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INTRODUCTION

The reasoning in formal logic and the theory of recursivectioms and effective computabil-
ity [1, 2,3,/4,5, 6], at least insofar as their applicabitibyworldly things is concerned![7], makes
implicit assumptions about the physical meaningfulnegb®®ntities of discourse; e.g., their ac-
tual physical representability and operationalizab[8}y It is this isomorphism or correspondence
between the phenomena and theory aice versa— postulated by the Church-Turing thesis [9]
— which confers power to the formal methods. Therefore, amgiriig in physics presents a chal-
lenge to the formal sciences; at least insofar as they claibe trelevant to the physical universe,
although history shows that the basic postulates have te-bensidered very rarely.

For example, the fundamental atom of classical informatibe bit, is usually assumed to be
in one of two possible mutually exclusive states, which candpresented by two distinct states of
a classical physical system. These issues have been egrdiscussed in the context of energy
dissipation associated with certain logical operatiorgsuamversal (ir)reversible computatian [10,
11,112, 13].

In general, all varieties of physical states, as well asrtbeolution and transformations,
are relevant for propositional logic as well as for a geneedl theory of information. Quan-
tum logic [14], partial algebras [15, 116], empirical logit7[,|18] and continuous time computa-
tions [19] are endeavors in this direction. These stated neé necessarily be mapped into or
bounded by classical information. Likewise, physical sfanmations and manipulations avail-
able, for instance, in quantum information and classicatiooum theory, may differ from the
classical paper-and-pencil operations modeled by uraV&tsing machines. Hence, the computa-
tional methods available as “elementary operations” hawetadapted to cope with the additional
physical capabilities [20].

Indeed, in what follows it is argued that, as quantum thedfisr® nonclassical states and oper-
ators available in quantum information theory, severagtbeld assumptions on the character and
transformation of classical information have to be adaptsl a consequence, the formal tech-
niques in manipulating information in the theory of recuediunctions and effective computability

have to be revised. Particular emphasis is given to undeitiiyaand the diagonalization method.



QUANTUM INFORMATION THEORY

As several fine presentations of quantum information andptation theory exist (cf.
Refs. [21, 22| 23, 24, 25, 26, |27, 28, 29] for a few of them)rehs no need of an extended
exposition. In what follows, we shall mainly follow Mermshotation|[29, 30]. For the represen-
tation of both a single classical and quantum bit, supposeadimensional Hilbert space. (For
physical purposes a linear vector space endowed with arqmalduct will be sufficient.) Let the
superscript T” indicate transposition, and 160) = (1,0)" and|1) = (0,1)T be the orthogonal
vector representations of the classical states assoadiatietialsity” and “truth,” or “0” and “1,”
respectively.

From the varieties of properties featured by quantum in&drom, one is of particular impor-
tance for quantum recursion theory: the ability to co-repre classically distinct, contradictory

states of informationia the generalized quantum bit state

0o
W) = ao|0) +aa[1) = ; 1)
a1
with the normalizationao|? + |a1|? = 1. This feature is also known agiantum parallelism
alluding to the fact thah quantum bits can co-represerit @assical mutually exclusive states
{liziz---in) |i; €{0,1}, j =1,...,n} of nclassical bits.

As will be argued below, recursion theoretic diagonalmatan be symbolized by the diagonal-

01
ization or “not” operatoX = , transforming0) into | 1), andvice versa The eigensystem
10

of the diagonalization operatdf is given by the two 50:50 mixtures ¢@) and|1) with the two

eigenvalues 1 and1; i.e.,

1 1
72(\0>i\1>)=i72

In particular, the statgp, ) associated with the eigenvalyd. is afixed pointof the operatoiX.

X (10) £ 1)) = £[d=). (@)

Note that, provided thdtp) ¢ {|0),|1)}, a quantum bit is not in a pure classical state. There-
fore, any practical determination of the quantum bit amstmt measurement of the state “along”
one context [31] or base, such as the base “spanned{®y|1)}. Any suchsinglemeasurement
will be indeterministic (provided that the basis does nanhciole with {|(.), |P_)}); in partic-
ular, [(Q+]0)|? = [(P+|1)|?> = 1/2. That is, if the fixed point state and the measurement contex

mismatch, by Born’s postulate [32,/33], the outcome dfirgle measurement occurs indeter-
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ministically, unpredictably and at random. Hence, in tewhshe quantum state®) and |1)
corresponding to the classical states, the fixed point nesriadeterminate.

In what follows it is argued that, due to the superpositiomgple, the quantum recursion
theoretic diagonalization method has to be reformulatesfaged point argument. Application of
the diagonal operatof yields noreductio ad absurdumnstead, undecidability is recovered as a

natural consequence of quantum coherence and of the uotadeitity of certain quantum events.

DIAGONALIZATION

For comprehensive reviews of recursion theory and the dialggation method the reader is re-
ferred to Refs.[[1,12,/3, 4] 5 6]. Therefore, only a few halksawill be stated. As already pointed
out by Godel in his classical paper on the incompletenessitifmetic [34], the undecidability
theorems of formal logic [2] are based on semantical parsisych as the liar [35] or Richard’s
paradox. A proper translation of the semantic paradoxesfarmal proofs results in the diago-
nalization method. Diagonalization has apparently firstbapplied by Cantor to demonstrate the
undenumerability of real numbers [36]. It has also been bgelliring for a proof of the recursive
undecidability of the halting problem [37].

A brief review of the classical algorithmic argument will given first. Consider a universal
computelC. For the sake of contradiction, consider an arbitrary allgor B(X) whose input is a
string of symbolsX. Assume that there exists a “halting algorithBXLT which is able to decide
whetherB terminates orX or not. The domain ofiALT is the set of legal programs. The range of
HALT are classical bits (classical case) and quantum bits (goantechanical case).

UsingHALT(B(X)) we shall construct another deterministic computing agenthich has as
input any effective prograrB and which proceeds as follows: Upon reading the progBaas
input, A makes a copy of it. This can be readily achieved, since thgrpmB is presented té&
in some encoded formB™, i.e., as a string of symbols. In the next step, the agent tihgesode
"B as input string foB itself; i.e.,A formsB("B™), henceforth denoted B(B). The agent now
handsB(B) over to its subroutindALT. Then,A proceeds as follows: HALT(B(B)) decides that
B(B) halts, then the agertdoes not halt; this can for instance be realized by an infimitéoop;
if HALT(B(B)) decides thaB(B) doesnot halt, thenA halts.

The agen® will now be confronted with the following paradoxical tagkke the own code as

input and proceed.



Classical case

Assume thaf is restricted to classical bits of information. To be moreafic, assume that
HALT outputs the code of a classical bit as followws(d, stands for divergence and convergence,

respectively):
HALT(B(X)) = 01 BOX) 1 . (3)
1) if B(X) |
Then, wheneveA(A) halts,HALT(A(A)) outputs|1) and forcesA(A) not to halt. Conversely,
wheneverA(A) does not halt, theBALT(A(A)) outputs|0) and steeré\(A) into the halting mode.
In both cases one arrives at a complete contradiction. ICils this contradiction can only be
consistently avoided by assuming the nonexistendearid, since the only nontrivial feature Af

is the use of the peculiar halting algorittiaLT, the impossibility of any such halting algorithm.

Quantum mechanical case

As has been argued above, in quantum information theory atgomabit may be in a linear
coherent superposition of the two classical stéesand|1). Due to the superposition of classical
bit states, the usuaéductio ad absurdurargument breaks down. Instead, diagonalization pro-
cedures in quantum information theory yield quantum bitisohs which are fixed points of the
associated unitary operators.

In what follows it will be demonstrated how the task of the gk can be performed consis-
tently if Ais allowed to process quantum information. To be more speeafisume that the output

of the hypothetical “halting algorithm” is a quantum bit
HALT(B(X)) = [¢)) . (4)

We may think ofHALT(B(X)) as a universal comput& simulatingC and containing a dedicated
halting bit, which it the output ofC’ at every (discrete) time cycle. Initially (at time zero)isth
halting bit is prepared to be a 50:50 mixture of the clasdiedting and non-halting staté®) and
|1) with equal phase; i.e|b). If later C' finds thatC converges (diverges) dB(X), then the
halting bit ofC’ is set to the “classical” valugg) or |1).

The emergence of fixed points can be demonstrated by a sixgrepte. Agen®’'s diagonal-
ization task can be formalized as follows. Consider for thmmant the action of diagonalization

on the classical bit states. (Since the quantum bit stagearely a linear coherent superposition

5



thereof, the action of diagonalization on quantum bitsraightforward.) Diagonalization effec-
tively transforms the classical bit valy@) into |1) andvice versaRecall that in equation{3), the
state|1) has been identified with the halting state and the $@teith the non-halting state.
The evolution representing diagonalization (effectiyalyentA’s task) can be expressed by the
unitary operatob as
D|0) = |1) andD|1) = |0) . (5)

Thus,D acts essentially asmt-gate corresponding to the operakarin the above state basis,

can be represented as follows:

01
D=X~— . (6)
10

D will be calleddiagonalizatioroperator, despite the fact that the only nonvanishing caorapts
are off-diagonal.
As has been pointed out earlier, guantum information thatdoyvs a linear coherent superpo-

sition |P) of the “classical” bit statef)) and|1). D has a fixed point at the quantum bit state

1

7 (10)+11))

Wy) = (7)

1
~ 2
|W;) does not give rise to inconsistencies| [38]: If agArttands over the fixed point staft., )
to the diagonalization operat@, the same statR). ) is recovered. Stated differently, as long
as the output of the “halting algorithm” to inp&(A) is |y ), diagonalization does not change
it. Hence, even if the (classically) “paradoxical” constian of diagonalization is maintained,
guantum theory does not give rise to a paradox, because #mugqu range of solutions is larger
than the classical one. Therefore, standard proofs of th@rsive unsolvability of the halting
problem do not apply if agertis allowed a quantum bit. The consequences for quantumsiecur

theory are discussed below.

CONSEQUENCESFOR QUANTUM RECURSION THEORY

Several critical remarks are in order. It should be notedttiafixed point quantum bit “solu-
tion” of the above halting problem is of not much practicdiphén particular, if one is interested
in the “classical” answer whether or n&tA) halts, then one ultimately has to perform an irre-

versible measurement on the fixed point state. This caudateasduction into the classical states



corresponding t¢0) and|1). Any single measurement will yield an indeterministic destihere
is a 50:50 chance that the fixed point state will be eitheOjror |1), since as has been argued
before,|(P|0)|? = [(P+|1)|? = 1/2. Thereby, classical undecidability is recovered.

Thus, as far as problem solving is concerned, classicabb&siot much of an advance. If a
classical information is required, then quantum bits arebadter than probabilistic knowledge.
With regards to the question of whether or not a computeshidlé “solution” is effectively equiv-
alent to the throwing of a fair coin [39]. Therefore, the adls® of quantum recursion theory over
classical recursion theory is not so much classical prolgelving butthe consistent representa-
tion of statementahich would give rise to classical paradoxes.

The above argument used the continuity of quantum bit stste@®mpared to the two discrete
classical bit states for a construction of fixed points ofdlagjonalization operator. One could pro-
ceed a step further and allavonclassical diagonalization procedureghereby, one could extend
diagonalization to the entire range of two-dimensionatanyitransformations [40], which need
not have fixed points corresponding to eigenvalues of exacit. Note that the general diagonal
form of finite-dimensional unitary transformations in niatnotation is diage/®:,e%2,... &%n);
i.e., the eigenvalues of a unitary operator are complex musbf unit modulus (e.g., Ref. [41,
p. 39], or Ref.[[42, p. 161]). Fixed points only occur if atd$e¢ane of the phasdg, i € {1,2,...,n}
is a multiple of 2t In what follows, we shall study the physical realizabildf/general unitary
operators associated with generalized beam splittersd 345, 46]. We will be particularly in-
terested in those transformations whose spectra do natiodhk eigenvalue one and thus do not
allow a fixed point eigenvector.

In what follows, lossless devices will be considered. Ineorih be able to realize a universal
unitary transformation in two-dimensional Hilbert spagee needs to consider gates with two in-
put und two output ports representing beam splitters anchMahnder interferometers equipped
with an appropriate number of phase shifters. For the sakkewfonstration, consider the two
realizations depicted in Fig] 1. The elementary quantuerietence devica@®s in Fig.(da) is a
unit consisting of two phase shiftePs andP, in the input ports, followed by a beam splitt8r

which is followed by a phase shiftég in one of the output ports. The device can be quantum
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FIG. 1: A universal quantum interference device operatim@ qubit can be realized by a 4-port interferom-
eter with two input port$0), |1) and two output portf0)’, |1)’; a) realization by a single beam splitt(T)
with variable transmissioi and three phase shiftePRs, P>, P3; b) realization by two 50:50 beam splitters

S andS and four phase shifte®, Py, P3, Pj.

mechanically represented hy [47]

Pr: |0) — |0)d@+R),

P: 1) — [1)€P,

S: |0) — VT|1)+ivVR|0), (8)
S: 1) — VT|0)+ivR|1),

P3: |0) — |O)€?,

where every reflection by a beam split&contributes a phase/2 and thus a factor @'/2 = i to
the state evolution. Transmitted beams remain unchangegthere are no phase changes. Global
phase shifts from mirror reflections are omitted. W{H#T (w) = cosw and y/R(w) = sinw, the



corresponding unitary evolution matrix is given by

9)

(0.1, . ¢) = ( igl (@+B+9) sinw & (B+4) cosoo)

e@B) cosw  iePsinw

Alternatively, the action of a lossless beam splitter magéscribed by the matrix [54]
ivR(@ /T(w) } [ isinw cosw
VT (w) iy/Rw) cosw i sinw |

A phase shifter in two-dimensional Hilbert space is repmest by either diage®,1) or

diag(l,eiq’). The action of the entire device consisting of such elementslculated by mul-

tiplying the matrices in reverse order in which the quantssphese elements [48,49]; i.e.,

9500, .0) g? 0 i sinw cosw g@+h) o 10 (10)
T o cosw i sinw 0 1 0éeb |

The elementary quantum interference devi¢®¥ depicted in Fig[ILb) is a Mach-Zehnder in-
terferometer withiwo input and output ports and three phase shifters. The proegdse quantum

mechanically described by

P : [0) — [0)€@+B)
P 1) — [1)€P,
St lD) — (b)+ile)/V2,
(e i|b 2
S 10) = (10)+116)/v2, an
Ps: |b) — |b)e®,
S:|b) — (11)+i]0)/V2,
Sl — (10)+ilY)/vV2,
Py |0) — |O)€®.
The corresponding unitary evolution matrix is given by
_da+d) gjne o W
T2 B0 p) = ilBe) | TE Sing @0eosg ) (12)
€%cosy sing
Alternatively, TMZ can be computed by matrix multiplication; i.e.,
™?(a,B,w,0) =
i ' j ' j(o+B)
iei(B+%’)eIOA'1 e"”Oill e 0 1(_).
01)v2\1i 01)v2\1i o 1)\o0éb
(13)



Both elementary quantum interference devitBSand TV are universal in the sense that every
unitary quantum evolution operator in two-dimensionahidit space
ip €% cosw —e ' sinw
Uz(w,0,B,9) =€ o . , (14)
€% sinw e % cosw
where —m < Bw < mM, —7 < a,¢ < 7 [40] corresponds to T (o, o, B, ¢’) and
™Z (W’ a”,B",9"), wherew, a, B, ¢ are arguments of the (double) primed parameters [46].
A typical example of a nonclassical operation on a quantuns ihe “square root of not” gate

(v/notv/not =X)

1( 1+i 1—i
vnot = <
2\ 10 1+i

(15)
Although v/not still has a eigenstate associated with a fixed point of uigémralue, not all
of these unitary transformations have eigenvectors ast®utiwith eigenvalues one that can be

identified with fixed points. Indeed, only unitary transfations of the form

[U2(e,0,B,¢)]~*diag(1,€*)Uz(w,a, B, 0) =
cosw?+ersine?  =HEe (010 sin(20) (16)
“14eh b (040) sin(20) €2 cosw? + sin?
have fixed points.
Applying nonclassical operations on quantum bits with nedipoints
D" = [Uz(c,01,B,)] " diag(e¥, €”)Uz(w, a1, B, §) =
et cogw)?+ePsin(w)? <e”—e”‘) sin(2w) (17)
Sl (e“‘ - ei“) sin(2w)  €*cogw)?+ M sin(w)?
with A # 2nT, n € Np gives rise to eigenvectors which are not fixed points, buttvisicquire

nonvanishing phasgsA in the generalized diagonalization process.

SUMMARY

It has been argued that, because of quantum parallelispthieceffective co-representation of
classical mutually exclusive states, the diagonalizatiethod of classical recursion theory has to
be modified. Quantum diagonalization involves unitary apms whose eigenvalues carry phases

strictly different from multiples of & The quantum fixed point “solutions” of halting problems
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can be 50:50 mixtures of the classical halting and nonhgpdiiates, and therefore do not contribute

to classical deterministic solutions of the associatedst@t problems.

Another, less abstract, application for quantum inforpratheory is the handling of inconsis-

tent information in databases. Thereby, two contradiatiagsical bits of informatiof0) and|1)

are resolved, i.e., co-represented, by the quanturphit. Throughout the rest of the computa-

tion the coherence is maintained. After the processingrekalt is obtained by an irreversible

measurement. The processing of quantum bits, howevergweqguire an exponential space over-

head on classical computers in classical bit base [10]. ,Timusrder to remain tractable, the

corresponding quantum bits should be implemented on tugyntym universal computers.

*

[1]

[2]

Electronic address: svozil@tuwien.ac.at; URItp: //tph.tuwien.ac.at/~svozil

H. Rogers, Jr.Theory of Recursive Functions and Effective ComputalfitgcGraw-Hill, New York,
1967).

M. Davis, The Undecidable. Basic Papers on Undecidable, UnsolvabdblPms and Computable

Functions(Raven Press, Hewlett, N.Y., 1965).

[3] J. Barwise Handbook of Mathematical Logi®orth-Holland, Amsterdam, 1978).

]
[4]
[5]
[6]

[7]

[8]

H. Enderton A Mathematical Introduction to Logi@Academic Press, San Diego, 2001), second edn.
P. Odifreddi,Classical Recursion Theory, Vol(lMorth-Holland, Amsterdam, 1989).

G. S. Boolos, J. P. Burgess, and R. C. Jeff@gmputability and Logi¢Cambridge University Press,
Cambridge, 2007), fifth edn.

R. Landauer, “Information is Physical,” Physics Tod&l 23—-29 (1991).
http://dx.doi.org/10.1063/1.881299

P. W. Bridgman, “A Physicist's Second Reaction to Menigare,” Scripta Mathematica, 101-117,
224-234 (1934), cf. R. Landauer [50].

[9] A. Olszewski, J. Wolehski, and R. Janu§€hurch’s Thesis After 70 Yeaf®ntos, Berlin, 2006).

[10]

[11]

R. P. Feynman, “Simulating physics with computersfemational Journal of Theoretical Physil
467-488 (1982).

E. Fredkin and T. Toffoli, “Conservative Logic,” Inteational Journal of Theoretical Physizk, 219—
253 (1982), reprinted in [51, Part I, Chapter 3].

http://dx.doi.org/10.1007/BF01857727

11


mailto:svozil@tuwien.ac.at
http://tph.tuwien.ac.at/~svozil
http://dx.doi.org/10.1063/1.881299
http://dx.doi.org/10.1007/BF01857727

[12]
[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]
[22]

[23]

[24]

H. S. Leff and A. F. RexMaxwell's Demor(Princeton University Press, Princeton, 1990).

R. P. FeynmanThe Feynman lectures on computatigxdison-Wesley Publishing Company, Read-
ing, MA, 1996), edited by A.J.G. Hey and R. W. Allen.

G. Birkhoff and J. von Neumann, “The Logic of Quantum Manics,” Annals of Mathematic37,
823-843 (1936).

S. Kochen and E. P. Specker, “Logical Structures agisimquantum theory,” irSymposium on the
Theory of Models, Proceedings of the 1963 International ®gium at Berkelegp. 177-189 (1965),
reprinted in|[52, pp. 209-221].

S. Kochen and E. P. Specker, “The calculus of partiappsitional functions,” inProceedings of the
1964 International Congress for Logic, Methodology and®&$uphy of Science, Jerusalgmp. 45-57
(1965), reprinted in [52, pp. 222—-234].

D. J. Foulis, C. Piron, and C. H. Randall, “Realism, @tiemalism, and quantum mechanics,” Foun-
dations of Physic43, 813—841 (1983), invited papers dedicated to Ginther ligidw
http://dx.doi.org/10.1007/BF01906271

C. H. Randall and D. J. Foulis, “Properties and operstigoropositions in quantum mechanics,”
Foundations of Physick3, 843—-857 (1983), invited papers dedicated to Gunther ligidw
http://dx.doi.org/10.1007/BF01906272

0. Bournez and M. L. Campagnolo, “A Survey on Continu®ime Computations,” iNew Computa-
tional Paradigms. Changing Conceptions of What is Comgateh Cooper, B. Lowe, and A. Sorbi,
eds. (Springer Verlag, New York, 2008), pp. 383—423.
http://mww.lix.polytechnique.fitbournez/pmwiki/uploads/Main/SurveyContinuousTimé.pd

D. Deutsch, “Quantum theory, the Church-Turing pteiand the universal quantum computer,”
Proceedings of the Royal Society of London. Series A, Mattaral and Physical Sciences (1934-
1990)400, 97-117 (1985).

http://dx.doi.org/10.1098/rspa.1985.0070

J. GruskaQuantum ComputingVicGraw-Hill, London, 1999).

M. A. Nielsen and I. L. ChuangQuantum Computation and Quantum Informat{@ambridge Uni-
versity Press, Cambridge, 2000).

H.-K. Lo, S. Popescu, and T. Spilldntroduction to Quantum Computation and InformatiiMorld
Scientific Publishing Company, Singapore, 2001).

R. K. Brylinski, G. Chen, and B. K. Brylinskivlathematics of Quantum Computati@@hapman &

12


http://dx.doi.org/10.1007/BF01906271
http://dx.doi.org/10.1007/BF01906272
http://www.lix.polytechnique.fr/~bournez/pmwiki/uploads/Main/SurveyContinuou
http://dx.doi.org/10.1098/rspa.1985.0070

[25]
[26]

[27]

(28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]
[37]

Hall/CRC Press, London, 2002).

M. Hayashi,Quantum Information. An IntroductiofSpringer-Verlag, Berlin, Heidelberg, 2006).

H. Imai and M. Hayashi,Quantum Computation and Information. From Theory to Experit
(Springer-Verlag, Berlin, Heidelberg, 2006).

V. Scarani, H. Bechmann-Pasquinucci, N. J. Cerf, M. é&xsN. Lutkenhaus, and M. Peev, “The
Security of Practical Quantum Key Distribution,” (2008).

http://arxiv.org/abs/0802.4155

G. JaegerQuantum Information. An Overvief@pringer, New York, 2007).

N. D. Mermin,Quantum Computer Scien@€ambridge University Press, Cambridge, 2007).
http://people.ccmr.cornell.edumermin/qgcomp/CS483.htiml

N. D. Mermin, “From Cbits to Qbits: Teaching computeiestists quantum mechanics,” American
Journal of Physicg1, 23-30 (2003).

http://dx.doi.org/10.1119/1.1522741

K. Svozil, “Contexts in quantum, classical and pawtitilogic,” in Handbook of Quantum Logic and
Quantum StructuresK. Engesser, D. M. Gabbay, and D. Lehmann, eds. (Elseviastérdam, 2008),
pp. 551-586.

http://arxiv.org/abs/quant-ph/0609209

M. Born, “Zur Quantenmechanik der StoRvorgange,t&ahrift fir Physik37, 863—-867 (1926).
http://dx.doi.org/10.1007/BF01397477

A. Zeilinger, “The message of the quantum,” Natd88, 743 (2005).
http://dx.doi.org/10.1038/438743a

K. Godel, ‘Uber formal unentscheidbare Satze der Principia Mathiemand verwandter Systeme,”
Monatshefte fur Mathematik und Phy<3B, 173—-198 (1931), English translation in|[53], and.in [2].
A. R. Anderson, “St. Paul’s epistle to Titus,” ifhe Paradox of the LigrR. L. Martin, ed. (Yale
University Press, New Haven, 1970), the Bible contains aggeswhich refers to Epimenides, a Crete
living in the capital city of CnossusiOne of themselves, a prophet of their own, said, ‘Cretars ar
always liars, evil beasts, lazy gluttons,—= St. Paul, Epistle to Titus | (12-13).

G. Cantor, “Gesammelte Abhandlungen,” (Springer,liBeL932).

A. M. Turing, “On computable numbers, with an applicatito the Entscheidungsproblem,” Proceed-
ings of the London Mathematical Society, Seried2and 43, 230-265 and 544-546 (1936-7 and
1937), reprinted in [2].

13


http://arxiv.org/abs/0802.4155
http://people.ccmr.cornell.edu/~mermin/qcomp/CS483.html
http://dx.doi.org/10.1119/1.1522741
http://arxiv.org/abs/quant-ph/0609209
http://dx.doi.org/10.1007/BF01397477
http://dx.doi.org/10.1038/438743a

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

K. Svozil, “Consistent use of paradoxes in deriving ttaimts on the dynamics of physical systems
and of no-go-theorems,” Foundations of Physics LefeB23-535 (1995).

P. Diaconis, S. Holmes, and R. Montgomery, “Dynamic&sain the Coin Toss,” SIAM Review9,
211-235 (2007).

http://dx.doi.org/10.1137/S0036144504446436

F. D. MurnaghanThe Unitary and Rotation Groug$partan Books, Washington, D.C., 1962).

R. ShankarPrinciples of Quantum Mechanics, 2nd Editi@dluwer Academic/Plenum Publishers,
New York, 1980,1994).

P. R. HalmosFinite-dimensional vector spacéSpringer, New York, Heidelberg, Berlin, 1974).

M. Reck, A. Zeilinger, H. J. Bernstein, and P. Bertaixperimental realization of any discrete unitary
operator,” Physical Review Letter8, 5861 (1994).

http://dx.doi.org/10.1103/PhysRevLett.73.58

M. Reck and A. Zeilinger, “Quantum phase tracing of etated photons in optical multiports,” in
Quantum Interferometry. D. Martini, G. Denardo, and A. Zeilinger, eds., pp. 170#{1994).

M. Zukowski, A. Zeilinger, and M. A. Horne, “Realizablégher-dimensional two-particle entangle-
ments via multiport beam splitters,” Physical Review A (&iio, Molecular, and Optical PhysicS},
2564—2579 (1997).

http://dx.doi.org/10.1103/PhysRevA.55.2564

K. Svozil, “Noncontextuality in multipartite entargghent,” J. Phys. A: Math. Ge8, 5781-5798
(2005).

http://dx.doi.org/10.1088/0305-4470/38/25/013

D. M. Greenberger, M. A. Horne, and A. Zeilinger, “Mutéirticle interferometry and the superposition
principle,” Physics Today6, 22—29 (1993).

B. Yurke, S. L. McCall, and J. R. Klauder, “SU(2) and SU(linterferometers,” Physical Review A
(Atomic, Molecular, and Optical Physic83, 4033—4054 (1986).
http://dx.doi.org/10.1103/PhysRevA.33.4033

R. A. Campos, B. E. A. Saleh, and M. C. Teich, “Fourtharihterference of joint single-photon wave
packets in lossless optical systems,” Physical Review Aiffit, Molecular, and Optical Physic42,
4127-4137 (1990).

http://dx.doi.org/10.1103/PhysRevA.42.4127

R. Landauer, “Advertisement For a Paper | Like,'Om Limits J. L. Casti and J. F. Traub, eds. (Santa

14


http://dx.doi.org/10.1137/S0036144504446436
http://dx.doi.org/10.1103/PhysRevLett.73.58
http://dx.doi.org/10.1103/PhysRevA.55.2564
http://dx.doi.org/10.1088/0305-4470/38/25/013
http://dx.doi.org/10.1103/PhysRevA.33.4033
http://dx.doi.org/10.1103/PhysRevA.42.4127

Fe Institute Report 94-10-056, Santa Fe, NM, 1994), p. 39.
http://www.santafe.edu/research/publications/waykipers/94-10-056.pdf

[51] A. Adamatzky,Collision-based computin¢Springer, London, 2002).

[52] E. SpeckerselectaBirkhauser Verlag, Basel, 1990).

[53] K. Godel, inCollected Works. Publications 1929-1936. Volum&.| Feferman, J. W. Dawson, S. C.
Kleene, G. H. Moore, R. M. Solovay, and J. van Heijenoort, é@ford University Press, Oxford,
1986).

[54] The standard labeling of the input and output ports aterchanged, therefore sine and cosine are

exchanged in the transition matrix.

15


http://www.santafe.edu/research/publications/workingpapers/94-10-056.pdf

	Introduction
	Quantum information theory
	Diagonalization
	Classical case
	Quantum mechanical case

	Consequences for quantum recursion theory
	Summary
	References

