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Concurrence, as one of entanglement measures, is a useful tool to characterize quantum entangle-
ment in various quantum systems. However, the computation of the concurrence involves difficult
optimizations and only for the case of two qubits an exact formula was found. We investigate the
concurrence of four-qubit quantum states and derive analytical lower bound of concurrence using the
multiqubit monogamy inequality. It is shown that this lower bound is able to improve the existing
bounds. This approach can be generalized to arbitrary qubit systems. We present an exact formula
of concurrence for some mixed quantum states. For even-qubit states, we derive an improved lower
bound of concurrence using a monogamy equality for qubit systems. At the same time, we show
that a multipartite state is k-nonseparable if the multipartite concurrence is larger than a constant
related to the value of k, the qudit number and the dimension of the subsystems. Our results can
be applied to detect the multipartite k-nonseparable states.

I. INTRODUCTION

Quantum entanglement represents one of the most striking features of quantum systems that has no classical
counterpart. During the past two decades, researchers have paid concentrated effort on it and made impressive
progress [1–4]. An important aspect of the research on quantum entanglement is entanglement detection and
quantification. Concurrence is one of the most important entanglement measures. It was introduced by Wootters
[5] who established concurrence as an entanglement measure for two-qubit states. Later, generalization to the
bipartite higher-dimensional systems [6] was proposed. A landmark result in the theory of entanglement measures
was the derivation of an elegant formula for the concurrence of an arbitrary mixed states in a system of two qubits
by Wootters [7]. For arbitrary high-dimensional mixed states, analytical formulas of concurrence are available only
for some highly symmetric states [8–10] due to the extremizations involved in the computation.
Because the exact formulas of concurrence are very difficult to be found, it is of great significance to get the

lower bounds of concurrence. An analytic lower bound for the concurrence of mixed bipartite quantum states
in arbitrary dimensions was derived [11] and this bound can be tightened by numerical optimization over some
parameters. In [12] authors derived an analytical lower bound for the concurrence of bipartite quantum states in
arbitrary dimension and established a functional relation relating concurrence, the Peres-Horodecki criterion, and
the realignment criterion. A lower bound of concurrence based on local uncertainty relations criterion was derived
[13] and was further improved [14]. Based on Wootters’ idea, lower bounds on the concurrence for bipartite systems
were presented [15]. In [16] the authors proposed a method to construct a hierarchy of lower bounds of concurrence
for arbitrary dimensional bipartite mixed states in terms of the concurrence of all the lower-dimensional mixed
states extracted from the given mixed states.
The concurrence is generalized to multipartite quantum systems [17]. Calculation of concurrence for multipartite

quantum states is more difficult, and quite less has been known about the concurrence of multipartite mixed state.
In [18], the authors derived an analytical lower bound for the concurrence for tripartite quantum mixed states.
As a generalization of the Wootters formula, lower bounds of the concurrence for higher dimensional systems as
well as for multipartite systems were derived in [19]. In terms of the monogamy inequality [20, 21] of concurrence,
analytical lower bounds of concurrence of qubit systems were presented in [22].
The separability problem for multipartite and high-dimensional systems is also important in quantum information

theory. This problem is more complicated than bipartite systems owing to the complicated structure of multipartite
entangled states. For instance, one can discuss it with the notions of k-partite separability and k-nonseparability.
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Although some k-separability criteria have been introduced (see e.g. [23–29]), the number of computable measure
quantifying multipartite entanglement is rare. Ma et al [30, 31] defined a generalized concurrence called the genuine
multipartite entanglement (GME) concurrence as an entanglement measure that distinguishes genuine multipartite
entanglement from partial entanglement. Gao et al [32] defined k-ME concurrence, which satisfies important
characteristics of an entanglement measure, such as the entanglement monotone, vanishing on k-separable states,
invariant under local unitary transformations, convexity, subadditivity, and being strictly greater than zero for
all k-nonseparable states. Combining k-ME concurrence with permutation invariance, a lower bound was given
on entanglement measure by using the permutation-invariance part of a state and that lower bound can apply to
arbitrary multipartite systems [33]. At the same time, the concept of “the permutationally invariant part of a
density matrix” is proven to be more powerful because of its basis-dependent property [33].
In this paper, we investigate multipartite concurrence for qubit systems and the detection of multipartite k-

nonseparable states. We provide an analytical lower bound of concurrence for four-qubit states based on monogamy
inequality. The result is generalized to multipartite case. We present an exact formula of concurrence for some
mixed quantum states. For even-qubit states, we derive an improved lower bound of concurrence using a monogamy
equality for qubit systems. At the same time, we show that if the multipartite concurrence is larger than a
constant related to the value of k, the qudit number and the dimension of the subsystems, then the state must be
k-nonseparable.

II. PRELIMINARIES

Before we state the main results, an introduction of the concepts and notations that will be used in this paper
is necessary. Throughout the paper, we consider a multipartite quantum system with state space H = H1 ⊗H2 ⊗
. . . ⊗ HN , where Hi (i = 1, 2, . . . , N) denotes d-dimensional Hilbert spaces. A k-partition A1 | A2 | · · · | Ak (of
{1, 2, . . . , N}) means that the set {A1, A2, . . . , Ak} is a collection of pairwise disjoint sets, and the union of all sets

in {A1, A2, . . . , Ak} is {1, 2, . . . , N} (disjoint union
⋃k
i=1Ai = {1, 2, . . . , N}). An N -partite pure state is called

k-separable if there is a k-partition A1 | A2 | · · · | Ak = j11 · · · j1n1
| j21 · · · j2n2

| · · · | jk1 · · · jknk
such that

|ψ〉 = |ψ1〉A1
|ψ2〉A2

· · · |ψk〉Ak
,

where |ψi〉Ai is the state of subsystems Ai and disjoint union
⋃k
t=1At =

⋃k
t=1{jt1, jt2 · · · jtnt

} = {1, 2, · · · , N}. An
N -partite mixed state ρ is k-separable if it can be written as a convex combination of k-separable pure states, where
pure states might be k-separable with respect to different partitions. In general, k-separable mixed states are not
separable with regard to any specific partition. A k-nonseparable mixed state is defined to be one that cannot be
written as a convex combination of k-separable pure states. Specially, if an N -partite state is not two-separable
(biseparable), then it is called genuinely N -partite entangled. It is called fully separable, iff it is N -separable.
The concurrence of a pure state |ψ〉 ∈ H = H1 ⊗H2 ⊗ . . .⊗HN is defined as [11, 34]

C(|ψ〉) = 21−N/2
√

2N − 2−
∑

α

Trρ2α, (1)

where the multi-index α runs over all (2N−2) subsets of the N subsystems, and ρα are the reduced density matrices
of all 1 to N − 1 partite subsystems. C vanishes exactly for N -separable states. The concurrence is extended to
mixed state ρ by the so-called convex roof construction,

C(ρ) ≡ min
{pi,|ψi〉}

∑

i

piC(|ψi〉), (2)

where the minimization is meant as an optimization over all possible ensemble realizations ρ =
∑

i

pi|ψi〉〈ψi|, pi ≥ 0

and
∑

i

pi = 1. The decomposition attaining the minimum value is said to be the optimal decomposition.

The concurrence [7] of a two-qubit mixed state ρ is given by

C(ρ) = max{λ1 − λ2 − λ3 − λ4, 0} (3)

with the numbers λi (i = 1, 2, 3, 4) are the square roots of the eigenvalues of the non-Hermitian matrix ρ(σy ⊗
σy)ρ

∗(σy ⊗ σy) in nonincreasing order, where ∗ denotes complex conjugation in the standard basis and σy is the
Pauli matrix.
For N -qubit quantum states, a monogamy inequality in terms of squared concurrence was derived in [21]

C2
A1|A2A3...AN

(ρ) ≥
N
∑

i=2

C2
A1Ai

(ρ), (4)
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where C2
A1|A2A3...AN

(ρ) quantifies bipartite entanglement in the bipartition A1|A2A3 . . . AN and C2
A1Ai

(ρ) charac-

terizes two-qubit entanglement of the reduced state ρA1Ai = TrA2...Ai−1Ai+1...AN (ρ), i = 2, . . . , N .

III. THE LOWER BOUND OF CONCURRENCE FOR FOUR-QUBIT SYSTEMS

We start to discuss the case of four-qubit systems and set up the following theorem. Some explicit examples
indicate that the lower bound given by this theorem can be able to improve the known bounds based on detailed
comparisons with Theorem 1 in [22].
Theorem 1. For any 4-qubit mixed quantum state ρ, the concurrence C(ρ) satisfies

C2(ρ) ≥ 7

8

3
∑

i=1

4
∑

j>i

C2
ij(ρ). (5)

Proof. We begin with pure state. The concurrence of a four-qubit pure state |ψ〉 can be equivalently written as

C2(|ψ〉) =
C2

1|234 + C2
2|134 + C2

3|124 + C2
4|123 + C2

12|34 + C2
13|24 + C2

14|23
4

. (6)

By inequality [35, 36]

C2
12|34 + C2

13|24 + C2
14|23 ≥ 3

4
(C2

1|234 + C2
2|134 + C2

3|124 + C2
4|123), (7)

we have

C2(|ψ〉) ≥ 7

16
(C2

1|234 + C2
2|134 + C2

3|124 + C2
4|123)

≥ 7

8
(C2

12 + C2
13 + C2

14 + C2
23 + C2

24 + C2
34),

(8)

where the monogamy inequality has been used in the second inequality. Thus, (5) holds for pure state |ψ〉.
Let ρ =

∑

k

pk|ψk〉〈ψk| be an optimal pure state decomposition for ρ to achieve the minimum value of (2). We

have

C2(ρ) =

{

∑

k

pkC(|ψk〉)
}2

≥ 7

8







∑

k

pk

√

∑

16i63

∑

i<j64

C2
ij(|ψk〉)







2

≥ 7

8

∑

16i63

∑

i<j64

(

∑

k

pkCij(|ψk〉)
)2

≥ 7

8

∑

16i63

∑

i<j64

C2
ij(ρ),

(9)

where the Minkowski inequality (
∑

j

(
∑

i

xij)
2)

1
2 ≤∑

i

(
∑

j

x2ij)
1
2 and convexity of concurrence have been used in the

second inequality and the third inequality, respectively. The proof is complete.
Example 1. Consider the family of four-qubit states,

ρ =
1− t

16
I16 + t|W4〉〈W4|,

which is a mixture of four-qubit W state and white noise. Here, |W4〉 = (|0001〉+ |0010〉+ |0100〉+ |1000〉)/2 and
I16 is the 16× 16 identity matrix. By using the formula of concurrence for two-qubit states (3), we get

C12(ρ) = C13(ρ) = C14(ρ) = C23(ρ) = C24(ρ) = C34(ρ) = max

{

0,
t−

√
1− t2

2

}

.
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From Theorem 1, the lower bound of concurrence for this quantum state is given by

C2(ρ) ≥ 21

4
C2

12(ρ).

The lower bound for this quantum state presented in [22] is 3C2
12(ρ). Hence, our bound is better than the one gives

in [22].
Example 2. Let us consider the four-qubit state which is the mixture of the Dicke state with two excitations

and white noise,

ρ =
1− t

16
I16 + t|D2

4〉〈D2
4 |.

Here, |D2
4〉 = (|0011〉+ |0101〉+ |0110〉+ |1001〉+ |1010〉+ |1100〉)/

√
6. From (3), we have

C12(ρ) = C13(ρ) = C14(ρ) = C23(ρ) = C24(ρ) = C34(ρ) = max

{

0,
5t− 3

6

}

.

From the lower bound in [22], one has C2(ρ) ≥ 3C2
12(ρ), while the lower bound of concurrence by Theorem 1 is

C2(ρ) ≥ 21

4
C2

12(ρ).

Note that from the lower bound in [31], ρ is entangled for t > 0.636364, while by the lower bound in [22], ρ is
entangled for t > 0.618034. Therefore, our bound is better than the one in [22, 31] and detects entanglement better
the lower bound [31].
Example 3. We consider the one-parameter four-qubit state

ρ =
1− a

16
I16 + a|ψ〉〈ψ|,

where |ψ〉 = (|0011〉+ |0101〉+ |0110〉+ |1010〉)/2. It follows from (3),

C12(ρ) = C14(ρ) = C23(ρ) = C34(ρ) = max

{

a−
√
1− a

2
, 0

}

and C13(ρ) = C24(ρ) = 0. From Theorem 1, the lower bound of concurrence gives

C2(ρ) ≥ 7

2
C2

12(ρ).

From the lower bound in [22], one has C2(ρ) ≥ 2C2
12(ρ). It shows that our bound is better than that in [22].

Example 4. Consider the four-qubit mixed state ρ = 1−t
16 I16 + t|ψ〉〈ψ|, where |ψ〉 = (|0000〉+ |0011〉+ |1100〉+

|1111〉)/2. We have

C12(ρ) = C34(ρ) = max

{

0,
3t− 1

2

}

and C13 = C14 = C23 = C24 = 0. By our Theorem 1, the lower bound of concurrence is

C2(ρ) ≥ 7

4
C2

12(ρ),

while the lower bound mentioned in [22] is C2(ρ) ≥ C2
12(ρ). This lower bound can detect entanglement of ρ when

t > 1
3 . Note that, when t = 1, C(|ψ〉) =

√
7
2 , namely, the state |ψ〉 saturates the lower bound. Therefore, our bound

is better than the one in [22].
Note. The definition of concurrence in [22] is different from (1) up to a constant factor 21−N/2. In above

examples, the difference of the constant factor in defining the concurrence for pure states has already been taken
into account.
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IV. THE LOWER BOUNDS OF CONCURRENCE FOR ARBITRARY QUBIT SYSTEMS

In this section, we generalize the result of 4-qubit to any N -qubit systems. In the following theorems, a lower
bound for arbitrary qubit states is first presented, and then for even-qubit states, a better lower bound is provided
with the aid of a monogamy equality.
Theorem 2. For any N -qubit (N ≥ 5) mixed state ρ, the concurrence C(ρ) satisfies

C2(ρ) ≥ N

2N−2

N−1
∑

i=1

N
∑

j>i

C2
ij(ρ). (10)

Proof. The concurrence of an N -qubit pure state |ψ〉 can be equivalently written as

C2(|ψ〉) = 1

2N−1





∑

{1}
C2

{1}|{N−1}(|ψ〉) +
∑

{2}
C2

{2}|{N−2}(|ψ〉) + . . .+
∑

{N−1}
C2

{N−1}|{1}(|ψ〉)



 , (11)

where C{j}|{N−j} is the concurrence of the state obtained by tracing out j qubits from the state |ψ〉 and
∑

{j}
is

taken over all combinations {j} of j indices.
From inequality [35]

∑

{2}
C2

{2}|{N−2}(|ψ〉) ≥
N − 2

2

∑

{1}
C2

{1}|{N−1}(|ψ〉), (12)

we get

C2(|ψ〉) ≥ N

2N−1

∑

{1}
C2

{1}|{N−1}(|ψ〉) ≥
N

2N−2

N−1
∑

i=1

N
∑

j>i

C2
ij(|ψ〉). (13)

Similar to the proof of Theorem 1, (10) is also right for any N -qubit (N ≥ 5) mixed state ρ.
In [37], a monogamy equality for qubit entanglement has been proven, we get an improved lower bound of

concurrence for even-qubit by using this equality.
Theorem 3. For any even-qubit (N ≥ 6) mixed state ρ, the concurrence C(ρ) satisfies

C2(ρ) ≥ N − 2

2N−3

N−1
∑

i=1

N
∑

j>i

C2
ij(ρ). (14)

Proof. For any N -qubit pure state, an exact monogamy relation was presented in [37],

2|H(|ψ〉)|2 =
∑

{1}
C2

{1}|{N−1}(|ψ〉)−
∑

{2}
C2

{2}|{N−2}(|ψ〉) + · · ·+ (−1)N
∑

{N−1}
C2

{N−1}|{1}(|ψ〉), (15)

where H(|ψ〉) is a well known polynomial invariant, and defined by H(|ψ〉) = 〈ψ|ψ̃〉, |ψ̃〉 = σ⊗n
y |ψ∗〉 [38].

For even-qubit pure state, one has

C2(|ψ〉) = 1

2N−2







∑

{1}
C2

{1}|{N−1}(|ψ〉) +
∑

{2}
C2

{2}|{N−2}(|ψ〉) + · · ·+ 1

2

∑

{N
2
}

C2
{N

2
}|{N

2
}(|ψ〉)







. (16)

From (12), (15) and (16), we obtain

C2(|ψ〉) ≥ 2

2N−2

∑

{2}
C2

{2}|{N−2}(|ψ〉) ≥
N − 2

2N−2

∑

{1}
C2

{1}|{N−1}(|ψ〉) ≥
N − 2

2N−3

N−1
∑

i=1

N
∑

j>i

C2
ij(|ψ〉). (17)

Similar to the proof of Theorem 1, (14) holds for any even-qubit (N ≥ 6) mixed state ρ.
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V. THE DETECTION OF k-NONSEPARABILITY OF MULTIPARTITE QUANTUM SYSTEMS

It is widely known that multipartite concurrence is zero for fully separable states, i.e., multipartite state is
entangled (not fully separable) if concurrence is greater than zero. In this section, we show that multipartite
concurrence can also play a useful role in the k-nonseparability problem based on the norms of the correlation
tensors in the generalized Bloch representation of an N -partite quantum state.
Theorem 4. Any N qudit state ρ is k-nonseparable if the concurrence C(ρ) satisfies

C(ρ) >























21−N/2

√

2N − 2k + 2k−2
d − 2

(N−1)/2
∑

i=1

Ci
N

di for odd N,

21−N/2

√

2N − 2k + 2k−2
d − 2

N/2−1
∑

i=1

Ci
N

di − C
N/2
N

dN/2 for even N,

(18)

where CiN = N !/[i!(N − i)!].
Proof. An N -partite state ρ acting on H1 ⊗H2 ⊗ . . .⊗HN (dimHi = d) can be written as [39]

ρ =
1

dN

(

N
⊗

j=1

Id +
∑

{µ1}

∑

α1

T {µ1}
α1

λ{µ1}
α1

+
∑

{µ1µ2}

∑

α1α2

T {µ1µ2}
α1α2

λ{µ1}
α1

λ{µ2}
α2

+
∑

{µ1µ2µ3}

∑

α1α2α3

T {µ1µ2µ3}
α1α2α3

λ{µ1}
α1

λ{µ2}
α2

λ{µ3}
α3

+ · · ·+
∑

{µ1µ2···µM}

∑

α1α2···αM

T {µ1µ2···µM}
α1α2···αM λ{µ1}

α1
λ{µ2}
α2

· · ·λ{µM}
αM

+ · · ·+
∑

α1α2···αN

T {1,2,··· ,N}
α1α2···αN λ{1}α1

λ{2}α2
· · ·λ{N}

αN

)

,

where λαl
are the SU(d) generators, {µ1µ2 · · ·µM} is a subset of {1, 2, · · · , N}, λ{µl}

αl = Id⊗· · ·⊗Id⊗λαl
⊗Id⊗· · ·⊗Id

with λαl
appearing at the µlth position, Id is the d× d identity matrix, and

T {µ1µ2···µM}
α1α2···αM =

dM

2M
Tr[ρλ{µ1}

α1
λ{µ2}
α2

· · ·λ{µM}
αM

],

which can be viewed as the entries of tensors T {µ1µ2···µM}.
We first discuss an N -partite pure state |ψ〉. Assume that |ψ〉 ∈ H1 ⊗H2 ⊗ . . .⊗HN is k-separable with regard

to k-partition A1|A2| · · · |Ak. Let || · || denote the Euclidean norm for a tensor, |Ai| the number of elements of Ai,
and |A| the minimum value of |Ai|. Then Tr(ρ2A1

) = Tr(ρ2A2
) = · · · = Tr(ρ2Ak

) = 1, i.e.,

2

d|Ai| + 1

∑

j∈{1,2,...,|Ai|}
||T ij ||2 + 22

d|Ai| + 2

∑

j,l

||T ijil ||2 + · · ·+ 2|Ai|

d2|Ai| ||T
i1···i|Ai| ||2 = 1− 1

d|Ai| ,

where i ∈ {1, 2, . . . , k}. Thus we derive in a similar way to [40] that for odd N ,

2N−2
∑

α=1

Trρ2α > 2
[

C1
N

1

d
+ C2

N

1

d2
+ ·+ C

N−1

2

N

1

d(N−1)/2

]

+ (C1
k + C2

k + · · ·+ Ck−1
k )

(

1− 1

d|A|

)

,

= 2
[

C1
N

1

d
+ C2

N

1

d2
+ ·+ C

N−1

2

N

1

d(N−1)/2

]

+ (2k − 2)
(

1− 1

d|A|

)

,

while for even N ,

2N−2
∑

α=1

Trρ2α > 2
[

C1
N

1

d
+ C2

N

1

d2
+ ·+ C

N−2

2

N

1

d(N−2)/2

]

+ C
N
2

N

1

dN/2
+ (2k − 2)

(

1− 1

d|A|

)

.

Therefore, for k-separable pure state, we obtain

C(|ψ〉) = 21−N/2
√

2N − 2−
∑

α

Trρ2α

6























21−N/2

√

2N − 2k + 2k−2
d|A| − 2

(N−1)/2
∑

i=1

Ci
N

di for odd N,

21−N/2

√

2N − 2k + 2k−2
d|A| − 2

N/2−1
∑

i=1

Ci
N

di − C
N/2
N

dN/2 for even N .

(19)
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If ρ =
∑

i

pi|ψi〉〈ψi| is a k-separable mixed state, then by using of the convexity of the concurrence C(ρ) 6

∑

i

piC(|ψi〉) and inequality (19), we get

C(ρ) 6























21−N/2

√

2N − 2k + 2k−2
d − 2

(N−1)/2
∑

i=1

Ci
N

di for odd N,

21−N/2

√

2N − 2k + 2k−2
d − 2

N/2−1
∑

i=1

Ci
N

di − C
N/2
N

dN/2 for even N.

(20)

Remark. Theorem obtained in [40] is the special case k = 2 of Theorem 4.

Example 5. We consider the quantum state in Example 4. When k = 3, the lower bound in (18) is
√
22
4 . By

using Theorem 1 and Theorem 4, the 3-partite nonseparable is detected for t > 0.9243.
Example 6. Consider the family of n-qubit states,

ρ =
1− p

2n
I2n + p|GHZn〉〈GHZn|,

which is a mixture of n-qubit GHZ state and white noise. Here, |GHZn〉 = (|00 · · · 0〉 + |11 · · · 1〉)/
√
2. Applying

Observation 1 in [19] and Proposition in [40], we get

C2(ρ) ≥ 2n−1 − 1

2n−2

[

(2n−1 + 1)p− 1

2n−1

]2

.

From this bound, the state ρ is entangled (not fully separable) for p > 1/(2n−1 + 1). For p = 1, this reproduces
exactly concurrence of the pure n-qubit GHZ state. This means that we provide a necessary and sufficient criterion
for entanglement for the family of states ρ, since it is known that these states are fully separable iff 0 ≤ p ≤
1/(2n−1 + 1) [41, 42]. Because concurrence of mixed state is a convex function and this bound coincides with the
exact value on the point p = 1/(2n−1 + 1) and p = 1, so the bound equals the exact value on the whole interval
p ∈ [1/(2n−1 + 1), 1]. Namely, for the states of n-qubit GHZ state mixed with white noise, we present exact value
of concurrence

C(ρ) =

√

2n−1 − 1

2n−2

(2n−1 + 1)p− 1

2n−1
, p ∈

[ 1

2n−1 + 1
, 1
]

. (21)

Applying Theorem 4, we can detect k-nonseparability of n-qubit GHZ state mixed with white noise. For instance,
when n = 4 and k = 3, the 3-partite nonseparable is detected for p > 0.8991.

VI. CONCLUSION

In summary we have derived a new lower bound of concurrence for four-qubit states based on the monogamy
inequality of entanglement. Through specific examples, we have illustrated that the new lower bound may be
used to improve the previous lower bounds. We have also seen how to generalize this approach to N -qubit states
to obtain the lower bound of the concurrence. Moreover, we have obtained an exact formula of concurrence for
some mixed quantum states. For even-qubit states, an improved lower bound of concurrence using a monogamy
equality was derived. Compared with the lower bound of the concurrence presented in [22], our advantage is easy
to compute without considering the choice of parameters. At the same time, we prove that a multipartite state is
k-nonseparable if the multipartite concurrence is larger than a constant related to the value of k, the qudit number
and the dimension of the subsystems. Our result may support a new way to detect the multipartite k-nonseparable
states.
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