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The uniform measure for discrete-time quantum walks
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Abstract. We obtain the uniform measure as a stationary measure of the one-dimensional discrete-
time quantum walks by solving the corresponding eigenvalue problem. As an application, the
uniform probability measure on a finite interval at a time can be given.

1 Introduction

The quantum walk (QW) has attracted much attention as a quantum analog of the classical
random walk for the last decade. There are two types of QWs. One is the discrete-time walk
and the other is the continuous-time one. In this paper, we focus on the discrete-time case.
The QW on Z was intensively studied by Ambainis et al. [I], where Z is the set of integers.
A number of non-classical properties of the QW have been shown, for example, ballistic
spreading, anti-bellshaped limit density, localization. The review and books on QWs are
Kempe [2], Kendon [3], Venegas-Andraca [4, [5], Konno [6], Cantero et al. [7], Manouchehri
and Wang [§].

One of the interesting problems is to find a way to produce the uniform measure using a
QW. This paper presents the way in which we obtain the uniform measure as a stationary
measure for the space-homogeneous QW on Z by solving the corresponding eigenvalue prob-
lem. Moreover we consider the relation between stationary measure, time-averaged limit
measure, and weak limit measure for our QWs.

We will explain some related works. Konno et al. [9] computed time-averaged limit mea-
sure for X,, and proved weak limit theorem for X, /n, where X,, is a two-state QW at time
n on Z with one defect at the origin. Remark that the QW is space-inhomogeneous. More-
over they obtained the stationary measure which has exponential decay with respect to the
position. Therefore it is not the uniform measure. However, in a special space-homogeneous
case (the Hadamard walk), the stationary measure becomes the uniform measure. In fact,
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our result is a generalization of this Hadamard walk case. Furthermore they showed that a
stationary measure with exponential decay for the QW starting from infinite sites is identi-
cal to a time-averaged limit measure for the same QW starting from just the origin. Konno
and Watanabe [I0] calculated a stationary measure of another type of two-state space-
inhomogeneous QW on Z with one defect at the origin which was introduced and studied
by Wéjcik et al. [11]. This stationary measure also has exponential decay and is not the
uniform measure. Machida [I2] proved that X,,/n converges weakly to a uniform probability
measure on [—|cos(0)|,|cos(0)|], where X,, is the two-state space-homogeneous QW on Z
determined by U(#) (given by Eq.([2.1])) starting from suitable infinite sites. Our method is
related to the CGMV method [7]. In fact, both methods deal with the eigenvalue problem.
However, our approach is mainly based on generating functions and CGMYV is the use of the
CMV matrices combined with the theory of orthogonal polynomials on the unit circle. To
clarify the relation between them would be an interesting problem.

Under this background, we prove that any uniform measure belongs to the set of station-
ary measures for the two-state space-homogeneous QW on Z. Moreover, we show that the
same statement holds for the three-state space-homogeneous Grover walk on Z. We should
remark that as an obvious case (the eigenvalue is 1 for the eigenvalue problem), this is valid
for general N-state Grover walk also.

From now on we give a detailed explanation of our result. In this paper, we mainly
consider the two-state QW. So we focus on this case, however the similar argument holds
for the general N-state QW.

The two-state QW on Z is determined by a 2 x 2 unitary matrix U. Let M, = M,(U) be
the set of stationary measures of the QW (the precise definition is given in the next section).

For any ¢ > 0, ,uq(f)z denotes the uniform measure with parameter c, i.e.,

p@ =c  (vel)

In a similar way, for any ¥ (# 0) € C, \IIS’Z% denotes the uniform amplitude with parameter

WY, i.e.,
W=l ez

Moreover, for any M € {1,2,...}, fiy[—m,m) denotes the uniform probability measure on
{-M,—M +1,..., M}, ie.,

1

In addition, for any ¢ > 0 and a < b, ,ugf)(a ) denotes the uniform measure on (a,b), i.e.,

pap@ =c (€ (ab)).

Then our main result is that for any ¢ > 0, there exists an initial state such that

iy € Mo(U).



Remark that the same conclusion holds for the three-state Grover walk (see Sect. 6). To
obtain the result, we solve the corresponding eigenvalue problem:

USTAN = \gW)

where U®) is 0o x oo unitary matrix which determines the evolution of the QW. Here the
eigenvalue A € C satisfies || = 1.
As an application of the result, we easily see that if we take the following state;

O (@) (o] < 20),
\I/()(l‘) = 0
0

] (|x| = 2M + 1),

for M € {1,2,...}, as an initial state of the QW, then the measure at time M, s, becomes
the uniform probability measure on {—M, —M + 1,..., M}. That is,

pr () = pru-man(z)  (Jz| < M).

This fact could be useful for quantum information processing.

We should remark that for the corresponding classical random walk in which the walker
moves one step to the left with probability p and to the right with probability ¢ with
p+q=1(p,q€[0,1]), it is known that the uniform measure ufﬁ)z (¢ > 0) is the stationary
measure.

The rest of the paper is organized as follows. Section [2] gives the definition of our model.
Sections Bl M and Bl deal with two-state QWs with @ = 0, b = 0, and abed # 0 cases
respectively. In Sect. [0l we consider three-state Grover walk case. Section [7] is devoted to

sumimary.

2 Definition of Two-State Model

This paper mainly treats the two-state QW on Z. In fact, we deal with two-state case
except Sect. [6l So this section gives the definition of the two-state QW. Section [6] deals with
three-state case, so we will present the definition of the model there.

The discrete-time QW is a quantum version of the classical random walk with additional
degree of freedom called chirality. The chirality takes values left and right, and it means the
direction of the motion of the walker. At each time step, if the walker has the left chirality,
it moves one step to the left, and if it has the right chirality, it moves one step to the right.

Let define
n=|g|. w=]7].

where L and R refer to the left and right chirality states, respectively.



The time evolution of the walk is determined by a 2 x 2 unitary matrix U, where
a b
o=l

with a, b, ¢,d € C and C is the set of complex numbers. To define the dynamics of our model,
we divide U into two matrices:
0 0
:| ) Q - |: c d :| )

|

with U = P+ @. The important point is that P (resp. @) represents that the walker moves
to the left (resp. right) at any position at each time step.
One of the typical class considered here is

a b
00

cos 6

sin 6 (2.1)

—cos b

U:U(H):{ sin 0 }

where 6 € [0,27). If § = /4, then this model is equivalent to the Hadamard walk determined
by the Hadamard matrix H:

1 [1 1
n=rlh 4]
Let U,, denote the amplitude at time n of the QW:

=" 7‘1’5(;1)7‘1’5(—11 0,:(0), ,(0), W (1), Wi(1), -,
o A ) )

where T" means the transposed operation. Then the time evolution of the walk is defined by

v,

Ui (z) = PU,(z+ 1) + QU, (z — 1).
That is
{\Ifﬁﬂ(x)] _ [a\lfﬁ(x +1) + 00 E(z + 1)]
UE ()| T eV (z — 1) + dUE (@ —1)|
Now let

- QO QL O -
- QOL O
- QO OO
- OO0 OO

SCTOLe:

0 0

with O = [0 O].



Then the state of the QW at time n is given by
U, = (U0,

for any n > 0. Let Ry = [0, 00). Here we introduce a map ¢ : (C*)* — R% such that if

oo [ o) [0] ) o

¢(0) =" [ JTH )P+ O (=D [TH0) ) + [TH0))%, [TH ()] + [T, .. ] € RE.
That is, for any x € Z,
A()(x) = [TH(2)* + [T ()

Sometime we identify ¢(¥(z)) with ¢(¥)(x). Moreover we define the measure of the QW at
position x by

p(x) = o(¥(z)) (r€2)
Now we are ready to introduce the set of stationary measure:

M = M,(U)
= {¢(Wp) € RY \ {0} : there exists Uy such that ¢((U)" W) = ¢(Vo) for anyn >0},

where 0 is the zero vector. We call the element of M, the stationary measure of the QW.
Next we consider the eigenvalue problem of the QW:

USIT =\ (A eQ). (2.2)

Remark that |\ = 1, since U®) is unitary. We sometime write ¥ = U™ in order to
emphasize the dependence on eigenvalue A\. Then we see that ¢(¥™) € M,. Moreover we
introduce

WY = Ty e €%\ {0} : UDTN = g1
We see that Eq.([22]) is equivalent to

M (2) = aUl(z + 1) + 00 R (x + 1), (2.3)
M () = Ul (z — 1) + dVF(z - 1),

for any = € Z.
Let p,(x) be the measure of the QW at position z and at time n, i.e.,

pin(x) = ¢(Wn(2)) (v € 7).



If lim,, o0 p1n () exists for any x € Z, then we define the limit measure .. (x) by

foo(z) = lim p,(z) (x €7Z).

n—oo

Moreover we put the time-averaged limit measure

oo (x) = lim —Z,un (x € Z),

T—)ooT

if the right-hand side of the above equation exists.
Let \I/éo} be the initial state for the QW starting from the origin;

on-siten= L[5 (A o) B )1

. 0] [o] [a] [0] [o
- ct 0 ) O Y /B Y O Y O P Y
with |a|? + |B]?> = 1. Then we introduce
MO = (i = n” € B2\ (0} 0 = 0 (0,6) € C with al? + |5 = 1

M = {fing = 12" € RE\ {0} 0" = w{ (0, 8) € C* with |af + | = 1],

X,
M0 — {w lim — \II{O} \I/éo}(a,ﬁ) € C¥with |af® + |B)? = 1} ,

n—oo N

where w-lim,,_,, X,,/n stands for the weak convergence limit measure for X, /n if it exists.

From now on we will show that /,LS)Z € M,(U) (¢ > 0) for a = 0 (Sect. Bl), b =0 (Sect.
M), and abed # 0 (Sect. [).

3 Casea=0

In this case, U can be expressed as

0 ein
U= [ —Ae ™™ 0 ]’

where 1 € [0,27) and A(=detU) € C with |A| = 1.
From Egs.(2.3) and (2.4), we get

MU (z) = MU R (2 4 1),
M E(2) = —Ae™ MU (2 —1).

By these equations, we see that for any x € Z,

(1 + fz) W(z)=0 (j=1L,R).



From this, we get A = —)\2. Let A\, = +iy/A, where the sign is chosen in a suitable way.

)

As an initial state, we consider \I/éi corresponding to Ay as follows;

v = [ [gem )| (i) [gemi)| - [sema)]| [emi) |

(3.5)
Here for any = € 7Z,
TED(22) = o, VER(21) = 3,
ED (2 — 1) = e—mﬁ, TER (22 4 1) = e Are Ma, (3.6)
Ax Ax
where o, g € C with af # 0. In fact, we have
UOwiE = A 0l
Then \I/gi) € W), Therefore
U g =\ gl (3.7)

For a special case with n =0, A = —1, i.e.,
0 1
o-[1a]
A=1,and a = =¥(#0), we have
USw =,

where VU is the uniform amplitude with parameter 1, that is, ¥ = \Ifsg In fact, this QW is
the two-state Grower walk considered in Sect. [6l

()
Let ,LLSPO ) = Qﬁ((U(S))"\II(()i)) and

69 =7 [ (2, (1), 5 0, D (1), 2,

n

From Egs.(3.5), (3.6), and ([3.1), we obtain
()
W =T [ ol + B, af? + 182 lof? + |82 laf? + (81 |af? + B, ..].

(") ()

()
Therefore we see that for any n > 0, un © " = pg ° (o

. S0 ) becomes the stationary

0
() (&) )
measure, that is, ,u(()% ) e M (U). Moreover M,(f“o )(x) = |a* +|8]* (x € Z). So ué% ) is
() (+)
the uniform measure, i.e., u'0 ) = /Jff,)z with ¢ = a2 + |82 Then we have p{° ) = /Jff,)z €
M(U).



On the other hand, we consider the QW starting from the origin:
gl 7 UE(=2)| [PE=1)] [YEO)] [TED)] [TE(2)
0o - ) \I’R(—Q) ) \I’R<—1) ) \I/R(O) ) \I/R(l) ) \I’R(Q) [ I
T 0] (0] |a| (O |0
- ctt 0 ) O Y /B Y O Y O PR Y
with |a|? + |B]*> = 1. Then the definition of the QW implies that for any n > 0,

fon = 00, Hont1 = |5|25—1 + |a|251.

Here 9, denotes the delta measure at position z € Z. So we should remark that for fixed
r € {—1,0,1}, pu,(x) does not converge as n — oo. However lim, o pin(z) = 0 for fixed
r€Z\{-1,0,1}. Moreover we have

lim E(eXn/m) =1,

n—oo

where ¢ € R, since we see that if n is even, then E(e**»/") = 1, if n is odd, then
E(e*/") = cos(€/n) +i(|B]* — |af?) sin(¢/n).
Thus
X,/n = o,

where = means the weak convergence. Therefore we have

S 1
MO =9, M = {5 (181261 +d + [al81) : @, B € Cwith |af? + |2 = 1} ,
MwA0D) — {60},

Thus we see that for any ¢ > 0 and —1 < ¢; < ¢ < 1,

,uuZ gM{O} ,ch gM {0}

Cl C2

4 Case b=0

In this case, we see that U can be written as

ein 0
U= l 0 Ae ™ ]’

where 7 € [0,27) and A(=detU) € C with |A| = 1. From Eqgs.(23) and ([24), we get

M (7)) = MU (2 4 1),
M) = Ae MU (z — 1).



By these equations, we see that for any z € Z,
Ui(z) = (e ), W) = (AAe ) B,
where o, f € C with af # 0. If we take the above U as the initial state Vg, then we have
U, = (U®)"Wy = A"y,

For a special case with n =0, A =1, i.e.,

10
o= Lav]

A=1,and a = =1¥(#0), we have
U0 =,

where W is the uniform amplitude with parameter v, that is, ¥ = \I/Sp%.
Then we have the measure p,, at time n as follows:

pa(@) = [T (@) + [0 (@) [ = [N (105 (@) + [ 95 (2)]*) = [af* + B[

So pp becomes the stationary measure, that is, g € M(U). Moreover uo(z) = |a|?*+|8*(x €
Z). So pg is the uniform measure, i.e., gy = ufj)z with ¢ = |a|?> + |B8]?. Then we have

Ho = 1 € M(U).
As in the case of a = 0, we consider the following initial state,

wo = [0 [8] ] [30] (s ]

o R oG A RARAES!

with |a|? + |8|> = 1. Then the definition of the QW implies that

oo = a6+ 186, (n>0). (4.8)
So we get
lim p, =0,
n—oo

that is, lim,, . pn(z) = 0 for any x € Z. Equation (4.8]) implies
X,/n = |af*6_ + 5%
Therefore we have
MO = — g,
MO = f1a25_4 4|82, : o, B € C with [a]? + B> = 1} .
Thus we see that for any ¢ > 0 and —1 < ¢; < ¢y < 1,

M(C) : ¢ M@0}

uy(clch



5 Case abed # 0

Let U(z) =T [Ul(z), UE(x)] (z € Z) be the amplitude of the model at position x. Here we
introduce the generating functions for WX (z) and W (x):

F(z2)=> W(x)z" (j=LR).

TEZL

From Egs.(2.3) and (2.4]), we obtain the following lemma.

LEMMA 5.1 We have

are) =)
where
A=t - ] 0= 1)
—cz A—dz f(2)
Then we have
det A — —% (2),

where

Let ¢ € (0,7/2) satisfy cos ¢ = |a|, sin¢ = /1 — |a]2. Put £ € [0,27) with A = ¢%. For the
following four A’s, h(z) has double roots.

N = OHE2) N, = e OHER) N = N N\ = =,

Moreover Eqs.(23) and (2.4) imply that ¥ (z) and UE(z) satisfy the following same
equation:

1 A d
Apy2 — a A + X Ar+1 + aa,x = O, (59)
for any x € Z. We put
Ul(z) = Ay" (2 €7Z), (5.10)

where A(# 0) € C. Here v € C is the double roots of the following characteristic polynomial
for difference equation (5.9):



Then we have

A+ AN
20

vy (5.11)
From Egs.([2.3) and (510), we have

Uh(r) =

A A— AN
b

> )7”“‘1 (z € 7).

Then we see that for any = € Z,

Vo) =y, e =2 (AR

b 2
In fact, U (x) and UE(z) satisfy Eq.([24). Therefore we obtain the following result.
PROPOSITION 5.2 For the QW with abed # 0, we see that
Ay,

W(z) = [i’;gg] —|a ()\ - AX) | @e)

b 9

satisfies
UPT = AT
If we take the above ¥ as the initial state ¥, then we have
U, = (UO)"Wy = AWy,
Therefore we have the measure p,, at time n as follows:
pn(@) = [ (@) + 193 ()7 = (AP (195 ()] + |95 (2)]?)

|>‘ - AX|2 T—
=14 (1 + P32 ) e, (5.12)

From now on we compute |v|. Eq.(5I1]) gives

e ! FR(ANY

CTPIER (5.13)

where $(z) is the real part of z € C. On the other hand, for any Az (k = 1,2,3,4), we see
that

R(AN) = cos(2¢) = 2|al? — 1. (5.14)

Combining Eq.(5.13) with Eq.(5.14)) implies || = 1.

11



Moreover, in a similar way,

A= AX2 1—R(AX) 21— |a?))

= = =1. 5.15
e 2 2T 19
From Eq.(512), || = 1, and Eq.(5.15), we obtain
pn(@) = 2|A]%,

for any n > 0 and x € Z. So let u = p,. Then this pu becomes stationary and uniform
measure of the QW defined by U with abed # 0. Therefore u = Nq(f,)z € M (U) with
c=2|A~

Here we consider the case of the QW determined by U = U(f#) with 0 < § < 7/2. In this
case, we have ¢ = 6. Moreover £ = 7, since A = det U(0) = —1. Let

Ak + A

k=1.23,4).
2cosf ( 2,3,4)

Ve =

So we have

For k£ =1,2,3,4, we put

Therefore

) [_ﬁg_l] () = [ Afﬁl] ,
- [2E] eno- (2]

Then U*) € W) Thus p,(z) = 2|A|? for any n > 0 and z € Z.
On the other hand, for the following initial state,

o= S ) ) ) ) -]

R

with |a|* + |B|* = 1, Konno [13, [14] proved

X
— = Z (n — 00),
n

where Z has the following density function:

f(@) = f(@; "o, B]) = {1 = Cla, by, B)ac} fic (w5 ]al).

12



Here

Cla, b, B) = |af? — | + M
V1—17r2
fx(x;|al) = Iy (),

(1 —22)v/r? — 22

where [4(z) =1(x € A), =0 (z &€ A). That is,

As a corollary, one obtains

lim p,(x) =0,

n—oo

for any fixed x € Z. Therefore we see that

M{O}—M{O}—@
M@ = f(2: [, B)da : @, B € C with |af> + B> =1}

Thus we see that for any ¢ > 0 and —1 < ¢; < ¢ < 1,

¢M w,{0})

u cl c2)

6 Three-State Grover Walk

As in a similar argument for the two-state QW, we consider the stationary measure of the
three-state Grover walk determined by the unitary matrix U:

U,=-1 0
0

with U = U, + Uy + Ug. The important point is that Up, (resp. Ug) represents that the
walker moves to the left (resp. right) at any position at each time step. Uy represents that
the walker stays at the same position.

Let ¥,, denote the amplitude at time n of the Grover walk:

v, = T[' o 7‘1]5(_1)7 \II9L<_1)7 \Ilf(_U’ \I[£<0)7 \112«))7 \I[§<O>7 ‘1’5(1)7 \IJ%(l)’ \I[§<1>7 o ]

13



As in the two-state case, the evolution is given by

Uo(z) =U¥,(z+ 1)+ Ug¥,(z) + UV, (x — 1).

Put

U —

Uy U, O
Urp Uy Ug
O Ugr U
O O Ug
O O O

O
O
Ur
Uo
Ur

. S5&F 000

with O =

o O O

o O O

o O O

Then the state of the QW at time n is determined by ¥,, = (U®)™¥, for any n > 0. Here
we introduce a map ¢ : (C*)? — R% such that if

vE(0)
v°(0)
wr(0)

v=T]1...

(1)
w1
wr(-1)

Th(1)
\1;0(1) e
wr(1)

€ (C*)7,

(0) =T W=D + [WO(=1) ) + [T (=1)]%, [H(0)* + [°(0)]* + [&7(0)[,
[UH()]2+ T2+ ()% ] e RE.

That is, for any x € Z,

$(¥)(x) = ¢(T(x)) = [W¥(2)[* + [9°() " + |7 ()",

Moreover we define the measure of the QW at position x by

pw(z) =

o(¥(z))

(x € Z).

As in the case of two-state QW, we consider the stationary measure. First we consider the

eigenvalue problem:

UV =\,

where A € C with |A\| = 1. Then Eq.(6.10) is equivalent to

1 2 2
A (z) = —§\I/L(x +1) + g\Ifo(gc +1) + g\I/R(gc + 1),

2

1

2

MO (2) = ZWH(2) — —00%(2) + S0 (),

3

3
2 2
M) = g\IIL(:L’ - 1)+ g\I’()(:L’ —-1)—

3

1
g\I/R(:L’ — 1),

(6.16)

(6.17)
(6.18)

(6.19)

for any x € Z. Here we introduce the generating functions for WX (z), ¥9(z) and ¥ (z):

fiz)=> W(z)z" (j=L,0,R).

TEZL

Then we have the following lemma.

14



LEMMA 6.1 For the three-state Grover walk, we have

0
AG’fG(z) = |0 P
0
where
i 1 2 2 7
A — = =
3z 3z 3z
fa(2)
2 1 2
Ag = —g )\—Fg —g ) fG’(Z) fg<z)
f&(2)
2z 2z z
- == A
L3 3 * 3
Here we get
AA—1
det AG = %h@'(z%
where
A2+ 4N+ 3
ha(z) :z2+3+%z+1.
For the following four A’s, hg(z) has double roots.
—1+2v2i —1—2v/2i
)\1:+7\/_Z’ )\2:7\/_Z’ Ay =\ = —1
3 3
Then we rewrite
Ay =X, A_=Xy, A =A3= .
From Eq.(6.18), we have
2
0 L R
U(x) = T (O (z) + () . (6.20)
Combining this with Eqgs.([61I7) and (6I9]) gives
A (2) = AV (2 + 1) + BUF(z + 1), 6.21)
M () = BUE (3 — 1) + AVE (2 — 1), 6.22)
where
1—A 2(1+X)
A= B=———-. 6.23
143\ 1+ 3A (6:23)

15



By Egs.(621),([6.22)) and (6.23)), we see that UX(x) and UE(z) satisfy the following same

equation:

3A2+4N+3
Ap42 + fazqtl +a, = 07 (624)

for any x € Z. We should remark that the characteristic polynomial for difference equation

(6:24) is equivalent to hg(z) = 0.

(i) Ay = %2\/52 case. In this case, the solution of hg(z) = 0 is z = —1 (double roots). So
we put

Ul(z) = (=1)"wk0),  Tf(z) = (-1)"TH0). (6.25)

From Egs.([6.21]),([6.22) and (6.25]), we see that there exists 1y(# 0) € C such that

W (r) = WR(z) = (~1) gy, (6.26)
Combining Eqgs.(6.20) and (6:26) implies
W) = S a1y
Then we put
UE(z) 1
V(@) = | W2) | = (=1)"0o |FV2
VR (x) 1
Therefore
TE € s
So

WPy =c (xe),

where ¢ = 4[¢|?>. Thus ™) becomes the stationary measure for the QW and uniform
measure with parameter ¢ = 4|¢|?, that is,

(ii) A« = —1 case. In this case, the solution of hg(2) = 0is z = 1 (double roots). So we have
Ul(z) = vh(0), U (z) = vH(0). (6.27)
Combining Eqgs.([6.20) and (6:27) implies
V() = —(T"(0) + ¥(0)).

16



Then we have

() vh(0)
V() = | ¥0(x) | = [—(¥H(0) + ¥H(0))
UE(z) UE(0)
Therefore
oD e W,
So

W @) =c (ze),

where ¢ = |WUL(0) 2+ |WE(0) +TF(0)>+|¥F(0)|2. Thus u~Y becomes the stationary measure
for the QW and uniform measure with parameter c;

Finally we consider the following trivial case.

(iii)) Awx = 1 case. In this case, Eqs.(617), (6I8) and (6.I9) implies that there exists
Y (# 0) € C such that

Uh(z) = UO(z) = Ui (x) = 9.

Then we put
UE(z) 1
T (z) Vo) | =9 |1
UE(z) 1

That is, ¥ is the uniform amplitude with parameter 1;
¥
v® =g
Therefore
v e W,
So
pD (@) =3P (v €2).

Thus Y becomes the stationary measure for the QW and uniform measure with parameter
c = 3|yY|?, that is,

u® = O € pg,
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In general, the N-state Grover walk on Z is determined by the N x N unitary matrix
UGN = [UCEN) (5, j)]1<ijen. We call UGN N x N Grover matrix. Here U@N) (i, ) is the
(i,7) component of UEN) given by

2

2
UM i) = = -1, UCN(i,j) = = (i #).

For k=1,2,..., N, we put
U7 (6, 5) = UM, )

Remark that U@N) is divided into {UIEG’N) :k=1,2,...,N}, ie,

N
N) _ Z U]gG,N).
k=1

For N = 2M + 1 with M = 1,2,..., UlgG’N) corresponds to the weight of jump from x
tox — M+ (k— 1), where £k = 1,2,...,N(= 2M + 1). So the range of the jump is
{z—M,x—M+1,...;24+M—1,2+ M}. For example, M = 1 case is the three-state Grover
walk. Similarly, for N = 2M with M =1,2,.. ., U,gG’N) corresponds to the weight of jump
fromzxtox—M+(k—1)(k=1,2,..., M), and fromx to x—M+k(k = M+1,M+2,...,N =

M). So the range of the jump is {z —M,x—M+1,...,—1,1,...,2+M—1,z+ M}. Then
M =1 case is the two-state Grover walk considered in Sect. 8] (a = 0 case). In a general case
also, we have the same argument as both of the M = 1 case. Let W) =T[.. . ah, 9,1, .. ],
that is, its component is always 1. So for the trivial eigenvalue \,, = 1, we have ¥ ¢ W)
Thus

uO =y ¢

From now on we come back to the three-state case. For the following initial state:

o vh(=2)] [¥H(=1)] [w 0)] [¥1)] [¥"(2)
W =T (=2) |, [eO(=1) |, | W) |, [PO) |, T2 ],...|,
L LYR(=2)) [eR(=1)] [ER0)] [eR1)] ER(2)
[ (0] [0l [al [O] [0
=T ol {ol, (8], ]o],[o],...],
I 0] [0o] [~] (o] [o

where «, 3,7 € C with |a|*+|8]>+ |v|? = 1, the following two theorems are shown in Konno
[6], which are the generalization of Inui et al. [I5]:
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THEOREM 6.2
[ {(3+V6)|2a+ 8> + (3 —VB)|B+ 27> — 2la + B+ 7[*}
x(49 — 20v6)",  (z>1),

=q 26 (120 + B2 + |5+ 29]%), (z =0),

{B=V6)[2a+ B>+ 3+ V6)|B+ 27> — 2la+ B+ [*}
x (49 — 20v/6)7%, (z < —1),

\

where 49 — 20v/6 = 0.010205 . . .,

and

THEOREM 6.3

X,
— = Z (n — o0),
n

where Z is determined by the following measure:
p(dr) = Ao, B,7) do(dx) + (co + 10 + co2?) fx <:c; 1/\/§) dx,

V2(co + cr1 + coz?)
(1 — 22)y/1 — 322

Here 6o(dx) is the delta measure at the origin and

— A, B,7) bo(da) +

Ala, 8,7) = \/64_ 2 (2 + B2 + 29+ B) - @m + 8+
N
— ~|2 o
2= % —R(2a+8)(27+ 7)) .
Remark that
=D polwia, 87).

TEZL

Moreover we obtain
MY =M
= {,uoo(x;a,ﬁ,v) o, B,y € Cwith [a* + |82+ > =1
and [2a + 8> + |8+ 27> > 0},
M — A (@, 8,7) do(dw) + (co + er + e30?) fic (2:1/V3) da
ta, 8,7 € Cwith o> + 8] + |7]* = 1}.
Thus we see that for any ¢ > 0 and —1 < ¢; < ¢y <1,
L MO T, ] MO,

u (cl c2)
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7 Summary
In this paper we proved

THEOREM 7.1 Let U be 2 x 2 unitary matriz or N X N Grover matriz (N > 3). For the
QW on Z determined by U, we have

ul, € M (U),

where ¢ > 0. Here ,uq(f)z 1s the uniform measure with parameter c, i.e., ,uq(f)z(x) = ¢ for any

x € Z and M(U) is the set of stationary measures of the QW defined by U.

Moreover we presented a method for producing the uniform probability measure in Sect.
[ As a future work, it would be interesting to investigate the relation between stationary
measure, time-averaged limit measure, and weak limit measure for the QW in more general
setting.
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