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Abstract

We consider three different communication tasks for quantum broadcast channels, and we
determine the capacity region of a Hadamard broadcast channel for these various tasks. We
define a Hadamard broadcast channel to be such that the channel from the sender to one of
the receivers is entanglement-breaking and the channel from the sender to the other receiver is
complementary to this one. As such, this channel is a quantum generalization of a degraded
broadcast channel, which is well known in classical information theory. The first communi-
cation task we consider is classical communication to both receivers, the second is quantum
communication to the stronger receiver and classical communication to other, and the third is
entanglement-assisted classical communication to the stronger receiver and unassisted classical
communication to the other. The structure of a Hadamard broadcast channel plays a critical
role in our analysis: the channel to the weaker receiver can be simulated by performing a mea-
surement channel on the stronger receiver’s system, followed by a preparation channel. As such,
we can incorporate the classical output of the measurement channel as an auxiliary variable and
solve all three of the above capacities for Hadamard broadcast channels, in this way avoiding
known difficulties associated with quantum auxiliary variables.

1 Introduction

Broadcast channels model the communication of a single sender to multiple receivers [1]. They have
been explored extensively in classical information theory [1, 2, 3, 4], with a variety of coding schemes
known, including the superposition coding method [1]. The capacity of a classical broadcast channel
has been solved in certain cases [4] but remains unsolved in the general case, being a well known
open problem in network classical information theory.

Quantum broadcast channels were introduced in [5] and take on a particular relevance in
quantum information theory, due to the no-cloning theorem [6, 7] and associated “no-go” results
[8, 9, 10, 11]. A variety of information-theoretic results are now known for quantum broadcast
channels. Refs. [5, 12] established a quantum generalization of the superposition coding method
for sending classical information over a broadcast channel. Ref. [5] established a method for send-
ing classical information to one receiver while sending quantum information to the other. Other
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information-theoretic results having to do with a variety of communication tasks for quantum
broadcast channels are available in [13, 14, 15, 16, 17].

In this paper, we determine the classical capacity region, the classical-quantum capacity region,
and the partially entanglement-assisted classical capacity region of Hadamard quantum broadcast
channels. That is, we determine the optimal rates at which a sender can transmit classical informa-
tion to two receivers, the optimal rates at which a sender can communicate quantum information
to one receiver and classical information to the other receiver, as well as the optimal rates at which
a sender can communicate classical information to both receivers while sharing entanglement with
one of them, whenever the underlying channel is a Hadamard broadcast channel. Hadamard broad-
cast channels are such that the sender Alice’s input is isometrically embedded in the Hilbert space
of two receivers, Bob and Charlie, the channel from Alice to Charlie is entanglement-breaking [18],
and the channel from Alice to Bob is complementary to the aforementioned one. The channel from
Alice to Bob is known as a Hadamard channel [19], and for this reason, we call the corresponding
broadcast channel a Hadamard broadcast channel. Single-sender single-receiver Hadamard chan-
nels have a complete characterization in terms of all of their capacities [20, 21, 22], and so our
results here represent a further exploration of these ideas in the domain of broadcast channels. An
interesting example of a Hadamard channel is a quantum-limited amplifier channel [23, 24], which
has appeared in a variety of contexts in quantum information theory due to its connections with
approximate cloning [25, 26, 27].

The rest of the paper proceeds as follows. In the next section, we provide a definition of a
Hadamard quantum broadcast channel. Section 3 details our first main result about the classical
capacity of a Hadamard broadcast channel. Therein we define the communication task, we review
the rate region achievable when using the superposition coding method from [5, 12], and we detail a
proof that the region is single-letter for Hadamard broadcast channels. Section 4 details our second
main result about the classical-quantum capacity of a Hadamard broadcast channel. Therein we
define the communication task, review the achievable rate region from [5], and thereafter give the
converse proof for the classical-quantum capacity region. Section 5 gives our third main result
about the partially entanglement-assisted classical capacity of a Hadamard broadcast channel. In
Section 6, we conclude with a brief summary and some open questions for future research. We point
the reader to [22] for basics of quantum information theory and for background on the standard
notation and concepts being used in our paper.

2 Hadamard quantum broadcast channels

We define a quantum broadcast channel /\/’E —, gc to be Hadamard if it has the following action on
an input state oa:

N po(oa) =) (0" aoalé?)ala)(yls @ [47) (WY|c, (1)

"E7y

where the vectors {|¢")a}, are such that they form a positive operator-valued measure (POVM)
> 10" (0%| a4 = 14, {|x) B} is an orthonormal basis, and {[¢)")c}, is a set of states. Note that the
channel in (1) is an isometric channel [22, Section 4.6.3], meaning that its can be reversed. This is
a key fact that we exploit in our paper. The reduced channel to Bob is a Hadamard channel [19]



of the following form:

NE—)B(JA) = (Trc ONAFIABC)(UA) (2)
= (¢"acal¢¥)a(¥¥ ")) (Y] 5 (3)

The reduced channel to Charlie is an entanglement-breaking channel [18] of the following form:

NE—)C(UA) = (Trp ONE—)BC)(UA) (4)
= Y (@"aoale" al") ("o, (5)

meaning that the action of the channel is to measure the input with respect to the POVM
{|¢")(¢"| 4}, and then prepare the state [¢)")¢ at the output if the measurement outcome is x.
Such channels have the property that Bob can apply the following isometry to his output received
from the channel:

Vespyer = Y |2)p(zls @ [2)y @ W), (6)

where system C’ is isomorphic to system C, and if he then discards the B and Y systems, the effect
is to simulate the channel to Charlie. That is,

Trpy oVaopycr o N4 g = Ni ¢ (7)

The channel Dg_,cv = Trpy oVp_,pycr is known as the degrading channel [28]. We can also
consider the degrading channel as arising in two steps: a measurement channel Mp_,y () =
> oo lz)(xly (-)|z)(x|y followed by a preparation channel Py_,cr(-) = > (z|(-)|z)y|Y*)(¥"|cr, so
that

Dp_cr = Py—cr o My (8)

3 Classical capacity region of a Hadamard broadcast channel

3.1 Definition of the classical capacity region of a broadcast channel

We begin by defining the classical capacity region of a quantum broadcast channel [5]. Let Na_, pc
denote a quantum broadcast channel from a sender Alice to receivers Bob and Charlie. Let n € N,
Mp,M¢c € Nyand € € [0,1]. An (n, Mp, M, ) code for classical communication over the broadcast
channel A4_, gc consists of quantum codewords { pan? }m17m2 and POVMs {A}1 by and {T'57 }on,
such that the message pair (mq,mg) is communicated with average success probability not smaller
than 1 —e:

S T{(A @ TEINT po(pa ™)} > 1 - <. (9)

Note that, in the above, m; € {1,...,M;} and my € {1,..., Ma}.

A rate pair (Rp, R¢) is achievable for classical communication on Na_, g¢ if for all € € (0,1),
0 > 0, and sufficiently large n, there exists an (n, onllip—d] on[Rc _6],5—:) code of the above form. The
classical capacity region of Na_,gc is equal to the closure of all achievable rate pairs.



3.2 Achievable rate region for an arbitrary quantum broadcast channel
From the superposition coding result in [5, 12], we know the following achievability statement:

Theorem 1 ([5, 12]) Given a quantum broadcast channel Na—,pc, a rate pair (Rp, Rc) is achiev-
able for classical communication on Na_pc if

Rp < I(Z; B|W ), (10)

Ro < I(W;C), (11)

Rp+ Rc < I1(Z; B)y, (12)

where the information quantities are evaluated with respect to a state Oy zpc of the following form.:
> pwzlw, 2)|w)lwlw @ [2)(z]z @ Naspalod), (13)

with pwz a probability distribution and {c%}, a set of states.

For a Hadamard quantum broadcast channel, the region above simplifies due to the structure
of the channel. That is, the bound in (12) is unnecessary (redundant) for a Hadamard quantum
broadcast channel. To see this, consider that the sum of (10)—(11) leads to

Rp+ Ro < I(Z; B]W)g + 1(W;C)g (14)
< I(Z;B|W)g+ I(W;B)y (15)
— [(WZ;B)y (16)
=1(Z;B)g + I(W; B|Z)g (17)
— 1(Z: By (18)

The second inequality follows from the data-processing inequality for mutual information and from
the fact that there is a degrading channel taking system B to system C' for a Hadamard broadcast
channel. The next two equalities follow from the chain rule for mutual information. The last
equality follows because the state of systems W and B are product when conditioned on the value
in system Z. So then the achievable region for a Hadamard broadcast channel consists of (10)—(11).

3.3 Classical capacity of a Hadamard broadcast channel

We now show that the region specified by (10)—(11) is in fact the classical capacity region of a
Hadamard broadcast channel (i.e., one can never achieve a rate outside of this region). That is, we
establish the following capacity theorem for a Hadamard broadcast channel:

Theorem 2 The classical capacity region of a Hadamard broadcast channel NE—>BC is the set of
rate pairs (Rp, Rc) such that

Rp < I(Z; BIW ), (19)
Ro < I(W;C)y, (20)

for some state
Owza =Y pwz(w,2)|w)wlw @ [2)(z]z @ ¢4, (21)

w,z
where pwz is a probability distribution, each % is a pure state, and the information quantities are
evaluated with respect to the state Oy zpo = NE_,BC(HWZA).
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Proof. The achievability part follows from a direct application of Theorem 1.
For the converse, consider an arbitrary (n, Mp, M, ) code for the broadcast Hadamard channel
N E o Let war a,Bron denote the following state:

1
MpMo

mi,ma2

Y Ima)milan @ Ime)(mala, ® NESE (™), (22)

mi,ma2

(,uMl MoBrC™ =

so that this is the state before the receivers act with their measurements. The post-measurement
state is as follows:

WMy Mo M| M} = Z p(ma,my, ma, my)|ma)(milm, @ ‘m/1><m/1’M{

/ !
mi,my,m2,MmMy

@ [ma)(malar, @ [ma)(malay, (23)

where
MBMC '

p(ma,my,ma,mh) =

From the condition in (9), it follows that

<e, (25)

3 HleMgM{MQ’ = Panny @ Loy

where ©,. M= Wl\ 2, M) (mil g, @ [mg)(mi|ay is the maximally correlated state for i € {1,2}.
The reduced state for Charlie can be simulated by acting with the measurement channel M%" By
followed by the preparation channel Y " o given our assumption of a Hadamard broadcast channel.

That is, we have that
WMy MyCn = P§10(5M1M2Y")7 (26)

where
Envi vy = ME (Wi voBn)- (27)

mi,

Let a spectral decomposition for the state p . "2 be as follows:

pln™ = plt|mr, ma)s ™, (28)
¢
with each cml’ 2t pure, so that the following state wps, v, BronT is an extension of way, pr, pron:
1
WMy My BrCnT = Mphe Z Ima)(malan @ [me)(ma|a,

mi,ma,t

®NEEE ™) @ p(tima, mo)[t) (tr (29)



For i € {1,...,n}, let

Cncyir = (dananBorr ®M%(_i>_yl) ® Troi1 ) (W ampBiciT) (30)
= MBlM D> ma) (il ® [ma)(ma|a,®
my mat
Wi ope @ |(ME5Y @ Trei ) o MG ™)
@ p(tlma, ma)|t) (t|r (31)
= MBlMC Z Ima)(malan @ [ma)(mala, © NY g0, (Tzl’mm’yiil)
ma ma,yi— Lt
@ p(y'Hma,ma, )y ™) (Y yior @ p(tfma, ma)|t) (¢, (32)
where
[(MESY @ Trin ) o WESHGD] () = 32t (= ma i, 1)y )y
i1
y (33)
Taking a spectral decomposition of """ YT as
TR S (sl ma, £y gl T, (34)
s
with each 9027’2_1’”” by’ s pure, we find that an extension of {3/[1 MyB,C,yi- 1T 1S

mi,ma,tyi !

; 1
CGransoyors = g Do Imamilan @ lme)(mela, © N s, (03 )

mi1,ma,t,yi=ls

@ p(y' ™ ma, ma, Oy ) (Y yior @ pthma, ma)|t) (Hr © p(slmy, ma, t,y")|s)(sls.  (35)

Let CQ MM, BCY TS denote the following state:

1~y :
CQM My BOYTS = o Z 9)(ilQ ® Chpy aty 3,0, vi- 178 (36)
i=1
where Y is large enough to hold the values in each Y?~! (and zero-padded if need be). Let
¢ QOM Mo TGBCYYTS denote an extension of CE My MyBCYTS such that systems @Q, M, and Y contain
a classical copy of the value in @), M, and Y, respectively.
We begin our analysis using information inequalities. Consider that

log Mc = I(My; M3)g (37)
< I(May; MY),, + elog M¢ + ha(e), (38)

where the inequality follows from a uniform bound for continuity of entropy [29, 30] (see also [22])



and ha(¢) denotes the binary entropy. Continuing, we find that

I(My; Mé)w < I(M;C™),, (39)
= H(C"), — H(C" M), (40)
= En:H(Ci\Ci_l)w - H(Ci]Ci_lMg)w (41)
= ZH H(Gi|C Ma),, (42)

The first inequality follows from quantum data processing. The first equality is an expansion of
the mutual information, and the second equality is an application of the chain rule for conditional
entropy. The last inequality follows from the fact that conditioning does not increase entropy.
Continuing,

(42) < ZH H(Ci|Y'" ' Ma) (43)
- ZI(Y"—lMQ; Ci) i (44)
=1
= nl(Y My; C|Q)¢ (45)
< nI(YM2Q; O)c. (46)

The first inequality follows due to the structure of the Hadamard broadcast channel: the systems
C*! can be simulated from classical systems Y?~!, which in turn can be simulated from the systems
B!, The first equality follows from the definition of mutual information. The second equality
follows by using the definition of the state in (36) and the fact that conditioning on a classical
system leads to a convex combination of mutual informations. The last inequality follows because
I(Y M2; ClQ)¢ = I(Y M2Q; C)¢ — 1(Q; C)¢ < I(Y M2Q; C)c.

We now handle the other rate bound. Consider that

log Mp = I(My; Mi)g (47)
< I(My; M7), + log Mp + ha(e), (48)

where the inequality follows from a uniform bound for continuity of entropy [29, 30] (see also [22]).
Continuing, we find that

I(Ml; M{)w

A

< I(My; B" M3)., (49)
= I(My; B"|Ma),, (50)
< I(M,T; B"|Ms)., (51)
— H(B"|My),, — H(B"|MaM,T),, (52)
:H( " Ms),, — H(C"|MyM;T),, (53)

— Z (Bi| B~ My),, — H(Cs|C* ' My My T),, (54)



The first inequality follows from quantum data processing. The first equality follows from the
chain rule for mutual information and the fact that I(Mj; Ms),, = 0. The second inequality follows
from quantum data processing for the conditional mutual information. The second equality is an
expansion of the conditional mutual information. The third equality follows because the state of
systems B"C" is pure when conditioned on classical systems M, Ms, and T. The last equality
applies the chain rule for conditional entropy. Continuing,

(54) <> H(Bi[Y" ' My)ei — H(Ci[Y' ' MyMy T (55)
=1
<Y H(BY ™' My)er — H(C[Y ™ My My TS) (56)
=1
=Y H(B,[Y'""'My)¢i — H(Bi[Y" ' MpMi TS (57)
i=1
=Y I(M\TS; Bi|Y" ' My) (58)
=1
= nI(M\TS; BIY M2Q)¢ (59)
< nI(M,TSQM;Y; B]Y MaQ).. (60)

The first inequality applies the data processing inequality for conditional entropy: the Y~! systems
result from measurements of the B'~! systems, and the C*~! systems can be simulated by prepa-
ration channels acting on the Y*~! systems. The second inequality again follows from the data
processing inequality for conditional entropy. The first equality follows because the state of the
B, C; systems is pure when conditioned on systems Y1, My, M;, T, and S. The second equality
follows from the definition of conditional mutual information. The third equality follows by intro-
ducing the @) system and evaluating the conditional mutual information of the state CQ My MyBOYTS
The final inequality follows from data processing for the conditional mutual information.
Putting everything together, we find that the following inequalities hold

1—e¢
n
1—¢

— 1
log Mp < I(MlTSQMQY; B‘YMQQ)C + ;hg(&‘), (61)

— 1
log Mc < I(Y MyQ; O)C + Eh2(€). (62)

Now identifying the systems M;T'S QMQ? with system Z in (21), systems Y M>@Q with system W in
(21), and the state @'y YT with ©% in (21), we can rewrite the above inequalities as follows:
1—¢

n

1—

n

1
log Mp < I(Z: BIW)¢ + —ha(e), (63)

S log Mo < I(W;C)¢ + %hQ(a). (64)

Now that we have established that these inequalities hold for an arbitrary (n, Mp, Mc,e) code,
considering a sequence {(n, Mp, Mc,e,)}y of them with €, — 0 as n — oo, we find that the rate
region is characterized by (19)—(20). m



4 Classical-quantum capacity of a Hadamard broadcast channel

4.1 Definition of the classical-quantum capacity region of a quantum broadcast
channel

We now recall the definition of the classical-quantum capacity region of a quantum broadcast
channel [5]. Let Na_,pc denote a quantum broadcast channel from a sender Alice to receivers Bob
and Charlie. Let n € N, Mp, Mo € N, and ¢ € [0,1]. An (n, Mp, M¢,e) code for classical-quantum
communication over the broadcast channel N'4_,gc consists of quantum codewords {rk A”}m7 such
that dim(Hr) = Mp, a decoding channel D and a decoding POVM {I'#%. },,. Let the state
after the channel acts be as follows:

Br R

1
WMRBTOM = T > Im)(mly @ N§% pe(pBan), (65)
m

and let the state after the decoders act be as follows:

YMM'RR = Z ') (m| a1 @ Tren{LEn [Py, g(wnrrpren)] ) (66)

m

For an (n, Mp, Mc,¢e) code, the following condition holds

1.
§H(I)MM'®CI)R§_WMM’R§H1 <¢ (67)

where @ .7 denotes a maximally entangled state.
A rate pair (Qp, R¢) is achievable for classical-quantum communication on N4, g¢ if for all
€ (0,1), 6 > 0, and sufficiently large n, there exists an (n, 2"@5=9] 2nlEc=0] £} code of the above
form. The classical-quantum capacity region of N4, gc is equal to the closure of all achievable
rate pairs.

4.2 Achievable rate region for an arbitrary quantum broadcast channel

From [5], we know the following achievability statement:

Theorem 3 ([5]) Given a quantum broadcast channel Na_,pc, a rate pair (Qp, Rc) is achievable
for classical-quantum communication on Na_sgc if

Qp < I(R)BW ), (68)
Re <min{I(W;B)g, I(W;C)p}, (69)

where the information quantities are evaluated with respect to a state Oy rpo of the following form:

Owrpo =Y pw(w)|w)(wlw @ Naspe(@ha), (70)

with pw a probability distribution and {©} 4 }w a set of pure states.



4.3 Classical-quantum capacity region for Hadamard broadcast channels

Theorem 4 The classical-quantum capacity region of a Hadamard broadcast channel N E . BC 18
the set of rate pairs (Qp, Rc) such that

Qs < I(R)BW)gy, (71)
for some state
Owra = ZPW )whwlw ® eras (73)

where py is a probability distribution, each ©i 4 is a pure state, and the information quantities are
evaluated with respect to the state Oy rpc = NE%BC(HWRA)'

Proof. The achievability part follows as a direct consequence of Theorem 3, by combining data
processing with the fact that a Hadamard broadcast channel is degradable.

To begin the proof of the converse part, let a spectral decomposition for the state p't 4. be as
follows:

it
Phan = Y p(tlm)spiin, (74)
t
with each ggﬁn pure, so that an extension of the state wy/rpncon in (65) is as follows:

WMRBrCNT = M—B > Im){mlar © Ny S5o(sgan) @ p(tim)[t)(tlr. (75)

m,t
For i € {1,...,n}, let

. _ X
iy = (idyrper MBS © Trai) (Warrpicir) (76)

1 (A 7 m
= 31 2 Imml @ WAL pe, @ (M) @ Tres ) o MESEE (R
m,t

® p(tlm)[t) (t[r (77)
1 H mty' i—1 i1\, i—1
= Z Im)(mlar @ N, o, (i) @p(y' ™ m, )]y )y yir (78)
B m,yt=lt
@ p(t|m)[t){t|r, (79)
where
® 1 )t 1—1 . s .
[(MEED @ Treir ) o MESEH] (k) = o mpt™ @ p(y ! m, ly' )y yir. (80)
yi 1
Letting gps’ ’y denote a purification of TR’ byt , we find that an extension of gJZ'\/[RBC-Yi*lT is
; 1 H t i—1
CMSRB,CYi-1T = My Z [m)(m|y @ N4, p,c, (@?R}% )
m7t7yi7178

@ p(y' ™ Hm, )y (Y yir @ p(tm)) (tlr. (81)

10



Let CQMSRBC?T denote the following state:
1 « .
CQMSRBOYT = n Z [i)(ilQ ® Cyrsrp,cpvi-iTs (82)
i=1

where Y is large enough to hold the values in each Y?~! (and zero-padded if need be).
The following information bound is a consequence of reasoning identical to that in (37)—(46):

1—¢

1
log M < I(W;C)¢ + Eh2(€), (83)

identifying W as YMTQ. (To get this bound, we require a final step of data processing to have
system 7" be included in W.)
We now prove the other bound. Consider that
log M = I(R)R) o (84)
< I(R)R),, + 2elog Mg + g(e), (85)

where the inequality follows from the main result of [31] and g(¢) = (1 4 €)logy(1 + €) — elogs (&),
with the property that lim._,og(¢) = 0. Continuing, we find that

I(R)R), < I(R)B"MT), (86)
= H(B"|MT), — H(RB"|MT), (87)
= H(B"|MT)., — H(C"|MT),, (88)
= n H(B;|B~MT), — H(C;|C**MT), (89)
=1

The first inequality follows from quantum data processing. The first equality follows from defini-
tions. The second equality follows because the state of systems RB"™C™ is pure when conditioned
on systems MT'. The third equality follows from the chain rule for conditional entropy. Continuing,

(89) < > H(Bi[Y"'MT)e — H(Ci[Y'" ' MT), (90)
=1

=Y H(B,[Y'"™'MT): — H(SRB;[Y' ™' MT), (91)
=1

=> I(SR)BY'"'MT): (92)
=1

= nI(SR)BY MTQ).. (93)

The inequality follows from the structure of a Hadamard channel: systems Y?~! can be simulated
by systems B~! and systems C*~! can be simulated by systems Y*~!. The second equality follows
because the state of systems SRB; is pure when conditioned on systems Y*"'MT. The third
equality is by definition, and the last follows by evaluating the coherent information of the given

11



state and systems. Putting everything together leads to the following two bounds:

1—

2 1
® log Mp < I(RYBW), + ~g(e), (94)
1 _

% log Mc < I(W; C)¢ + o), (95)

relabeling R as SR and taking W as YMTQ, as stated above. Now that we have established
that these inequalities hold for an arbitrary (n, Mp, M, ¢e) classical-quantum code, considering

a sequence {(n, Mg, Mc,e,)}y, of them with £, — 0 as n — oo, we find that the rate region is
characterized by (71)—(72). m

5 Partially entanglement-assisted classical capacity region of a
Hadamard broadcast channel

5.1 Definition of the partially entanglement-assisted classical capacity region of
a broadcast channel

We now define the partially entanglement-assisted classical capacity region of a quantum broadcast
channel [5]. Let N4, pc denote a quantum broadcast channel from a sender Alice to receivers Bob
and Charlie. Let n € N, Mp, Mo € N, and ¢ € [0,1]. An (n, Mp, Mc,¢e) partially entanglement-
assisted code for classical communication over the broadcast channel N 4_, g consists of a shared
(generally mixed) entangled state Wp, Rl such that Alice has system R, and Bob has system Ry.
Such a code also consists of a set of encoding channels {Egﬁl’_?:?jn m1,mss and POVMs {AR 5}, and
{L'{i2 b, such that the message pair (my,mo) is commumcated with average success probability
not smaller than 1 — &:

5 T & TN o R ), (96)
MpMc¢ a '

mi,ma2

A rate pair (Rp, R¢) is achievable for partially entanglement-assisted classical communication
on Na_,pcifforalle € (0,1), 6 > 0, and sufficiently large n, there exists an (n, onlitp—9] on[Rc—d] €)
code of the above form. The classical capacity region of Ns_.gc is equal to the closure of all
achievable rate pairs.

5.2 Achievable rate region for an arbitrary quantum broadcast channel

We now argue an achievability statement based on some prior coding schemes from [32, 28, 33]:

Theorem 5 Given a quantum broadcast channel Na_pc, a rate pair (Rp, Rc) is achievable for
partially entanglement-assisted classical communication on Na_,pc if

Rp < I(R; B|W)j, (97)
Ro < min{I(W; B)g, I(W;C)g}, (98)

where the information quantities are evaluated with respect to a state Oy rpc of the following form.:

ZPW )w)(wlw @ Naspe(Pka), (99)

12



with pw a probability distribution and {@F 4} a set of states.

Proof. We merely sketch a proof rather than work out the details, mainly because the ideas for
it have been used in a variety of contexts. The idea is similar to that used in trade-off coding for
transmitting both classical and quantum information over a single-sender single-receiver quantum
channel (see in particular [22, Theorem 22.5.1]). Fix a probability distribution py (w) and a
corresponding set of pure states {p},}w. Pick a typical type class T;, meaning the set of all
sequences with the same empirical distribution ¢(w) that deviates from the true distribution pyy (w)
by no more than § > 0. All the sequences in the same type class are related to one another by a
permutation, and all of them are strongly typical. Now we suppose that Alice and Bob share the
state
Phan = Ppya, @ O PR, (100)

where the sequence w™ € T;, Alice has the A" systems, and Bob has the R™ systems. The reduced
state after tracing over Bob’s systems is %, = Par ® - ® Py

The main idea is for Alice to layer the messages on top of each other as in superposition
coding. She first encodes a classical message as a permutation of the sequence w™ (using a
constant-composition code as discussed in [22; Section 20.3.1]), sending the A™ systems of the
state gp}%z 4n through n uses of the broadcast channel. Bob and Charlie then decode, and Bob
neglects his systems R"™ in this first decoding step. It is possible for each of them to decode re-
liably as long as the rate Re < min{I(W;B)g, I(W;C)g}. At the same time, Alice can encode
another message intended exclusively for Bob as an entanglement-assisted code into the states
©%n 4n- This is possible by arranging the sequence of states %, 4. into |[W| blocks of ~ npyw (w)
i.i.d. states of the form ¢} ,. For each block, she employs the coding scheme of [33] for entanglement-
assisted coding at a rate I(R; B)ar(ow), such that the total rate for the message intended for Bob is
2w PW (W)L (R; B) pr(pwy = I(R; B|W)g. So, in a second decoding step after Bob determines which
permutation of the sequence w™ Alice transmitted, he can rearrange his systems R"A"” into the
above standard form to decode the message encoded in the entanglement-assisted codes. This gives
the achievable rate region above. See the discussion in the proof of [22, Theorem 22.5.1] for more
details. m

5.3 Partially entanglement-assisted classical capacity of a Hadamard broadcast
channel

We now determine the partially entanglement-assisted classical capacity region of a Hadamard
broadcast channel:

Theorem 6 The partially entanglement-assisted classical capacity region of a Hadamard broadcast
channel N, . is the set of rate pairs (Rp, Rc) such that

Rp < I(R; B|W )y, (101)
Re < I(W5.C),, (102)

for some state
Owra =Y pw(w)|w)(wlw @ ¢k, (103)

where pw is a probability distribution, each ¢} 4 is a pure state, and the information quantities are
evaluated with respect to the state Oy rpc = NAH—>BC(9WRA)-
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Proof. The achievability part follows from a direct application of Theorem 5, by combining data
processing with the fact that a Hadamard broadcast channel is degradable.

For the converse, consider an arbitrary (n, Mp, M, ) code for the broadcast Hadamard channel
NI oo Let war m,rosron denote the following state:

WM M RoBTCn = T > lma)(mila, @ fma)(malas, © NASEC(ER T2 (Vrory))s  (104)

so that this is the state before the receivers act with their measurements. The post-measurement
state is as follows:

WMy Mo M| M} = Z p(ma, my, ma, my)|ma) (ma |,

/ !
mi,my,m2,Mmy

® [my) (M g @ [ma)(malu, @ [may)(mb|ag,  (105)

where
Te{(Afy g @ TN ( T (Vomy))}

p(m17m,17m27m/2) = MpMc (106)
From the condition in (96), it follows that
3 HleMgM{MQ’ — @0 @ Pagyn 56 (107)

where ;. M= le\ >, M) (milag; @ [mi)(mipy is the maximally correlated state for i € {1,2}.
For a fixed mo, let gj\”/}f RoAn denote the following state:

1
SM. RyAn = M5 Z |mq){m1 |, ® 577&%(‘1’1%0%)7 (108)

mi

and let c}n]f/h Ry An denote a purification of it, so that

WM, MyRoTBrCn = —M > Ima) (malan @ NS (55 poan) (109)
ma
is an extension of was, apr,RoBron. For i € {1,...,n}, let

%
CMleRoBiCiYiflT

— [ ®(i—1
- (ldMleRoBiCiT ®MB(_Z>Y) & ’I\I'Cifl)(leMzROBiciT) (110)
1 ®(2—1
= 30 2 Imamalie © (WA e, @ (MG @ Troe ) o NS D6 pas) (11D)
m2
1 i1 . - o
=30 2 Imadmalie @ N b (i pa) © 20 ma)ly T Gy e (112)
m27yi71

where

®(i—1 i
[(MBgY)@’TTCH) NEE?ZBC}} (731, Ry ai) ZTTMIROA ®@p(y"Hma)ly’ Wy i (113)
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-1 —1 .
2731 : ) :
Taking a purification of 775, 'p 4. as Car M1 RoA;» We find that an extension of ¢ My MyRoB,C,Yi—1T 18

i 1
CMlMgRoBiciYiflTsz—MC E [ma){ma|r,
m27yi71

i—1 - - -
RNA B (Cort moa,) @ P ma)ly ™)y yir. (114)
Let (Q M, My Ry BOYTS denote the following state:
_ 1 N ;
SQun My RoBCYTS = n Z [0){ilQ © Chry vty RoBiCyy 178 (115)
i=1

where Y is large enough to hold the values in each Y*~! (and zero-padded if need be).
The following information bound is a consequence of reasoning identical to that in (37)—(46):

1—

° log M¢ < I(W; O)C + %hQ(&), (116)

identifying W as Y M>Q.
We now handle the other rate bound. Consider that
log M = I(My; M})g (117)
< I(My; My),, + elog Mp + ha(e), (118)

where the inequality follows from a uniform bound for continuity of entropy [29, 30] (see also [22]).
Continuing, we find that

[(My; M), < I(My; B"RoMs)., (119)
= I(My; B" Ro|M3)., (120)

= I(MiRo; B"|M2)w, + I(My; Ro| M), — I(B"; Ro|M2)., (121)

< I(MiRo; B"|M2)., (122)

< I(MRoT; B"|M3)., (123)

= H(B"|M2)w — H(B"|M1RyT M>),, (124)
H(B"|Mz)., + H(B"|C"Mz)., (125)

The first inequality follows from quantum data processing. The first equality follows from the chain
rule for mutual information and the fact that I(Mi; Ms), = 0. The second equality is an identity
for conditional mutual information. The second inequality follows because I(Mj; Ry|Ma), = 0 (i.e.,
the reduced state on these systems is a product state) and I(B™; Ry|M2),, > 0. The third inequality
follows from quantum data processing for the conditional mutual information. The third equality
is an expansion of the conditional mutual information. The third equality follows because the state
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of systems My RyT' B"C™ is pure when conditioned on classical system Ms. Continuing,

(125) ZH (B;|B"'My),, + H(B;| B 'C" M), (126)
i=1

< f: H(Bi|Y"™ ' My) i + H(B;|Y' ' C; M) i (127)
=1

— zn: H(Bi|Y" " My) i — H(B;i|RogSTM,Y" ™' My) (128)
=1

= zn:I(ROSTMl; BilY' ™ M) (129)

= ;:(llQOSTMl; BY MyQ).. (130)

The first equality follows from the chain rule for conditional entropy. The first inequality applies
the data processing inequality for conditional entropy: the Y?~! systems result from measurements
of the B! systems and then we discard the C*~! systems. The second equality follows because
the state of the RySTM;B;C; systems is pure when conditioned on systems Y?~! and M,. The
second equality follows from the definition of conditional mutual information. The third equality
follows by introducing the ) system and evaluating the conditional mutual information of the state

CQMleRQBC?TS'
Putting everything together, we find that the following inequalities hold

1—

— 1
= log Mp < I(RoSTMy; BY MaQ)c + ~hafe), (131)
1 —

% log Mo < I(VMoQ; C)¢ + o). (132)

Now identifying the systems RoST M, with system R in (103), systems Y M@ with system W in
(103), and the state ¢g7 M RoA, With ¢, in (103), we can rewrite the above inequalities as follows:

1—

1
© log M < I(R; B|W), + ~ha(e), (133)
1 _

 log Mo < I(W;C)¢ + %hg(s). (134)

Now that we have established that these inequalities hold for an arbitrary (n, Mp, Mc,¢€) code,
considering a sequence {(n, Mp, Mc,e,)}y of them with €, — 0 as n — oo, we find that the rate
region is characterized by (101)—(102). m

Remark 7 In all of the capacity theorems established here (Theorems 2, 4, and 6), the rate R
can be replaced by the sum of a rate Rpc and R, where Rpc is the rate of a common message
intended for both Bob and Charlie, while Rc is the rate of a message intended for Charlie. This
is because all of our converses go through with this modification, and at the same time, all of the
achievability parts make use of a superposition coding technique, in which Bob first decodes the
message intended for Charlie before decoding the message intended for him.
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6 Conclusion

This paper solves the classical capacity, classical-quantum capacity, and partially entanglement-
assisted classical capacity of Hadamard broadcast channels. As such, these channels might naturally
be viewed as a quantum extension of the notion of a degraded broadcast channel. Essential in all
of our analyses is the structure of a Hadamard broadcast channel in which the C' system can be
simulated in two steps: first a measurement channel taking the B system to a classical Y system
and then a preparation channel taking the classical Y system to the C system. This structure
allows for a classical auxiliary variable to include the classical Y system in each of the problems we
considered, as is common in network classical information theory [4].

Much remains to be understood about including fully quantum systems in auxiliary variables,
but there has been some progress on this front [34] and various information-theoretic tasks have
been characterized using auxiliary quantum variables [35, 36, 37, 38]. However, in many of these
cases, it is not known whether a bound can be placed on the dimension of an auxiliary quantum
system and so quantities involving quantum auxiliary variables are not known to be tractable. At
the least, the structure of a Hadamard broadcast channel allows for circumventing this problem
and yields a complete characterization of some of its capacities.
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