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Abstract

Let B, be the poset generated by the subsets of [n] with the inclusion as relation and let P be a
finite poset. We want to embed P into B,, as many times as possible such that the subsets in different

copies are incomparable. The maximum number of such embeddings is asymptotically determined

(i
i) \[n/2)

of P. We discuss both weak and strong (induced) embeddings.

for all finite posets P as ), where t(P) denotes the minimal size of the convex hull of a copy

1 Introduction

The problem discussed here is motivated by the problem of determining the largest families in B,, avoiding

certain configurations of inclusion.

Definition Let B,, be the Boolean lattice, the poset generated by the subsets of [n] = {1,2,...,n} with
the inclusion as relation and P be a finite poset with the relation <,. (If S is a set of size n we may also
write Bg.) f: P — B, is an embedding of P into B,, if it is an injective function that satisfies f(a) C f(b)
for all a <, b. f is called an induced embedding if it is an injective function such that f(a) C f(b) if and
only if a <, b. f(P) C B,, is called a copy of P in B,

Definition Let X and Y be two sets of subsets of [n]. X and Y are incomparable if there are no sets
x € X and y € Y such that z C y or y C z. A family S of sets of subsets of [n] is an incomparable family
if the sets of subsets in it are pairwise incomparable (x Z yforallz € X,y €Y, X #Y, X, Y € S).

Definition Let Pi, Ps,... Py be finite posets. La(n,{Py,...P;}) denotes the size of the largest subset
F C B, such that none of the posets P; can be embedded into F.

The value of La(n, P) is not known for a general poset P, but many special cases have been solved.
See [2] for posets whose Hasse diagram is a tree. See [6] for chain posets, 7] for diamond and harp posets,
[11] for improved results about the 2-diamond, and [8] for batons and certain 2-level posets. [3] provides

upper bounds on La(n, P) for all posets P.
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Let V) denote the (k+1)-element poset that has a minimal element contained in the other k unrelated
elements. Ay is obtained from V) by reversing the relations. Katona and Tarjan proved that a subset
of B,, containing none of the posets {V2, Ao} has at most (LEJ) elements, and this bound is sharp
[10]. Such a family consists of pairwise incomparable copies of the one-element poset and the two-element

chain.

In the above example, we have seen that a family not containing certain posets necessarily consists
of pairwise incomparable copies of some other posets. Another example of this is determining La(n, V3).
(See [4] for asymptotic bounds on La(n,V,).) A Va-free family consists of pairwise independent copies
of the posets {Ag, A1, Ag,...}. Such examples motivate the study of families of subsets consisting of
pairwise independent copies of some fixed posets. In the present paper we consider the case when all the
incomparable components are the copies of a single fixed poset P.

We investigate the following problem. How many times can we embed a poset into B,, such that the
resulting copies form an incomparable family? An asymptotic answer is given in both the induced and

the non-induced case. Before we can state our main result, some notations are needed.

Notation Let ' C B,,. The convex hull of F is the set
conv(F)={b€ B, | Ja,c€ F aCbCc}. (1)
We use the following notations for the minimal size of the convex hull. For a finite poset P
ti(P) = r?’iglﬂconv(f(P))\ | f: P — B, is an embedding} (2)
ta(P) = 1}1717{1{|conv(f(P))\ | f: P — By is an induced embedding} (3)
Note that we have to minimize over both f and n, since if we want to embed P into a lattice B,, with

larger n, then there might be an embedding that produces a copy with smaller convex hull.

Theorem 1.1. Let P be a finite poset. Let My(P,n) (and My(P,n)) denote the largest M such that
there are embeddings (induced embeddings) f1, fa,... far : P — By, such that {f;(P), i =1,2,... M} is

an incomparadble family. Then

im M1 (P, n) _ 1

n1—>oo (L'r:/lQJ) t1(P) @
im M2 (P, n) _ 1

e (N ) ®)

We prove upper and lower bounds for M;(P,n) in the next two sections (Theorem 2.2 and Theorem
3.3). The two bounds will imply the theorem immediately. Since the proofs are almost identical for

7 =1,2, they will be done simultaneously.

Remark Theorem 1.1. was independently proved by A. P. Dove and J. R. Griggs [5].

2 The upper bound

To prove the upper bound for M;(P,n) we need a lemma about full chains. Let S be a set of size n. A full
chain in S is a set of subsets ) = Cy Cc C; € Oy C --- C Cy, = S, where |Cp,| =m for all m =0,1,...,n.



Lemma 2.1. Let F be a family of subsets of S, where |S| = n and |F| = t. Then the number of full

chains intersecting at least one member of F is at least
t(t—1
(t — ()> [n/2]n/2] (6)
n
Proof. We prove the lemma by induction on ¢. The statement is true for ¢ = 1, as the number of full chains
passing through a subset F' is |F|l(n — |F|)! > [n/2|![n/2]!. Now let ¢t > 2, and F = {Fy, Fs,... F}}.
Since taking complements does not change the number of intersecting chains, we may assume that some

set of F has size at most |n/2|. We can also assume that F; is one of the smallest subsets.

By induction, the number of full chains intersecting F\{F;} is at least

<t —1- (t_l)n(t_”) |n/2]![n/2]!. (7)

The number of full chains through F; is |Fy|!(n — |F;|)!. Assume that F; C F; for some i € [1, ¢t —1]. The
number of full chains intersecting both F; and F; is | Fy /(| F;| — | Fi)!/(n—|Fi|)! < |Fi|{(n—|F;|—1)!. Take all
the full chains passing through F}, then remove the ones passing through any of the sets Fy, Fb, ..., Fy_1.

The remaining full chains intersect F only in F;, and their number is at least

IR FD) - = DIR K151t = [F -1 (1- 50 ) > Lz (1- 220

n — | Fy
(8)
The statement of the lemma, follows after summation:
—1)(t— - -1
(t—l—w>+<l—2(t 1)>:t—t(t ), (9)
n n n
O
Theorem 2.2. For any finite poset P
M;(P,n) < — ( " )(1 +0(n™Y)) (10)
T (P \Un/2]

holds for j =1,2.

Proof. Assume that fi, fa,... fx : P — B, are embeddings (induced if j = 2) such that {f;(P), i =
1,2,...k} is an incomparable family. Then {conv(f;(P)), i = 1,2,...k} is also an incomparable family.
To see that, assume there are sets a, b such that a C b, a € conv(f;(P)), b € conv(f;(P)) and i # j. Then
by the definition of the convex hull there are sets a’ € f;(P) and b’ € f;(P) such that a’ Ca Cb C V.
But o/ Z ' since {f;(P), i =1,2,...k} is an incomparable family.

Since the {conv(f;(P)), i = 1,2,...k} is an incomparable family, every full chain intersects at most
one of its members. |[conv(f;(P))| > t;(P) for all i by the definition of ¢;(P). By Lemma 2.1., each
conv(f;(P)) intersects at least t;(P)|n/2|![n/2]/(1 — O(n™"')) chains. Since the total number of full

chains is n!,
n! 1 n

b P /22— O ) 5(P) (an) (+0(n7)). ()
O




3 The lower bound

In this section our aim is to prove a lower bound on M;(P,n) by embedding many copies of P to B,,.

We need the following lemmas for the construction.

Lemma 3.1. Let P be a finite poset, and let f : P — B,, be an embedding. Then we can label the
elements of B,, with the numbers 1,2,...2™ such that each set gets a higher number than any of its

subsets, and the numbers assigned to the elements of conv(f(P)) form an interval in [1,2™].

Proof. We divide the elements of B,, into three pairwise disjoint groups:
Let F1 ={b€ By,| dc€ f(P) bCec, Pac f(P) aCb},
Fo =conv(f(P)) ={b€ By, | Ja,c€ f(P) aCbCc}
and F3 = B, \(F1UF) ={b€ By, | fic € f(P) bCc}.

We use the numbers of [1, |F;|] for the sets of F1, the numbers of [|Fy| + 1, |F1| + |F2|] for the sets
of F3 and the numbers [|F1| + |F2| + 1, 2™] for the sets of F3. In the groups we assign numbers such

that the elements representing larger subsets get larger numbers.
We have to check that if z,y € B,, and y got a larger number than z, then y ¢ x.

If z and y are in the same group, then |z| <|y|,soy ¢ z. If x € F; and y € Fo, then y ¢ z, because
y contains an element of f(P) while x does not. If z € 73 UF; and y € F3, then y ¢ x, because z is the

subset of an element of f(P) while y is not.

O

Lemma 3.2. Let P be a finite poset and let €’ > 0 be fized. Let j € {1,2}. Then there are integers N, K
and functions f1, fo,... fx : P — Bn such that

(i) For alli € [1,K)], f; is an embedding if j = 1, and an induced embedding if j = 2.

. 2N (1—¢")
(ii) K > P

(ZZZ) [fil <o, AE fil(P) and B € fiz(P)7 then B g A.

Proof. Let P be a fixed finite poset. There is embedding (or induced embedding, if j =2) f: P — B,,
k
for some m such that |conv(f(P))| = t;(P). Fix m and f. Choose k € N such that (1 - tj(P)) <é,

om

and let N = km. Let S1,59,...S be pairwise disjoint sets of size m and let S = Ule S;. Consider the

elements of By as the subsets of S.

Let g, : P — Bg, (i =1,2,...k) be embeddings mapping P into the copies of B,, the same way as
f does. Assign the numbers 1,2,...,2™ to the subsets of S; as in Lemma 3.1. For all 7, the elements of

conv(g;(P)) will get the numbers of the interval I = [p, p+ t;(P) — 1] for some fixed integer p.

In the next paragraph we will define some embeddings called good embeddings. Later we assign the
names f1, fa,..., fK to them and show that they satisfy the conditions (i) — (iii). Before stating the
formal definition, let us explain how the good embeddings look like. A good embedding maps the elements
of P to subsets of the set S = Ule S;. We define such an embedding g : P — Bg by determining x N S;
forallz € Pand i =1,2,...,k. The good embedding will map the elements like f does in the case of 5;,



but maps all the elements of P the the same set A; C S; for j # i. We also need that A; is a set whose

label is not in the interval I.

We call an embedding g : P — Bg good if there is an index ¢ € [1, k] and there are k — 1 sets
A1 CSy, Ao €S9y A1 € Sic1, Aig1 € Siga, ..., A € Sk such that none of the numbers assigned
to A1, As, ..., A;_q isin I, and for any « € P, g(x) NS; = ¢i(x), and g(z) N (S\S;) = U A

re[n]\{i}

Since the good embeddings are defined by the choice of the sets Ay,..., A;_1 and A;41,..., A, the

number of good embeddings is

k k 1—1
K = Z(2m o tj(P))ifl . (Qm)kfi — ogN-m Z (1 . t]Q(f)) _ (12)
i=1 1=1
t; k
ol T (1-57) o (1)) 2
L 5P 2 ) )2 L)

The above inequality holds because we fixed k to be large enough to satisfy it in the beginning of the

proof.

Let f1, fo,..., fK be the good embeddings. They are embeddings (induced if j = 2), and their number
is sufficiently large. So (¢) and (i7) are satisfied. Now we find an ordering and reassign the names f1, fa, ...

to the good embeddings such that (ii7) is satisfied.
Let g be the good embedding defined by the index i and the subsets A1, Aa, ..., Ai—1, Ait1, ..., Ak.

Define the code of g as a vector of length k& with coordinates as follows. The ith coordinate is p, the
smallest number in I. For 1 < j < k, j # i, the jth coordinate is the number assigned to A;. Now
take the lexicographic ordering of these codes, and reassign the names f1, fo,... to the good embeddings
according to the ordering. (f; will be the good embedding whose code comes first in the lexicographic

ordering, fo will be the second and so on.)

Now we can verify (iii). Assume that A € f;, (P), B € fi,(P), i1 < 42 and B C A. Let the [th be
the first coordinate where the codes of f;; and f;, are different. Since i; < 42, the [th coordinate of f;,
is strictly larger than that of f;,, and the first [ — 1 coordinates are not from /. That implies that the
number assigned to B NS is strictly larger than the number assigned to AN .S;. (We use the fact that
the numbers assigned to the elements of conv(g;(P)) form an interval at this step.) Then BNS; € ANS;
(contradicting B C A) as the labeling of the elements of .S; is done according to Lemma 3.1. O

The following theorem provides a lower bound for M;(P,n). This bound, together with the upper

bound of Theorem 2.2 proves Theorem 1.1, our main result.

Theorem 3.3. Let P be a finite poset, € > 0 and j € {1,2}. Then for all large enough n

1 n
M 2 g (iag) 02 (13

Proof. Choose N, K, and fi, fa,..., fi : P — By asin Lemma 3.2. (Use e’ = 5). Consider the elements
of By as the subsets of a set S of size N. Let R be a set such that S C R and |R| = n. Let Q = R\S.

Let Q:{TCQ‘ V;NJ_K§|T§V_2NJ_1}' (14)




If n is large enough, then the following inequality is true:

K

B (5w ()0 )

i=1 2 2

It can be verified easily by induction on NV that 2N(L":7NJ) > (LZJ) Using this, we get that:
2 2

oz () (-5 2 5t () 08 2 gt ()0 -9 09

2

We define an embedding fr : P — Bg (induced if j = 2) for every T € Q such that {fr(P) | T € Q}
is an incomparable family. These embeddings map the elements of P to subsets of the set R = QU S.
We will define them by determining fr(z) N Q and fr(z) NS for every x € P. (The main idea is that
we make the resulting copies of P pairwise incomparable by defining them such that when fr(z) NQ is
large, then fr(z)N S is small.) For any x € P let fr(z) NQ =T and fr(z)NS = ft%J—ITI(J;)' Then
fr is obviously an embedding (induced if j = 2).

Now we check that the {fr(P) | T € Q} is an incomparable family. Let T1,T> € Q be different sets.
Assume that A; € fr,(P), As € fr,(P) and A1 C As. Then T3 = A1 NQ C Ao NQ = T5. Since Ty # To,
|T1| < || holds. Since A; NS € fL#J—ITll(P) and A, NS € fL%J—ITz\(P)’ Lemma 3.2. (i4¢) implies
A1NSZ AyNS. It contradicts A; C As, so the family is indeed incomparable.

We found at least ﬁ(m’b 1)1 — ¢) different embeddings (induced if j = 2) of P to Bg, where

|R| = n, such that the resulting copies form an incomparable family. It proves the theorem. O

4 Remarks

In this section we exactly determine the maximum number of incomparable copies for certain posets.

The problem has already been solved for the chain posets (posets with pairwise related elements).

Theorem 4.1. (Griggs, Stahl, Trotter) [9] Let P"*! be the chain poset with h + 1 elements. Then
foralln>h

My(P"1 ) = (fn_h}]) (17)

2

We include an alternative proof for the sake of completeness. The following theorem will be used.

Theorem 4.2. (Bollobas) [1] Let (4;, B;) (1 <i<m) be a family of sets such that A; N B; =0 for all
1<i<m, and A;NB; # 0 foralli#j (1 <i,j <m). Then

m

> 1 (18)
= (0P

Proof. (Theorem 4.1.) Consider an embedding of P"*! into B,,. Let its maximal and minimal elements
embedded into C; and D; respectively. C; D D; implies C; N D; = (). On the other hand, choosing these
sets for all i = 1,...,m, the incomparability conditions imply C; N D; # (). The theorem of Bollobés can
be applied for the pairs (C;, D;):

1
<. (19)
(\Ci\i-|Bi|)
LY e

m

K3



The fact that |C; — D;| > h results in |C;| + |D;| < n — h. Therefore the left hand side of (19) can be
bounded in the following way.

i

Z g
(L" h i=1 L" hJ i

It proves the upper bound in the theorem.

S

(20)

m
£ |c |+|B \)
=t U G

The lower bound can be seen by an easy construction. Let G C {h+1,h+2,...,n} be a subset of
size | 25" |. Then P"! can be embedded to the sets G, {1} UG, {1,2} UG,..., {1,2,...,h} UG. We
have (LH J) such embeddings and the resulting copies form an 1ncomparable family. This proves the

2

lower bound. O

Definition Let h(P) be the height of the poset P, that is the number of elements in a longest chain in
P minus 1. We say that P is slim if it can be embedded into Bj,py. P is called thin if it has an induced
embedding into Bj,(p).

Theorem 4.3. If P is a slim poset of height h = h(P), then

n—nh
My(P,n) = (L"—” J). (21)
2
If P is thin, then
n—nh
My(P,n) = My(P,n) = (L"h J). (22)
2

Proof. Since P"*1 is a subposet of P,

My (P,n) < M;(P,n) < My(P""!, n). (23)

Now consider M;(P"*! n) pairwise incomparable copies of P"*! in B,, as defined in Theorem 4.1.
Their convex hulls are isomorphic to By, so we can embed P to them (in an induced way if P is thin).
It proves My (P,n) > M;(P"*! n) for slim posets, and My(P,n) > M;(P"*!,n) for thin posets.

We already determined the value of M;(P"*! n) in Lemma 4.1, so the proof is completed. O

Of course Theorem 4.3 does not contradict Theorem 1.1, since t;(P) = 2" and

(121) ~ () @

The smallest non-slim poset is V5 with three elements, a, b, c and the relations a < b, a < ¢. Now we

give a large set of incomparable copies for all n. Fix the parameter i (1 <4 < [2F2]). Choose an element
[n — 2i]
F e . 25
({g] —2i+1 (25)
Then the sets

Fu{n—-2i+3, n—2i+4,...,n},
Fu{n—2i+3, n—2i+4,...,n}U{n—2i+ 1},
FU{n—2i+3 n—2i+4,....n}U{n—2+2}



form an embedding of the poset V5. Let P; denote the set of all such copies. It is trivial that the copies
in P; are pairwise incomparable. But not much more difficult to check that two copies chosen from P;

and P; (1<i<j< L"T“J), respectively, are also incomparable. Therefore

L=52)
U 7 (26)
i=1
is a collection of pairwise incomparable embeddings of V5. We conjecture that this is the largest one.
Conjecture
=2,
My (V; = . 27
) = 3 (11" s ) 27)

We are indebted to the two anonymous reviewers for their useful comments.
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