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Abstract

Károlyi–Kós and Ardal–Brown–Jungić proved that every vector
space over Q has an ordering with no monotone three term arithmetic
progression (3-AP). We show that every solvable group has a well
ordering with no monotone 6-AP, and each hypoabelian group has
an ordering omitting monotone 5-APs. Finally, we prove that every
group has a well ordering with no infinite monotone AP.

In what follows, in a group, we call an arithmetic progression of length n,
in short, an n-AP, a set of the form {x, xd, . . . , xdn−1} consisting of distinct
elements. (Perhaps the expression geometric progression would be more cor-
rect, we use the name arithmetic progression as we mostly consider commuta-
tive groups.) If < is an ordering of a group, then an n-AP {x, xd, . . . , xdn−1}
is monotone, if x < xd < · · · < xdn−1 holds. Erdős and Graham asked ([4],
p 22.) if there is an ordering of the additive group of R with no monotone
3-AP. This was answered in the affirmative by Károlyi and Kós (unpublished,
but see [5], p. 325) and independently, by Ardal, Brown, and Jungić ([1]). It
is quite possible that there are other people who have asked or proved this.

A common feature of the proofs is the presence of some steps which
guarantee the existence of a certain ordering assuming the existence of like
orderings on all finite subsets (compactness principles, e.g., Kőnig’s infinity
lemma). These principles cannot be used to give well orderings, therefore we
ask if the ordering in the above theorem can be a well ordering.

Alas, there is an easy argument showing that the answer is “no” (see
Observation 3 below). We therefore modify the question to the following:
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given a group G, does there exist a number r, such that G has a well ordering
admitting no monotone r-AP.

We show that every solvable group has a well ordering with no monotone
6-AP (Theorem 9). If a group is hypoabelian, i.e., the derived subgroups
reach 1 in a transfinite number of steps, then there is an ordering with no
monotone 5-AP (Theorem 10). For arbitrary groups we show that every
group has a well ordering with no infinite monotone arithmetic progression
(Theorem 11).

We mention that this kind of studies about avoidance patterns in algebraic
studies was initiated in [2].

Conventions. We use the notation of axiomatic set theory, especially in the
proof of Theorems 10 and 11.

In a group G, for r ≤ ω an r-AP, an arithmetic progression of length r
is APr(x, d) = {xdi : i < r} assuming that the elements are different, that
is, the order of d is at least r. The apparent asymmetry in the definition is
resolved by the fact that xdi = Dix where D = xdx−1. Note that if A ⊆ G
has an ordering (well ordering) with no monotone r-AP, then the same is
true for any subset of A.

A group G is hypoabelian if the transfinitely extended derived series
reaches 1, i.e., if G0 = G, Gα+1 = G′

α, Gα =
⋂
{Gβ : β < α} for α limit, then

Gα = {1} for some ordinal α. We refer to the smallest such α as the length
of G. Obviously each solvable group (in fact each residually solvable group)
is hypoabelian and so is every free group by a theorem of Magnus ([6]).

When we consider ordered or well ordered groups we do not assume any
connection between the order and the operation, so these are not ordered
structures in the usual sense.

In what follows, the well ordered groups will always have 1 (or 0, if the
operation is written additively) as the smallest element. This is nothing
extra: if < is some well ordering of a group G with no monotone r-AP with
b as the smallest element, we define x <′ y if and only if bx < by. Now
<′ is a well ordering of G (as they are order-isomorphic) and APr(a, d) is a
monotone r-AP under <′ if and only if APr(ba, d) is so under <.

For the notions of ultrafilter and ultraproduct, we refer to [3] or any
textbook on model theory.

Lemma 1. If n is a natural number, then An = {0, 1, . . . , n − 1} has an
ordering <n with no monotone 3-AP.

Proof. By induction on n. The case n = 1 is obvious.
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It is enough to show that if the statement holds for n, then it holds for 2n.
Decompose A2n as B∪C where B = {0, 2, . . . , 2n−2}, C = {1, 3, . . . , 2n−1}.
Define <2n on B and C by 2i <2n 2j if and only if 2i + 1 <2n 2j + 1 if and
only if i <n j . Finally, place C after B by defining b <2n c for each pair
b ∈ B, c ∈ C.

In order to show that <2n is as required, assume that K ⊂ A2n is a
monotone 3-AP under <2n. For parity reasons we cannot have that |K∩B| =
1 and |K ∩C| = 2 or |K ∩B| = 2 and |K ∩C| = 1. On the other hand, were
K ⊆ B or K ⊆ C, we would get a 3-AP in An, which is monotone under <n,
a contradiction.

Corollary 2. Each finite subset of Q has an ordering with no monotone
3-AP.

Proof. Note that a subset S of Q has an ordering with no monotone 3-AP
if and only if a + bS := {a + bs | s ∈ S}, where a, b ∈ Q and b 6= 0, has such
an ordering. Since each finite subset of Q is contained in a + bAn for some
n ∈ N and a, b ∈ Q, b 6= 0, the statement follows from Lemma 1.

Observation 3. If a group G has no element of degree 2, then every well
ordering of G contains a monotone 3-AP.

Proof. Let ≺ be a well ordering of G. Let x be the least, y the second least
element of G. Write y in the form y = xd. Then xd2 /∈ {x, xd} so we must
have x ≺ xd ≺ xd2, and we found a monotone 3-AP.

Notice that specifically, if n > 1 is odd, then Observation 3 implies that
every ordering of (Zn,+) contains a monotone 3-AP. The same is true in
general if n is not a power of 2, for any such group contains a nontrivial
cyclic subgroup of odd order.

Lemma 4. Zn has an ordering with no monotone r-AP, where

(a) r = 3, if n is a power of 2,

(b) r = 5, otherwise.

Proof. (a) Write Zn = {0, 1, . . . , n − 1} where “i” actually stands for the
residue class modulo n that contains the integer i. The proof of Lemma 1
goes through verbatim.

(b) Set A = {0, . . . , ⌊n−1
2
⌋}, B = {⌈n

2
⌉, . . . , n−1}. Let <n be as in Lemma

1, and define < to be the ordering of An such that < |A =<n |A, < |B =<n |B
and A < B, that is, a < b if a ∈ A, b ∈ B.
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We show that the order <, if considered an order of the residue classes
mod n, has no monotone 5-AP. Let K be a putative monotone 5-AP. We
either have |K ∩ A| ≥ 3 or |K ∩ B| ≥ 3. As A < B, this implies that
either A or B contains a monotone 3-AP, {a, b, c} with a < b < c. There
is a fine point here, namely that a, b, c only form a 3-AP mod n, that is,
a + c ≡ 2b (mod n). As either a, b, c ∈ A or a, b, c ∈ B, we have either
a+ c, 2b ∈ {1, . . . , n− 1} or a+ c, 2b ∈ {n+ 1, . . . , 2n− 2}, and this, together
with a + c ≡ 2b (mod n), implies a + c = 2b, so a, b, c form a monotone
3-AP also under <n in An, contradicting Lemma 1.

Lemma 5. Let G = Q or Z2∞ and r = 3, or else let G = Zp∞ (p an odd
prime) and r = 5. Then there is an ordering of G with no monotone r-AP.

Proof. Each finite subset of Zp∞ is contained in a finite subgroup isomorphic
to Zpn for some n. Therefore we can apply either Corollary 2 (when G = Q)
or else Lemma 4 to conclude that each finite subset of G has an ordering
with no monotone r-AP. One can either refer to Kőnig’s infinity lemma or
Rado’s selection lemma ([7]) to extend this property to G.

Lemma 6. If N ⊳ G and both N and G/N have orderings (well orderings)
omitting monotone r-APs, then so has G.

Proof. Let ϕ : G → G/N be the factor homomorphism. Decompose G into
cosets of N :

G =
⋃

i∈G/N

riN

with r1 = 1. Let <N , resp. <G/N be orderings of N and G/N omitting
monotone r-APs. We define the following relation ≺ on G. If x = rix

′ where
i = ϕ(x) and x′ ∈ N , y = rjy

′ where j = ϕ(y) and y′ ∈ N , then set x ≺ y if
and only if either i = j and x′ <N y′ or i <G/N j.

It is immediately seen that ≺ is an ordering and it is a well ordering if
both <N and <G/N are.

Assume that x ≺ xd ≺ xd2 ≺ · · · ≺ xdr−1 is a monotone r-AP. There are
two cases to distinguish.

Case 1. d ∈ N .
If now x = rix

′ where i = ϕ(x), then x, xd, . . . , xdr−1 ∈ riN and by the
way ≺ was defined we must have x′ <N x′d <N · · · <N x′dr−1, contradiction.

Case 2. d /∈ N .
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In this case xdj and xdj+1 lie in different cosets of N for every j ∈
{0, 1, . . . , r − 2}. Thus, ϕ(xdj) <G/N ϕ(xdj+1) and we must have

ϕ(x) <G/N ϕ(x)ϕ(d) <G/N · · · <G/N ϕ(x)ϕ(d)r−1,

a contradiction to the assumption that there is no monotone r-AP in G/N
under <G/N .

Remark 7. It is seen from the above proof that if <N and <G/N are well
orderings of N , resp. G/N with the unit element as the smallest, then <G

has a similar property. Moreover, <G end extends <N , that is, <N=<G |N
and n <G g holds for every pair n ∈ N, g ∈ G \N .

Lemma 8. Let G = Q and r = 6, or G = Z2∞ and r = 3, or G = Zp∞

(p an odd prime) and r = 5. Then the group G has a well ordering with no
monotone r-AP.

Proof. If G = Zp∞ , then G is the increasing union of the subgroups Gn such
that Gn ≃ Zpn , Gn+1/Gn ≃ Zp. Using Lemmas 4 and 6 and Remark 7, we
can define the ordering <n of Gn with no monotone r-AP, such that <n+1

end extends <n, and so the union of the orderings is a well ordering of Zp∞

with no monotone r-AP. Note that in the case p = 2 this is exactly what
happened in the proof of Lemma 4(a).

For G = Q we proceed as follows. Enumerate Q as Q = {q0, q1, . . .} with
q0 = 0. Define the finite subsets V0 ⊆ V1 ⊆ · · · such that

(1) V0 = {q0},

(2) qn ∈ Vn,

(3) if K is a 6-AP with |K ∩ Vn| ≥ 2, then K ⊆ Vn+1,

(4) Vn+1 is minimal with respect to (2) and (3).

Notice that Vn+1 is finite as Vn is finite and there are exactly 15 ways
to extend a 2-element subset of Q to a 6-set whose elements form a 6-AP,
so only finitely many 6-APs are to be considered in (3). By (2), we have⋃
{Vn : n < ω} = Q. By Corollary 2, there is an ordering ≺n of Vn \ Vn−1

with no monotone 3-AP. Define the ordering ≺ of Q as follows. If x 6= y,
let x ≺ y if either x, y ∈ Vn \ Vn−1 and x ≺n y for some n, or else x ∈ Vn,
y ∈ Vn+1 \ Vn for some n. That is, ≺ agrees with ≺n on each Vn \ Vn−1 and
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we place the sets V0, V1 \ V0, V2 \ V1, . . . one after the other. Obviously, ≺ is
a well ordering of Q into type ω with 0 as the least element.

Assume now that K is a monotone 6-AP. Let n be minimal so that |K ∩
Vn+1| ≥ 2 holds. Then |K ∩ Vn| ≤ 1 by the minimality of n, and K ⊆ Vn+2

by the above construction. Notice that K ∩ (Vn+1 \Vn) and K ∩ (Vn+2 \Vn+1)
are segments of the arithmetic progression K, and so they are arithmetic
progressions themselves. Further, |K ∩ (Vn+1 \ Vn)| ≤ 2 and |K ∩ (Vn+2 \
Vn+1)| ≤ 2, as otherwise there would be a monotone 3-AP in either Vn+1 \Vn

or Vn+2 \ Vn+1. Adding up, we obtain

|K| = |K ∩ Vn| + |K ∩ (Vn+1 \ Vn)| + |K ∩ (Vn+2 \ Vn+1)| ≤ 5 < |K|.

This contradiction completes the proof.

Theorem 9. Every solvable group has a well ordering with no monotone
6-AP.

Proof. Lemma 6 reduces the statement to the case of abelian groups. As
every abelian group can be embedded into a divisible group (see [8]), it
suffices to prove the results for divisible groups.

Let G be a divisible group. By a well known result G can be written
as the direct sum of some groups Gi (i ∈ I), where each Gi is isomorphic
to either Q or Zp∞ for some prime p, cf. [8]. By Lemma 8, there is a well
ordering <i of Gi with no monotone 6-AP, such that 0 is the least element
of Gi under <i. Let < be a well ordering of I. Then, each element x of
G can be written as a sequence x = (x(i) : i ∈ I) where x(i) ∈ Gi and
supp(x) = {i ∈ I : x(i) 6= 0} is finite. Order G by last comparison, that is,
if x = (x(i) : i ∈ I) and y = (y(i) : i ∈ I), then set

d(x, y) = max
<

{i ∈ I : x(i) 6= y(i)}

and let x ≺ y if and only if x(i) <i y(i) holds for i = d(x, y).

Claim 1. ≺ is an ordering.

Proof. Assume that x ≺ y and y ≺ z. Set i = d(x, y), j = d(y, z).
If i = j, then x(i) <i y(i) <i z(i), therefore x(i) <i z(i) and d(x, z) = i

and so x ≺ z.
If i < j, then x(j) = y(j) <i z(j) and clearly d(x, z) = j, therefore x ≺ z.
If j < i, then x(i) <i y(i) = z(i), so d(x, z) = i and therefore x ≺ z.

Claim 2. ≺ is a well ordering.
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Proof. Assume that x0, x1, . . . is a ≺-decreasing sequence of elements of
G. We color the triple {j0, j1, j2} of natural numbers with j0 < j1 < j2
by three colours according to whether d(xi0 , xj1) > d(xj1 , xj2), d(xj0 , xj1) =
d(xj1 , xj2), or d(xj0 , xj1) < d(xj1 , xj2) holds. Applying Ramsey’s theorem
we obtain an infinite homogeneous set, therefore a subsequence y0, y1, . . .
such that either d(yj, yj+1) > d(yj+1, yj+2) or d(yj, yj+1) = d(yj+1, yj+2) or
d(yj, yj+1) < d(yj+1, yj+2) holds for every nonnegative integer j.

The first possibility is impossible as it would give an infinite decreasing
sequence in the well ordered set I.

If the second possibility holds, i.e., if d(y0, y1) = d(y1, y2) = · · · = i, then
y0(i), y1(i), . . . would be an infinite <i-decreasing sequence, a contradiction,
as <i is a well order of Gi.

Assume now the third possibility, i.e., that i0 < i1 < · · · where ij =
d(yj, yj+1). For each j, as yj(ij) >ij yj+1(ij) holds, we infer yj(ij) 6= 0 (as 0
is the least element of Gij), and as d(y0, y1), d(y1, y2), . . . , d(yj−1, yj) < ij, we
have

y0(ij) = y1(ij) = · · · = yj(ij) 6= 0,

and so {i0, i1, . . .} ⊆ supp(y0), contradicting the finiteness of supp(y0).

Claim 3. There is no monotone 6-AP under ≺.

Proof. Assume that y0 ≺ y1 ≺ · · · ≺ y5 is a monotone 6-AP. Let j denote the
largest element of I for which y0(j), · · · , y5(j) is not constant; it exists by the
finiteness of supp(y0), . . . , supp(y5). For each i ∈ I, either y0(i) = · · · = y5(i),
or y0(i), · · · , y5(i) form a proper 6-AP in Gi, or it a non-constant 6-AP in
which some repetitions occur. However, by the monotonicity of y0, y1, . . . , y5
under ≺, only the second possibility can happen for i = j. Thus, d(y0, y1) =
· · · = d(y4, y5) = j and y0(j) <j · · · <j y5(j) is a monotone 6-AP in Gj, a
contradiction.

With Claims 1–3, the proof of the statement on well ordering of the group
is complete.

Theorem 10. Each hypoabelian group has an ordering with no monotone
5-AP.

Proof. We prove the statement by transfinite induction on the length of
G, denoted by α. If α ≤ 1, that is, the group G is abelian, then we may
proceed as in the proof of Theorem 9, using Lemma 5 instead of Lemma 8,
and merely referring to Claims 1 and 3. In fact, in this case, lexicographic
ordering of the direct sum along the well ordered index set I would also do.
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Let now α > 1, and assume that we have already proved the statement
for all ordinals less than α. We distinguish two cases.

Case 1. α = β + 1 is a successor ordinal.
By the inductive hypothesis, there is an ordering, as required, on G/Gβ,

and also on the abelian group Gβ. We conclude by Lemma 6.

Case 2. α is a limit ordinal.
In this case Gα =

⋂
{Gβ : β < α} = {1} and each G/Gβ has an ordering

<β omitting monotone 5-APs. Note that, in the first order language of groups
equipped with a linear order, the fact that a given structure does not contain
a monotone 5-AP can be expressed by a first order sentence Φ.

Let U be an ultrafilter on α such that the terminal interval [β, α) is in U
for each β < α, and consider the ultraproduct

(G∗, <∗) =
∏

β<α

(G/Gβ, <β)/U.

By  Loś’s lemma, (G∗, <∗) |= Φ. It is enough to show that G embeds into G∗.
For this, define j(x) as the equivalence class [f ] where f(β) is the coset

of Gβ containing x. j : G → G∗ is obviously a homomorphism, and if x 6= 1,
then xGβ 6= Gβ for β sufficiently large, so by the choice of U we have j(x) 6= 1.
Consequently, j is an embedding.

Theorem 11. Every group has a well ordering with no monotone infinite
arithmetic progressions.

Proof. First we prove that if G is a group, then there is a system

H(G) = {〈Ai, <i〉 : i ∈ I}

of ordered subsets such that |Ai| = ω, Ai ∩ Aj = ∅ (i 6= j), and if A =
APω(x, d) = {x, xd, xd2, . . .} is an infinite AP in G, then there is an i such
that Ai ⊆ A and xda <i xd

b holds, whenever a < b and xda, xdb ∈ Ai.
We prove this statement by induction on the cardinal κ = |G|. Let

H(G) = ∅ if G is finite.
If κ = ω, there are countably many infinite arithmetic progressions. These

are countably many infinite sets, we can find pairwise disjoint infinite subsets
Ai of them by an inductive argument (cf. Problem 12.2. in [5], p. 59) and
make <i the inherited ordering.

Assume now that κ > ω. Decompose G as the increasing union G =⋃
{Gα : α < κ} of subgroups such that |Gα| < κ (α < κ), G0 = {1}, and
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Gα =
⋃
{Gβ : β < α} for α < κ limit, i.e., {Gα : α < κ} is continuous. This

can be done for example by enumerating the elements of G as {gα : α < κ}
and letting Gα be the subgroup generated by {gβ : β < α}.

Set Hα = H(Gα+1), i.e., a system as described above, for the group Gα+1.
It exists by the inductive assumption.

For each A ∈ Hα, set A∗ = A \ Gα together with the ordering inherited
from A if |A ∩Gα| ≤ 1, and undefined otherwise. Let H∗

α = {A∗ : A ∈ Hα}.
We claim that H(G) =

⋃
{H∗

α : α < κ} satisfies the requirements.
First, each element of H(G) is of the form A∗ for some A ∈ Hα, α < κ,

therefore |A∗| = |A| = ω.
Next, any two elements of H(G) are disjoint. Indeed, suppose that A∗ 6=

B∗ for some A ∈ Hα, B ∈ Hβ, α ≤ β < κ. If α = β, then A∗ ∩ B∗ = ∅
follows from the disjointness of the elements of Hα, and if α < β, then B∗ is
disjoint from Gβ ⊇ Gα+1 ⊇ A ⊇ A∗.

Finally, let A = APω(x, d) be an infinite arithmetic progression in G. Let
β < κ be the smallest ordinal such that |A ∩ Gβ| ≥ 2. As {Gα : α < κ} is
continuous, β = α + 1 for some α.

If xda, xdb ∈ Gα+1, then (xda)−1(xdb) = db−a ∈ Gα+1. Let k be the small-
est positive integer such that dk ∈ Gα+1. There is a unique 0 ≤ r < k that
xdr ∈ Gα+1. Then {a : xda ∈ Gα+1} = kZ + r. Then B = APω(xdr, dk) ⊆
A∩Gα+1, and the arithmetic progression B is infinite as dk has no finite or-
der. By the minimal choice of β we have |B ∩Gα| ≤ 1, and so some Ai ∈ Hα

has A∗

i ⊆ B ⊆ A. The monotonicity being inherited from Ai, the proof of
the claim is thus complete.

Given H = {〈Ai, <i〉 : i ∈ I} as above, we let ≺ be an arbitrary well
ordering of G such that ≺ |Ai

6=<i (i ∈ I). Then ≺ is not monotone on any
infinite arithmetic progression, and so we are done.

Open Problems. 1) Is it true, that every Zp, p a prime, has an ordering
with no monotone 4-AP? 2) Determine the smallest r for which Q has a well
ordering with no monotone r-AP. 3) Is there, for every group G, a finite
number r = r(G) such that G has a well ordering with no monotone r-AP?
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