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Abstract
Recently, an explicit relation between a measure of entanglement and a geometric entity has been reported in Quantum Inf.

Process. (2016) 15:1629-1638. It has been shown that if a qubit gets entangled with another ancillary qubit then negativity,
upto a constant factor, is equal to square root of a specific Riemannian metric defined on the metric space corresponding to the
state space of the qubit. In this article, we consider the different class of bi-partite entangled states and show explicit relation
between two measures of entanglement and Riemannian metric.

PACS numbers:

I. INTRODUCTION

Nowadays, geometric tools are often used in quantum
information theory because of the fact that these tools
provide advantage to find out less trivial and robust phys-
ical constraints on physical systems. Among such various
tools, differential geometry is an important one. Before
quantum information it was applied in classical infor-
mation theory. As a result of which a new discipline,
called Information Geometry emerged and it got ma-
turity through the works of Amari,Nagaoka and other
mathematicians in the 1980s[1]. Initially,the goal of In-
formation geometry was to understand the interplay be-
tween the information-theoretic quantities and the ge-
ometry of probability space by constructing a Rieman-
nian space corresponding to probability space. Later,
Morozova and C̆encov [2] extended the geometric formu-
lation of probability space to quantum setting by propos-
ing Riemannian metrics on the space of density matri-
ces. Their study gradually progressed through the works
of Petz and other authors [3–8]. The monotone Rie-
mannian metric corresponding to Wigner-Yanase-Dyson
skew-information [9] was found out in [6] which ex-
presses the relation between geometry of space and an
information-theoretic quantity of great importance. Ge-
ometric distances(metrics) are also shown to be useful
in quantum state discrimination problem [10, 11]. In[12]
the authors have demonstrated that a lower bound for
quantum coherence measure can be found out using Rie-
mannian monotone metric.

On the other hand, quantum correlation is a resource
in quantum information processing. Though there are
different aspects of quantum correlations, entanglement
and discord are the two aspects which have been exten-
sively studied. However, till date, quantum correlation is
not fully understood. So, the study of quantum correla-
tions demands importance in quantum information the-
ory. Here we consider entanglement because of the fact
that all the measures of entanglement are monotonic in
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nature. Quantum entanglement[13–15] is one of the biz-
zare phenomena exhibited by composite quantum sys-
tems. It is a resource for quantum information process-
ing tasks, such as teleportation [16], dense coding [17],
quantum cryptography [18], state merging[19], quantum
computation and many more. A composite quantum sys-
tem ρAB is said to be entangled if it can not be written
as ρAB =

∑

i piρ
i
A ⊗ ρiB, where pi are probabilities, ρA

and ρB are respectively the desity matrices of subsystem
A and B. If the subsystems are two-level quantum states
then these are termed as qubits [21] in analogy with clas-
sical bits. Qubits are the fundamental units in quantum
information theory.

Entanglement is the most studied form of quantum
correlations. However, geometry of quantum state space
has not been applied in the study of quantum entangle-
ment till date. Therefore, study of quantum correlations
using geometry of quantum state space will be an inter-
esting area of research. To begin with, one may address
the problem of finding unique Riemannian metrics corre-
sponding to different measures of entanglement. Interest-
ingly, a problem close to this has recently been addressed
in[22]. An explicit relation between negativity, a measure
of entanglement, and monotone Riemannian metric was
established in that article. The author considered entan-
glement generation between two qubits and calculated
the negativity of the generated entangled state to estab-
lish the relation bewteen a geometric entity(Riemannian
metric) and an entanglement measure(negativity). A
specific unitary operation was considered which can cre-
ate entanglement between two qubits, initially in a prod-
uct form. However, one question remained unanswered
in that paper: given an entangled state, is there any ex-
plicit relation between measures of entanglement and the
Riemannian metrics? In this article, we focus exactly on
this question, because we think that answering this ques-
tion will enable us to gain some insights which will further
help to find out unique Riemannian metrics correspond-
ing to different measures of entanglement. To find out the
answer of the question we consider two measures of entan-
glement, namely, concurrence(C)[23] and negativity(N )
[24, 25]. We take different class of bi-partite entan-
gled states whose sub-systems are non-maximally mixed
qubits. Then we determine a particular Riemannian met-
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ric corresponding to those states using a theorem pro-
posed by Morozova and C̆encov. Finally, we show that
negativity and concurrence of such states are explicitly
related to their corresponding Riemannian metrics.

The rest of the article is arranged as follows. In Sec-
tion(II) we first provide an overview on Riemannian met-
ric and Riemannian metrics on matrix space(quantum
state space). Then we discuss an important theorem on
Riemannian metric. Section(III) is dedicated to show
our results. In Section(IV) we conclude our work with
discussions.

II. RIEMANNIAN GEOMETRY OF QUANTUM

STATE SPACE

Riemannian geometry is a branch of differential geom-
etry which includes Riemannian manifolds and Rieman-
nian metrics. Riemannian manifold is a real and smooth
differentiable manifold embedded with an inner product
at each point of the tangent space and the inner product
varies smoothly from point to point. More precisely, ifM
is a differentiable manifold, X and Y are two vectors on
the tangent space TxM passing through x and gx is the
inner product on the tangent space at each point x, then
x 7→ gx{X(x), Y (x)} is a smooth function. Riemannian
metric on a manifold M is the family of gx. Morozova
and C̆encov initiated the study of of monotone Rieman-
nian metrics on the space of matrices. The motivation
behind their work was to extend the geometric approach
to quantum setting. They proposed the problem of find-
ing Riemannian monotone metrics on the quantum state
space which is endowed with a metric structure.

Quantum state space is identified with the set Mn

of positive n× n matrices of trace one; they are termed
as density matrices. This space of density matrices forms
differential manifold on which a differentiable metric de-
termines a Riemannian metric. On the other hand, the
operators that act on the quantum states are expressed
by n×n complex Hermitian matrices. The space of quan-
tum operators is an inner product space, and the simplest
inner product is the Hilbert-Schmidt one, defined as

〈X,Y 〉 = Tr(X∗Y ) (1)

where Tr is as usual matrix trace and X,Y ∈ Bn(C),
Bn(C) being the set of complex self-adjoint matrices.
This inner product is unitarily invariant that is 〈X,Y 〉 =
〈UXU †, UY U †〉 for every unitary U . This invariance
property is so strong that it determines the Hilbert-
Schmidt inner product up to a constant multiple.

Now, by making the inner-products depending on
quantum states(ρ), Riemannian monotone metric can be
determined on the quantum state space in the following
way. Assume that for every A,B ∈ Bn(C), for every ρ ∈
Mn, and for every n ∈ N , a complex quantity Kρ(A,B)
is given. The complex quantity Kρ(A,B) will be a metric
if the following conditions hold [3]:

(a) (A,B) 7→ Kρ(A,B) is sesquilinear.

(b) Kρ(A,A) ≥ 0, and the equality holds iff A = 0

(c) ρ 7→ Kρ(A,A) is continuous on Mn for every A

The family of Kρ(A,B) with the above mentioned
properties constitute Riemannian metric on the differ-
entiable manifold formed by the density matrices. The
Riemannian metric will be monotone if

(d) Under completely positive trace preserving(CPTP)
map Kρ(A,A) is contractive, i.e. KΛ(ρ)(A,A) ≤
Kρ(A,A) for every Λ, ρ and A; Λ(·) being the
CPTP map.

For clear illustration of the metric Kρ(A,B), it is im-
portant to focus on the geometry of the quantum state
space. Here Mn is the differential manifold and the self-
adjoint operators A and B are the tangent vectors on
the tangent space Tρ. Therefore, Kρ(A,B) is the inner
product on the tangent space Tρ at point ρ . Considering
the quantum state space to be finite dimensional, let us
denote the set of all Hertmitian operators by

A = {A|A = A∗} (2)

and from the definition of Mn;

Mn = {ρ|ρ = ρ∗ ≥ 0 and Trρ = 1} (3)

The tangent space Tρ(Mn) of each point ρ may then be
identified with

A0 = {A|A ∈ A and TrA = 0} (4)

It can be shown that if K is an operator and K ∈ A, then
i[ρ,K] will be an ordinary element of the tangent space
Tρ(Mn), that is, i[ρ,K] ∈ A0[1]. Therefore, by identify-
ing tangent vectors Riemannian metric can be defined on
the differential manifold formed by the density matrices,
and if the metric satisfies condition (d) then the metric
will be called monotone Riemannian metric.

Morozova and C̆encov tried to describe mono-
tone metrics on the space of self-adjoint matrices but
they were unable to show any metric. However, they
proposed several candidates and provided an useful
theorem. Later, Petz and other authors were able to
find monotone metrics by introducing operator montone
functions. Their works showed that there is an abun-
dance of montone metrics on the space of self-adjoint
matrices [4, 5]. For our purpose, we will make use of the

theorem provided by Morozova and C̆encov

THEOREM [2, 3]:Assume that for every D ∈ Mn

a real bilinear form K ′
D is given on the n-by-n self-

adjoint matrices such that the conditions (b),(c) and
(d) are satisfied for self-adjoint A. Then there exists a
positive continuous function c(λ,µ) and a constant C
with the following property: If D is diagonal with respect
to the matrix units Eij , i.e. D =

∑

i λiEii, then
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K ′(A,A) = C
n
∑

i=1

λ−1
i A2

ii + 2
∑

i<j

|Aij |2c(λi, λj). (5)

for every self-adjoint A = (Aij). Moreover if c is
symmetric in its two variables, c(λ, λ) = Cλ−1 and
c(tλ, tµ) = t−1c(λ, µ) .

The function c(λ, µ) is termed as Morozova-C̆encov
function. The theorem tells that when Mn is consid-
ered as a differentiable manifold, the Riemannian metric
must be a real bilinear form and the tangent vectors may
be identified with self-adjoint matrices. Moreover, for all
D and for all self-adjoint operator A the metric K ′(A,A)
can be determined using the above theorem.

III. RESULTS

It is already mentioned that in[22] an explicit relation
between negativity and Riemannian metric has been es-
tablished. In brief, if a qubit ρS interacts with an ancil-
lary qubit ρA and an entangled state ρSA is produced,
then negativity N of the entangled state is, upto a con-
stant factor, equal to the square root of the Riemannian
metric defined for ρS . A specific unitary USA produce
the entangled state by acting on the initial product state
ρS⊗|0〉A. Here we will show that for different class of en-
tangled states explicit relations between some measures
of entanglement and Riemannian metric exist. To begin
with, let us consider an entangled state ρA1A2

consisting
of subsystems A1 and A2. Negativity [25] of this state is
given by

N (ρA1A2
) =

||ρTA1

A1A2
||
1
− 1

2
(6)

where ρ
TA1

A1A2
denotes the partial transpose with respect to

the subsystem A1 and ||ρTA1

A1A2
||
1
denotes the trace norm

of the matrix. Concurrence [23] of the state ρA1A2
is

given by

C = max{0, λ1 − λ2 − λ3 − λ4} (7)

where λ′s are the square root of of the eigenvalues of
ρA1A2

ρ̃A1A2
in decreasing order. The spin-flipped den-

sity matrix ρ̃A1A2
is defined as

ρ̃A1A2
= σA1

y ⊗ σA2

y ρ∗σA1

y ⊗ σA2

y (8)

where * denotes the complex conjugate in the computa-
tional basis. In order to establish explicit relation be-
tween these two measures and Riemannian metric, we
need to determine Riemannian metric corresponding to
any of the subsystem state. For this purpose we will use
the theorem mentioned earlier. Now we consider different
class of entangled states and show the proposed results.

A. Pure entangled state

Let us take a pure two qubit entangled state

|ψ〉A1A2
= α|00〉+ β|11〉 (9)

where |α|2 + |β|2 = 1. The density matric corresponding
to this state is ρA1A2

. Tracing out subsystem A2 we get
the state ρA1

of the subsystem A1 as:

ρA1
= TrA2

(ρA1A2
)

= |α|2|0〉〈0|+ |β|2|1〉〈1| (10)

Our aim is to find the metric KρA1
(A,B). From the def-

inition of the metric A and B are traceless self-adjoint
operators and they act as tangent vectors corresponding
to the Riemannian manifold formed by single qubit den-
sity matrices. In order to construct A and B with their
respective properties we use the fact that the Pauli ma-
trices are self-adjoint traceless operators and define them
as A = B = i[ρA1

, σl | l = x, y, z], where ‘i’ stands for
imaginary. Matrix representation of these operators are
given by:

i[ρA1
, σx] = i

(

0 (|α|2 − |β|2)
(|β|2 − |α|2) 0

)

(11)

and

i[ρA1
, σy ] =

(

0 (|α|2 − |β|2)
(|α|2 − |β|2) 0

)

(12)

It is easy to verify from Eq.(11) and Eq.(12) that trace of
the two self-adjoint operators are zero. As the diagonal
elements of the matrix corresponding to the operators
i[ρA1

, σx] and i[ρA1
, σy] are zero i.e. A11=A22=0, the

first summation term of the Eq.(5) is zero i.e

C

2
∑

i=1

λ−1
i A2

ii = 0 (13)

Therefore, for operator i[ρA1
, σx] we get Riemannian

metric as:

KρA1
(i[ρA1

, σx], i[ρA1
, σx]) = 2

∑

i<j

|Aij |2c(λi, λj) (14)

where Aij are the off-diagonal elements of the ma-
trix given in Eq.(11) and c(λi, λj) is the Morozova-

C̆encov function [2, 3]. For our calculation, we take one
of the functions proposed originally by Morozova and
C̆encov[2]:

c(λi, λj) =
2

λi + λj
. (15)

Using Eq.(11) and Eqs.(13,14,15) we get the Rieman-
nian metric KρA1

(i[ρA1
σx], i[ρA1

, σx]) corresponding to
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the state ρA1
as

KρA1
(i[ρA1

, σx], i[ρA1
, σx]) = 2|A12|2

2

λ1 + λ2

= 2(|α|2 − |β|2)2 2

|α|2 + |β|2
= 4(1− 4|α|2|β|2)

(16)

where λ1 and λ2 are eigenvalues of the density matrix
ρA1

and A12 is the off-diagonal element of the operator
i[ρA1

, σx]. Now using Eqs.(6,7) we get the negativity and
concurrence of the state ρA1A2

as

N (ρA1A2
) = |α||β| (17)

and

C = 2|α||β|. (18)

Finally, from Eq.(16) and Eqs.[17,18] we get

KρA1
(i[ρA1

, σx], i[ρA1
, σx]) = 4(1− 4N 2)

= 4(1− C2)
(19)

The above equation is valid for σy as well, i.e.,

KρA1
(i[ρA1

, σy], i[ρA1
, σy]) = 4(1− 4N 2)

= 4(1− C2)
(20)

These two equations represent explicit relation between
measures of quantum correlations(entanglement) and
Riemannian metric for two qubit pure entangled state.
Due to unitary invariance property of concurrence, neg-
ativity and Riemannian metric, the above equations are
also unitary invariant. In the next subsection we will
consider mixed entangled states.

B. Mixed entangled state

In this section we are going to show the relation be-
tween the Riemannian metric and measures of entangle-
ment for two-qubit mixed entangled state. We consider
two qubit maximally entangled mixed state(MEMS)[26]
and non-maximally entangled mixed state.

1. Maximally Entangled Mixed State

Maximally entangled mixed states(MEMS) are those
states that have the maximum possible entanglement
for a given mixedness. MEMS were first introduced by
Ishizaka and Hiroshima[26]in a way that their entangle-
ment is maximized by fixing the eigenvalues of the density
matrices. The amount of entanglement of these states

can not be increased by any global unitary transforma-
tion and this property will hold for states having rank less
than 4. Later Munro et al. [27] had derived an analytical
form of MEMS and showed that these states are optimal
for the entanglement(concurrence) and purity measure.
Wei et.al [28] further showed that MEMS depend on the
measures one uses to quantify entanglement. For differ-
ent entanglement measures and mixedness there are dif-
ferent form of maximally entangled mixed state (MEMS).
Here we will show relation between Riemannian metric
and entanglement measures for different form of maxi-
mally entangled mixed state (MEMS).
a. MEMS of Ishizaka and Hiroshima: Ishizaka and

Hiroshima have proposed maximally entangled mixed
states whose entanglement is maximized at fixed eigen-
values for different rank.

• Rank-4 state:
The states they have proposed are those which can
be obtained by applying any local unitary transfor-
mation on the state

ρA1A2
= p1|ψ−〉〈ψ−|+ p2|00〉〈00|

+p3|ψ+〉〈ψ+|+ p4|11〉〈11| (21)

where |ψ±〉 = (|01〉 ± |10〉)/
√
2 are the Bell states

and |00〉, |11〉 are product states orthogonal to
|ψ±〉. pi are the eigenvalues of ρA1A2

in decreasing
order (p1 ≥ p2 ≥ p3 ≥ p4) and p1+p2+p3+p4 = 1.
Ishizaka and Hiroshima have shown that Rank-4
states will be MEMS if the following relation is sat-
isfied:

p3 = p2 + p4 −
√
p2p4 (22)

Now, concurrence of the state given in Eq.(21) is
found to be

C = p1 − p3 − 2
√
p2p4 (23)

The state of subsystem A1 is

ρA1
=
(p1 + p3

2
+ p2

)

|0〉〈0|

+
(p1 + p3

2
+ p4

)

|1〉〈1| (24)

Riemannian metric corresponding to this state will
be

KρA1
(i[ρA1

, σx], i[ρA1
, σx]) = 2

∑

i<j

|Aij |2c(λi, λj)

= 4(p2 − p4)
2 (25)

where c(λi, λj) = 2/(λi + λj).

Using Eqs.[22,23,25] we finally get the relation be-
tween concurrence and Riemannian metric as

√

KρA1
(i[ρA1

, σx], i[ρA1
, σx]) =

2

3
(1 − C)− 4p4 (26)

4



• Rank-3 state:
MEMS of rank-3 can be derived from Eq.(21) by
putting p4 = 0:

ρA1A2
= p1|ψ−〉〈ψ−|+ p2|00〉〈00|

+p3|ψ+〉〈ψ+| (27)

where p1 + p2 + p3 = 1. After doing similar calcu-
lations as in previous case we obtain the relation
between Riemannian metric and concurrence as

√

KρA1
(i[ρA1

, σx], i[ρA1
, σx]) = 2(1− C)− 4p3 (28)

• Rank-2 state:
Putting p3 = p4 = 0 in Eq.(21) we get rank-2
MEMS

ρA1A2
= p1|ψ−〉〈ψ−|+ p2|00〉〈00| (29)

where p1 + p2 = 1. The relations between con-
currence and Riemannian metric for such states is
found to be
√

KρA1
(i[ρA1

, σx], i[ρA1
, σx]) = 2(1− C) (30)

In deriving the relations between Riemannian
metric and concurrence for states of different rank
we have considered subsystem A1. However, simi-
lar relations can also be derived if we take subsys-
tem A2 as the density matrices of two subsystems
are same.

b. MJW MEMS: Wei et al.[28] had shown that
MEMS have different form for different entanglement
measures. They had derived analytical form of MEMS
for different entanglement measures for a given amount
of mixedness. Here we have taken a MEMS for negativity
measure

ρA1A2
=

(

1 +
√
3r2 + 1

6

)

|00〉〈00|+ r

2
|00〉〈11|

+
r

2
|11〉〈00|+

(

1 +
√
3r2 + 1

6

)

|11〉〈11|

+

(

4− 2
√
3r2 + 1

6

)

|01〉〈01|

(31)

where 0 ≤ r ≤ 1. Now the state of subsystem A1 is

ρA1
=

(

5−
√
3r2 + 1

6

)

|0〉〈0|+
(

1 +
√
3r2 + 1

6

)

|1〉〈1|

(32)

After calculating negativity and Riemannian metric, we
finally get the relation between them as

√

KρA1
(i[ρA1

, σx], i[ρA1
, σx]) =

4

3
(1−N ) (33)

2. Non-maximally Entangled Mixed State

We have considered maximally entangled mixed state
so far. Now let us take non-maximally entangled mixed
state. One such example is the state

ρA1A2
= p|ψ〉〈ψ|+ (1− p)|01〉〈01| (34)

where |ψ〉 = α|00〉+ β|11〉 is a non-maximally entangled
pure state and |α|2 + |β|2 = 1. For this state we get the
relation between Riemannian metric and concurrence as

√

KρA1
(i[ρA1

, σx], i[ρA1
, σx]) = 2(1− 2

α

β
C) (35)

IV. CONCLUSION

Quantum correlation is a resource for quantum infor-
mation processing tasks, and entanglement is the best
studied form of it. However, till date, no attempt has
been taken to study quantum entanglement using geom-
etry of quantum state space. In this article we have ad-
dressed a problem, which we think, can shed some light
on the study of quantum entanglement using Rieman-
nian metrics on quantum state space. We have consid-
ered different class of two qubit entangled states and for
each class we have shown an explicit relation between
measures of entanglement and Riemannian metric. The
measures that we have taken into consideration are nega-
tivity and concurrence. Riemannian metric on the differ-
ential manifold has been constructed by using a theorem
provided by Morozova and C̆encov. The entangled states
that we have considered have a common feature; the sub-
systems are non-maximally mixed. For maximally mixed
subsystems the Riemannian metric will be zero. There-
fore, in such cases we can not get explicit relation between
measures of entanglement and Riemannian metric. This
is infact a limitation of the process. Though the results of
this paper do not mention any unique mapping between
Riemannian metric and measures of entanglement, they
certainly emphasize that there exist explicit relation be-
tween measures of quantum correlation and geometry of
quantum state space. We hope that our work will be use-
ful in defining unique Riemannian metrics corresponding
to different entanglement measures.
Acknowledgement : The authors would like to ac-
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Pinto,Geometric lower bound for a quantum coherence
measure, Phys. Rev. A 91, 042330 (2015).

[13] E. Schrodinger, The Present situation in quantum me-
chanics, Naturwissenschaften 23, 807-812 (1935).

[14] R. F. Werner,Quantum states with Einstein-Podolsky-
Rosen correlations admitting a hidden-variable model,
Phys. Rev. A 40, 4277-4281 (1989).

[15] R. Horodecki, P. Horodecki, M. Horodecki
and K. Horodecki, Quantum Entanglement,
Rev. Mod. Phys. 81, 865-942 (2009).

[16] C. H. Bennett, G. Brassard, C. Crpeau, R.
Jozsa, A. Peres and W. K. Wootters,Teleporting
an Unknown Quantum State via Dual Clas-
sical and Einstein-Podolsky-Rosen Channels,
Phys. Rev. Lett. 70, 1895-1899 (1993).

[17] C. H. Bennett and S. J. Wiesner,Communication via one-
and two-particle operators on Einstein-Podolsky-Rosen
states, Phys. Rev. Lett. 69, 2881-2884 (1992).

[18] A. K. Ekert,Quantum cryptography based on
Bell’s theorem Phys. Rev. Lett. 67, 661-663 (1991);
C. H. Bennett, G. Brassard, and N. D. Mer-
min,Quantum cryptography without Bell’s theorem,
Phys. Rev. Lett. 68, 557-560 (1992).

[19] M. Horodecki, J. Oppenheim, A.Winter,Partial quantum
information, Nature 436, 673-676(2005)

[20] L. Henderson and V. Vedral, Classi-
cal, quantum and total correlations,
J. Phys. A: Math. Gen 34, 06899-06905 (2001).

[21] Michael. A Nielsen and Issac. L Chuang, Quantum Com-

putation and Quantum Information,

[22] P.Deb, Geometry of quantum state space and quantum
correlations, Quantum Inf Process. 15, 16291638 (2016)

[23] William K. Wootters, Entanglement of For-
mation of an Arbitrary State of Two Qubits,
Phys. Rev. Lett.80, 2245 (1998)
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