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It is known that the n-qubit system has no unextendible product bases (UPBs) of cardinality
2" — 1, 2" — 2 and 2" — 3. On the other hand the n-qubit UPBs of cardinality 2" — 4 exist for all
n > 3. We prove that they do not exist for cardinality 2" — 5.

PACS numbers: 03.65.Ud, 03.67.Mn

I. INTRODUCTION

The notion of UPBs is fundamental in quantum in-
formation theory and has various applications. First,
UPBs have been constructed to characterize the nonlo-
cality without entanglement that appears when locally
distinguishing product vectors ﬂﬂ] Second, UPBs have
been used to construct positive-partial-transpose (PPT)
entangled states B] All two-qutrit UPBs have been con-
structed as well as all two-qutrit PPT entangled states
of rank four ﬂa] Furthermore, the multiqubit UPBs have
been used to construct Bell inequalities without quan-
tum violation ﬂﬂ] Recently, it has been shown that
the structure of multiqubit UPBs is related to the so-
called orthogonality complete graphs, and many multi-
qubit UPBs have been thus constructed ﬂﬂ] However
the main problem, namely to determine the cardinalities
of multiqubit UPBs is still unresolved.

For convenience we denote by 0,, the set of cardinali-
ties of UPBs in the n-qubit systems. As we allow a UPB
to span the whole Hilbert space, we have 2" € ©,,. It is
known that 2" — 1, 2" — 2 and 2" — 3 do not belong to
O, for any n, and 2" —4 € ©,, for all n > 3 ﬂﬁ, ] In
these references, extensive computer computations failed
to find any example of n-qubit UPBs of cardinality 2™ —5.
In the cases n = 3,4 it is known that they do not exist.
Hence, the question was raised whether such UPBs exist
for some n > 5. In Theorem [@ we prove that they do not
exist. Our proof is based on the study of the hypotheti-
cal entangled PPT projector p of rank 5 which a UPB of
size 2" — 5 would provide. As a result we constructed a
couple of examples of 5-qubit bound entangled states of
rank 5, which give the affirmative answer to a question
raised by Johnston in [12, Sec. 6], open problem (1).

The rest of this paper is organized as follows. In Sec.
[ we introduce our notation and recall some known facts.

Then we prove two auxilliary lemmas and our main result
in Sec. [Tl We conclude in Sec. [Vl
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II. PRELIMINARIES

Let H = H1 ® -+ ® H,, be the Hilbert space of di-
mension D representing a quantum system Aj,..., A,
consisting of n parties. We are mainly interested in the
case where all parties are qubits, i.e. each Hilbert space
‘H; has dimension two. In that case, we fix an orthonor-
mal basis |0);, 1), of #;. Usually, the subscript j will be
suppressed.

We say that a vector |v) € H is a unit vectorif ||v|| = 1.
As a rule, we shall not distinguish two unit vectors which
differ only in the phase. When Dim H; = 2, by using this
convention, we can say that for any unit vector |v;) € H,;
there exists a unique unit vector |vj-) € H; perpendicular
to |v;).

A product vector is a nonzero vector |z) = |z1) ® -+ ®

|z,), which will be written also as |z) = |x1,...,2,).
If || = 1 we shall assume (as we may) that each
[lz;]] = 1. Two product vectors |z) = |z1,...,xy,) and
ly) = |y1,. .., yn) are orthogonal if and only if |z;) L |y;)

for at least one index j. We use the abbreviation OPS to
denote any set of pairwise orthogonal unit product vec-
tors in H. The cardinality of an OPS cannot exceed D,
the dimension of 7. We say that an OPS is an OPB,
orthogonal product basis, if its cardinality is D. As an
example, in the n-qubit system, the 2" product vectors
|zs) =|s1,...,8n), where s := (s1,...,8,) runs through
all binary {0, 1}-sequences of length n, is an OPB. We re-
fer to this OPB as the standard OPB. However, there are
many other n-qubit OPBs and describing or classifyin,
them for any n is a very hard problem, see Bﬁ, B, @%
and our paper ﬂ] for the case n = 4.

An uneztendible product basis (UPB) is an OPS such
that there is no product vector orthogonal to all vectors
of the OPS B, @] Originally it was required that UPB
does not span the whole Hilbert space H, but for the sake
of convenience we have dropped that restriction. We say
that a UPB is proper if it does not span H. We record
some facts from the introduction section in the following
lemma.

Lemma 1 Forn > 3, the two largest integers in ©,, are
2" and 2™ — 4.
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On the other hand, the problem of finding the smallest
element of ©,, has been considered by several authors @,
9, E] and it was finally resolved by Johnston , Theorem
1]. We state his theorem as follows.

Theorem 2 (Jonhston, 2013) The smallest integer in
©,, is:

(i) n+ 1 if n is odd;

(1) n+2 if n =2 (mod 4);

(i1i)) n+4 if n =0 (mod 4) and n > §;

(iv) 6 if n =4 and 11 if n = 8.

For small values of n, we have ©; = {2}, O3 = {4},
O3 = {4,8}. Further, from [12, Table 3] we see that

04 = {6,7,8,9,10,12, 16}, (1)
05 2 {6,8,9,10,12 — 26,28, 32}, (2)
O 2 {8,9,12,14 — 58,60, 64}, (3)
©7 D {8,12,16,17,18,20 — 122,124,128},  (4)

where ¢ — j means that all integers k in the range
i < k < j are included. Johnston ﬂﬂ] asks whether
the integers 11,27 belong to Os; 10,11, 13,59 to Og; and
10,11,13,14,15,19,123 to O.

The main result of this note, Theorem [@ asserts that
2" — 5 ¢ ©,, for any n. In particular, we obtain partial
answers to the above questions, namely 27 ¢ O3, 59 ¢
667 and 123 ¢ @7.

In what follows we recall some known results which we
need for the proof of our main result. Here we allow the
spaces H; to have any finite dimension > 2.

Let p denote an n-partite state p := pia...,, on the space
Hi@Ho® - @ Hyp. We say that p is a PPT state if the
partial transpose of p with respect to any subsystem is
positive semidefinite. We use the acronym PPTES to
denote entangled PPT states. If p is a separable state,
then L(p) denotes its length. For any linear operator p
we denote its range by R(p) and its nullspace by ker p.

We say that a bipartite state p is a k x [ state if its
reduced states p; and p2 have ranks k and [, respectively.
In the bipartite case, p' will denote the partial transpose
of p with respect to the first system. We refer to the
ordered pair (rank p, rank p') as the birank of p.

Lemma 3 (i) Let p be a 2 x N PPT state and |a,b) €
ker pN(R(p1) ®R(p2)) a unit product vector. Then there
exists A > 0 such that o := p — A a,b)a,b| > 0, ranko =
rank p—1, ranko" = rank p' —1, rank oy = rank ps—1 =
N — 1, and the state o is PPT.

(ii) If p is a 2 X 2 or 2 X 3 separable state of birank
(r,s), then L(p) = max(r,s). O

Proof. (i) For all assertions, except the PPT
property of o, see ﬂﬁ, Lemma 7] and its proof. We
shall prove the PPT property. By tracing out the first
party in the equation p = o + A|a,b)a,b|, we obtain
that p2 = o2 + AJbYb|. It follows that |b) ¢ R(o2).
Hence, there exists an invertible linear operator W on

Ho which makes P := Wo,WT into an orthogonal pro-
jector and such that PW|b) = 0. If V := W~'PW then
(I®V)p=(I®V)o because PW|b) = 0, and so we have
(IeV)p(IaVh) ={I®V)o(IoVT). Thus to prove that
o is PPT it suffices to verify that (I @ V)o(I @ V1) = 0.
This can be done as follows.

Let 03 = 300" b;)b;| and P = S0 [5)]. Since
P = Waou,WT we may assume that W1b;) = |j). Since
0o is a reduced density operator of o, we have o =
> leiXevi| where |e;) = 377, |aj,b;) for some vectors
la;,i). Then one can verify that (I ® V)o(I @ V1) = 0.

(ii) is proved in [d, Proposition 3]. O

In the following lemma, 7; denotes the rank of the jth
reduced density operator, p;, of the state p.

Lemma 4 (see [§]). (i) Any n-partite PPT state of rank
at most three is separable.
(i) If p is an n-partite PPTES of rank four then either
n=2andri=rp,=3o0orn=3 andry =ro =1r3 = 2.
O

The following lemma is a special case of Kruskal’s the-
orem (see [19] and [20, Theorem 12.5.3.1, p. 306]).

Lemma 5 Let |CL> = |a1,a2,a3>, |b> = |b1,b2,b3>, |C> =
lc1, ca,c3) and |d) = |di,da,ds) be product vectors of
a tripartite system and let the vectors |a;) and |b;) be
linearly independent for i = 1,2,3. Then the equality
la) +1b) = |¢) + |d) implies that, up to phase factors,

{la), 102} = {le), |d)}-

For the convenience of the reader, let us state ﬂ, Re-
mark, p. 7] as a lemma.

Lemma 6 All OPBs of a bipartite system Hi @ Ha with
DimH1 = 2 can be constructed by the following method.
First choose an orthogonal decomposition Ho = Xy &
- @ Xy, with kj :=DimX,; > 1 and ) k; = DimHo.
Neat choose m pairwise different o.n. bases {|v;), [v;")},
j € {1,2,...,m} of Hi. Finally, for each j, choose

two arbitrary o.n. bases {|xj1),|Tj2),..., |z} and
i) lys2)s - Yk, )} of Xj. Then the product vectors
|Uj7xj71>= LR |Uj7xj7kj>7
|’Uijyj,1>7 SR |ija yj-,kj>7
j=1,...,m,

form an OPB of H.

III. MAIN RESULT

In this section we present our main result on the mul-
tiqubit UPBs in Theorem In addition to the known
results in Sec. [l we shall need two more lemmas.

Lemma 7 Suppose there is a« UPBU C H of cardinality
2™ — 5 which is orthogonal to five mutually orthogonal



states |a)®|p;), 7 =1,...,5, with |a) € Hi a unit vector.
Then H' = Ha @ -+ @ Hy, has a UPB of cardinality
2"=1 — 5 which is orthogonal to the states |¢;).

Proof. ThesetV:=UU{|la)®|p;):j=1,...,5}isan
OPB when we view H as a bipartite system H = Hi1 QH'.
By Lemma[Gl V has the form

V:{|ai,gpij>:i:1,...,m, ]:1,,I€Z}
Ulai vi) ti=1,...,m, j=1,....k}, (5

where the {|a;), |ai")} are m different o.n. bases of H;.
We may assume that |a) = |a1) and |@;) = |¢1,),
j = 1,...,5. As (a;laj) # 0 for i # j, the set
W= {lgi):i=1,...,m, j=1,...,k} is an o.n. ba-
sis of H'. It consists of five entangled states |p;) = |¢1;)
and 2"~ ! — 5 product states |¢;;) for which |a;, p;;) € U.
Since the subspace spanned by the former contains no
product vector, the latter vectors form a UPB in H’ of
cardinality 2"~! — 5. 0

Lemma 8 We shall view the n-qubit Hilbert space H also
as a bipartite space H = H1 Q@H', where H' :=Ha®---®
Hn. Let p be a state of rank five on H which is PPTES
as n-partite state and 2 X m as a bipartite state. Assume
further that ker p has an o.n. basis consisting of n-partite
product vectors. Then p is separable as a bipartite state
and has length five, say p = Z?:l laj,viXa;, ;. If p is
a projector then the |aj,v;) form an o.n. basis of R(p).

Proof. Since rankp = 5 we must have n > 3.
Let {|bj,¢;) : j = 1,...,2" — 5} be the o.n. Dbasis
of ker p mentioned in the lemma. Since the |b;,¢;) €
ker p, we have (bj, ¢;|p|b;, ¢;) = 0 which is equivalent to
(b3, ¢j|pr|b3f, ¢j) = 0. As p is PPT, this implies that all
|b;f7 ¢;) € ker p'. We conclude that rank p' < 5.

Let p/ = Try p, be the state obtained from p by trac-
ing out the first qubit, and note that m = rankp’. As
rank p = 5, we must have 3 < m < 5. If m =5 then all
assertions follow easily from [15, Corollary 3(a)]. Thus
we may assume that m is 3 or 4.

Since rank p = 5, the vectors |¢;) span a subspace of
dimension at least 2»~! — 2. As m > 3, for some k
we have |¢r) ¢ kerp’. Thus we have a decomposition
|pr) = |a) + |B) with |a) € R(p'), |B) € kerp’. Since
b, o) € kerp and |by, 3) € Hi @ kerp’ C kerp, we
deduce that |bg, ) € (H1 @ R(p")) Nker p. By Lemma [3]
(i) there is a A > 0 such that o := p — A|by, a)bk, a| > 0
is a PPT state of birank (4,7 — 1) and ranko’ = m — 1,
where ¢/ = Trio. As m = 3 or m = 4, by the Peres-
Horodecki criterion o is separable. Hence, p is separable
as a bipartite state. Since r < 5, it follows from Lemma
(ii) that L(o) = 4.

The last assertion follows from the fact that rank p =
L(p) = 5. O

Let us give an example of a state p satisfying the con-
ditions of the above lemma. We take n =4 and

p=10,0,0,0%0,0,0,0]+ |1X1] ® o,

where ¢ is a well-known 3-qubits PPTES of rank four
constructed from the 3-qubit UPB of size 4 (see [4]).

On the other hand there exist multiqubit PPTES of
rank five not of this type. An example is the extremal
four-qubit symmetric PPTES with three-rank (5,7,8)
constructed in [16] at the end of Sec. IIL.

Each of the above two PPTESs answers affirmatively
a question raised in [12, Sec. 6], open problem (1).
The range of the first PPTES contains the product state
[0,0,0,0). The range of the second PPTES is the 5-
qubit symmetric subspace spanned by symmetric prod-
uct states. So, the kernel of neither of these two PPTESs
is spanned by a multiqubit UPB.

Another interesting example is the so-called X-type
multiqubit PPT state of rank five ﬂﬂ, ], which may
be yet another example of a multiqubit PPTES of rank
five, but so far we have no proof that this is the case.

Now we are in a position to prove our main result.

Theorem 9 There are no n-qubit UPBs of cardinality
2" —5, de., 2" —5¢ O,,.

Proof. Since O3 = {4,8} and ©, =
{6,7,8,9,10,12,16}, the assertion is true for n = 3,4.
Assume that the assertion fails for some n > 4 and let n
be the smallest such integer. We have to derive a contra-
diction.

By our assumtion, there exists a UPB U C H of cardi-
nality 2" — 5. We can write it as

u:{|uza¢l>7’:152772n_5}7

where |u;) € H; are unit vectors and the |¢;) are product
vectors in H' :=Ha @ -+ @ Hp.

Denote by p the projector onto the 5-dimensional sub-
space U+. By Lemma [§ we have

5
p = lag)al © |e;)usl; (6)

j=1

where the vectors |aj,1);) form an o.n. basis of 4+ and
the |a;) € Hq are unit vectors. If all the |a;) are equal,
then Lemma [T implies that H’ has a UPB of cardinality
2= — 5. This contradicts our choice of n. We conclude
that the vectors |a;) span Hi. We shall now distinguish
three cases.

Case 1. {|a;)} contains two o.n. bases of H;.

Without any loss of generality we may assume that
las) = |ai), |as) = |a3’) and either |as) # |a;) for j < 5
or |as) = |aa). Since the |a;,1);) are pairwise orthogonal,
we have |¢3) L |t1),]12). By using Lemma [6l one can
verify that {|¢1),[13)}* has an o.n. basis consisting of
product vectors. Consequently, o := [tb1 Y11 |+ |13 ) 03] is
an (n — 1)-partite PPT state of rank two. By [8, Lemma
11] it is separable of length two. The same is true for

B = |2 )tba| + |13)13], and so we have

,bn><b2, .. ,bnl + |627 .. .,Cn><62, ..
,dn><d2, .. ,dn| + |62, R ,€n><€2, ..

-7cn|7

S enl(7)

a:|b2,...
B =lds,...



where |ba,...,b,) L Jc2,...,cn) and |da,...,d,) L
lea, ..., e,) are unit vectors. Hence
|¢1>7 |¢3> S Spa'n{|b27 e '7bn>7 |027 .. '7Cn>}7

[th2), |13) € span{|da,...,dy),]e2,...,en)}.  (8)

By permuting the last n — 1 qubits, we may assume
that for some m > 2 we have |b;) # |¢;) for 2 < j <m
and |b;) = |¢;) for j > m. Asno |¢);) is a product vector,
it follows from () that m > 2.

Suppose that m > 3.
implies that the sets {|ba,...,bn),|c2,...,cn)} and
{|da,...,dyn),|e2,...,en)} are the same (up to phase
factors). It follows that the vectors [¢1), [¢2), [1)3)
belong to the same 2-dimensional subspace, and since
[ths) L |tb1),|1h2) we deduce that |¢p1) = |ih2). Since
la1,v1) and |ag,v¥2) = |ai, 1) belong to R(p), so does
las,1). Since also |as,v3) € R(p), we deduce that
las, ba,...,b,) € R(p). This contradicts the assumption
that U is a UPB.

Hence, we must have m = 3 and so

Then Lemma

|b4,...,bn> = |C4,...,Cn> = |d4,...,dn> = |€4,...,€n>.

(9)
As mentioned earlier, we have to consider two possibili-
ties for [i)s).

The first one is that |as) # |a;) for j < 5. By
using Lemma [6] one can verify that the subspace
{|¥1), |3), |[ws) }+ of H' has an o.n. basis consisting of
product vectors. As the vectors |a;,1);) are mutually
orthogonal, we have |¢5) L [¢1), |t)3). Hence, by adjoin-
ing the product vectors |ba,...,b,) and |ca,...,cn)} to
the above mentioned o.n. basis, we obtain an o.n. basis
for the hyperplane of H’ orthogonal to |1)5). As |¢5) is
not a product vector and H’ has no UPBs of cardinality
27~ — 1, we have a contradiction.

The second possibility is that |as) = |a4). As the vec-
tors |aj, ;) are mutually orthogonal, the same is true
for the vectors [11), |t4) and |¢5). By using Lemma [6]
one can verify that the subspace {|t1), [{4), |5)} of H’
has an o.n. basis consisting of product vectors. Since
2=l — k¢ 0, ; for k€ {1,2,3}, the subspace spanned
by |t1), [4) and |i5) has an o.n. basis consisting of
product vectors, say |p) = |[p2,...,0n), [@) = 1q2,- -, qn)
and |ry = |ra,...,my). It follows that there exists an
order-3 unitary matrix [u;;] such that

[1) = u11|p) + ui2|q) + uis|r),
[V4) = u21|p) + uz2|q) + uas|r),
[U5) = us1|p) + us2|q) 4 uss|r). (10)

By the argument we used above to prove that the |a;)
are not all equal, we can show that there is no j > 3 such
that [p;) = |g;) = [r;) = |b5)-

If w17 = 0 then we have wugouss — ussuzs = 0 and
by taking a suitable linear combination of |a4,4) and
|ay,5) we obtain that the product vector |a4,p) € R(p),
i.e. we have a contradiction. Thus uq1 # 0, and similarly

u12 # 0 and w33 # 0. From the equations () and (@) we
obtain that

[91) = (€]b2, b3) +nlca, c3)) @ |ba, ..., by)
u11|p2, - - Pn) + U12|q2, - -, qn) + uislre, ..

ST,
(11)

where {n # 0 and |b;) # |¢;) for j = 2,3. Since we
have shown that for j > 3 at least one of the three unit
vectors |p;), |g;), |r;) is not equal to |b;), the equation
(1) implies that at most one of the same three vectors
can be equal to |b;).

We claim that |p;) # |b;) for j > 3. We shall prove
it by contradiction. Assume that, say, |p,) = |bn).

Then the equation (II)) implies that |g2,...,qn—1) =
|ro,...,mn—1) and so
[91) = wailp2, -« pn) + a2, -+, n-1) ® (w12|qn) + wa3|rn))-

(12)

From ([I) we see that (by, ..., by|th1) = &|ba, b3)+n|ca, c3)
has Schmidt rank 2. From (2 we deduce that also
Ip2, p3) + |g2, g3) has Schmidt rank 2. As (b |¢1) = 0,
from the same equation we obtain that

U11<er{71|pn—1>|P27 e Pn—2,Dn) +
<bi—1|Qn71>|qu SRR Qn72> oy (u12|Qn> + U13|Tn>) =0.

This equation implies that (b1 | |p,—1) = (bt ||gn_1)
0 which gives the contradiction: |pn,—1) = |gn-1) =
|bp—1). Thus our claim is proved.

Let |0) = |¢1) —u11|p). By switching the tensor factors
Hs and Hy, |6) is mapped to

§|b27b4> ® |b35b55 s ab’n«> =+ 77|025b4> ® |C3ab57 .- 7bn>

_u11|p27p4> & |p37p57 e Jpn>

The three first tensor factors, namely |bs, by), |c2, bs) and
|p2, pa), are linearly independent and the same holds true
for the second tensor factors. It follows that [0) con-
sidered as bipartite tensor has tensor rank 3. Now the
equation ([T gives a contradiction.

Case 2. {|a;)} contains only one o.n. basis of H;.

Say, |az) = |ai). We have p = |a1)a1|®@a+|ai Yai |®
B+ v, where a is a sum of p terms [;)}v;], 5 is a sum
of ¢ terms |¢;)1;], and ~ is a sum of 5 — p — ¢ terms
lar, i Xar, ¥i]. We may also assume that p < ¢. By using
LemmalGl one can verify that the orthogonal complement
in H' of the set of the |¢;) which appear in « has an o.n.
basis consisting of product vectors. Hence, |«) is a PPT
state of rank p < 2. By Lemma [ « is separable. It
follows that R(p) contains a product vector and we have
a contradiction.

Case 3. {|a;j)} contains no o.n. basis of ;.

We may assume that |a;) = |aq) for i < p and |a;) #
la1) for j > p. Let V. C H' be the subspace spanned
by the |¢);) for i < p. By the same argument as in case
2, the subspace V+ C A’ has an o.n. basis consisting
of product vectors. Note that p ¢ ©,,_1. This is clear



when p < 5 and it is true for p = 5 by our choice of
n. Consequently V' contains a product vector, say |¢).
Then |ay, ¢) is a product vector in R(p) and we have a
contradiction.

This completes the proof. a

Let p be an n-qubit PPTES of rank five. Since any
3-qubit subspace of dimension five contains a product
vector, we must have n > 3. Theorem [0 shows that ker p
is not spanned by a UPB. However R(p) may contain a
product vector. Indeed we have shown that this is the
case for the PPTESs mentioned below Lemma[Rl If such
p exists for n = 4 then p ® |a)a|, with |a) a product
vector, would be also a multiqubit PPTES of rank five
whose range contains no product vectors. Intuitively we
believe that

Conjecture 10 The range of any multiqubit PPTES of
rank five contains a nonzero product vector.

Note that this conjecture is stronger than Theorem [0

IV. CONCLUSIONS

The problem of constructing UPBs in multipartite
quantum systems, which is more than 15 years old, is
still of interest due to its role in various applications such
as those mentioned in the Introduction. Some important
advances in the case of multiqubit systems have been

made recently regarding the cardinalities of UPBs in such
systems. For instance the minimal size of the n-qubit
UPB is known for all n. Recall that ©,, denotes the set
of sizes of the UPBs of the n-qubit system. In this paper
we have proved, see Theorem[d that 2" — 5 ¢ ©,, for any
n. In particular, 27 ¢ O35, 59 ¢ Og, and 123 ¢ O7. This
gives a partial answer to a question raised in ﬂﬁ] We
propose a conjecture about multiqubit entangled PPT
states of rank 5, Conjecture

Let us also point out that the improper UPBs (known
as OPBs) of n-qubit systems, i.e. those of cardinality 2",
can be studied by using special combinatorial matrices of
size 2" X m as in our paper ﬂﬂ] With some minor modi-
fications, the same combinatorial technique is applicable
to the study of proper UPBs.
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