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I. INTRODUCTION

The most significant feature of quantum systems is the quantum superposition. This property of quantum mechanics
arises from the linearity of quantum mechanics and is the origin of the quantum correlation in composite quantum
systems. For decades, the notion of quantum correlation was often associated with the concept of entanglement.
Entanglement is an important resource for quantum information and computation processing and is necessary for
performance of some quantum communication protocols [1]. However, entanglement is not the only aspect of quantum
correlations; some separable (disentangled) states exhibit nonclassical features [2, 3]. A great deal of works has been
spent to the subject of the measures of correlations (see [4, 5] and references therein), and various measures of
quantum correlations beyond entanglement have been introduced, some of them are known under the collective name
quantum discord. Many of these measures have been related to various tasks and concepts in quantum information
and quantum computation such as, decoherence [2], measurement induced non locality [6], geometry of state space
[7, 8], state discrimination [9], deterministic quantum computation with one qubit [10–12], witnessing the quantum
correlation [13], no-broadcasting [14–16], quantum metrology [17], quantum state merging [18–20], and quantum
thermodynamics [21, 22]. There have also been several proposals related to experimental investigations of classical
correlation and quantum correlation beyond entanglement [23–29].
The space of classically correlated states is a measure-zero subspace of the space of separable states [30]. The state

ρ of a bipartite system is called classical-quantum if it is classical only with respect to the party A, i.e. if and only
if it can be represented as ρ =

∑

i piΠ
A
i ⊗ ρBi , with ΠA

i = |i〉〈i| as the projection operator on the orthonormal basis
of HA, and ρBi being a state on HB. The same definition holds for the quantum-classical states, i.e. states that are
classical only with respect to the party B. A state is classically correlated if and only if it is both classical-quantum
and quantum-classical state.
In order to distinguish classically correlated states from the set of quantum states, Chen et al. [31] have introduced

the concept of nondisruptive local state identification (NDLID). A bipartite state ρ is classical with respect to party
A if and only if party A can perform NDLID by a projective measurement [31]. They showed that the states which
can undergo NDLID task are locally broadcastable (see [14] for local broadcasting) and hence are classical states, i.e.
they are classically correlated states. Accordingly, they provided the following theorem in order to decide whether or
not a given bipartite state ρ, acting on the Hilbert space H = HA ⊗HB, is classical with respect to the party A.

Theorem 1 [31] Let ρ be a bipartite state acting on the Hilbert space H = HA ⊗ HB. Let also Φ(B) = {|φ(B)
i 〉}dB

i=1

denotes any orthonormal basis for HB. Then ρ is classical with respect to party A if and only if

AΦ(B)

ij (ρ) := 〈φ(B)
i |ρ|φ(B)

j 〉, (1)

is diagonal in the same orthonormal basis {|ak〉}dA

k=1 for all i, j.

To characterize classically correlated states, Wu et al. have obtained similar results in [33] and proposed a norm-
based measurement of quantum correlation of two-qubit states. They have used max norm of operators to quantify
the deviation from the necessary and sufficient condition for classical correlated state, and investigated the dynamics
of quantum correlations in Markovian and non-Markovian processes. In a similar manner, Guo et al. [34] intro-
duced a different measure of quantum correlation by using Hilbert-Schmidt norm. While both of these measures
are computable, they did not include an in-depth analysis of the correlation measures from an information theoretic
perspective; they are not judged according to any information theoretic criteria like the criteria provided in Ref. [35].
More precisely, the former is base-dependent, so it is not invariant under local unitary transformation and can not be
considered as a reliable measure. The latter, however, does not reduce to an entanglement monotone for pure states.
In this paper we use the concept of NDLID and provide a class of quantifiers of quantum correlation for an arbitrary

bipartite state. As a bipartite state ρ can undergo NDLID by party A if and only if it is classical with respect to party
A [31], any disability of such task comes from the nonclassical correlation of the party A. Exploiting this notion,
we define a measure of quantum correlation by quantifying the amount that the state violates the necessary and
sufficient condition of classicality of correlation, stated in the theorem above. We utilize a general Schatten p-norm

[36] to quantify the degree of non-commutativity of the operators AΦ(B)

ij (ρ) in Eq. (1). Followed by the minimization

over the orthonormal basis Φ(B), we lead to a class of quantum correlation quantifiers which are invariant under
local unitary transformations. We show that for the Hilbert-Schmidt norm, i.e. p = 2, the defined measure does not
require optimization, leading to a closed relation in this case. We also show that for an arbitrary p, our measures
are non-increasing upon attaching local ancillary state on the unmeasured subsystem. Furthermore, we find that the
one-norm, i.e. p = 1, is the case that the measure remains invariant upon attaching to or removing of local ancillary
state on the unmeasured subsystem. The monotonicity behavior of the measures under local operations and classical
communications (LOCC) is also exemplified and we find that for two-qubit case the measures are monotone for p ≤ 3.
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In addition we find that, at least for d ≤ 3, the measures are monotone for p = 1. This result enables us to define an
entanglement measure by convex roof construction.
The remainder of this paper is organized as follows. In section II, we introduce our measures of quantum correlation

and provide a closed relation for the case of Hilbert-Schmidt norm. Section III is devoted to investigate some properties
of the measures. Some examples are given in section IV. The paper is concluded in section V.

II. QUANTIFYING QUANTUM CORRELATION THROUGH THE SCHATTEN p-NORM

Theorem 1 provides a necessary and sufficient condition for classicality of a bipartite state ρ due to party A, in

the sense that ρ is classic with respect to party A if and only if AΦ(B)

ij (ρ) is diagonal in the same orthonormal basis

{|ak〉}dA

k=1 for all i, j. But the set AΦ(B)

(ρ) = {AΦ(B)

ij (ρ)}dB

i,j=1 of operators have a simultaneous eigenvectors if and only

if they are all normal operators, i.e. [AΦ(B)

ij (ρ), AΦ(B)

ij

†
(ρ)] = 0 for i, j = 1, · · · , dB, and that all operators commute by

pairs, i.e. [AΦ(B)

ij (ρ), AΦ(B)

kl (ρ)] = 0 for all pairs ij and kl. However, since AΦ(B)

ij

†
(ρ) = AΦ(B)

ji (ρ), i.e. the above set is
closed under Hermitian adjoint, so that this theorem implies that ρ is classical with respect to party A if and only if

for any orthonormal basis Φ(B) of HB the commutator [AΦ(B)

ij (ρ), AΦ(B)

kl (ρ)] vanishes for all pairs ij and kl. In other

words, ρ is classical with respect to party A if and only if for any orthonormal basis Φ(B) of HB the set AΦ(B)

(ρ)
forms a set of commuting operators.
Measuring any departure from this condition may be used as an indicator of the quantumness of the system. In

order to quantify any violation of this condition, we use the general Schatten p-norm and quantify the order of non-

commutativity of the set AΦ(B)

(ρ). Let MΦ(B)

(ρ) = {MΦ(B)

ij,kl (ρ)}, with MΦ(B)

ij,kl (ρ) = [AΦ(B)

ij (ρ), AΦ(B)

kl (ρ)], denotes a set

of operators obtained from the pairwise commutators of all entities of AΦ(B)

(ρ). Using the collective index I = {ij, kl}
for entities of MΦ(B)

(ρ), we write the Schatten p-norm of MΦ(B)

I (ρ) as [36]

Dp[M
Φ(B)

I (ρ)] :=
∥

∥

∥MΦ(B)

I (ρ)
∥

∥

∥

p
=

[

Tr

(

MΦ(B)

I (ρ)MΦ(B)

I

†
(ρ)

)
p
2

]
1
p

. (2)

Theorem 1 then implies that ρ is a classical state with respect to party A if and only if the above quantity vanishes

for all entities of the set MΦ(B)

(ρ), i.e. for any pair of indices I = {ij, kl}. Accordingly, we define

DΦ(B)

p (ρ) :=

[ ′
∑

I

(

Dp[M
Φ(B)

I (ρ)]
)p
]1/p

=

[ ′
∑

I

Tr

(

MΦ(B)

I (ρ)MΦ(B)

I

†
(ρ)

)
p
2

]1/p

, (3)

as an indicator of the quantumness of the correlation of ρ. Here, we used
∑′

I to stress that the sum is performed
over all inequivalent nontrivial pairs of I = {ij, kl}, i.e. for all pairs such that {ij, kl} 6= {kl, ij}, in order to avoid

double counting. Evidently, ρ is a classical-quantum state if and only if DΦ(B)

p (ρ) = 0 for any orthonormal basis Φ(B)

of party B. However, the above quantity depends on the chosen basis, so that to make it independent on the basis of
the party B, we propose the following quantity as a measure of the quantumness of the correlation.

Proposition 2 For any bipartite state ρ we define

Dp(ρ) = min
Φ(B)

DΦ(B)

p (ρ), (4)

as a measure of the quantumness of the correlation of ρ with respect to the party A. Here the minimum is taken over
any orthonormal basis for HB.

Before discussing various properties of Dp(ρ), let us mention that in the particular case p = 2 the definition (4) does

not require minimization, i.e. Dp=2(ρ) = DΦ(B)

p=2 (ρ) for any basis Φ(B). In Appendix A we will provide a proof for this
assertion, along with a closed relation for Dp=2(ρ). The result is summarized in the following theorem.

Theorem 3 For an arbitrary bipartite state ρ, we find the following closed relation for Dp=2(ρ)

Dp=2(ρ) =
2

d2Ad
2
B

√

−Tr{FA(ρ) [dB~x~xt + TT t]}, (5)

where ~x is the local coherence vector of party A, and T denotes correlation matrix of the state ρ, defined by Eqs. (A3)

and (A4), respectively. Moreover, FA(ρ) =
∑d2

A−1
r=1

[

FA
r (TT t)FA

r
†
]

where (FA
r )pq = −ifA

pqr with fA
pqr as the structure

constant of the Lie algebra SU(dA) (see (A1)).
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III. PROPERTIES OF Dp(ρ)

In this section we investigate some properties of Dp(ρ). To make these properties clearer, we first discuss the
properties of Dp(ρ) for a general pure state ρ = |ψ〉〈ψ|. Then we will discuss the properties of Dp(ρ) for a general
mixed state ρ.

A. Properties of Dp(ρ): Pure states

Let |ψ〉 =∑d
m=1

√
λm|eAm〉|eBm〉 be a general pure state in its Schmidt representation. We find AΦ(B)

ij (ψ) = |ξAi 〉〈ξAj |
where |ξAi 〉 = 〈φBi |ψ〉 =

∑d
m=1 α

(i)
m |eAm〉 with α(i)

m =
√
λm〈φBi |eBm〉. Interestingly, the set of vectors {|ξAi 〉}di=1 gives us

both reduced density matrices ρA and ρB as ρA =
∑d

i=1 |ξAi 〉〈ξAi | and ρBΦ(B)
ij

= 〈φBi |ρB |φBj 〉 = 〈ξAj |ξAi 〉, respectively.
Using these definitions we get, for a fixed I = {ij, kl}

MΦ(B)

I (ψ)MΦ(B)

I

†
(ψ) = ρB

Φ
(B)
jk

ρB
Φ

(B)
kj

ρB
Φ

(B)
ll

|ξAi 〉〈ξAi | − ρB
Φ

(B)
jk

ρB
Φ

(B)
il

ρB
Φ

(B)
lj

|ξAi 〉〈ξAk |

− ρB
Φ

(B)
li

ρB
Φ

(B)
kj

ρB
Φ

(B)
jl

|ξAk 〉〈ξAi |+ ρB
Φ

(B)
li

ρB
Φ

(B)
il

ρB
Φ

(B)
jj

|ξAk 〉〈ξAk |, (6)

where can be used in Eq. (3) to obtain DΦ(B)

p (ψ) for an arbitrary bipartite pure state |ψ〉, and in any basis Φ(B) of

HB. Using the above relation we provide a tight upper bound for Dp(ψ).

Lemma 4 For a general pure state |ψ〉 with Schmidt numbers {λm}dm=1, the quantum correlation Dp(ψ) is bounded
from above as

Dp(ψ) ≤
[

∑

i<k

(λiλk)
p/2
(

(λpi + λpk) + µp/2(ψ)(λ
p/2
i + λ

p/2
k )

)

]1/p

, (7)

where we have defined µq(ψ) = Tr(ρB)q =
∑d

m=1 λ
q
m.

Proof For an arbitrary |ψ〉 let us choose the basis Φ(B) as the local Schmidt basis (LSB) of ρB , i.e. Φ(B) = {|eBm〉}dm=1

so that 〈φBi |eBm〉 = δim. In this case we have |ξAm〉 =
√
λm|eAm〉 for m = 1, · · · , d. Using this and Eqs. (3) and (6) we

get

DLSB
p (ψ) =

[

∑

i<k

(λiλk)
p/2
(

(λpi + λpk) + µp/2(ψ)(λ
p/2
i + λ

p/2
k )

)

]1/p

, (8)

where by Eq. (4) leads to Eq. (7).

Note that the above upper bound is tight in the sense that there exist states for which the bound is saturated. In
particular, one can easily shows that the bound is tight for the following cases.

1. For arbitrary values of p and d, the bound reduces to zero for the product state |ψpro〉 = |eA〉|eB〉.

2. For arbitrary values of p and d, the bound is saturated for the maximally entangled state |ψmax〉 = 1√
d

∑d
m=1 |eAm〉|eBm〉

as

Dp(ψmax) =
1

d2
[d(d2 − 1)]

1
p . (9)

To see this recall that in this case we have ρB
Φ

(B)
ij

= 1
dδij = 〈ξAi |ξAj 〉, irrespective of the chosen basis Φ(B). This,

however, can be used to define an orthonormal basis for HA as {|ξ̂Ai 〉 =
√
d|ξAi 〉}di=1. Using this and Eqs. (3),

(6), and after some straightforward calculations, one can find Eq. (9) which, clearly, coincides with the upper
bound (7).
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3. Interestingly, when p = 1, the bound is also tight for a general two-qubit pure state |ψ〉 =
√
λ|00〉+

√
1− λ|11〉

as

Dp=1(ψ) = DLSB
p=1 (ψ) = 2

√

λ(1 − λ)
(

1 +
√

λ(1 − λ)
)

. (10)

To see this let us choose |φB1 〉 = cos θ|0〉+ eiφ sin θ|1〉 and |φB2 〉 = sin θ|0〉− eiφ cos θ|1〉 as a general basis for HB.
It turns out that

DΦ(B)

p=1 (ψ) = (11)

√

λ(1− λ)

{

[2 + |(1 − 2λ) sin 2θ|] + 1√
2

√

1 + 4λ(1− λ) + (4λ(1− λ) − 1) cos 4θ

}

,

depends only on the angle θ. Minimum occurs for θ = 0 or π/2, leads to Eq. (10).

The following lemma concerns about monotinicity of these measures under LOCC operations. In particular, for two
cases (i) d = 2, p ≤ 3 and (ii) d = 3, p = 1 we have the following lemma.

Lemma 5 When (i) d = 2, p ≤ 3 and (ii) d = 3, p = 1, DLSB
p (ψ) defines an entanglement monotone, i.e. it is a

non-increasing quantity under LOCC.

Proof (i) For d = 2 Eq. (7) reduces to DLSB
p (ψ) =

[

1
2

(

[µp/2(ψ)]
4 − [µp(ψ)]

2
)]1/p

which has a unique maximum at

λ1 = λ2 = 1
2 only for p ≤ 3, i.e. DLSB

p≤3 (ψ) ≤ DLSB
p≤3 (ψmax). Moreover, recall that a function F (λ) is monotonously

decreasing under LOCC if F is invariant under any permutation of Schmidt coefficients λi and if F is Schur concave

[38, 39], i.e. (λ1 − λ2)
(

∂F
∂λ1

− ∂F
∂λ2

)

≤ 0 for all λ = {λ1, · · · , λd}. It turns out that for d = 2

(λ1 − λ2)

(

∂DLSB
p (ψ)

∂λ1
−
∂DLSB

p (ψ)

∂λ2

)

= (12)

−(λ1 − λ2)
1
2

[

2(λp1 + (λ1λ2)
p/2 + λp2)

]
1−p
p
[

(λ1 − λ2)
(

[µp/2(ψ)]
2 + 2µp(ψ)

)

− 2(λp+1
1 − λp+1

2 )
]

,

which is nonpositive for all values of λ1, λ2 if p ≤ 3. This completes the proof. A similar proof can be made for the
second case d = 3, p = 1.

The extension of the above lemma to arbitrary dimension d requires more investigations. As the degree of entanglement
of any pure state may be characterized by any Schur concave function of the Schmidt vector λ [38], one can useDLSB

p (ψ)
to define an entanglement measure for a general mixed state ρ by convex roof construction [40].

Theorem 6 For the p and d expressed by lemma 5, the upper bound DLSB
p (ψ), defined by Eq. (8), is an entanglement

monotone. Therefor we define entanglement of the bipartite pure state |ψ〉 as Ep(ψ) = DLSB
p (ψ). Furthermore, by

convex roof construction [40] one can define a measure of entanglement of a general bipartite state ρ as

Ep(ρ) = inf
∑

i

piEp(ψi),
∑

i

pi = 1, pi ≥ 0, (13)

where the infimum is taken over all pure state decomposition of ρ, i.e. all ensembles {pi, ψi} for which ρ =
∑

i pi|ψi〉〈ψi|.

Let us exemplify our results by considering the two-qubit pure state |ψ〉 =
√
λ|00〉 +

√
1− λ|11〉. In this case

Dp=1(ψ) is given by Eq. (10), and one can find Dp=2(ψ) =
1√
2

√

1− [µ(ρB)]2. Recall that in this case concurrence

[41] is defined by C(ψ) = 2
√

λ(1− λ) =
√

2(1− µ(ρB)). In Fig. 1 we have plotted Dp=1(ψ), Dp=2(ψ), and C(ψ) in

terms of
√
λ. Clearly, both defined measures are monotone functions of concurrence.

B. Properties of Dp(ρ): Mixed states

Let us now turn our attention on the properties of the above measures for the general case of an arbitrary mixed
state ρ. As mentioned in [35], a good measure of quantum correlation should have some necessary properties. In the
following we check these properties for our measure.
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FIG. 1. (Color online) Quantum correlations DP=2(ψ) (blue, solid line), Dp=1(ψ) (red, dashed line), and the concurrence C(ψ)

(green, doted-dashed line) of a general two-qubit pure state in terms of
√

λ. For comparison, all measures are normalized to
one.

1. Positivity, i.e. Dp(ρ) ≥ 0, and the equality is satisfied if and only if the state is a classical-quantum state.

2. The measure takes its maximum value Dpmax(ρ) = 1
d2 [d(d

2 − 1)]
1
p only for the maximally entangled states

|ψ〉 = 1√
dA

∑dA

j=1 |jj〉 if (i) d = 2, p ≤ 3 or (ii) d = 3, p = 1. This follows easily from lemma 5 and the fact that

for the maximally entangled states the bound is saturated.

3. Invariance under local unitary transformations UA ⊗UB, i.e. Dp(ρ) = Dp((UA ⊗UB)ρ(U
†
A ⊗U †

B)). This follows

from the fact that under such transformations ρ → ρ′ = (UA ⊗ VB)ρ(U
†
A ⊗ V †

B), then A
Φ(B)

ij (ρ) → A′Φ′(B)

ij (ρ) =

UAA
Φ′(B)

ij (ρ)U †
A where Φ′(B)

= {U †
B|φ

(B)
i 〉}. This leads to MΦ(B)

I (ρ) → M ′
I
Φ′(B)

(ρ) = UAM
Φ′(B)

I (ρ)U †
A

so that DΦ(B)

p (ρ) → DΦ′(B)

p (ρ). Invoking the definition (4), we find that Dp(ρ
′) = minΦ(B) DΦ′(B)

p (ρ) =

minΦ′(B) DΦ′(B)

p (ρ) = Dp(ρ). This completes the assertion.

4. No increase upon attaching a local ancillary state ρC on the unmeasured subsystem (see [42] ), i.e. for any map
ΓC : ρ → ρ ⊗ ρC (any channel that introduces a noisy ancillary state ρC on the unmeasured subsystem), we
have that Dp(Γ

C(ρ)) ≤ Dp(ρ). Moreover, for p = 1 the measure is invariant under local reversible operations
on the unmeasured subsystem, i.e. Dp=1(Γ

C(ρ)) = Dp=1(ρ) for any map ΓC that append/remove any ancillary

state ρC on/from the unmeasured subsystem B. To show this let ΦBC = {|φ(B)
i 〉|φ(C)

i′ 〉} be an orthonormal

basis of HB ⊗ HC , we find AΦ(BC)

ii′,jj′ (Γ
C(ρ)) = 〈φ(B)

i |〈φ(C)
i′ |ρ ⊗ ρC |φ(B)

j 〉|φ(C)
j′ 〉 =AΦ(B)

ij (ρ)ρCi′j′ where AΦ(B)

ij (ρ) is

defined by Eq. (1) and ρCi′j′ = 〈φ(C)
i′ |ρC |φ(C)

j′ 〉. Therefore, MΦ(BC)

II′ (ΓC(ρ)) = [AΦ(BC)

ii′,jj′ (Γ
C(ρ)), AΦ(BC)

kk′ ,ll′ (Γ
C(ρ))] =

MΦ(B)

I (ρ)ρCi′j′ρ
C
k′l′ , where we have defined I = {ij, kl}, I ′ = {i′j′, k′l′} for the sake of simplicity. Using Eq. (2),

this leads to

DΦ(BC)

p [MΦ(BC)

II′ (ΓC(ρ))] =

[

Tr

(

MΦ(BC)

II′ (ΓC(ρ))MΦ(BC)

II′

†
(ΓC(ρ))

)
p
2

]
1
p

(14)

=

[

Tr

(

MΦ(B)

I (ΓC(ρ))MΦ(B)

I

†
(ΓC(ρ))

)
p
2
(

ρCi′j′ρ
C
j′i′ρ

C
k′l′ρ

C
l′k′

)

p
2

]
1
p

,
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which can be used to write

DΦ(BC)

p (ρ⊗ ρC) =

[

1

2

∑

I

∑

I′

(

DΦ(BC)

p [MΦ(BC)

II′ (ΓC(ρ))]
)p
]1/p

=

[

1

2

∑

I

Tr

(

MΦ(B)

I (ρ)MΦ(B)

I

†
(ρ)

)
p
2 ∑

I′

(

ρCi′j′ρ
C
j′i′ρ

C
k′l′ρ

C
l′k′

)

p
2

]1/p

= DΦ(B)

p (ρ)ΛΦ(C)

p (ρC). (15)

Here
∑

I is sum over all values of the pairs I = {ij, kl} and
∑

I′ is defined similarly. Also we have defined

ΛΦ(C)

p (ρC) =
(

∑

i′j′

∣

∣ρCi′j′
∣

∣

p
)2/p

. Note that factorization in Eq. (15) arisen because we used a product basis for

HB ⊗HC which, of course, is not the general one. However, the product basis is sufficient to get the minimum,
because in this case the problem of finding minima is reduced to find minimums of two independent terms.
Therefore

Dp(ρ⊗ ρC) = min
ΦBC

DΦ(BC)

p (ρ⊗ ρC) = min
Φ(B)

DΦ(B)

p (ρ)min
Φ(C)

ΛΦ(C)

p (ρC)

= Dp(ρ)Λp(ρ
C), (16)

where Dp(ρ) is given by Eq. (4) and we have defined Λp(ρ
C) = minΦ(C) ΛΦ(C)

p (ρC). Now to make any progress

we have to find Λp(ρ
C). Evidently, for p = 2 we get ΛΦ(C)

p=2 (ρ
C) = µ(ρC) ≤ 1 with µ(ρC) = Tr(ρC)2 as the purity

of ρC , which is independent of the basis Φ(C). Moreover for p ≤ 2, the minimum of ΛΦ(C)

p (ρC) is achieved when

Φ(C) coincides with the eigenvectors of ρC , so that we get

Λp(ρ
C) = min

Φ(C)
ΛΦ(C)

p (ρC) = min
Φ(C)





∑

i′j′

∣

∣ρCi′j′
∣

∣

p





2/p

=

(

∑

i′

(λCi′ )
p

)2/p

, for p ≤ 2,

where λCi′ denotes eigenvalues of ρC . In particular for p = 1 we find Λp=1(ρ
C) = TrρC = 1, i.e. Dp=1(ρ) is

invariant under local reversible operations on the unmeasured subsystem.

As it is evident from the last line of the proof of the property 3, the required property of being invariant under local

unitary transformations is satisfied by Dp(ρ), but the quantity DΦ(B)

p (ρ) lacks this essential property. This means

that DΦ(B)

p (ρ) depends, in general, on the orthonormal basis of the HB, so that DΦ(B)

p (ρ) can not be considered
as a bona fide measure of quantum correlation. Moreover, at least for d ≤ 3 and p = 1, such defined measure of
quantum correlation leads to an entanglement monotone when we consider pure states. This, therefore, indicates
that the measures considered in Refs. [33, 34] have the drawback that they are either base-dependent, i.e. it is not
invariant under local unitary transformations performed on the subsystems [33], or does not reduce to an entanglement
monotone for pure states [34]. Moreover, they may increase under reversible actions performed on the subsystem B
whose classicality is not tested [42].

IV. EXAMPLES

In this section we provide two illustrative examples.
Two-qubit Werner states.— As the first example let us consider the two-qubit Werner state

ρ =
(2− a)

6
I + (

2a− 1

6
)F, a ∈ [−1, 1], (17)

with F =
∑1

k,l=0(|kl〉〈lk|). In this case we obtain

Dp=1(ρ) =
1

6
(1− 2a)2 =

√
6Dp=2(ρ) = 3DG(ρ) = 3D1

G(ρ), (18)
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where DG(ρ) is the original geometric discord [7], and D1
G(ρ) is the one-norm geometric discord [43].

Two-qubit quantum-classical states.— Let us now consider the quantum-classical states defined by

ρ = pρA0 ⊗ |0〉〈0|+ (1− p)ρA1 ⊗ |1〉〈1|, 0 ≤ p ≤ 1, (19)

where ρAi = 1
2 (I+ ~si · ~σ) for i = 0, 1 with ~s0 = (0, 0, s0), ~s1 = (s1 sinϕ, 0, s1 cosϕ), and 0 ≤ ϕ ≤ π [44]. The one-norm

geometric discord of these states is given by [44]

D1
G(ρ) =

sinϕ

2
min{ps0, (1− p)s1}. (20)

For these states we have

Dp=2(ρ) =
p(1− p)s0s1 sinϕ√

2
=
Q(ρ)

4
√
2
, (21)

where Q(ρ) is a measure of quantum correlation of quantum-classical states defined by Abad et al. [45] as

Q(ρ) = 4p(1− p)|~s0 × ~s1|. (22)

For the purpose of calculation of DΦ(B)

p=1 (ρ), let us choose Φ(B) = {|φBi 〉}2i=1, where |φB1 〉 = cos θ|0〉 + eiφ sin θ|1〉 and
|φB2 〉 = sin θ|0〉 − eiφ cos θ|1〉, as a general basis for HB. In this manner we obtain

DΦ(B)

p=1 (ρ) = {| cos 2θ|+ 2| sin 2θ|} p(1− p)s0s1 sinϕ, (23)

which, clearly, depends on the chosen basis Φ(B) via θ. Using the fact that minimum of {| cos 2θ|+ 2| sin 2θ|} occurs
at θ = 0 or π/2, we find

Dp=1(ρ) = p(1− p)s0s1 sinϕ =
√
2Dp=2(ρ) =

Q(ρ)

4
. (24)

Furthermore, geometric discord of this state can be written as

DG(ρ) =
1

4

(

p2s20 + (1− p)2s21 −
√

p4s40 + 2p2(1 − p)2s20s
2
1 cos 2ϕ+ (1 − p)4s41

)

. (25)

Figure 2 clarifies the comparison between these measures.

FIG. 2. (Color online) Quantum correlations Dp=2(ρ) (blue, solid line), Dp=1(ρ) (red, dashed line), Q(ρ) (brown, dotted line),
D1

G(ρ) (green, dashed-doted line) and DG(ρ) (black, long-dashed line) of the quantum-classical state (19) for s0 = s1 = 1

3
, and

(a) p = 2

3
, (b) ϕ = π

3
.
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V. CONCLUSION

In summary, we have defined a class of quantum correlation identifiers with the aid of the concept of the nondisrup-
tive local state identification. This concept provides the necessary and sufficient condition for classicality of correlation
for bipartite quantum systems. Any departure from this condition could be considered as a measure for quantumness
of correlation between two parts of such systems. We have employed the general Schatten p-norm to evaluate how
the above condition is violated. Moreover, we have looked at the measures from the information-theoretic point of
view. For this purpose, we have checked some properties such as: invariance under local unitary transformation,
monotonicity under local quantum operation and classical communication, and invariance under a local and reversible
operations performed on the unmeasured subsystem. For the case of Hilbert-Schmidt norm, i.e. p = 2, we have
obtained, without any optimization procedure, an explicit closed formula for measuring the quantum correlation of
an arbitrary bipartite state. For the other cases (p 6= 2) the optimization procedure is needed in general, reducing
therefore the computability of the measures. However, for general pure states, we have shown that our measures are
bounded form above. Furthermore, it is shown that this upper bound is an entanglement monotone so that, by using
the method of convex roof construction, serve a new measure of entanglement for a general bipartite state. In order
to clarify and compare our measures with the other measures, we have provided two two-qubit examples.
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Appendix A: Proof of theorem 3

In this appendix we provide a proof for Theorem 3. Let {λ̂Ai }dA
2−1

i=1 and {λ̂Bj }dB
2−1

j=1 be generators of SU(dA) and

SU(dB), respectively, fulfilling the following relations

Trλ̂si = 0, Tr(λ̂si λ̂
s
j) = 2δij , [λ̂si , λ̂

s
j ] = i

d2
s−1
∑

k=1

f s
ijkλ̂

s
k, s = A,B, (A1)

where we have defined f s
ijk as the structure constant of the Lie algebra su(ds) [37]. Then a general bipartite state ρ

on HA ⊗HB can be written in this basis as

ρ =
1

dAdB



I
A ⊗ I

B + ~x · λ̂A ⊗ I
B + I

A ⊗ ~y · λ̂B +

dA
2−1
∑

i=1

dB
2−1
∑

j=1

tij λ̂
A
i ⊗ λ̂Bj



 . (A2)

Here I
s stands for the unit matrix of the Hilbert space Hs, ~x = (x1, · · · , xdA

2−1)
t and ~y = (y1, · · · , ydB

2−1)
t are local

coherence vectors of the subsystems A and B, respectively

xi =
dA
2
Tr
[

(λ̂Ai ⊗ I
B)ρ

]

, yj =
dB
2
Tr
[

(IA ⊗ λ̂Bj )ρ
]

, (A3)

and T = (tij) is the correlation matrix

tij =
dAdB
4

Tr
[

(λ̂Ai ⊗ λ̂Bj )ρ
]

. (A4)

Now, let {|j〉}dB−1
j=0 be the standard canonical basis of the subsystem B. Then a general basis of HB can be written

as |φ(B)
i 〉 = UB|i〉 where UB ∈ SU(dB) is a unitary matrix acting on HB. In this basis and using Eq. (1) we find

AΦ(B)

ij (ρ) = 〈i|U †
BρUB|j〉 (A5)

=
1

dAdB









δij +

dB
2−1
∑

l=1

yl(U
†
Bλ̂

B
l UB)ij



 I
A +

d2
A−1
∑

k=1



xkδij +

d2
B−1
∑

l=1

tkl(U
†
Bλ̂

B
l UB)ij



 λ̂Ak







.

Using this and after some tedious but straightforward calculations we find that

[DΦ(B)

p=2 (ρ)]2 =
1

2

∑

I

Tr

(

MΦ(B)

I (ρ)MΦ(B)

I

†
(ρ)

)

= − 4

d4Ad
4
B

Tr
{

FA(ρ)
[

dB~x~x
t + TT t

]}

, (A6)
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where we have defined

FA(ρ) =

d2
A−1
∑

r=1

[

FA
r (TT t)FA

r

†]
. (A7)

Here {FA
r }d

2
A−1

r=1 is the adjoint representation of the su(dA) Lie algebra defined as (FA
r )pq = −ifA

pqr with fA
pqr as the

structure constants of the algebra given by Eq. (A1). It may be useful to obtain the matrix FA(ρ) for dA = 2. In
this case we find

FA(ρ) = 4





−(TT t)22 − (TT t)33 (TT t)12 (TT t)13
(TT t)12 −(TT t)11 − (TT t)33 (TT t)23
(TT t)13 (TT t)23 −(TT t)11 − (TT t)22



 , (A8)

where (TT t)ij denotes the matrix elements of TT t. It turns out from Eqs. (A6) and (A7) that DΦ(B)

p=2 (ρ) does not

depend on the chosen basis Φ(B), so that we arrive at the theorem 3.
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[5] Céleri, L.C., Maziero, J., Serra, R.M.: Theoretical and experimental aspects of quantum discord and related measures.

Int. J. Quantum Inf. 9, 1837-1873 (2011)
[6] Luo, S., Fu, S.: Measurement-induced nonlocality. Phys. Rev. Lett. 106, 120401 (2011)
[7] Dakic, B., Vedral, V., Brukner, C.: Necessary and sufficient condition for nonzero quantum discord. Phys. Rev. Lett. 105,

190502 (2010)
[8] Akhtarshenas, S.J., Mohammadi, H., Karimi, S., Azmi, Z.: Computable measure of quantum correlation. Quantum Inf.

Process. 14, 247267 (2015)
[9] Li, B., Fei, S.-M., Wang, Z.-X., Fan, H.: Assisted state discrimination without entanglement. Phys. Rev. A 85, 022328

(2012)
[10] Knill, E., Laflamme, R.: Power of one bit of quantum information. Phys. Rev. Lett. 81, 5672-5675 (1998)
[11] Datta, A., Shaji, A., Caves, C.M.: Quantum discord and the power of one qubit. Phys. Rev. Lett. 100, 050502 (2008)
[12] Fanchini, F.F., Cornelio, M.F., de Oliveira, M.C., Caldeira, A.O.: Conservation law for distributed entanglement of

formation and quantum discord. Phys. Rev. A, 84, 012313 (2011)
[13] Fazio, R., Modi, K., Pascazio, S., Vedral, V., Yuasu, K.: Witnessing the quantumness of a single system: From anticom-

mutators to interference and discord. Phys. Rev. A 87, 052132 (2013)
[14] Piani, M., Horodecki, P., Horodecki, R.: Nonlocal-broadcasting theorem for multipartite quantum correlations. Phys. Rev.

Lett. 100, 090502 (2008)
[15] Piani, M., Christandl, M., Mora, C.E., Horodecki, P.: Broadcast copies reveal the quantumness of correlations. Phys. Rev.

Lett. 102, 250503 (2009)
[16] Luo, S.: On quantum no-broadcasting. Lett. Math. Phys. 92, 143153 (2010)
[17] Modi, K., Cable, H., Williamson, M., Vedral, V.: Quantum correlations in mixed-state metrology. Phys. Rev. X 1, 021022

(2011)
[18] Horodecki, M., Oppenheim, J., Winter, A.: Partial quantum information. Nature 436, 673-676 (2005)
[19] Cavalcanti, D., Aolita, L., Boixo, S., Modi, K., Piani, M., Winter, A.: Operational interpretations of quantum discord.

Phys. Rev. A 83, 032324 (2011)
[20] Madhok V., Datta, A.: Interpreting quantum discord through quantum state merging. Phys. Rev. A 83, 032323 (2011)
[21] Zurek, W.H.: Quantum discord and Maxwell’s demons. Phys. Rev. A 67, 012320 (2003)
[22] Brodutch A., Terno, D.R.: Quantum discord, local operations, and Maxwell’s demons. Phys. Rev. A 81, 062103 (2010)
[23] Lanyon, B.P., Barbieri, M., Almeida, M.P., White, A.G.: Experimental quantum computing without entanglement. Phys.

Rev. Lett. 101 200501 (2008)
[24] Xu, Jin-Shi, Xu, Xiao-Ye, Li, Chuan-Feng, Zhang, Cheng-Jie, Zou, Xu-Boand , Guo, Guang-Can.: Experimental investi-

gation of classical and quantum correlations under decoherence. Nature Comm. 1, 1-6 (2010)
[25] Rahimi R., SaiToh, A.: Single-experiment-detectable nonclassical correlation witness. Phys. Rev. A 82, 022314 (2010)
[26] Yu, Sixia, Zhang, Chengjie, Chen, Qing, Oh, C.H.: Witnessing the quantum discord of all the unknown states.

arXiv:1102.4710, (2011)
[27] Auccaise, R., Maziero, J., Celeri, L.C., Soares-Pinto, D.O., deAzevedo, E.R., Bonagamba, T.J., Sarthour, R.S., Oliveira,

I.S., Serra, R.M.: Experimental witnessing the quantumness of correlations. Phys. Rev. Lett. 107, 070501 (2011)

http://arxiv.org/abs/1102.4710


11

[28] Auccaise, R., Celeri, L.C., Soares-Pinto, D.O., deAzevedo, E.R., Maziero, J., Souza, A.M., Bonagamba, T.J., Sarthour,
R.S., Oliveira, I.S. Serra, R.M.: Environment-induced sudden transition in quantum discord dynamics. Phys. Rev. Lett.
107, 140403 (2011)

[29] Dakic, B., Ole Lipp, Y., Ma, X., Ringbauer, M., Kropatschek, S., Barz, S., Paterek, T., Vedral, V., Zeilinger, A., Brukner,
C., Walther, P.: Quantum discord as resource for remote state preparation. Nature Physics 8, 666-670 (2012)

[30] Ferraro, A., Aolita, L., Cavalcanti, D., Cucchietti, F.M., Acin, A.: Almost all quantum states have nonclassical correlations.
Phys. Rev. A 81, 052318 (2010)

[31] Chen, L., Chitambar, E., Modi, K., Vacanti, G.: Detecting multipartite classical states and their resemblances. Phys. Rev.
A 83, 020101 (2011)

[32] Yu, C., Zhang, Y., Zhao, H.: Quantum correlations via quantum coherence. Quantum Inf. Process. 13, 1437-1456 (2014)
[33] Wu, Y.C., Guo, G.C.: Norm-based measurement of quantum correlation. Phys. Rev. A 83, 062301 (2011)
[34] Guo, Z., Cao, H., Chen, Z.: Distinguishing classical correlations from quantum correlations. J. Phys. A: Math. Theor. 45,

145301 (2012)
[35] Brodutch, A., Modi, K.: Criteria for measures of quantum correlations. Quantum Inf. Comput. 12, 721-742 (2012)
[36] Schatten, R.: Norm Ideals of Completely Continuous Operators. Springer-Verlag, Berlin (1970)
[37] Georgi, H.: Lie Algebras in Particle Physics. Advanced Book Program, (1999)
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