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In this work we developed a general approach to the problem of detecting and quan-

tifying different types of correlations in bipartite quantum systems. Our method is

based on the use of distances between quantum states and processes. We rely upon

the premise that total correlations can be separated into classical and quantum con-

tributions due to their different nature. In addition, according to recently discussed

criteria, we determined the requirements to be satisfied by distances in order to gen-

erate correlation measures physically well–behaved. The proposed measures allow us

to quantify quantum, classical and total correlations. Besides the well-known case

of relative entropy we introduce some additional examples of distances which can be

used to build bona fide quantifiers of correlations.

I. INTRODUCTION

Quantum information processing and quantum computing are relatively new subjects of

research concerned with the use of quantum resources to perform tasks of information pro-

cessing which are either not feasible to be implemented classically or can be performed with

classical devices in a much less efficient way. Since the inception of these research fields, the

central point seems to be able to identify which features in the quantum realm are responsible

for the so-called quantum advantage. Among the possible quantum features, entanglement
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is regarded as the main resource for practical use in quantum information processing [1–14],

particularly, for quantum protocols in quantum networks (composite systems). However,

at present it is widely recognized that this is not the unique asset which can be used for

quantum protocols in order to outperform their classical counterparts. Several results allow

us to conclude that, in some quantum tasks, correlations of a quantum nature different from

entanglement are responsible for the processing improvements [15–22]. In fact, different

works on quantum correlations have been devoted to analyze their resilience to noise under

certain conditions [23–27]. Also, it is worth mentioning that quantum nonlocality may also

arise even in the absence of entanglement [28].

Usually, because of the distinct nature of quantum and classical correlations [29–32], the

procedures used to detect the presence of correlations rely upon the reasonable hypothesis

that total correlations T contained in a bipartite quantum state ρ can be quantified as

follows

T (ρ) = Q(ρ) + J (ρ), (1)

where Q and J represent measures of quantum and classical correlations, respectively. It is

important to realize that, within this framework, Eq. (1) makes sense if all three quantities

are measured in the same units. In particular, a widely accepted information-theoretic

measure of total correlations contained in a bipartite quantum state ρ is (von Neumann)

Quantum Mutual Information I(ρ) defined as:

I(ρ)
.
= S(ρA) + S(ρB)− S(ρ). (2)

In Eq. (2), ρ stands for a general bipartite quantum state, ρA = TrB [ρAB] and ρB =

TrA [ρAB] represent the corresponding reduced (marginal) states, and S(ρ) represents the

von Neumann entropy given by

S(ρ) = −Tr [ρ log2 ρ] . (3)

The quantity I(ρ) describes the correlations between the whole subsystems rather than a

correlation between just two observables.

Classical correlations contained in a quantum state ρ of a bipartite quantum system can be

quantified, for example, by means of the measure JS(ρ) proposed by Henderson and Vedral

in ref. [30]. Thus, whenever total correlations are measured with mutual information I(ρ)

and classical correlations are measured according to the aforementioned quantity JS(ρ) (cf.
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Sec. II B), the measure of quantum correlations that results is the widely known definition

of quantum discord (QD) [30, 33, 34], i.e.,

D(ρ) = I(ρ)−JS(ρ). (4)

As we will see in section IIB, relation (1) lies at the core of the theoretical framework

used in the present paper. However, it should be noticed that Eq. (1) may or may not

be satisfied, depending on the approach used to quantify the different type of correlations

present in the system under study. For example, when a geometric scheme is used, such

as the one introduced in [35], equation (1) is not satisfied. Though, it may be mentioned

that a geometric approach to determine correlations should be used with caution since in

general it presents some peculiar behaviors, such as those discussed in references [36–38],

for example. It can be shown that the essence of QD, as defined by Eq. (4), is to quantify

the discrepancy between the quantum versions of two classically equivalent expressions for

mutual information [30, 33]. However, although from a conceptual point of view QD is of

relevance in assessing possible non-classical resources for information processing, for practical

use it presents some drawbacks. For example, at this moment there is no straightforward

criterion to verify the presence of nonzero discord in a given arbitrary bipartite quantum

state (i.e., an arbitrary bipartite state belonging to the product of two Hilbert spaces of

arbitrary dimensions). Besides, as the evaluation of QD involves an optimization procedure,

analytical results are only known in some particular cases [34, 39–47]. Furthermore, in

general, calculation of quantum discord is NP-complete since the optimization procedure

needs to be done by means of a sweep over a complete set of measurements performed over

one of the subsystems [48]. Additionally, quantum discord can be created starting from a

state with zero discord and then performing Local Operations [49, 50]. It is hard to accept

that local operations alone do increase the amount of correlations between two subsystems.

Instead, it is expected that correlations contained in the resulting state are lower than

or equal to the correlations of the classical state. As this last statement is not reflected

in the behaviour of quantum discord, it turns out to be questionable to affirm that (all)

discordant states can be thought of as resources useful for quantum information processing

tasks. Therefore, a central problem in quantum physics is to be able to characterize and

quantify correlations in multipartite states. Further research on correlations is important

not only from a practical point of view but also from a conceptual point of view as they
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can provide additional insights about the underlying physics behind correlations present in

quantum systems. Detecting the existence of non-classical correlations in a given system is

the central goal for a measure of correlations regarding the possibility of classifying a given

system as a genuinely quantum one. To this end, it may result of interest to devise proper

means to detect and quantify the presence of such correlations. Measures of different type

of correlations in quantum systems can be motivated by different notions of classicality or

operational means to quantify nonclassicality. Thus, measures of quantum correlations may

in general differ, both formally and conceptually. Regarding quantum discord, for example,

it can be seen that it does not coincide in general with entanglement or measurement induced

disturbance [35, 51, 52]. Moreover, a direct comparison between these two notions may be

meaningless [35, 53]. As a result, general approaches and theoretical frameworks seem to be

central to the study and understanding of different notions of quantumness.

In previous works, some authors thoroughly discussed a set of properties that bonafide

measures of correlations should satisfy [27, 54, 55]. In this work we introduce a scheme to

measure correlations in bipartite quantum systems in the following way: Starting from the

(plausible) definition of a measure of total correlations T (ρ) and a measure of classical cor-

relations, we build a measure Q(ρ) of quantum correlations based on the difference between

the two former. Then, based on refs. [54] and [55], we show that the measure Q(ρ) satisfies

a set of desirable properties for a suitable measure of quantum correlations. In this way, our

proposal for measures of different type of correlations in a bipartite quantum system turns

out to be consistent.

This paper is organized as follows. In Sec. II, we outline the basic theoretical background

directly related to our work. In Sec. III, we develop our main results, i.e., we introduce a

general approach to define measures of different type of correlations using the concept of

distinguishability between quantum states. Finally, some conclusions are drawn in Sec. IV.

II. THEORETICAL FRAMEWORK

A. Distance measures in the quantum realm

From a conceptual point of view, a metric d(.||.) on a set χ is a functional d :χ×χ→R≥0

such that for every x, y, z ∈ χ the following properties are satisfied:
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a) Non-negativity: For any x, y ∈ χ, d(x||y) ≥ 0

b) Identity of indiscernibles: d(x||y) = 0 if and only if x = y

c) Symmetry: For any x, y ∈ χ, d(x||y) = d(y||x)

d) Triangle inequality For any x, y, z ∈ χ, d(x||y) ≤ d(x||z) + d(z||y)

In the context of probability theory, a functional d satisfying properties a) and b) is called

a divergence. If, in addition, d satisfies property c), then d is called a distance.

In quantum physics, the divergences and distances are defined on the set of quantum

states represented by density operators acting on a Hilbert space H. Density operators

representing the states of a given system are elements belonging to B+
1 (H), i.e., the set of

bounded, positive-semidefinite operators on H, with unit trace. In particular, unit vectors

in H correspond to the extremal elements of B+
1 (H) (ρ ∈ B+

1 (H) is extremal if and only if

it is idempotent, i.e., ρ2 = ρ). Any pure state corresponds to a unit vector |ϕ〉 ∈ H and can

be represented by a density matrix of the form ρ = |ϕ〉〈ϕ|.

One of the most striking features of quantum mechanics is that, in general, two arbitrary

quantum states cannot be distinguished with certainty. Only orthogonal states can be

discriminated unambiguously. Therefore, in order to determine how close two quantum

states are to each other, a variety of distance measures have been developed, as for example,

trace distance, Fidelity, Bures distance, Hilbert-Schmidt distance, Hellinger distance and

Quantum Jensen-Shannon divergence, just to name a few [56–63].

From physical grounds, the following properties are also usually required for a distance

between quantum states to be well-behaved [56]:

e) d(·||·) must be invariant under unitary transformations, i.e.

d(UρU †||UσU †) = d(ρ||σ), (5)

being U some unitary operator;

f) d(·||·) must be non-increasing under the action of a trace-preserving quantum opera-

tion,

d(E(ρ)||E(σ)) ≤ d(ρ||σ), (6)
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g) d(·||·) must be convex in one of its inputs,

d(
∑

i

piρi || σ ) ≤
∑

i

pid(ρi||σ), (7)

being {pi} a probability distribution and {ρi} elements of B+
1 (H);

In addition, as we shall discuss in Sec.IIIC, the following property shall be required for

well-behaved measures of quantum correlations:

h) d(·||·) must satisfy

d(
∑

i

pi |i〉 〈i| ⊗ ρi ||
∑

j

pj |j〉 〈j| ⊗ ρ) =
∑

k

pkd(ρi||ρ), (8)

being {|i〉} an orthonormal basis of HA, {pi} a probability distribution and {ρi} ele-

ments of B+
1 (H) such that

∑

i piρi = ρ.

B. Correlations in quantum systems

Let us consider a bipartite system (A + B) in an arbitrary quantum state ρ belonging

to B+
1 (HAB), being HAB = HA ⊗ HB and HA and HB the Hilbert spaces associated with

subsystems A and B, respectively.

If the system is prepared in a pure state |ψ〉AB ∈ HAB, (i.e., ρ = |ψAB〉〈ψAB|) we have

essentially two relevant physical scenarios. In the first one, the subsystems are independent

(i.e., there are no correlations of any type between both subsystems). In this case, the state

can be described as a tensor product, i.e., |ψ〉AB = |φ〉A ⊗ |χ〉B. In the second scenario, the

global state cannot be written as a tensor product, i.e., |ψ〉AB 6= |φ〉A ⊗ |χ〉B. In this case,

the state is said to be entangled. Entanglement is the unique form of quantum correlation

that might take place in the case of bipartite pure states. Moreover, entanglement, non

locality, and QCs are synonymous in this particular case.

In contrast, for a system prepared in a mixed state described by a density matrix ρ, other

type of correlations can be involved. In this case we are in the presence of a subtler and

richer situation than the case of pure states. Indeed, unentangled mixed states can exhibit

correlations of a quantum nature [15, 22].
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The set of separable (unentangled) states SA,B is composed by density operators ρ ∈

B+
1 (HAB) such that

SA,B
.
= {ρ ∈ B+

1 (HAB) / ρ =
∑

i

pi ρ
i
A ⊗ ρiB} (9)

where ρiA(B) is associated with the quantum state of subsystem A (B) and {pi} are non-

negative numbers such that
∑

i pi = 1. The set of product states (which is included in the

set of separable states) is defined as follows

PA,B
.
= {ρ ∈ B+

1 (HAB) / ρ = ρA ⊗ ρB}. (10)

A state ρ belonging to the set PA,B is called uncorrelated in the sense that it does not

contain correlations of any type whatsoever. Then, a given quantum state ρ can be a

separable or a product state if it can be reduced to the form established in equations (9) or

(10), respectively.

Any state ρ that can not be written in the form given by Eq. (9) is referred to as non-

separable. It is important to realize that only non-separable states have quantum correlations

analogous to that of an entangled pure state. However, non-classical correlations may be

present in some subset of separable states. Regarding a bipartite system where subsystems

A and B are classically correlated, it can be shown that the global state ρ belong to the

following set:

CA,B
.
= {ρ ∈ B+

1 (HAB) / ρ =
∑

i,j

pi,j |i〉 〈i|A ⊗ |j〉 〈j|B} (11)

being {|i〉A} and {|j〉B} orthonormal bases of the Hilbert spaces HA and HB, respectively,

and {pij} a joint probability distribution. Furthermore, the set of (asymmetric) classical-

quantum states is defined as follows,

CA := {ρ ∈ B+
1 (HAB) / ρ =

∑

i

pi |i〉 〈i|A ⊗ ρiB} (12)

where {pi} is a probability distribution and {ρiB} any set of quantum states of the subsystem

B. The set CB of quantum-classical states can be analogously defined.

Total correlations given by Eq. (2) can be recast in terms of von Neumann relative

entropy as follows:

I(ρ) = S(ρ||ρA ⊗ ρB), (13)
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where relative entropy is given by

S(ρ||σ) = Tr [ρ(ln ρ− ln σ)] . (14)

Thus, Eq.(13) can be interpreted as the distance between the state ρ and the uncorrelated

state ρA⊗ρB. In this case, the distance is quantified by means of quantum relative entropy.

According to ref. [30], the measure of classical correlations JS(ρ) involved in Eq. (4) is

defined as

JS (ρ) = S(ρB)−min
Mj

∑

j

p′j S(ρ
M
B|j), (15)

being M = {Mj}
m

j=1 (m ∈ N), a von Neumann measurement on subsystem A (i.e., a family

of orthonormal projectors on HA) and being

ρMB|j = TrA [Mj ⊗ Iρ] /p′j ; (16)

p′j = Tr [Mj ⊗ Iρ] , (17)

the states of the subsystem B and the conditional probabilities of getting the state ρMB|j

after the measurement M, respectively. From its definition (cf. Eq. (15)), it can be seen

that the measure JS (ρ) it is not symmetric under the exchange of subsystems A and B.

Therefore, in some sense there exists a directionality over JS (ρ) and, as a consequence over

the quantity D(ρ). States given by Eq. (16) are commonly referred to as conditional states.

From Eq. (1) we can define a directional measure of quantum correlations in the form

Q(ρ)
.
= T (ρ)−J (ρ). (18)

From last equation, it can be easily seen that QD is a particular case of a measure of quantum

correlations when we choose T (ρ) = I(ρ) (cf. eqs. (2) and (13)) and J (ρ) = JS(ρ) (cf. Eq.

(15)). Bearing in mind (18) we will introduce in Sec.III a general approach to define measures

of different types of correlations based upon the concept of distinguishability between states

in the quantum realm.

We would like to emphasize that J (ρ) is not a symmetric quantity under the exchange of

A for B. Therefore, J (ρ) is in fact a measure of classical-quantum correlations.

C. Properties of correlation measures

The set of criteria to be satisfied for valid quantifiers of correlations in quantum systems

is still a subject of active research. However, following refs. [54] and [55] we shall require



9

the following set of necessary properties for any well-behaved measure of correlations:

1. Product states have no correlations, then: Q(ρA⊗ρB) = T (ρA⊗ρB) = J (ρA⊗ρB) = 0;

2. All correlation measures should be invariant under local unitary operations;

3. All correlation measures should be non-negative, i.e., Q(ρ) ≥ 0, T (ρ) ≥ 0 and J (ρ) ≥

0;

4. Total correlations measures should be non-increasing under local operations;

5. Classical states have no quantum correlations.

According to ref. [54], any measure which does not meet these necessary criteria is not a

valid measure of correlations.

III. GENERALIZED CORRELATION MEASURES IN BIPARTITE QUANTUM

SYSTEMS

In this section we propose measures of total, classical and quantum correlations. Also,

taking into account the criteria previously introduced (cf. Sec.II), we analyze the properties

to be satisfied by a distance in order to build proper correlation measures.

A. Generalized measures of total correlations

Equation (13) provides the fundamental basis to define measures of total correlations by

means of a distance between quantum states. Thus, given an arbitrary distance d(·||·) we

propose a measure of total correlations as follows:

Td (ρ) = d (ρ||ρA ⊗ ρB) . (19)

The relation (19) provides a whole new family of quantifiers which, in principle, might be

used as tools for analyzing different possible scenarios of physical relevance.

Now, in order to prove that the measure Td(ρ) quantifies total correlations, we shall study

how the properties imposed on d(·||·) are related to the properties to be fulfilled by Td(ρ).

Thus, we establish the following propositions:
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Proposition I If d(·||·) satisfies a), b) and e) (cf. Sec.IIA) then Td fulfills the conditions

1-3 (cf. Sec.IIC).

Proposition II If, in addition, d(·||·) also satisfies the f) (cf. Sec.IIA) then Td fulfills the

property 4 (cf. Sec.IIC).

The proofs of both propositions are straightforward.

B. Generalized measures of classical-quantum correlations

In this section our aim is to introduce classical-quantum correlations measures for a

bipartite arbitrary state. The basic idea is to apply a measurement M on subsystem A

and see afterwards how this action conditions the state of subsystem B. Then, we shall

quantify how different is the state ρB from the states ρMB|j arising after performing the local

measurement on A, by means of the distance d(ρMB|j || ρB). Thus, a measure Jd (ρ) of

correlations between the two subsystems shall be the maximum of the weighted average of

the above m ∈ N quantities d(ρMB|j || ρB), i.e.,

Jd (ρ) := max
{M}

JM
d (ρ) , (20)

being JM
d (ρ) defined as follows

JM
d (ρ) :=

m
∑

j=1

p′j d
(

ρMB|j || ρB
)

. (21)

Looking at equations (20) and (21), we notice that expression (15) is recovered whenever

the distance d(·||·) is replaced with the relative entropy.

Now, we shall study the necessary properties to be fulfilled by d(·||·) in order for Jd to

meet the criteria for classical-quantum correlation measures. With this aim, we establish

the following proposition.

Proposition III If d(·||·) satisfies properties a), b) and e) (cf. Sec. IIA), then Jd fulfills

the conditions 1-3 (cf. Sec. IIC).

Proof: Let us suppose that the system is in a product state σ = σA ⊗ σB. In this case, it

can be seen that σM
B|j = σB for any measurement M. Thus, if the distance d satisfy b)) (cf.
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Sec. IIA) it follows that d
(

σM
B|j || σB

)

= 0. Therefore, we have shown that Jd (σ) = 0, and

the requirement 1 is fulfilled.

Next, we shall prove that requirement 2 is satisfied by Jd (ρ) whenever the distance d

satisfies property e), i.e., it remains invariant under local unitary transformations.

Indeed, let us consider σ = UρU † with U = UA ⊗ UB. Then, σM
B|j = UBρ

M′

B|jU
†
B and

σB = UBρBU
†
B, being M′ = {UAMjU

†
A}. Thus, it follows that

d
(

σM
B|j || σB

)

= d
(

UBρ
M′

B|jU
†
B || UBρBU

†
B

)

= d(ρM
′

B|j || ρB) (22)

Furthermore, it can be seen that the probability distribution p′j for the state σ is p′j =

Tr[Mj ⊗ 1σ] = Tr[M ′
j ⊗ 1ρ]. Therefore,

JM
d (σ) = JM′

d (ρ) (23)

Due to M′ is composed by each one of the elements of M transformed upon the action of

the unitary operation UA on party A, we have:

Jd (σ) = max
{M}

JM
d (σ) = max

{M}
JM′

d (ρ) = max
{M}

JM
d (ρ) = Jd (ρ) (24)

Thus, we have shown that property 2 is satisfied by Jd (ρ).

Finally, the positivity of Jd (ρ) (cf. Sec.IIC, property 3 follows from equations (20) and

(21) and the positivity of d (cf. a), Sec.IIA)�.

In order for Jd to be a measure of classical-quantum correlations, let us consider the

following classical-quantum state ρc =
∑

i pi |i〉 〈i|A ⊗ ρiB. Then, the following condition

needs to be satisfied,

Jd(ρc) =
∑

i

pi d
(

ρiB || ρB
)

. (25)

This last equation follows from the fact that for the state ρc the best measurement we can

perform on the subsystem A to obtain information about the subsystem B is a projective

measurement on the states {|i〉} [30], i.e., M = {|i〉 〈i|} maximizes (21), therefore Eq. (20)

should match Eq. (25) for ρc.

Next, we shall study the properties to be satisfied by d(·||·) in order for Jd to fulfill

equation (25). Thus, we establish the following proposition:
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Proposition IV If d(·||·) is convex in one of its inputs, (cf. property g), Sec. IIA), then

Jd(ρc) shall satisfy Eq. (25).

Proof: The conditional states ρMB|j can be written as

ρMB|j =
∑

i

piqij
p′j

ρiB (26)

being p′j =
∑

i piqij and qij = Tr [Mj |i〉 〈i|A]. Therefore, we have

JM
d (ρc) =

∑

i

p′j d

(

∑

i

piqij
p′j

ρiB || ρB

)

. (27)

As the distance d(·||·) fulfills property g), the following inequality holds,

d

(

∑

i

piqij
p′j

ρiB || ρB

)

≤
∑

i

piqij
p′j

d
(

ρiB||ρB
)

. (28)

Using that
∑

j Mj = 1 and Tr[|i〉 〈i|A] = 1 it follows that
∑

j qij = 1. Thus, by multiplying

this last inequality with p′j and performing the sum over j, we obtain

JM
d (ρc) ≤

∑

i

pi d(ρ
i
B||ρB). (29)

�.

It should be noticed that we have not imposed the condition of symmetry on d(·||·). There-

fore, according to the last proposition, the conditional states ρMB|j must enter in the argument

for which the distance is convex.

Next, in order to verify that Jd is a measure of classical-quantum correlations, we will

consider an arbitrary state ρ and we will perform a von Neumann measurement M =

{Mj}
m
j=1 on the subsystem A. The state of the system after the measurement (with unknown

result, i.e., the observers do not have access to the measurement outcome) is given by

ρM =
∑

j

Mj ⊗ 1ρMj ⊗ 1 (30)

where ρM ∈ CA is a classical-quantum state. This state can also be written as,

ρM =
∑

j

p′jMj ⊗ ρMB|j , (31)
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where ρMB|j and p
′
j are defined in equations (16) and (17), respectively. Then, using Eq. (25)

and the convexity of d(·||·) with respect to its first input, we have

Jd(ρ
M) =

∑

j=1

p′j d
(

ρMB|j ||ρB
)

= JM
d (ρ). (32)

The state ρM represents a classical-quantum correlated state, in the sense that the corre-

lations are between a classical subsystem A and a quantum subsystem B. Since ρ is an

arbitrary state, equation (32) allows us to conclude that Jd genuinely quantifies classical-

quantum correlations.

C. Generalized measures of quantum correlations

Having defined generalized measures of total and classical-quantum correlations and keep-

ing in mind Eq.(18), we propose a measure of quantum correlations as follows,

Qd (ρ) := Td (ρ)− Jd (ρ) . (33)

From previous sections we know that if d(·||·) satisfies conditions a), b) and e)-g) (cf. Sec.

IIA) then Td and Jd satisfy the necessary conditions 1 - 4 for correlation measures (cf. Sec.

IIC). In order for Qd to fulfill the necessary criteria (cf. Sec. IIC), we need to impose an

extra condition on d(·||·). Thus, we introduce the following proposition:

Proposition V If d(·||·) has the properties a), b) and e)-h) (cf. Sec. IIA) then Qd meets

1-3 and 5 (cf. Sec. IIC).

Proof: The proof of this last proposition relies upon the consistency of the scheme es-

tablished by the measures Td, Jd, and Qd. Thus, we shall prove next that Qd is positive-

semidefinite.

For the classical-quantum state ρM obtained after measurement, given by Eq. (30), we

can write the following inequality,

Td(ρ) ≥ Td(ρ
M). (34)

As ρM ∈ CA, according to the property h) of d(·||·) it follows that

Td(ρ
M) = Jd(ρ

M) (35)
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or equivalently according with Eq. (32)

Td(ρ
M) = JM

d (ρ). (36)

Then, using Eq. (34) we can write

Td(ρ) ≥ JM
d (ρ) (37)

for any von Neumann measurement M, in particular for the one that maximizes the classical-

quantum correlations. Thus, the condition

Td(ρ) ≥ Jd(ρ) (38)

is satisfied and the positivity of Qd has been demonstrated.

The proof thatQd satisfies requirement 5 follows from property h) and Eq. (32). In addition,

due to Td and Jd are invariant under local unitary transformations and both yield zero when

evaluated in product states, it follows that Qd also satisfy properties 1 and 2.�

It should be noticed that the measure of quantum correlations Qd reduces to quantum

discord in the case d(·||·) = S(·||·), being S the quantum relative entropy.

1. Examples

Previously, we obtained a set of requirements for a quantum distance in order to build

well-behaved quantifiers of correlations between subsystems (cf. Sec.III). In the case of gen-

eralized measures of total and classical-quantum correlations, on the one hand, our results

show that distance d should satisfy properties a), b) and e). On the other hand, in the case

of quantum correlations measures, distance d should also satisfy property h) (cf. Sec. IIA).

Now, besides the well-known case of relative entropy, we shall consider the following partic-

ular examples: the trace distance, the squared Bures distance, the quantum Jensen-Shannon

divergence (QJSD) and the squared Hellinger distance. All these distances fulfill the con-

ditions a), b) and e) [56, 63, 64]. The only requirement not considered in literature is h).

Therefore we will prove this last property for the cases of trace distance and Quantum Jensen

Shannon divergence. The remaining cases can be easily proved using similar arguments to

those of trace distance.
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Trace distance:

If ρ1 and ρ2 are two density matrices, then trace distance is defined as follows: [56]:

dTr(ρ1||ρ2) =
1

2
Tr
[

√

(ρ1 − ρ2)2
]

. (39)

Let us choose ρ1 =
∑

i piEi ⊗ ρi and ρ2 =
∑

j pjEj ⊗ ρ, being Ej = |j〉 〈j| and {|j〉} an

orthonormal basis of the subsystem A. Then,

(ρ1 − ρ2)
2 =

∑

i

p2iEi ⊗ (ρi − ρ)2. (40)

As
(

∑

i piEi ⊗
√

(ρi − ρ)2
)2

=
∑

i p
2
iEi ⊗ (ρi − ρ)2 then

√

(ρ1 − ρ2)2 =
∑

i

piEi ⊗
√

(ρi − ρ)2. (41)

Consequently,

dTr(ρ1||ρ2) =
1

2

∑

i

piTr
[

√

(ρi − ρ)2
]

=
∑

i

pidTr(ρi||ρ). (42)

Quantum Jensen Shannon divergence:

The QJSD is defined as follow

djs(ρ1||ρ2) = S

(

ρ1 + ρ2
2

)

−
1

2
S(ρ1)−

1

2
S(ρ2) (43)

being S(·) the von Neumann entropy which yields the following result when evaluated in

classical-quantum states:

S(ρ1) = −Tr [ρ1 log ρ1] = H(p) +
∑

i

piS(ρi) (44)

In last equation, H(p) = −
∑

i pi log pi represents the Shannon entropy. Thus,

S(
ρ1 + ρ2

2
) = H(p) +

∑

i

piS(
ρi + ρ

2
) (45)

S(ρ1) = H(p) +
∑

i

piS(ρi) (46)

S(ρ2) = H(p) +
∑

i

piS(ρ). (47)

It immediately follows that

djs(ρ1||ρ2) =
∑

i

pi

[

S

(

ρi + ρ

2

)

−
1

2
S(ρi)−

1

2
S(ρ)

]

=
∑

i

pidjs(ρi||ρ) (48)
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2. Additional conditions for quantum correlations measures

In reference [55] Adesso et al. proposed three additional conditions that should be satisfied

for well-behaved measures of quantum correlations. Two of them are related to the behavior

of the measure under local quantum operations. The other one states that for a pure state

the measure should reduce to an entanglement quantifier.

According to ref. [55], it should be impossible to create quantum correlations by per-

forming operations only on party B of the bipartite system. In this context, we were able

to prove the following proposition:

Proposition VI If d(·||·) satisfy the conditions b)-h) (cf. Sec. IIA) in addition to the

following two properties:

• Restricted Additivity ,

d(ρ1 ⊗ σ||ρ2 ⊗ σ) = d(ρ1||ρ2) where ρ1, ρ2 and σ belong to B+
1 (H).

• Given σABE ∈ B+
1 (HABE), H = HA ⊗HB ⊗HE , the quantity

d(σABE ||σAE ⊗ σB)− d(σAB||σA ⊗ σB) (49)

is invariant under the exchange of the subsystems B and E. Here, the matrices

σ in the arguments of d(·||·) are the reduced matrices of σABE , for example:

σAE = TrB[σABE ].

then Qd(ρ) is monotonic non-increasing under local operations on subsystem B (cf.

property 4, Sec. IIC).

Proof: In reference [? ] it is demonstrated that quantum discord satisfies property 4.

The proof makes use of the properties of von Neumann entropy. Proposition (VI) can be

proved following the same lines of reasoning as in ref. [? ]�.

If some of the assumptions in proposition (VI) are relaxed, it may happen that the

monotonically non-increasing behavior of Qd(ρ) remain valid. In such a case, a particular

analysis should be necessary for the particular choice of the distance d.

Finally, it is important to study the conditions that the distance d should satisfy so that

Qd is reduced to a physically well-behaved entanglement measure in the case of pure states.

This is not an easy task and it will be the subject of future research.
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IV. CONCLUDING REMARKS

In this work, we proposed a general approach to the problem of quantifying different types

of correlations in bipartite quantum systems through the use of distances between quantum

states and processes. Under the assumption that total correlations contained in a bipartite

state can be assessed as a sum of classical and quantum contributions, we analyzed the

properties that distances must fulfill in order to derive well-behaved quantifiers of correla-

tions. On the one hand, we demonstrated that distances satisfying basic properties, namely

non-negativity, identity of indiscernibles, and invariance under unitary transformations, in

addition to the requirement of being non–increasing under the action of trace-preserving

quantum operations (cf. Sec. IIA, properties a), b), e), and f)), can be used to build phys-

ically well-behaved measures of total correlations. On the other hand, in order to obtain

well-behaved measures of classical-quantum correlations, distances must verify, in addition

to the basic properties, the requirement of being convex in one of its inputs (cf. Sec. IIA,

property g)). Furthermore, in order to obtain well-behaved quantum correlation measures,

we showed that distances should also satisfy an additional not too restrictive requirement

(cf. Sec. IIA, property h)). We also showed that the proposed measures of quantum cor-

relations are monotonic non-increasing under local operation on subsystem B whenever the

distance measure satisfies the restricted additivity and the relation given by Eq.(49).

Finally, besides the well-known case of relative entropy, we introduced some additional

examples of distance measures, i.e., the trace distance, the squared Bures distance, the

quantum Jensen-Shannon divergence (QJSD) and the squared Hellinger distance, which

can be used to build physically well-behaved quantifiers of correlations. As a result, we

showed that it is possible to build quantifiers of different types of correlations within a

consistent framework. These quantifiers might be used as additional tools for analyzing

different possible scenarios of physical relevance.
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