. O

a1 by

Proposition 29. Let T' = wp1paps(-) . Then T is an atom if and only if w := p3* p2* - - - p= p2
with a; # 0 for 2 <7 <nand b; # 0 for 1 <i<n—1, and such that

(i) b, # 0 and a,, is infinite, or
(ii) b, =0, a, # 0 and b,_; is infinite.

Proof. Necessity follows from Propositions and 8 and Lemma [I§ and Remark [19
Sufficiency follows from Lemma [I§ and Remark [19 O

We can now explicitly describe the atoms of /..

Theorem 30. A w.fcr. T is an atom of R/, if and only if T = (psps)*pipips, for
(a,0) # (1,1), or T = wpypaps(-)T where w 1= p§*p% - - - pi» pbr with a; # 0 for 2 <i < n
and b; # 0 for 1 < i < n — 1, and such that

(i) b, # 0 and a,, is infinite, or

(ii) b, =0, a, # 0 and b,_; is infinite.

4.4 Maximal elements

We now focus on the maximal elements of S8/.. In [5], it was proved that () is a
maximal element of the set of well-formed computation rules.

Proposition 31. Let T = wplphpsT’. If T is maximal, then

(i) ps and ps alternate finitely many times in w,

(i) (a,b) < (1,1), and

(iii) 7" is maximal.
Proof. Conditions (i) and (ii) follow from Lemmas [I7 and [I6 respectively. Condition
(17i) follows from Lemma I3 O

As it turns out, every maximal element of o3 is also maximal in R/ ..

Proposition 32. Let T € Ryp3. If I = 0, then T is a maximal element of R/..

Proof. It suffices to show that for every 7" =TT --- such that 7" > T =TT, - - -, we
have T" € Rqa3.

For the sake of a contradiction, suppose 7" &€ Ri23, and let i = min{j € N : T/ ¢
L({p1,p2; p3})}. Note that T; = ppbps for (a,b) < (1,1), for every i € N. Since T" > T,
T! = wpiphps where py and ps alternate finitely many times in w. Without loss of
generality, suppose w = pu’. Consider ¢ = (1,1)"71(1,0)2. Then T(c) = (1,0)* >
(1,0) = T"(0), thus yielding the desired contradiction.

Hence, T" € R193 and, by Corollary 22, 7" = T. Thus T is maximal in R. O
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Now we consider the maximal elements 7' € (R/.) \ Rias.
Proposition 33. Let T'= wplpbpsR. If w & L(ps) U L(ps), then T is not maximal.

Proof. Let w = lepgl Pyt pg”, n > 1. Without loss of generality, suppose that a; # 0,

b; # 0, for every 1 < i < n. Assume also that a,b = 0; the other cases (a,b) < (1,1)
follow similarly.

Let R' = (p1pop3)" R, and set T' = p$phpsR. Let v = (1,1)(1,0)(0,1). Then T'(y) =

< (1,0)(0,1) =T"(0), and thus T' < T". Hence, T is not maximal. O

As an immediate corollary we get the following necessary condition for maximality.

Corollary 34. Let T = 1175 - - - with T; = w;p}’ pgi ps. If T'is maximal, then for every
i €N, w; € L(ps) U L(p5).

Remark 35. Let T = TyTy - - - where T; = w;p$ p5i ps, with w; € L(ps) UL(ps). If for some
1 € N, w; is pj, then T'= T ---T;. Otherwise, T" = T1I5 - - -, and for each ¢ there is a
string v such that T; acts on 7.

Prop0s1t10n 36. Let T = T\Ty--- where T = w;pfipyps, and T' = TIT}--- where
T! = Wiptiphips, with wy,w! € L(ps) U L(ps). Then T || T" if and only if one of the

)

following holds:
(i) each w;,w; has finite length, and w; # Wi, for some i € N,
il) T =T ---T; and neither p¥ nor pf occur in T;, 1 < 7 <¢—1, nor in 7".
Py Ps 7 J )

(iii) T="T,---T; and T" = T} - - - T} where neither pj nor p3 occur in 7}, 1 <1 <i—1,
norin 7}, 1 <k < j—1, or w # wy, for some 1 <t <iAjJ.

Proof. To see that the conditions in (i)-(iii) are necessary, observe that if 7' || 7" (T" and
T" in factorized irredundant forms), then we must have 7' # T". Since each w; and each
w; is in L(ps) U L(p5), one of (i)-(iii) must occur.

To show that (i) is sufficient, assume that each w;, w] has finite length and, without loss
of generality, suppose that w; # w]. We consider 3 representative cases; the remaining
cases follow similarly.

Suppose that w; € L({ps}) and w| € L({ps}). Take o = (1, 1)(0 1) and o' =
(1,1)(1,0). Then T'(0) = (0,1) # e =T"(0), but T(0’) = ¢ # (1,0) =T"(o").

Suppose that wy € L({ps}) and W} = . Take o = (1,1)(1,0) and o' = (1,1)(1,1).
Then T'(0) = ¢ # (1,0) = T"(0), but T(0’) = (0,1) # e =T"(o’).

Suppose now that w; € p} and W) = pf*, say, n < m. Take o = (1,1)(1,0)"* and

= (1,1)(1,0)*(1,1). Then T'(¢) = (1,0) # e =T"(0), but T'(¢’') = # (0,1) = T"(o").

In all representative cases we conclude that 7" || 7".

To show that (ii) is sufficient, suppose that 7" = T} - - - T; and neither p} nor pi occur
in7;, 1 <1 <i—1,norin 7" Let k = min{j : w; # w;}. If kK <i—1, then the proof of
(i) can be used to show that T" || T".

So suppose that & = ¢ and, without loss of generality, suppose that w; = pj and
wi = ppt, m > 0. Take o = (1, 1) '(1,0)™* and ¢’ = (1,1)(1,0)™(1,1). Then T(0) =€ #

7

(1,0) =T"(0), but T'(0’) = (0,1) # e = T'(0’), and again we have that T" || T".
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Finally, to show that (iii) is sufficient, suppose that 7" =T} ---T; and T" = T} - - - T}
where neither pj nor pf occurin 7;, 1 <l <i—1,norin 7}, 1 <k < j—1, or wy # wj,
for some 1 <t <iAj.

Now, as case (i), we may assume that ¢ < j (the case ¢ > j is similar), and that
w; € L({psa}) and w = pJ*, m > 0. But then, as in case (ii), we again have T || 7", and
thus the proof is now complete. O

From Lemma[I6], the above necessary condition and Propositions 32l and 86, we obtain
the following explicit description of the maximal elements of R/ ..

Theorem 37. Let T € /.. Then T is maximal if and only if
(i) T is a maximal element of MRia3, or

(ii) T =T\Ty - -- where T} = w;p$i pbi ps with w; € L(ps) U L(ps) and (a;,b;) < (1,1).

5 Concluding remarks: An alternative ordering of

R/

An alternative ordering of 9R/. was proposed in [5], and which is defined as follows.
Given R € R/, let Ker(R) := {0 : R(0) = ¢}. For R, R’ € R/, we write R <ger R’
if Ker(R) D Ker(R'). Clearly, <k is a partial ordering of 38/, and if R < R’, then
R <ker R'; see [5]. As it turns out, the converse is also true.

Proposition 38. Let R, R € :R/.. Then R < R’ if and only if R <k R

Proof. To prove Proposition 38 it remains to show that if R || R, then R ||ker R, i.e.,
R %Ker R and R’ gKer R.

So suppose that R || R/, that is, there exist oy and o9 such that R(o;) = R'(07) and
R(02) O R/(09).

Let o} the string be obtained from oy by removing the indices in R(oq) such that
R(0}) = e # R'(0]). Hence, R Lker R.

Similarly, let o), the string be obtained from oy by removing the indices in R'(o3) such
that R(0}) # ¢ = R'(0}). Hence, R Lo R'.

Thus R ||ker R', and the proof is now complete. O

We have presented a partial description of the poset 9R/.; being uncountable, there
is little hope of obtaining an explicit description as it was the case of the subposet Ri3,
which was shown to be isomorphic to the power set of natural numbers.

Looking at directions of further research, we are inevitably drawn to the question in
determining whether $R/. constitutes a A-semilattice and, if that is the case, whether its
closed intervals constitute lattices, as it was the case of the subposet Rias3.
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