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Any entanglement of assistance is polygamous
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We propose a condition for a measure of quantum correlation to be polygamous without the
traditional polygamy inequality. It is shown to be equivalent to the standard polygamy inequalities
for any continuous measure of quantum correlation with the polygamy power. We then show that
any entanglement of assistance is polygamous but not monogamous and any faithful entanglement

measure is not polygamous.

I. INTRODUCTION

Monogamy law of quantum correlations as one of the
most striking features in quantum world has been ex-
plored extensively ever since the distribution of three
qubit state entanglement discovered by Coffman, Kundu,
and Wootters (CKW) [1-82]. A monogamy relation is
quantitatively displayed as an inequality of the following
form:

Q(A[BC) = Q(A|B) + Q(A|C) , (1)

where () is a measure of bipartite quantum correlation
and A, B,C are three subsystems of a composite quan-
tum system, the vertical bar indicates the bipartite split
across which we will measure the (bipartite) entangle-
ment. Dually, the polygamy relation in literature is ex-
pressed as

Q(A|BC) < Q(A[B) + Q(A[C) . (2)

However, Eq. ) [resp. Eq. [@)] captures only partially
the property that @ is monogamous (resp. polygamous).
For example, it is well known that if @) does not satisfy
these relations, it is still possible to find a positive power
a € R, such that Q® satisfies the relation. It was shown
that many other measures of entanglement satisfy the
monogamy relation () or polygamy relation () if @ is
replaced by Q< for some o > 1 ﬁ]

By now, we only know that entanglement of assis-
tance and entanglement of assistance associated with the
Tsallis-g entropy are polygamous for any multipartite
systems ﬂﬁ, , é, ] Concurrence of assistance, tangle
of assistance and negativity of assistance are proved to
be polygamous only for multiqubits systems E, 4,11, @]
The polygamy problem for all other entanglement mea-
sures remain open for high dimensional systems.

Very recently, we introduced a definition of monogamy
without inequalities in ﬂﬁ], which capture the nature
of monogamy relation completely. In this paper we
present a condition of polygamy without inequalities as
in Eq. @). Our definition of polygamy (see Definition 1
below) does not present as a polygamy relation. But,

*Electronic address: guoyu3@aliyun.com

as what we will show, our definition is consistent with
the traditional notion of polygamy, by showing that @
is polygamous according to our definition if and only if
there exists an 3 > 0 such that Q7 satisfy (2). Conse-
quently, any entanglement of assistance is monogamous
according to our definition. We also prove that any faith-
ful entanglement measure (a measure is said to be faithful
if it is zero only on separable states) is not polygamy and
any entanglement of assistance is not monogamous.
Throughout this paper, a measure of quantum cor-
relation @ refers to any quantity that characterizes
the “quantumness” contained in bipartite quantum sys-
tems, such as entanglement, quantum discord m,

135, measurement-induced nonlocality [36], quantum

deficit Hﬁ], and other quantum correlations introduce re-
cent years [38 43], etc. We denote by S(HAPC) = §ABC
the set of density matrices acting on a tripartite Hilbert
space HA @ HE @ HC = HABC associated with some
tripartite system. For pAB¢ ¢ SABC pAB = Ty pABC
and pA¢ = Trpp? B¢ denote the marginal states on HAB
and HAC, respectively.

II. AN EQUIVALENT DEFINITION OF
POLYGAMY

Definition 1. Let Q be a measure of quantum correla-
tion. We call Q is polygamous if for any pABC¢ € SABC
that satisfies

Qp7) > max{Q(p"F), Q" )} >0, (3)
we have min{Q(p?), Q(pA°)} > 0.

Definition [ does not involve the standard polygamy
relation as ([2)). However, we can derive a more quantita-
tive inequality from (3):

Theorem 1. Let QQ be a continuous measure of quantum
correlation. Then, Q is pologamous according to Defini-
tion [l if and only if there exists 0 < 8 < oo such that

Q7 (pM15°) < Q°(p*P) + Q° (p*°) (4)

holds for any pABC € SABC with fized dim HABC = d <
Q0.

Proof. For any given pAB¢ we assume that Q(p?5C)
z, Q(p*B) = y and Q(p*°) = 2. If x < yorx < z,
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TABLE I: The comparison of the polygamy power of several
assisted entanglement: concurrence of assistance C,, nega-
tivity of assistance IV,, entanglement of assistance Ey , as-
sociated with the entanglement of formation Ey, tangle of
assistance 7, and entanglement of assistance Tj, associated
with the Tsallis-g entropy measure 75.

E, B(Ea) System Reference
Ca 2 2%° [2, 4]
N, >2 Pl [11]*
Ey, >1 any systems [12, 16]
Ta >1 2%n [14]
Tg,q>1 >1 any system [30, 44]

“For pure states.
®B(Cy) > 2 is proved in [2, ] The equality 8(Cq) = 2 follows
from the saturation by [1))48 ® |¢)C as in Eq. [[d) below.

Eq. @) is obvious. If # > max{y,z} > 0, then y > 0 and
z > 0 since @ is polygamous. Therefore there always
exists v > 0 such that

¥ el
1<(4)+(3). (5)

x x
since (%)V — 1 and (i)"Y — 1 when ~ decreases. Let
F(p*BY) be the largest value of v that saturates the in-

equality (B)). Since f is continuous and S4B is compact,
we get
_ . ABC
B= pABcHelngBc f(p™77) < oo, (6)
which satisfies Eq. (). O

Note that the original polygamy relation of @ can be
preserved when we lower the power ﬂﬁ] Let pABC ¢
SABC and Q be a polygamy measure of quantum corre-
lation. Then Q°(pA1B9) < QP (pB) + QP (pA°) implies
Q(pA1BC) < QV(p*P) + Q(p*€) for any v € [0, 5]
(Note that, in @], the bipartite correlation measure
is assumed to be normalized. This condition however,
is not necessary, which can be easily checked following
the argument therein.) We thus call 5 defined in Eq. (@)
the polygamy power of @, i.e., B(Q) is the supremum for
QP(@ satisfies Eq. @) for all the states. For the case
of @ is entanglement assistance F, (see Eq. (@) below)
associated with some entanglement measure F, it is al-
ways continuous (see Proposition in Appendix). There-
fore B(FE,) exists for E,. We list some examples in Ta-
ble I Polygamy power 8(E,) is a dual concept of the
monogamy power a(E) (see Theorem 1 in [33]). B(E,)
may depend also on the dimension d = dim HABC as
that of a(E) [33]. Now, the pair [a(E), B(E,)] reflects
the share-ability of continuous entanglement measure E
completely. This pair of power indexes advances our un-
derstanding of multipartite entanglement although these
quantities are difficult to calculate.

IITI. RESULTS

We show below that any faithful entanglement measure
is not polygamous while any entanglement of assistance
is polygamous. Recall that, for any given bipartite entan-
glement measure E (for pure states), the corresponding
entanglement of assistance is defined by ﬂﬁ,

E.(p"P) = max JE(s))
(p {p“\wﬁ} Zp |1/}

BesAE . (1)

Theorem 2. Let E, be an entanglement of assistance as
above. If E, is polygamous (according to Definition[]) on
pure tripartite states in HAPC, then it is also polygamous
on mized sates acting on HABC.

Proof. Let pAB¢ = > pil;)(;|ABC be a tripartite
mixed state acting on HABC with {p;,[1;)4B} being
the optimal decomposition such that

ij A )

We also assume w.l.o.g. that p; > 0. We now suppose
Ea(pA1PC) > E,(p"P) > 0, Eo(p*F) > E4(p"°), and
denote pt8 = Tre|vy) (1h;|APC. Note that

B, (j0)159) = B (9)41°€) > B, (") (9)

for any [¢)ABC € HABC gince any ensemble of pAZ can
be obtained from [¢)4P¢ by some LOCC and LOCC
can not increase entanglement on average [note that for
mixed state p?!BC it is unknown whether E,(p15¢) >

3

E,(pAB) in general]. On the other hand,
ij (WJ A|BC) > Eo(p"B) > ij AB)'

It follows that there exists some jp such that

Eq ([;0)415¢) > E, (pitB) for some jo. If E, (pitP) >
0, then E, ( Ac) > 0 since E, is polygamous on pure
tripartite states by assumption. We thus get

(") = > piEa (p1°) > 0. (10)

(pA1BC)

It E, (o) =
ij; is a pure state (note that pj‘ is not pure, or
else, E(|1;,)4BC) = 0, a contradiction). Therefore
|w]0>ABC = |h)A%N) B, which reveals that Eo(pi¢) =

(|¢>AC) = (|¢30>A|Bc) > 0. This completes the
proof. O

0, then pﬁB = pﬁ) ® pﬁ with

Theorem 3. For any entanglement measure E, E, is
polygamous.

Proof. We only need to show E, is polygamous for tripar-
tite pure states by Theorem 2l Note that E, (|i)415¢) >



E,(p"B) and E,(|)ABC) > E,(pA®) for any pure state
[p)ABC where pAP and pAC are the reduced states. If
E.(J0)ABC) > E,(pAP) > 0, then pA° a mixed state
and the ranks of p? and p© are at least 2. Without loss
of generality, we suppose pA¢ = Z?:l Nilz i y;) (] (s,
where |21) and |z2) are linearly independent, |y1) and |y2)
are linearly independent. Then pA¢ can be rewritten as
P = [1) (W] + [1h2) (a], where [1h1) = cdla)lyr) +
elzz)|y2) and [vh2) = dlz1)|y1) — ce|w2)|y2) (here, [h12) is
unnormalized) with (14 ¢®)d?* = A\; and (1 + ¢?)e? = \a.
This reveals E,(p*¢) > 0. By Definition[I] E, is polyga-
mous on pure states, which completes the proof together
with Theorem O

Theorem 4. Any faithful entanglement measure can not
be polygamous.

Theorem [ is obvious from the following two exam-
ples. The first example is the the generalized GHZ-class
state that admit the multipartite Schmidt decomposi-

tion 46, [47).

Example 1 We consider the following pure state
k—1
) A1B B B = NN D) @ - @15, (11)
j=0

where {|7(?)} is an orthonormal set in H4, and {[j()}
is an orthonormal set of HPi, Zj )\3 =1, A > 0,
kE < min{dimH4,dimH5, ... dimHB}, i=1,2, ...,
n, n > 3. We always have E(|y)AIB1B2Bn) > (0 while
E(pABi) =0foralll <i<n.

Example 2 For the three qubit state

6)45C = L (v3/000) + V2110) + [111)),  (12)
V5
we can easily calculate that C(|¢)4BC) ~ 0.9798,
C(p"B) ~ 0.7999 and pA¢ is separable.

For 2 ® 2 ® 2™ systems, m > 1, it is shown in [d] that
NP () A1BC) < NO(pAP) + NP(pA°) and EF (pA1PC) <
EP(pAB) + EB(pAC) for E is the convex-roof extended
negativity or ¥ = Ey whenever 3 < 0. However, these
statements are not true from the states in Eqs. (IIII2).

By Definition 1 in ﬂﬁ], an entanglement measure E is
monogamous if for any pAB¢ € SABC that satisfies the
disentangling condition

E(p"1P%) = B(p"P) > 0 (13)

we have that E(pAY) = 0. We remark here that, if
E.(pA1PC) = E,(p"P) > 0 and E,(p*¢)=0, then

pBC = |)AB (4| ® p© (14)

for some entangled pure state [1))48 € HAB and p© is
of rank one. If p¢ in Eq. (I4) is a mixed state, then
E.(pABY) = E,(p*P) > 0 and E,(p*°) > 0. That
is, there exits mixed state pAPC that does not satisfy
the disentangling condition ([I3]). We thus obtain the
following;:

Theorem 5. Any assistance of entanglement is not
Monogamous.

IV. CONCLUSIONS AND DISCUSSIONS

In conclusion, we improved the traditional definition
of polygamy for measures of quantum correlation. For
continuous measure ), our definition is equivalent to the
polygamy relations in the form of 2 with @ is replaced by
QP. We completely settled the polygamy problem for the
case of entanglement by showing that any entanglement
measure is not polygamous and any entanglement of as-
sistance is always polygamous but not monogamous. Our
results covers all the previous results about the polygamy
of entanglement. Along this line, it remains to determine
the polygamy power of entanglement assistance, which
need to be further explored. In addition, we should note
that for any given measure of quantum correlation, it
cannot be monogamous and polygamous simultaneously
in general. The only states that both monogamous and
polygamous are those in () whenever p¢ is pure.
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Appendix

In [48] we proved that C' is a continuous function. We
show below that, for any entanglement measure F, the
associated entanglement of assistance FE, is continuous
provided that FE is continuous on pure states. With
no loss of generality, we consider the case where E is
concurrence. The other cases, i.e., B = N, 7, Ey, Ty,
or the Rényi-a entanglement R,,, etc., can be argued
similarly.

Proposition. C, is continuous for both finite- and
infinite-dimensional systems, i.e.,

nhﬂngo Co(pn) = Cq(p) whenever nhﬂngo P =p (15)

in the trace-norm topology.

Proof. To prove the continuity of C,, let us extend the
concurrence of states to that of self-adjoint trace-class
operators.

Let A be a self-adjoint trace-class operators acting on
HA @ HE. We define the concurrence of assistance of A
by

A )
Tr(lA]) "

Ca(A) = Tr(JA])Cu( (16)



where |A| = (ATA)z. It is immediate that C,(A4) <
Cy(B) whenever 0 < |A| < |B|. In fact, for any rank-
one projection decomposition of [Al, [A| = >, Xi|1i) (4],
A; > 0, then for any rank-one projection decomposition
of | B, | B = 32, Ailva) (Wil + 32 0;195) (851, 6; > 0, where
> 0jle5)(#;] = [B] —|A]. This leads to Co(A) < Co(B).

Assume that p,,p € S4B
Y = p — pn and let

Uy = Z o) M(n)) (M) |

and lim, o pn = p. Let

be its spectral decomposition.
We claim that

Calp) =

For any € > 0, there exist ensembles {pr(n), [Vr(n))}
and {qi(n), [@1(n))} of pn and |y,], respectively, and 0 <
€1, €2 < €, such that

Ca(pn + 1911) S Ca(pn) - Ca(ﬁn) . (17)

€

and

Clum)) + 5 (18)

I(n)

It follows that

Ca(Pn+19n)ZC ( = [Un |)
k(n) I(n)
€1 — €
= Ca(pn) - Cawn) - = B 2

Since ¢ is arbitrarily given, the claim is proved.
Similarly, using Cq(pn) = Cu(p — ) > Calp
we obtain

= [9nl),

Ca(pn) Z Ca(p) -
which, together with Eq. (I8)), implies that
|Ca(pn) — Calp)| < Ca(Pn) -

Observing that Co(9,) — 0 (n — 00) since Co(y) <
Zk(n) \/§|/\k(n)| and Tr(|0,]) = Ek(n) |/\k(n)| — 0, we
get limy, oo Cu(prn) = Cu(p) as desired. O

Ca(Un) ,

The discussion above implies that, if FE(|y)48) =
f(p?) is a continuous function of p?, where )48 ¢
HA @ HE, pA = Trp|p)AB (¢|, then E, is continuous as
well.
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