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Abstract Entanglementwitnesses (EW) allow the detectionl Introduction

of entanglement in a quantum system, from the measure-

ment of some few observables. They do not require the com-

plete determination of the quantum state, which is regarded ) _

as a main advantage. On this paper it is experimentally an&"tanglement is one of the central keys for quantum infor-
lyzed an entanglement witness recently proposed in the coffpation processing, being assouateq with various puzzllng
text of Nuclear Magnetic Resonance (NMR) experiments gguantum phenomepa, such as Bell's mequallty V|olat|qn and
test it in some Bell-diagonal states. We also propose sonfdantum teleportation, for example.. It is also a main re-
optimal entanglement witness for Bell-diagonal states ThSOurce for the exponential speedup in some quantum algo-
efficiency of the two types of EW's are compared to a mealithms [1]. Therefore, the detection of entanglement is im-
sure of entanglement with tomographic cost, the generalizePOrtant. For that, many tools have been developed, one of
robustness of entanglement. It is used a GRAPE algorithrn€Se are the entanglement witnesses.

to produce an entangled state which is out of the detection

region of the EW for BeII-dlagonaI stgtes.. Upon relaxation, Entanglement withesses are tools designed to detect en-
the results show that there is a region in which both EW,

) : X tanglement from direct measurements of observables. They
fails, whereas t_he generalized robustn_ess still showmentaCan be used either to detect entanglement in a given state,
glgment, but with the entanglement witness proposed hergr to quantify the entanglement for a specific state or class
with a better performance. of states[[2]. The main advantage of the use of entangle-
ment witnesses is the possibility of detection of entangle-
ment without performing Quantum State Tomography, which
Keywords entanglement witnestNMR quantum informa-  €an significantly reduce the number of measurements per-
tion processing decoherence formed in the system, in order to characterize some quantum

effect due to the presence of entanglement.
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The spin magnetizations are measured at the end of the

circuit and are proportional to the polarization of the stat

Fig. 1 Quantum circuit for superdense coding. In the first part ef th (see the section 4). They are given by
circuit, the input state00) being transformed in the cat statet). '

After it, the “message” operator is applied, takidgt) into one of the . . _ .
four Bell basis states. The final part of the circuit indisatee mea- <ZI> - (_1) €r <ZS> - (_1) €s- (4)

surement in the Bell basis. . )
If the variablesr and z, the encripted message, are known,

the NMR implementation of the superdense coding is suc-
cessful.

The statistical condition for success in the NMR imple-
entation of superdense coding and the condition for the

2 Theory

Recently, a proposal for an EW has been made for NMBn
quantum |r_1format|on processnig__ﬂlo_] which uses th_e SuPeréntanglement of the Bell-diagonal states are the same, and
dense coding protocol, successfully implemented with NMRare given by[[10]:
by Fang et al[[I1]. The circuit for the superdense coding is '
given in the Figuréll. 1
N . . . - 5

For a pure state, the circuit transmits two classical bits of 7P = 3 ®)
?nformation with only one qubit transmitted. The input stat This equation can be used to define an entanglement wit-
in the superdense codin@0), passes through an ERP gateness, as” = 1/2 — pps. Using the expressions for the

. - .
[[7], becoming the cgt stat@p™) (first part of Figuréll). The probabilities and those for, andg;, we have

encoded message is then chosen by a “message” operator,

applied only at the first qubit, that transforms the cat state, 1 1 6)

= a1z DA+ (Zs)]).
into one of the four states of the Bell basis (the oper&tar 2 4( 20 DA+ [{Zs) )

at the second part of Figuké 1). This operator is given bYrpa measurements of the magnetizatighsand Zs at the

X, Z or the productX Z. Then, the first qubit, which was ¢4 of the circuit are equivalent to the measurements of
modified by the message operator is sent to the other pers?gee FigllL) in the Bell basis, since
which has the other qubit of the entangled pair, and a mea-
surement at the Bell basis is performed in each qubit (finalZ;) = Tr(ps(Z; @ 1s) = Tr(p1 (X1 @ Xs) = (Wh), (7)
part of the Figurgll). The result of the readouts, measured at
each qubit, is dependent of the “message” operator. By the
knowledge of the sent message, the transmission of the twd&s) = T7(py (It ® Zs) = Tr(p1(Z1 ® Zs) = (Wa) , (8)
classical bits of information with only one qubit transmndite
is completed.

In NMR systems one deals with not pure, but mixed . _ 1 1 )

=———(1 % 1 Wa) ).
states, due to the large number of molecules in a sample. 2 4( W) DA+ W) ))

Then, itis necessary to consider the above circuit in the conry,ig equation shows explicitly thaf is a measure of the
text of mixed states. The equilibrium state of a NMR systeny., relations between the two qubits.
containing two qubits can be written in form

p = (pr|0){0] + qz[1)(1]) @ (ps]0) (0] + gs[1){1]), (1) , .
3 Decomposable optimal entanglement witnesses for

where NMR

1 + €; 1— €;
T 9 %= "5 (2) I this section, we propose a set of optimal decomposable
entanglement witnesses, which can detect the entanglement
of states in the vicinity of the Bell states. In relation te th
witnessF', one pays the price of performing just one more
local measurements, in order to have a finer description of
the entanglement, as seen in Fig. 7 (see next section).

The new witnesses are of the form:

which yields:

Di

and the indexe$ andS label each of the nuclear spins used
as qubits.

By applying an EPR gaté&][7] (first part of the circuit in
Figure1) to this state the output will be a Bell-diagonatesta

p1 = prps| PP | + pras| @) (P W =0+ C,Xr®Xs+C,Yr2Ys +C.Zr @ Zs. (10)
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Table 1 Optimal entanglement witnesses for the Bell states in thra fo
W=Cl+C:X;® Xg+ CyY] RYs +C. 21 ®Zg.

To guarantee thatl’ have a positive expectation value on
all separable states we have just to impose that the partial
transpose ofV is a positive operator, i.elWTa > 0. This Fig. 2 Inthe righthand side is shown the geometry of the Bell-diego

follows from the fact that ifr is a bipartite separable state, states, where the internal octahedron is the region of tharable

.. . T Ty states, with the entangled states being outside this tgtrah. In the
so is its partial transpose,’+. ThereforeTr(Wo*4) = lefthand side, the Bell-diagonal states detected by F atharshad-

Tr(WTag) > 0, which shows thatV is a valid entangle- owed volume. The empty volume represents the set of Beglerial
ment witness. states such that > 0, i. e., the entangled states that are not detected

Now, for a given Bell staté3;;), an optimal witness in by F and the separable ones. The figure on the righthand sideds cre
il 2/

the form of Eq[(ID) is obtained by solving the following ited to [13].
semidefinite program (sdp): [3,14]:

minimize(3;;|W|Bi;)

— entangled states which can be detected’by
— entangled states which can not be detected'by

. wTa >0 — separable states.
subject to . ’ (12)
W<l These three classes of states will be considered using
The sdp (EGD1) yields the witnesses in Tab. 1. Bell-diagonal states, which are described by the equation:
1 3
4 Experiment where¢; € [-1,1] and I; = 20;, whereo; are the well

] known Pauli matrices. For this class of states, the region of
NMR systems have been extensively used to test quantufkiection of entanglement by is given in the shadowed

information processing protocols. Most of the experiments,q | me of FiguréD. In the figure, the empty volume inside
deal with entanglement, and therefore the detection of ene |efthand side tetrahedron representsfheon-detected
tanglement by direct measurements is desirable. The malfjates. The separable states being inside the octahedron in
feature of NMR quantum information processing is the exype righthand side figure. The entanglement witnesasd
celent control of unitary transformations over qubit state 117 can detect the presence of entanglement not only for
provided by the use of radiofrequence pulses, which resulige||_giagonal states, but for any class of states. In this pa
in high fidelity. Our experiment is performed on a liquid- he it will be shown the detection of entanglement by these

state enriched carbon-13 Chloroform sample at room teMyyo £y on the decoherence process of NMR, the relaxation.
perature in a Varian 500MHz shielded spectrometer. This

sample exhibits two qubits encoded in thé and'3C 1/2-

spin .nu_clei. Thg two qubit state .is _repre;ented by a density The measurements of the magnetizations have been made
matrix in the high temperature limit, which takes the form by observing the NMR spectra directly. The NMR spectra

— — ~ -5
pAB = I/4+ cApas, Wher_ee = hwr [4ksT ~ m is the of a two qubit spint /2 molecule gives the measurements of
ratio between the magnetic and thermal energiesgsgs four projectors of the Hilbert-Schmidt space, by combining

is the deviation matri{[7]. Another form to write the dewsit the intensities of the two lines of the spectra of each niscleu

matrix of the NMR system is: [15]. The projectors measured in the first nucleus (with a
1 I 12 very similar equation for the projectors measured in the sec
pap = — it ey (12) " ond nucleus) are given by [15]:

wherep; is a density matrix. The matrix; is directly re- Tr(pl- ®1) 11 S(wy — wia)
lated to the NMR observables, singé+ « (Tr(pf_ ® Z)) = (1 _1) (S(w1 +w12)) ) (14)

Tr{(I, £il,)p:1}. ) .
By having the two entanglement witness well-definedwherel . = U(X —iY)U" andZ = UZU', with U being
we can look at three classes of NMR states: a preparatory pulse that transforms four desired obsersabl
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1 are(Z; ® Zg) = 0.20 and (X1 ® Xg) = —0.20, resulting

in = 0.14. As an example of separable state, we prepared
the identity, which is the state of maximum statistical mix-
ture. For this state we measuréd; ® Zs) = 0.01 £ 0.01

it T and(X; ® Xg) = 0.00 £ 0.01, giving F' = 0.25 + 0.01.
The theoretical expectation values of the correlation func
tions are null for the identity, witlF' = 0.250. The fidelity

2 of the tomographed states were found to be of ord@rasf,

0.97 and0.98, respectively. The tomographed states can be

seen in the Figurié 4.

Since the entanglement witnes3&sneed the measure-
ment of one more projector, it is needed another reading
pulse to perform the measurement®f ® Ys). In this case,
— : A e the(w/2), in the'*C nucleus. The values dt; ® Ys) for

| the prepared states are given96 +0.01,0.96 +0.01 and

Fig. 3 The NMR spectra used to measure the correlation functionsO_'OOiO'Ol’ respectively. The theoretical values are, respec-

(X1 ® Xs) and (Z; @ Zs) for each of the implemented states. The tively, 1.00, 1.00 and0.00. For the|®~) state, it is needed to

11 spectra is at lefthand side, while théC spectra is at the righthand  use the witness given by the values in the third line of the ta-

side. (i) the NMR spectra for thgs: 1) state. To illustrate the measure- ple[3, since theé'-nondetected entangled state is at the same

ment of the correlation function$X; ® Xg) is measured by looking ;

at the difference between the normalized line intensitfémes 1 and re_glon Of_the tetrahedron (see F% 2), the same entangteme.n

2 at the lefthand sideii) the NMR spectra for the identityiii) the ~ Withess is adequate to evaluate the entanglement for this

NMR spectra for the nondetected entangled state. state. The measured values for the entanglement witnesses
areWg-y = —1.01 + 0.01, for |97), Wjg-y = —0.20 £

of the Hilbert-Schmidt space basis info © T andT_ ® 0.01, which shows that this state is detectedlby For the

7, the four basis elements observable in the NMR spectréc.jer_]l:[gy’ W'f’> T 0'5032 0.01. q h state is qi b
S(w1 — wi2) andS(w; + wi2) are the line intensities. € entangiement measured on each state 1S given by

The preparatory pulse that leads the desired basis eld:96 + 0'0_1_' 0',14 + 0.01 and0.00 + 0.01, respectively. )
ments into the observable ones i§@2) pulse in ther or The quantlflcatlon of entanglement have been made using
y directions in one or both spins. For example, to read th he generalized robustness of entanglen@ﬂ?ﬂ,alwell- .
two desired correlation function&Z ® Z) and(X @ X), the nown measure of entanglement based on the notion of “dis-

preparatory pulse necessary i§@2), pulse in the second .tance" petween an entangled state and the set se.parable ones
qubit, the'3C' nucleus in this case. These o correlation!” the Hilbert-Schimdt space. An advantage of this measure

functions will be present in the second line of the Ie1‘thano|Of e”“_*”g'e"?e”t 'S the fact_that even for multipartite sys-
side of Eq.[(TH), i. e., the difference between the normdlizetems’ it can identify th_e various types of entaglement that
intensities in the NMR spectra of each nucleus. The corret-hes’e systems can exhibit.
lation function(X; ® Xg) is observed in the real part of
the! H spectra, whild Z; ® Zg) is observed in the real part
of the 13C spectra. The measurements were obtained after The preparation of thé™-detected and the identity states
the phase adjustment, using the equilibrium state as refewas made by using transfer gates|[16], while the entangled

ence, and the removal of the background signal present aidF'-nondetected state was produced using the technique
the NMR spectra. known as GRAPE[18], which takes the std6) into the

state\/0.6/00) + /0.4/11). A gradient pulse is applied to
kill the coherences of this state, and the desired state-is ob
The F-detected entangled state which has been preparddined after the application of a pseudo-EPR gate (seedigur
is the |®7) = \/Lg (J00) — |11)) state, for which we mea- [B). The quantum state tomography employed here was the
sured(Z; ® Zs) = 1.004+0.01 and(X; ® Xg) = —1.014+  Vvariational quantum state tomography proposed by Maciel
0.01. These values give U8 = —0.51 + 0.01, in excelent €tal. [17].
agreement with the theoretical values, given(By @ Zs)
= 1.00, (X; ® Xg) = —1.00 and F = —0.50. The Bell-
diagonal state that is not detected Byis given byc; = As an extension of the above study, the detection of en-
—0.20, c2 = 1.00 andes = 0.20. For this state, we measured tanglement by in the relaxation (decoherence) process, for
(Z1® Zg) =0.22+£0.0l and(X; ® Xg) = —0.17£0.01, theinitial statgd ), was studied. Using the generalized ro-
which give usF’ = 0.15+0.01. While the theoretical values bustness [19] to quantify the entanglement, it is possible t

T T T T
3300 9200 9100 10400
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Fig. 4 Quantum state tomographies of the three states. The real par

are multiplied by a factor of to make the experimental errors more o
clear, and the imaginary parts are too small in all caggghe tomo-
graphed®—) state.(i7) the quantum state tomography of the identity,
the separable statéiii) the tomographed Bell-diagonal state that is

entangled and™-non-detected state. o
P -0.2
o
A -0.3
-X hd X -X Y
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Fig. 5 Pulse sequence employed for the preparation of the entangIeF'g' 6 Detection of entanglement by and generalized robustness un-

nondetected state. The first stage (A) is the passage frotehmal der relaxation. The figure shows explicitly that t_here antest that are
equilibrium state to the pseudo-pure stil@), after the GRAPE pulse entangled but not dete(_:ted Bynot only for BeII—dlggonaI states, since
(B), the pseudo-EPR (C), the reading pulse (D) and the . the tra_msversal relaxatlo_n takgs the stéte_) outside the (_:Iass of the
This is the sequence for the measurement irt #i@@ nucleus. For mea- Bell-diagonal states. This region is localized betweentiimes near
surements at theH nucleus, the pulse sequence is the same, but witC -3 until approximately0.4s. At the figures,r and vy are the

L : haracteristic times of the curves of detection of entangle by the
the corresponding lines of both nucleus interchanged. Alsach box ¢ ) - -
that indicates the radiofrequence pulses is the phase giutlse, with genera_llzed ro_bustne_ss gnd_ by the EW, respectlvely. Trerds the
the angle of rotation below the box. approximate time which indicates the end of detection oftftangle-

ment by the EW.

compare the detection of entanglement by the two methodgystem, at this case, the transverse relaxation time df the

As can be seen in the Figure 6, the EW stops detecting thgucleus, which i9.11(2) seconds for this sample.
entanglement at the time = 0.32 seconds, near the trans-

verse relaxation time of the hydrogen, givenby1(2) sec-

onds for this sample, while the generalized robustneds stil

shows the presence of entanglement for a few miliseconds

after this time. But, as it is clear from the figure, the EW has

a large range of detection during the decoherence. Another In Fig. 7, we compare the witnessesandV for the en-
feature that comes from the data analysis of detection of elanglement of the stat@—) under relaxation. In one hand,
tanglement by the generalized robustness and the detectiore see thall is more sensitive thaf' and is a bettequan-

by the EW is that the entanglement decays with a charadifier, but on the other hand they detect entanglement in the
teristic time given by the the lowest decoherence time of theame region.
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tite entanglement for systems with larger number of qubits,
where there is a considerable experimental cost to imple-
ment quantum state tomography.
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Fig. 7 Detection of entanglement by andW under relaxation. The 2.

two witnesses detect entanglement in the same regiofy/tquantifies
entanglement better than.
3.

5 Conclusions 4
In this paper, it has been made the experimental implemen-
tation of the EW proposed by Rahimi et al[10] in the NMR 5.
context. It was shown explicitly the detection of entangle-
ment, by this EW, for two different situations. First, it has
been shown the region of detection by the EW for the classé.
of Bell-diagonal states, with examples of entangled states
that are detected and are not detected by the EW and a sep-
arable state. It was also shown how is the detection of the;.
entanglement by the EW in the NMR decoherence proccess,
the transversal relaxation. In this case, it was clearlywsho
the presence of a time interval which has a little presence o
entanglement that is not detected by the EW. Instead of the
fact that the EW can not be used to quantify entanglemen®.
for the two classes of states studied in this paper, this EW
can detect entanglement for a large number of states in these
two situations with the application of only one preparatoryi0.
pulse to measure the EW. While the complete quantum state

tomography, necessary to calculate entanglement quaﬂ:z;ltiﬁe11

such as the generalized robustness and the concurrence, de-

mands the application of four pulses to reconstruct the den-
sity matrix. 12.

It was also proposed by a simple method other entan-
glement witnessedy/, that are optimal for each region of 13.
the entangled Bell-diagonal states. As could be seen by an
example, these EW can detect the entangled BeII—diagonil!L
states that are not detected by In the context of relax-
ation, the comparison of the two entanglement witnegges 15.
andF" shows that both detects the presence of entanglement
in the same region, bu#” with the advantage of a better ;¢
quantification of entanglement in this region.

A possible next step would be the development of an EW
that is optimall in the context of relaxation for a given stat 17
Another advance would be the development in the context
of NMR experiments of EW for the detection of multipar-

b ogy for Quantum Information).
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