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Abstract The purpose of this paper is to propose quantum filters for a two-
level atom driven by two continuous-mode counter-propagating photons and
under continuous measurements. Two scenarios of multiple measurements, 1)
homodyne detection plus photodetection, and 2) two homodyne detections, are
discussed. Filtering equations for both cases are derived explicitly. As demon-
stration, the two input photons with rising exponential and Gaussian pulse
shapes are used to excite a two-level atom under two homodyne detection
measurements. Simulations reveal scaling relations between atom-photon cou-
pling and photonic pulse shape for maximum atomic excitation.

Keywords Quantum filtering · Two-level atom · Continuous-mode single-
photon states · Homodyne detection · Photodetection

1 Introduction

Quantum filters, pioneered by Belavkin [6,7,8,9], has attracted lots of atten-
tion over the past decades [22,10,5,50]. In quantum optics, quantum filters,
also known as quantum trajectories or stochastic master equations, are of great
importance in measurement feedback control [50,52,23,53]. The problems of
quantum filtering for systems driven by Gaussian states, including vacuum
state, thermal state, coherent state, and squeezed state, have been well stud-
ied, see, e.g., [17,12,34,18]. On the other hand, as single- and multi-photon
states can nowadays be generated in real experiments [39,49,51,31,29,36,32,
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47], more and more research has been concentrated on atomic excitation [49,
4,43,40] and quantum filter design [28,26,45,14,20,3] for systems driven by
single or multiple photons.

Single-photon states play a fundamental role in quantum information,
quantum computation, quantum measurements and control [33,31,32,47]. Quan-
tum filtering for systems driven by fields in single-photon states has been in-
vestigated in [28,25,26,11,19,20,21,16], among others. Particularly, quantum
filters have been used to analyze conditional phase shifts on an optical cavity
in [11]. The master equations and filter equations for single-photon quantum
filtering have been derived explicitly by using Markovian or non-Markovian
embeddings in [28,25,26]. Recently, imperfect measurements and vacuum noise
have also been considered in single-photon quantum filter design [14,20,16].

In addition to single-photon input states, the problem of quantum filter-
ing for systems driven by multi-photon states has been discussed in [45,27,
15]. A general multi-photon filtering framework has been proposed in [45] for
both homodyne detection measurement and photon-counting measurement.
Moreover, multiple measurements have been used to overcome the undesired
vacuum noise and improve estimation performance [15]. In this paper, we de-
rive quantum filters for a two-level atom driven by two counter-propagating
input photons. Two cases of combined measurements have been considered,
namely 1) joint homodyne and photon-counting measurements and 2) two ho-
modyne measurements. The explicit forms of the quantum filters are given for
both cases. As demonstration, the excitation probabilities have been simulated
for a two-level atom which is driven by two counter-propagating photons with
rising exponential and Gaussian pulse shapes, respectively. Several system pa-
rameters have been compared to achieve the optimal excitation probabilities
in each scenario. For the single-photon filtering problem, it is well known that
the optimal ratio for atomic excitation with a rising exponential pulse shape
incident photon is γ = κ, where γ is the full width at half maximum (FWHM)
of the photon wave packet and κ is the decay rate of the atom [46,49,38].
On the other hand, if the incident photon is with Gaussian pulse shape, the
optimal ratio is Ω = 1.46κ, where Ω is the photon bandwidth [46,42,49,28,4].
In this paper, when the two-level atom is driven by two counter-propagating
identical photons, it is shown that the maximum of excitation probability at-
tains at γ = 5κ for rising exponential pulse shapes (see the blue curve in Fig.
5(a)), while Ω = 2 ∗ 1.46κ for the Gaussian pulse shapes (see Fig. 6).

Many features in the few-photon-atom interaction can be observed and
analyzed in a simple way, such as master equations and their variants, see, e.g.
[43,40]. On the other hand, quantum filters reveal the conditioned dynamics
of the system under continuous measurements, which cannot be observed in a
master equation, as the latter is the ensemble average of the former. Indeed,
in section 4.2, numerical simulations have been performed for the study of
a two-level atom driven by two counter-propagating photons with Gaussian
pulse shapes. In each of the subfigures of Fig. 6, the fluctuating curves are
individual quantum trajectories, whose average is given by the red solid curve
in the top-right corner. Also, the master equation has been plotted in the black
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solid curve in the top-right corner. It can be observed that in each subfigure
the red solid curve and black solid curve almost coincide. This validates the
fact that the master equation is the ensemble average of quantum trajectories,
see Remark 3 in section 3.4. However, the quantum trajectories reveal more
details of the dynamics that cannot be displayed by the master equation:

– Some trajectories in Fig. 6(a) can reach almost unity probability, which
means the two-level atom is fully excited in these scenarios.

– In Fig. 6(a), the master equation (the black solid curve in the top-right
corner) has the peak value at time t = 4. The average of the quantum
trajectories, given by the red solid curve in the top-right corner, also reaches
its maximum value at t = 4. Nevertheless, many trajectories reach their
maximum values at different time instants, although not far away from
their mean value t = 4. Indeed, this shows the stochastic nature of the
atom-photon interaction.

Therefore, it is reasonable to say that a quantum filter is more power-
ful than a master equation, and is able to show more dynamics of an open
quantum system under continuous measurements. Finally, since quantum fil-
ters describe the conditional evolution of physical systems under continuous
measurements, they are essential for real-time measurement-based feedback
control of quantum systems [50,1].

This paper is organized as follows. In section 2, we review some basic pre-
liminaries such as the (S,L,H) formalism, quantum filtering, and continuous-
mode single-photon states. System augmentation used in this paper is intro-
duced in section 3.1 and the result of quantum filtering for systems driven
by vacuum input states [18] is briefly recalled in section 3.2. Then filtering
equations with multiple measurements for a two-level atom driven by two
counter-propagating single-photons are derived explicitly. Specifically, the joint
homodyne-photoncounting measurement case is discussed in section 3.3, while
the joint homodyne-homodyne measurement case is discussed in section 3.4.
The excitation probabilities of a two-level atom interacting with photons with
rising exponential pulse shapes and Gaussian pulse shapes are numerically
simulated and discussed in section 4. Section 5 concludes this paper.

Notation. Let |η〉 be the initial state of the two-level atom and |0〉 be the
vacuum field state. Given a column vector of operators or complex numbers
X = [x1, · · · , xn]T , the adjoint operator or complex conjugate of X is denoted
by X# = [x∗1, · · · , x∗n]T , and X† = (X#)T . The commutator between operators
A and B is defined to be [A,B] = AB −BA. Two superoperators are

Lindbladian : LGX ≡ −i[X,H] +DLX,
Liouvillian : L?Gρ ≡ −i[H, ρ] +D?Lρ,

where DLX = L†XL− 1
2 (L†LX+XL†L), and D?Lρ = LρL†− 1

2 (L†Lρ+ρL†L).
Finally, δjk is the Kronecker delta function and δ(t − r) is the Dirac delta
function.
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2 Preliminary

2.1 Open quantum systems in the (S,L,H) formalism

In this paper, the system under study is a two-level atom that is driven by
two counter-propagating photons. This is an open quantum system for which
the so-called (S,L,H) formalism has proven very convenient [24,52,48,44,13].
Here, S is a scattering operator satisfying S†S = SS† = I, L denotes the
coupling between the system and field, and the initial system Hamiltonian is
described by the self-adjoint operator H.

Fig. 1 Concatenation product of two quantum systems G1 and G2

Given two quantum systems G1 = (S1, L1, H1) and G2 = (S2, L2, H2),
their concatenation product G1�G2, as shown in Fig. 1, is introduced in [24]

G1 �G2 =

([
S1 0
0 S2

]
,

[
L1

L2

]
, H1 +H2

)
. (1)

Fig. 2 Series product of two quantum systems G1 and G2

Moreover, if G1 and G2 have the same number of field channels, their series
product G2 C G1, as shown in Fig. 2, can be defined by

G2 C G1 =
(
S2S1, L2 + S2L1, H1 +H2 + Im{L†2S2L1}

)
. (2)
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2.2 Quantum filtering

As we study in this paper the problem of quantum filtering of a two-level
atom driven by two counter-propagating photons, in this section we briefly
introduce the basics of quantum filtering.

Let the annihilation operator for the j-th input field be bj(t) and its ad-
joint operator be b∗j (t). Since the field we consider is in continuous-mode, the
following commutation relation holds:

[bj(t), b
∗
k(r)] = δjkδ(t− r), j, k = 1, 2. (3)

Denote b(t) =

[
b1(t)
b2(t)

]
. The integrated annihilation, creation, and gauge pro-

cesses are given by

B(t) =

∫ t

t0

b(s)ds, B#(t) =

∫ t

t0

b#(s)ds, Λ(t) =

∫ t

t0

b#(s)bT (s)ds,

respectively, where t0 is the time when the system and field start interaction.
Due to (3), these quantum stochastic processes satisfy

dBj(t)dB
∗
k(t) = δjkdt, dBj(t)dΛkl(t) = δjkdBl(t),

dΛjk(t)dB∗l (t) = δkldB
∗
j (t), dΛjk(t)dΛlm(t) = δkldΛjm(t). (4)

The unitary operator U(t) on the tensor product Hilbert spaces System⊗
Field can be used to describe the dynamical evolution of a quantum system
in the (S,L,H) formalism, which is the solution to the quantum stochastic
differential equation (QSDE)

dU(t) =

{
−
(
iH +

1

2
L†L

)
dt+ LdB†(t)− L†SdB(t) + Tr[S − I]dΛ(t)

}
U(t)

(5)
with the initial condition U(t0) = I (identity operator).

Based on (4) and (5), the time evolution of the system operator X, denoted
by

jt(X) ≡ X(t) = U†(t)(Xsystem ⊗ Ifield)U(t), (6)

is given by

djt(X) = jt(LGX)dt+ dB†(t)jt(S
†[X,L])

+jt([L
†, X]S)dB(t) + Tr[jt(S

†XS −X)dΛ(t)]. (7)

The dynamical evolution of the output field in the input-output formalism is
given by

dBout(t) = L(t)dt+ S(t)dB(t),

dΛout(t) = L#(t)LT (t)dt+ S#(t)dB#(t)LT (t)

+L#(t)dBT (t)ST (t) + S#(t)dΛ(t)ST (t),
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where Bout(t) = U†(t)(Isystem⊗B(t))U(t) is the integrated output annihilation
operator, and Λout(t) = U†(t)(Isystem⊗Λ(t))U(t) is the output gauge process.

The output fields can be continuously measured, and from these measure-
ments one can construct quantum filters to study the conditioned dynamics
of the system. Homodyne detection and photon-counting measurements are
commonly used in quantum optical experiments. In the case of homodyne
detection, the measurement equation is

Y (t) = U†(t)(Isystem ⊗ (B(t) +B#(t)))U(t), (8)

while in the case of photon-counting measurement

Y (t) = U†(t)(Isystem ⊗ Λ(t))U(t). (9)

Both of them enjoy the self-non-demolition property

[Y (t), Y (r)] = 0, t0 ≤ r ≤ t, (10)

and the non-demolition property

[X(t), Y (s)] = 0, t0 ≤ s ≤ t. (11)

The quantum conditional expectation is defined as

X̂(t) ≡ πt(X) = E[jt(X)|Yt], (12)

where E denotes the expectation and the commutative von Neumann algebra
Yt is generated by the past measurement observation {Y (s) : t0 ≤ s ≤ t}.
Simply speaking, the quantum filtering problem is to find the minimum of the
least mean squares estimation E[{πt(X)− jt(X)}2] for the system observables
jt(X). The conditioned system density operator ρ(t) can be obtained by means
of πt(X) = Tr

{
(ρ(t))†X

}
. It turns out that ρ(t) is a solution to a system of

stochastic differential equations, which is called quantum filter in the quantum
control community or quantum trajectories in the quantum optics community,
see, e.g., [6,10,5,26,45,50,13].

2.3 Continuous-mode single-photon states

Let b∗(t) be the creation operator of a travelling light field. Define an integrated
creation operator B∗(ξ) for a single photon with pulse shape ξ(t) to be

B∗(ξ) =

∫ ∞
−∞

ξ(t)b∗(t)dt, (13)

where |ξ(t)|2dt is the probability of finding the photon in the time interval
[t, t + dt), which satisfies the normalization condition

∫∞
−∞ |ξ(t)|

2dt = 1. A
continuous-mode single-photon state can be given by

|1ξ〉 = B∗(ξ)|0〉, (14)
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Fig. 3 A two-level atom is driven by two counter-propagating photons, one in each input
channel. After interaction, the two photons are in the two output channels. Then the light
fields in the two output channels are mixed by a beam splitter, the resulting light fields are
measured. (The beam splitter and the measurement devices are not shown in this figure,
but they can be found in Fig. 4.)

which means that the operator B∗(ξ) acts on the vacuum state |0〉 to generate
a single-photon state for the travelling light field. It can be verified that

dB(t)|1ξ〉 = ξ(t)dt|0〉, dΛ(t)|1ξ〉 = ξ(t)dB∗(t)|0〉. (15)

The problem of quantum filtering for systems driven continuous-mode
single-photon fields has been investigated in a series of papers, e.g., [28,25,
26,11,19,20,16].

3 Quantum Filtering with Multiple Measurements

In this section, the filtering equations for a two-level atom driven by two
counter-propagating continuous-mode photons and under multiple measure-
ments are derived explicitly, see Figs. 3-4. The main ideas of the derivation of
the quantum filters are summarized as follows. As shown in Fig. 4, two ancil-
las, A1 and A2, are used to generate single-photon states |1ξ1〉 and |1ξ2〉 from
the vacuum input fields 1 and 2, the mechanism of such photon generation is
discussed in details in section 3.1. The two photons generated interact with
the two-level atom, denoted G in Fig. 4, after interaction they are scattered
into two output channels. These output channels are mixed by a beam splitter
to produce two output light fields (namely Output 1 and Output 2 in Fig.
4), which in the sequel are continuously measured by homodyne detectors or
photodetectors. The augmented system GE (ancillas plus two-level atom plus
beam splitter) in Fig. 4 is driven by two vacuum input fields, the filter for this
augmented system is presented in section 3.2. However, as we are interested in
the quantum filters for the two-level system under continuous measurements,
we have to perform partial trace over the two ancillas A1 and A2, which is
done in sections 3.3 and 3.4. More specifically, in section 3.3, the quantum
filter is derived when the output fields are measured by a homodyne detector
and a photodetector, while in section 3.4, the quantum filter is derived when
the output fields are measured by two homodyne detectors.
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Fig. 4 Quantum system depiction: A1, A2 are the two ancillas which cascade the quantum
system G, two measurements M1 and M2 will be used as the detectors, e.g., homodyne
detector or photodetector. The augmented system (from the vacuum input to measurement)
is denoted by GE for later use.

3.1 System augmentation

Fig. 4 presents a more detailed quantum system depiction for the scheme shown
in Fig. 3. Two quantum signal generators (ancillas A1, A2) are used to cascade
the two-level atom G. The augmented system GE = Sb C G C (A1�A2) could
be obtained by means of the concatenation and series products introduced
in section 2.1. In what follows, we specify the parameter for the augmented
system GE . First, consider the beam splitter in Fig. 4, which in the (S,L,H)
formalism is given by Sb = (Sb, 0, 0) with

Sb =

[√
1− r2 r

−r
√

1− r2

]
, 0 ≤ r ≤ 1. (16)

Next, we consider the two-level atom G. In this paper, we consider the on-
resonance case, i.e., the carrier frequency of the single-photon light field is
equal to the transition frequency between the excited and ground states of the
two-level atom. As a result, the system Hamiltonian H = 0, which maximizes
the atom-photon interaction [49,4,40]. In the (S,L,H) formalism, we have

G = (I2, L, 0), where L =

[√
κ1√
κ2

]
σ−, where σ− is the lowering operator of the

two-level atom G. Finally, we look at the two ancillas A1 and A2, who in the
(SL,H) formalism are given by

A1 = (I, L1, 0), A2 = (I, L2, 0), (17)

where the coupling operators are L1 = λ1(t)σ−1 and L2 = λ2(t)σ−2, respec-
tively. Here, σ−1 and σ−2 correspond to lowering operators from the excited
state |↑〉 to the ground state |↓〉 for the two ancillas. The rising operators will
be denoted by σ+1 and σ+2 respectively. Ordinary functions λ1(t) and λ2(t)
are given by

λ1(t) =
ξ1(t)√
w1(t)

, λ2(t) =
ξ2(t)√
w2(t)

, (18)

where w1(t) =
∫∞
t
|ξ1(s)|2ds, w2(t) =

∫∞
t
|ξ2(s)|2ds, and ξ1(t) and ξ2(t) are

the corresponding input pulse shapes in the first and second channels. As
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shown in [28,29,16], if the ancilla Ai (i = 1, 2) is initialized in the excited
state |↑〉 and driven by a vacuum field, it will generate a single photon state
|1ξi〉 (i = 1, 2). That is why A1 and A2 are called signal generators.

By the concatenation and series products introduced in section 2.1, the
augmented system GE = Sb C G C (A1�A2) in Fig. 4 can be re-parameterized
as

GE = (St, Lt, Ht), (19)

where

St =

[√
1− r2 r

−r
√

1− r2

]
,

Lt =

[ √
1− r2(L1 +

√
κ1σ−) + r(L2 +

√
κ2σ−)

−r(L1 +
√
κ1σ−) +

√
1− r2(L2 +

√
κ2σ−)

]
,

Ht =
1

2i
(
√
κ1σ+L1 +

√
κ2σ+L2 −

√
κ1L

†
1σ− −

√
κ2L

†
2σ−).

In the following, we use Ũ(t) to describe the evolution operator for the
augmented system GE . Then the following equality can be verified

Eηξ[X(t)] = E↑η0[Ũ†(t)(Iancilla ⊗X ⊗ Ifield)Ũ(t)], (20)

where on the right hand side, ↑ means that the ancillas are initialized in the
excited state, η is the initial state of the two-level atom, and 0 denotes the
vacuum input field state. In the next section, we present the quantum filter
for the augmented system GE .

3.2 Quantum filter for the augmented system GE

By means of system augmentation introduced in the preceding section, the
augmented system GE is now driven by two vacuum fields, see Fig. 4. The
problem of quantum filtering for this type of systems has been studied in [18].
In this section, we cite the main result of [18] in order to derive quantum filters
for a two-level atom driven by two counter-propagating photons in sections 3.3
and 3.4.

As discussed in [18], a general measurement equation, which is a function of
annihilation, creation and gauge processes of the output fields, may be defined
as

dY (t) = F#
1 dB

#
out(t) + F1dBout(t) + F2diag(dΛout(t)). (21)

Moreover, a set of measurements Y (t) is self-commutative if and only if the
constant matrices F1 and F2 satisfy[

F1 F
#
1

] [ 0 I
−I 0

] [
FT1
F †1

]
= 0,

[
F2 F

#
1

] [ 0 I
−I 0

] [
FT2
F †1

]
= 0,

[
F2 F1

] [ 0 I
−I 0

] [
FT2
FT1

]
= 0.
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In the following, we cite the main result in [18], which presents the quantum
filter for an open quantum system driven by vacuum input fields.

Lemma 1 [18, Theorem 3.2] Let {Yi,t, i = 1, 2, . . . , N} be a set of N com-
patible measurement outputs for a quantum system E, i.e., Yi,t satisfy the
self-commutative and non-demolition properties. With vacuum input state,
the quantum filter is given by

dX̃t = πt[LE(X̃t)]dt+

N∑
i=1

βi,tdWi,t, (22)

where dWi,t = dYi,t − πt(dYi,t) is a martingale process for each measurement
output and βi,t is the corresponding gain given by

ζT = πt(X̃tdY
T
t )− πt(X̃t)πt(dY

T
t ) + πt

(
[L†t , X̃t]StdBdY

T
t

)
, (23)

Σ = πt(dYtdY
T
t ), β = Σ−1ζ (24)

with Σ being assumed to be non-singular.

The augmented system GE discussed in section 3.1 is an open quantum
system driven by vacuum input fields. As a result, Lemma 1 can be used to
derive its quantum filter. However, in this paper what we are interested in are
quantum filters for a two-level atom driven by two continuous-mode counter-
propagating photons. Hence, more developments have to be carried out, which
are tasks for sections 3.3 and 3.4.

3.3 Quantum filter for the case of joint homodyne and photon-counting
measurements

In this section, we present the quantum filter for the case where the output
fields are measured by a combination of homodyne detector and photodetector.

For the augmented system GE introduced in section 3.1, if we choose F1 =[
1 0
0 0

]
and F2 =

[
0 0
0 1

]
in the general measurement equation (21), then we

have

dY1(t) =
√

1− r2
[
dB1(t) + dB∗1(t) + (L1 +

√
κ1σ−)dt

+(L∗1 +
√
κ1σ+)dt

]
+ r
[
dB2(t) + dB∗2(t)

+(L2 +
√
κ2σ−)dt+ (L∗2 +

√
κ2σ+)dt

]
, (25)

dY2(t) =
[
r2(L∗1 +

√
κ1σ+)(L1 +

√
κ1σ−)

−r
√

1− r2(L∗2 +
√
κ2σ+)(L1 +

√
κ1σ−)

−r
√

1− r2(L∗1 +
√
κ1σ+)(L2 +

√
κ2σ−)
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+(1− r2)(L∗2 +
√
κ2σ+)(L2 +

√
κ2σ−)

]
dt

+
[
r2(L∗1 +

√
κ1σ+)− r

√
1− r2(L∗2 +

√
κ2σ+)

]
dB1(t)

+
[
r2(L1 +

√
κ1σ−)− r

√
1− r2(L2 +

√
κ2σ−)

]
dB∗1(t)

+
[
(1− r2)(L∗2 +

√
κ2σ+)− r

√
1− r2(L∗1 +

√
κ1σ+)

]
dB2(t)

+
[
(1− r2)(L2 +

√
κ2σ−)− r

√
1− r2(L1 +

√
κ1σ−)

]
dB∗2(t)

+r2dΛ11(t)− r
√

1− r2dΛ21(t)− r
√

1− r2dΛ12(t)

+(1− r2)dΛ22(t), (26)

That is, Y1(t) is a mixture of the filed quadratures, while Y2(t) is a mixture of
the filed quadratures and gauge processes.

Let dY (t) = [dY1(t) dY2(t)]T . By (4), it is easy to see that

π̃t
[
dY (t)dY T (t)

]
=

[
dt 0
0 π̃t [dY2(t)dY2(t)]

]
, (27)

where

π̃t [dY2(t)dY2(t)] = r2π̃t
[
(L†1 +

√
κ1σ+)(L1 +

√
κ1σ−)

]
dt

−r
√

1− r2π̃t
[
(L†1 +

√
κ1σ+)(L2 +

√
κ2σ−)

]
dt

−r
√

1− r2π̃t
[
(L†2 +

√
κ2σ+)(L1 +

√
κ1σ−)

]
dt

+(1− r2)π̃t
[
(L†2 +

√
κ2σ+)(L2 +

√
κ2σ−)

]
dt.

The Lindblad superoperator for the augmented system in Fig. 4 can be
expressed as

LLt(A1 ⊗A2 ⊗X)

= DL1
(A1)⊗A2 ⊗X +A1 ⊗DL2

(A2)⊗X
+(κ1 + κ2)A1 ⊗A2 ⊗Dσ−(X)

+
√
κ1L

†
1A1 ⊗A2 ⊗ [X,σ−] +

√
κ1A1L1 ⊗A2 ⊗ [σ+, X]

+
√
κ2A1 ⊗ L†2A2 ⊗ [X,σ−] +

√
κ2A1 ⊗A2L2 ⊗ [σ+, X]. (28)

In what follows, let πt(X) be the conditional expectation of the operator X
of the two-level atom G and π̃t(A1⊗A2⊗X) be the conditional expectation of
the operator A1⊗A2⊗X for the extended system GE . Then it can be shown
that

πjk;mn
t (X) =

π̃t(Q
jk
1 ⊗Qmn2 ⊗X)

wjk1 (t)wmn2 (t)
, j, k,m, n = 0, 1, (29)

where Qjk1 , Qmn2 are the operators of ancillas A1, A2, which are given by[
Q00
i Q01

i

Q10
i Q11

i

]
=

[
σ+iσ−i σ+i

σ−i I

]
, (30)
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and [
w00
i w01

i

w10
i w11

i

]
=

[
wi(t)

√
wi(t)√

wi(t) 1

]
, i = 1, 2 (31)

with wi(t) being given in section 3.1.

Based on (29) and Lemma 1, the stochastic differential equations for the

πjk;mn
t (X) can be derived. Consequently, the stochastic differential equations

for the evolution of conditioned system density matrix ρjk;mn(t) can be derived
by means of the equivalence between the Schrödinger picture and the Heisen-
berg picture πjk;mn

t (X) = Tr{(ρjk;mn(t))†X}, j, k,m, n = 0, 1. The following
theorem presents the filtering equation of ρjk;mn(t) when the output fields are
under joint homodyne detection and photon-counting measurements, as given
in (25)-(26). The filtering equation for ρ11;11(t) is given here and the others
can be found in Appendix A.

Theorem 1 In the case of joint homodyne detection and photon-counting
measurements, the quantum filter for the two-level atom G driven by two
counter-propagating single-photon input states |1ξi〉, i = 1, 2, is given by a
system of stochastic differential equations, composed of (32) below and those
in Appendix A.

dρ
11;11

(t) =

{
(κ1 + κ2)D?σ−ρ

11;11
(t) +

√
κ1ξ1(t)[ρ

01;11
(t), σ+] +

√
κ1ξ

∗
1 (t)[σ−, ρ

10;11
(t)]

+
√
κ2ξ2(t)[ρ

11;01
(t), σ+] +

√
κ2ξ

∗
2 (t)[σ−, ρ

11;10
(t)]

}
dt

+

{√
1− r2

[
ξ
∗
1 (t)ρ

10;11
(t) + ξ1(t)ρ

01;11
(t) +

√
κ1ρ

11;11
(t)σ+ +

√
κ1σ−ρ

11;11
(t)

]
+r

[
ξ
∗
2 (t)ρ

11;10
(t) + ξ2(t)ρ

11;01
(t) +

√
κ2ρ

11;11
(t)σ+ +

√
κ2σ−ρ

11;11
(t)

]
−ρ11;11(t)

[√
1− r2z11(t) + rz12(t)

]}
dW1(t)

+

K−1
p (t)

{
r
2

[
2|ξ1(t)|2ρ00;11(t) + 2

√
κ1ξ1(t)ρ

01;11
(t)σ+ +

√
κ1ξ

∗
1 (t)σ−ρ

10;11
(t)

+κ1σ−ρ
11;11

(t)σ+

]
− r

√
1− r2

[
2ξ

∗
1 (t)ξ2(t)ρ

10;01
(t) +

√
κ2ξ

∗
1 (t)σ−ρ

10;11
(t)

+2
√
κ1ξ2(t)ρ

11;01
(t)σ+ + 2ξ1(t)ξ

∗
2 (t)ρ

01;10
(t) +

√
κ1ξ

∗
2 (t)σ−ρ

11;10
(t)

+2
√
κ2ξ1(t)ρ

01;11
(t)σ+

]
+ (1− r2)

[
2|ξ2(t)|2ρ11;00(t) +

√
κ2ξ

∗
2 (t)σ−ρ

11;10
(t)

+2
√
κ2ξ2(t)ρ

11;01
(t)σ+ + κ2σ−ρ

11;11
(t)σ+

]}
− ρ11;11(t)

dN(t), (32)

where

ρ01;11(t) = (ρ10;11(t))†, ρ11;01(t) = (ρ11;10(t))†, (33)

ρ10;01(t) = (ρ01;10(t))†, ρ01;01(t) = (ρ10;10(t))†, (34)

ρ00;01(t) = (ρ00;10(t))†, ρ01;00(t) = (ρ10;00(t))†, (35)



Quantum filtering for a two-level atom... 13

with the initial conditions

ρ11;11(t0) = ρ11;00(t0) = ρ00;11(t0) = ρ00;00(t0) = |η〉〈η|. (36)

The innovation processes dW1(t) and dN(t) are given by

dW1(t) = dY1(t)−
[√

1− r2k11(t) + rk12(t)
]
dt, (37)

dN(t) = dY2(t)−Kp(t)dt, (38)

respectively, where

k11(t) = ξ∗1(t)Tr[ρ10;11(t)] + ξ1(t)Tr[ρ01;11(t)] +
√
κ1Tr[(σ+ + σ−)ρ11;11(t)],

k12(t) = ξ∗2(t)Tr[ρ11;10(t)] + ξ2(t)Tr[ρ11;01(t)] +
√
κ2Tr[(σ+ + σ−)ρ11;11(t)],

Kp(t) = r2Tr
[
(L†1 +

√
κ1σ+)(L1 +

√
κ1σ−)ρ11;00(t)

]
−r
√

1− r2Tr
[
(L†2 +

√
κ2σ+)(L1 +

√
κ1σ−)ρ10;01(t)

]
−r
√

1− r2Tr
[
(L†1 +

√
κ1σ+)(L2 +

√
κ2σ−)ρ01;10(t)

]
+(1− r2)Tr

[
(L†2 +

√
κ2σ+)(L2 +

√
κ2σ−)ρ00;11(t)

]
.

Remark 1 It can be verified that ρ11;11 in Theorem 1 is indeed self-adjoint.

3.4 Quantum filter for the case of two homodyne detection measurements

In this section, we consider the case that the output fields are measured by
two homodyne detectors, that is, we choose F1 = I2 and F2 = 0 in the general
measurement equation (21). In this case, the output fields in Fig. 4 are dY1(t)
as already given in (25) and

dY2(t) = −r
[
dB1(t) + dB†1(t) + (L1 +

√
κ1σ−)dt

+(L†1 +
√
κ1σ+)dt

]
+
√

1− r2
[
dB2(t) + dB†2(t)

+(L2 +
√
κ2σ−)dt+ (L†2 +

√
κ2σ+)dt

]
. (39)

Let dY (t) = [dY1(t) dY2(t)]T . By (4), it is easy to see that

π̃t
[
dY (t)dY T (t)

]
=

[
dt 0
0 dt

]
. (40)

The Lindblad superoperator in this case has the same form as that given
in (28). With the notation (29), we have the following theorem which presents
the filtering equations for the conditional system density matrix. Similar as in
Theorem 1, here we only present the filtering equation for ρ11;11(t) while put
the others in Appendix B.
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Theorem 2 In the case of two homodyne detection measurements, the quan-
tum filter for the two-level system G driven by two counter-propagating single-
photon input states |1ξi〉, i = 1, 2, is given by a system of stochastic differential
equations, composed of (41) below and those in Appendix B.

dρ
11;11

(t) =

{
(κ1 + κ2)D?σ−ρ

11;11
(t) +

√
κ1ξ1(t)[ρ

01;11
(t), σ+] +

√
κ1ξ

∗
1 (t)[σ−, ρ

10;11
(t)]

+
√
κ2ξ2(t)[ρ

11;01
(t), σ+] +

√
κ2ξ

∗
2 (t)[σ−, ρ

11;10
(t)]

}
dt

+

{√
1− r2

[
ξ
∗
1 (t)ρ

10;11
(t) + ξ1(t)ρ

01;11
(t) +

√
κ1ρ

11;11
(t)σ+ +

√
κ1σ−ρ

11;11
(t)

]
+r

[
ξ
∗
2 (t)ρ

11;10
(t) + ξ2(t)ρ

11;01
(t) +

√
κ2ρ

11;11
(t)σ+ +

√
κ2σ−ρ

11;11
(t)

]
−ρ11;11(t)

[√
1− r2z11(t) + rz12(t)

]}
dW1(t)

+

{
− r

[
ξ
∗
1 (t)ρ

10;11
(t) + ξ1(t)ρ

01;11
(t) +

√
κ1ρ

11;11
(t)σ+ +

√
κ1σ−ρ

11;11
(t)

]
+
√

1− r2
[
ξ
∗
2 (t)ρ

11;10
(t) + ξ2(t)ρ

11;01
(t) +

√
κ2ρ

11;11
(t)σ+ +

√
κ2σ−ρ

11;11
(t)

]
−ρ11;11(t)

[
−rz11(t) +

√
1− r2z12(t)

]}
dW2(t), (41)

where

ρ01;11(t) = (ρ10;11(t))†, ρ11;01(t) = (ρ11;10(t))†, (42)

ρ10;01(t) = (ρ01;10(t))†, ρ01;01(t) = (ρ10;10(t))†, (43)

ρ00;01(t) = (ρ00;10(t))†, ρ01;00(t) = (ρ10;00(t))†, (44)

with the initial conditions

ρ11;11(t0) = ρ11;00(t0) = ρ00;11(t0) = ρ00;00(t0) = |η〉〈η|. (45)

The innovation processes dW1(t) and dW2(t) are given by

dW1(t) = dY1(t)−
[√

1− r2z11(t) + rz12(t)
]
dt, (46)

dW2(t) = dY2(t) +
[
rz11(t)−

√
1− r2z12(t)

]
dt, (47)

respectively, where

z11(t) = ξ∗1(t)Tr[ρ10;11(t)] + ξ1(t)Tr[ρ01;11(t)] +
√
κ1Tr[(σ+ + σ−)ρ11;11(t)],

z12(t) = ξ∗2(t)Tr[ρ11;10(t)] + ξ2(t)Tr[ρ11;01(t)] +
√
κ2Tr[(σ+ + σ−)ρ11;11(t)].

Remark 2 It can be verified that ρ11;11 in Theorem 2 is indeed self-adjoint.

Remark 3 By partial tracing over the environment of the filtering equations
in Theorems 1 and 2, the terms involving innovation processes dW1(t), dN(t)
and dW2(t) will vanish. As a result, the filtering equations in Theorems 1 and 2
reduce to the same set of master equations. In other words, a quantum master
equation is an ensemble average of a quantum filter.



Quantum filtering for a two-level atom... 15

The following remark demonstrates that the scenario considered in this
paper can be reduced to the case of a two-level atom driven by a single-channel
single-photon state, which has been studied in [28,25,26,11,16].

Remark 4 If we set κ1 = 0 and the beam splitter Sb = I in (16), then the
filtering equations in Theorem 1 will reduce to the quantum filter for a two-level
system driven by a single-photon state under photon-counting measurement,
cf. [28, Eq. (43)], [11, Eq. (3)]. On the other hand, if we set κ2 = 0 and the
beam splitter Sb = I, then the filtering equations in both Theorems 1 and 2
will reduce to quantum filters for a two-level system driven by a single-photon
state under homodyne detection measurement, cf. [28, Eq. (42)], [11, Eq. (2)].

4 Simulation Results

In this section, we employ the quantum filters derived above to calculate the
excitation probabilities of a two-level atom which is driven by two counter-
propagating photons and under two homodyne detection measurements. As-
sume that the two-level atom is initially in the ground state |g〉. Two types
of photon pulse shapes, namely rising exponential and Gaussian pulse shapes,
are considered.

4.1 Rising exponential pulse shape

The rising exponential pulse shapes of the two photons are given by

ξi(t) = −√γi e
γi
2 tH(−t), i = 1, 2, (48)

where H(t) is the Heaviside function. These photons have Lorentzian lineshape
functions with FWHM γi (i = 1, 2) [2].

In this example, we use the master equation to study the excitation prob-
abilities. As discussed in Remark 3, the master equation can be obtained by
tracing out the noise terms of the quantum filter in either Theorem 1 or Theo-
rem 2. Excitation probabilities with various pulse shape parameters are plotted
in Fig. 5. We have the following observations.

(i) We look at a special case first. If we set κ2 = 0, then, as discussed in
Remark 4, we have the scenario that a two-level atom is driven by a single
photon with a rising exponential pulse ξ1(t) defined in (48). Let γ1 = κ1.
The excitation probability is given by the black curve in Fig. 5(a). It can
be seen that the excitation probability reaches its maximum Pmax = 1.0
at time t = 0, after that the excited atom decays to its ground state |g〉
exponentially. This is consistent with the well-known result that a two-level
atom can be fully excited by an incident photon of a rising exponential pulse
shape [46,49,38].
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Fig. 5 The excitation probabilities for a two-level atom driven by two counter-propagating
photons with rising exponential pulse shapes, calculated based on the master equation.
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(ii) The two-level atom is equally coupled (κ1 = κ2 = κ) to two identical
(γ1 = γ2 = γ) incident photons (the blue curve in Fig. 5(a)). It is found
that the excitation probability attains the maximum value Pmax = 0.5
when γ = 5κ. Note that in this case, the blue curve in Fig. 5(a) is not
symmetric with respect to the time t = 0 (the part of the curve for t > 0
coincides with the green curve). However, if we choose γ = κ, then the
excitation probability attains its maximum value 0.28 at t < 0 (the red
curve in Fig. 5(a)). This reveals the complex dynamics of a two-level atom
driven by two counter-propagating photons.

(iii) The two incident photons are identical but not equally coupled (κ1 6= κ2)
to the two-level atom (the purple curve in Fig. 5(a)). For instance, the
coupling strength between the two-level atom and the photon in the first
input channel is κ1 = 1, while the other is κ2 = 0.1. In this case, the
interaction between the two-level atom and the photon in the second input
channel is relatively weak due to the small value of κ2. The maximum
excitation probability is Pmax = 0.77 when γ1 = γ2 = κ1. Obviously, this
excitation probability can be close to 1 when the coupling κ2 → 0 as the
limit is the single-photon case (the black curve in Fig. 5(a)) as discussed
in item (i) above.

(iv) The two incident photons are equally coupled (κ1 = κ2 = κ = 1) to the
two-level atom, but with different pulse shapes γ2 = 0.01, γ1 = 2κ (the
green curve in Fig. 5(a)). In this case, the incident photon in the second
channel has a long temporal wave packet (small frequency bandwidth) and
is reflected by the atom, see [4, Fig. 8]. Moreover, in this parameter setting,
the excitation probability reaches its maximum Pmax = 0.5.

(v) The two incident photons interact with the two-level atom one after an-
other (Fig. 5(b)). In this case, the pulse shape of the photon in the first
channel is given by

ξ1(t) = −√γ1 exp(
γ1

2
(t+ T ))H(−T − t), (49)

while the pulse shape of the photon in the second channel is still of the form
(48). Firstly, we choose T = 10 (the black curve in Fig. 5(b)), that is, the
two-level atom can be excited by the incident photon one after another.
The excitation probability attains its maximum value Pmax = 0.5 when
γ = 2κ. The same ratio can be found in the simulated emission [41, Fig.
2(a)], where the incident photon interacts with an excited atom. In that
scenario, the probability of two photons in the second output channel PRR
in [41, Fig. 2(a)] attains its maximum when the pulse shape parameter is
twice the coupling strength.

(vi) It can be observed that the two peak values of the excitation probabil-
ity get closer as T decreases (the blue curve in Fig. 5(b)). Moreover, the
excitation probability becomes smaller when the two incident photons are
close to each other (T = 1, the red curve in Fig. 5(b)).

(vii) Lastly, we set T = 10, which means the two incident photons are far away
from each other. The photon in the second channel is weakly coupled to
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the two-level atom κ2 = 0.1 (the purple curve in Fig. 5(b)). The excitation
probability attains its maximum Pmax = 0.91 when γ1 = κ1. However, the
second excitation is rather weak due to the weak coupling strength κ2.

4.2 Gaussian pulse shape

Here, we consider the case that a two-level atom is driven by two counter-
propagating photons with the Gaussian pulse shapes

ξi(t) =

(
Ω2
i

2π

) 1
4

exp

(
−Ω

2
i

4
(t− τi)2

)
, i = 1, 2, (50)

where τi is the photon peak arrival time and Ωi is the frequency bandwidth
in the i-th input wave packet. If both of the output fields are measured by
homodyne detectors, then quantum trajectories are those given in Theorem
2. In this scenario, the excitation probability of the two-level atom can be
calculated by

Pe(t) = Tr
[
ρ11;11(t)|e〉〈e|

]
, (51)

where ρ11;11(t) is the solution to (41).
In what follows, we study the excitation probabilities of the two-level atom

by means of the master equations and quantum trajectories. In Fig. 6, the
colored fluctuating curves are obtained by means of the quantum filters in
Theorem 2, the black solid curves in the top-right corner are calculated by
means of the master equation, and the red solid curves in the top-right corner
are the results of the average of the quantum trajectories. As can be observed
in all subfigures of Fig. 6 that the red curves are all very close to the black
curves. This confirms the fact that a master equation is an ensemble average
of a filtering equation. We have the following observations.

(i) In Fig. 6(a), we let κ2 = 0. Then we have the single-photon quantum filter-
ing case, See Remark 4. In this case, by the master equation, the maximum
of the excitation probability is 0.8 when the optimal bandwidth Ω = 1.46κ,
see also [46,42,49,28,4]. Moreover, as can be seen in Fig. 6(a) that some
individual quantum trajectories can rise up to Pe = 1.0, which means that
the two-level atom may be fully excited. This cannot be observed by the
master equation in the top-right corner of Fig. 6(a).

(ii) In Fig. 6(b), the two incident photons have different peak arrival times,
τ1 = 3 and τ2 = 6. Based on the master equation it is found that the
maximum value of the excitation probability is Pe = 0.4 when Ω1 = 2 ∗
1.46κ1 or Ω2 = 2 ∗ 1.46κ2. That is, the two-level atom may be excited
twice with the same excitation probability at time instants t1 = 3.5 and
t2 = 6.5, respectively. Similar phenomenon can be seen in the scattering of
two co-propagating input photons, where the excitation probability is even
less than 0.3 [35, Fig. 5(a)]. Interestingly, the second peak value of some
individual quantum trajectories can be significant larger than their first
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Fig. 6 Excitation probabilities of a two-level atom driven by two counter-propagating
single-photon states with the Gaussian pulse shapes, calculated by the quantum master
equation (the black solid curve in the top-right corner), the quantum trajectories (the fluc-
tuating curves) and their average (the red solid curve in the top-right corner).

peak value. This cannot be seen by the master equation in the top-right
corner of Fig. 6(b).

(iii) In Fig. 6(c), the first channel contains a single photon of Gaussian pulse
shape, while the second channel is in the vacuum state. By the master
equation, the excitation probability Pe is maximized to 0.4 when Ω1 =
2 ∗ 1.46κ1. This result is consistent with the Fock-state scattering from a
two-level atom [4, Fig. 7(a)], in which the maximum value of excitation
probability is also 0.4 when the forward-propagating field is prepared in a
Fock state with a single photon. Compared with Fig. 6(a), it can be seen
that almost no quantum trajectories can rise beyond 0.6. In other words,
the excitation probability becomes worse due to the vacuum input channel.

(iv) In Fig. 6(d), we choose τ1 = τ2 = 3, which means that the two photons
interact with the two-level atom simultaneously. By the master equation,
the excitation probability can attain its maximum value Pe = 0.71 at
t = 3.5 when Ω1 = 2∗1.46κ1 and Ω2 = 2∗1.46κ2. This optimal bandwidth
is consistent with the single-channel two-photon case studied in [45, Fig.
1], where the maximum value of the excitation probability is 0.8796 when
the frequency bandwidths are Ω1 = Ω2 = 2 ∗ 1.46κ. Moreover, there are
individual quantum trajectories whose peak values are bigger than 0.9.
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Remark 5 The interaction between a two-level atom and a single photon or
two photons with Gaussian pulse shapes has been studied intensively in the
literature. In the single-photon case, when the photon has a Gaussian pulse
shape (50) with Ω = 1.46κ, where κ is the decay rate of the two-level atom
and Ω is the frequency bandwidth of the single-photon pulse shape, it is shown
that the maximal excitation probability is around 0.8, see, e.g., [46], [42], [49,
Fig. 1], [28, Fig. 8], [4, Fig. 2], and case (i) above. Recently, the analytical
expression of the pulse shape of the output single photon has been derived in
[38]. Assume the pulse shape ξ(t) of the input photon is of the form (50) with
photon peak arrival time τ = 3 and frequency bandwidth Ω = 1.46κ. Denote
the pulse shape of the output photon by η(t). Then it can be easily verified

that
∫ 4

−∞
(
|ξ(τ)|2 − |η(τ)|2

)
dτ = 0.8. Interestingly, the excitation probability

achieves its maximum 0.8 at the time t = 4, see Fig. 6(a). Hence, the filtering
result is consistent with the result of input-output response. The two-photon
case is more complicated. Quantum filters for a two-level atom driven by a
single-channel two-photon state has been derived in [45]. Numerical simula-
tions show that the maximum value of excitation probability is 0.8796 when
the frequency bandwidths Ω1 = Ω2 = 2∗1.46κ, see [45, Fig. 1]. The analytical
form of the output two-photon state has been given in [37]. Unfortunately, due
to the complexity of the output two-photon state, it seems hard to exhibit the
consistency between the filtering result and the input-output response result.
Interestingly, as shown by the numerical simulations above, in the case that
a two-level atom is driven by two counter-propagating photons with Gaussian
pulse shapes, the optimal frequency bandwidths for maximal atomic excita-
tion are Ω1 = 2 ∗ 1.46κ1 and Ω2 = 2 ∗ 1.46κ2, which is the same as the
single-channel two-photon case studied in [45]. These facts indicate that the
found scaling (frequency bandwidths are twice of the atomic decay rates) for
maximal atomic excitation may probably have some physical meaning.

5 Conclusion

In this paper, we have investigated the problem of quantum filtering for a
two-level atom driven by two counter-propagating continuous-mode photons.
The explicit forms of quantum filters have been derived. We have used these
quantum filters to compute the excitation probabilities when the photons are
of rising exponential and Gaussian pulse shapes. Interesting scaling properties
between the pulse shape and atomic decay rate have been revealed by these
numerical simulations. These simulations illustrate the complex dynamics of
the two-level atom driven by two counter-propagating photons, which demands
for more rigorous mathematical analysis and experimental exploration.
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Appendix A. In this appendix, we give the stochastic differential equations
for the quantum filter mentioned in Theorem 1. (The dynamics of ρ11;11(t) has
already been given in (32).)

dρ
10;11

(t) =

{
(κ1 + κ2)D?σ−ρ

10;11
(t) +

√
κ1ξ1(t)[ρ

00;11
(t), σ+] +

√
κ2ξ2(t)[ρ

10;01
(t), σ+]

+
√
κ2ξ

∗
2 (t)[σ−, ρ

10;10
(t)]

}
dt

+

{√
1− r2

[
ξ1(t)ρ

00;11
(t) +

√
κ1ρ

10;11
(t)σ+ +

√
κ1σ−ρ

10;11
(t)

]
+r

[
ξ
∗
2 (t)ρ

10;10
(t) + ξ2(t)ρ

10;01
(t) +

√
κ2ρ

10;11
(t)σ+ +

√
κ2σ−ρ

10;11
(t)

]
−ρ10;11(t)

[√
1− r2z11(t) + rz12(t)

]}
dW1(t)

+

K−1
p (t)

{
r
2

[
2
√
κ1ξ1(t)ρ

00;11
(t)σ+ + κ1σ−ρ

10;11
(t)σ+

]

−r
√

1− r2
[

2
√
κ1ξ2(t)ρ

10;01
(t)σ+

+2ξ1(t)ξ
∗
2 (t)ρ

00;10
(t) +

√
κ1ξ

∗
2 (t)σ+ρ

10;10
(t) + 2

√
κ2ξ1(t)ρ

00;11
(t)σ+

]

+(1− r2)

[
2|ξ2(t)|2ρ10;00(t) +

√
κ2ξ

∗
2 (t)σ−ρ

10;10
(t) + 2

√
κ2ξ2(t)ρ

10;01
(t)σ+

+κ2σ−ρ
10;11

(t)σ+

]}
− ρ10;11(t)

dN(t),

dρ
00;11

(t) =

{
(κ1 + κ2)D?σ−ρ

00;11
(t) +

√
κ2ξ2(t)[ρ

00;01
(t), σ+] +

√
κ2ξ

∗
2 (t)[σ−, ρ

00;10
(t)]

}
dt

+

{√
1− r2

[√
κ1ρ

00;11
(t)σ+ +

√
κ1σ−ρ

00;11
(t)

]
+r

[
ξ
∗
2 (t)ρ

00;10
(t) + ξ2(t)ρ

00;01
(t) +

√
κ2ρ

00;11
(t)σ+ +

√
κ2σ−ρ

00;11
(t)

]
−ρ00;11(t)

[√
1− r2z11(t) + rz12(t)

]}
dW1(t)

+

K−1
p (t)

{
r
2

[
κ1σ−ρ

00;11
(t)σ+

]
− r

√
1− r2

[
2
√
κ1ξ2(t)ρ

00;01
(t)σ+

+
√
κ1ξ

∗
2 (t)σ−ρ

00;10
(t)

]
+ (1− r2)

[
2|ξ2(t)|2ρ00;00(t) +

√
κ2ξ

∗
2 (t)σ−ρ

00;10
(t)

+2
√
κ2ξ2(t)ρ

00;01
(t)σ+ + κ2σ−ρ

00;11
(t)σ+

]}
− ρ00;11(t)

dN(t),

dρ
11;10

(t) =

{
(κ1 + κ2)D?σ−ρ

11;10
(t) +

√
κ1ξ1(t)[ρ

01;10
(t), σ+] +

√
κ1ξ

∗
1 (t)[σ−, ρ

10;10
(t)]

+
√
κ2ξ2(t)[ρ

11;00
(t), σ+]

}
dt

+

{√
1− r2

[
ξ
∗
1 (t)ρ

10;10
(t) + ξ1(t)ρ

01;10
(t) +

√
κ1ρ

11;10
(t)σ+ +

√
κ1σ−ρ

11;10
(t)

]
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+r
[
ξ2(t)ρ

11;00
(t) +

√
κ2ρ

11;10
(t)σ+ +

√
κ2σ−ρ

11;10
(t)

]
−ρ11;10(t)

[√
1− r2z11(t) + rz12(t)

]}
dW1(t)

+

K−1
p (t)

{
r
2

[
2|ξ1(t)|2ρ00;10(t) +

√
κ1ξ

∗
1 (t)σ−ρ

10;10
(t) + 2

√
κ1ξ1(t)ρ

01;10
(t)σ+

+κ1σ−ρ
11;10

(t)σ+

]

−r
√

1− r2
[

2ξ
∗
1 (t)ξ2(t)ρ

10;00
(t) +

√
κ2ξ

∗
1 (t)σ−ρ

10;10
(t) + 2

√
κ1ξ2(t)ρ

11;00
(t)σ+

+2
√
κ2ξ1(t)ρ

01;10
(t)σ+

]
+ (1− r2)

[
2
√
κ2ξ2(t)ρ

11;00
(t)σ+ + κ2σ−ρ

11;10
(t)σ+

]}

−ρ11;10(t)

dN(t),

dρ
10;10

(t) =

{
(κ1 + κ2)D?σ−ρ

10;10
(t) +

√
κ1ξ1(t)[ρ

00;10
(t), σ+] +

√
κ2ξ2(t)[ρ

10;00
(t), σ+]

}
dt

+

{√
1− r2

[
ξ1(t)ρ

00;10
(t) +

√
κ1ρ

10;10
(t)σ+ +

√
κ1σ−ρ

10;10
(t)

]
+r

[
ξ2(t)ρ

10;00
(t) +

√
κ2ρ

10;10
(t)σ+ +

√
κ2σ−ρ

10;10
(t)

]
−ρ10;10(t)

[√
1− r2z11(t) + rz12(t)

]}
dW1(t)

+

K−1
p (t)

{
r
2

[
2
√
κ1ξ1(t)ρ

00;10
(t)σ+ + κ1σ−ρ

10;10
(t)σ+

]

−r
√

1− r2
[

2
√
κ1ξ2(t)ρ

10;00
(t)σ+ + 2

√
κ2ξ1(t)ρ

00;10
(t)σ+

]

+(1− r2)

[
2
√
κ2ξ2(t)ρ

10;00
(t)σ+ + κ2σ−ρ

10;10
(t)σ+

]}
− ρ10;10(t)

dN(t),

dρ
01;10

(t) =

{
(κ1 + κ2)D?σ−ρ

01;10
(t) +

√
κ1ξ

∗
1 (t)[σ−, ρ

00;10
(t)] +

√
κ2ξ2(t)[ρ

01;00
(t), σ+]

}
dt

+

{√
1− r2

[
ξ
∗
1 (t)ρ

00;10
(t) +

√
κ1ρ

01;10
(t)σ+ +

√
κ1σ−ρ

01;10
(t)

]
+r

[
ξ2(t)ρ

01;00
(t) +

√
κ2ρ

01;10
(t)σ+ +

√
κ2σ−ρ

01;10
(t)

]
−ρ01;10(t)

[√
1− r2z11(t) + rz12(t)

]}
dW1(t)

+

K−1
p (t)

{
r
2

[
√
κ1ξ

∗
1 (t)σ−ρ

00;10
(t) + κ1σ−ρ

01;10
(t)σ+

]

−r
√

1− r2
[

2ξ
∗
1 (t)ξ2(t)ρ

00;00
(t) +

√
κ2ξ

∗
1 (t)σ−ρ

00;10
(t) + 2

√
κ1ξ2(t)ρ

01;00
(t)σ+

]

+(1− r2)

[
2
√
κ2ξ2(t)ρ

01;00
(t)σ+ + κ2σ−ρ

01;10
(t)σ+

]}
− ρ01;10(t)

dN(t),

dρ
00;10

(t) =

{
(κ1 + κ2)D?σ−ρ

00;10
(t) +

√
κ2ξ2(t)[ρ

00;00
(t), σ+]

}
dt
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+

{√
1− r2

[√
κ1ρ

00;10
(t)σ+ +

√
κ1σ−ρ

00;10
(t)

]
+ r

[
ξ2(t)ρ

00;00
(t)

+
√
κ2ρ

00;10
(t)σ+ +

√
κ2σ−ρ

00;10
(t)

]
− ρ00;10(t)

[√
1− r2z11(t) + rz12(t)

]}
dW1(t)

+

K−1
p (t)

{
r
2

[
κ1σ−ρ

00;10
(t)σ+

]
− r

√
1− r2

[
2
√
κ1ξ2(t)ρ

00;00
(t)σ+

]

+(1− r2)

[
2
√
κ2ξ2(t)ρ

00;00
(t)σ+ + κ2σ−ρ

00;10
(t)σ+

]}
− ρ00;10(t)

dN(t),

dρ
11;00

(t) =

{
(κ1 + κ2)D?σ−ρ

11;00
(t) +

√
κ1ξ1(t)[ρ

01;00
(t), σ+] +

√
κ1ξ

∗
1 (t)[σ−, ρ

10;00
(t)]

}
dt

+

{√
1− r2

[
ξ
∗
1 (t)ρ

10;00
(t) + ξ1(t)ρ

01;00
(t) +

√
κ1ρ

11;00
(t)σ+ +

√
κ1σ−ρ

11;00
(t)

]

+r
[√
κ2ρ

11;00
(t)σ+ +

√
κ2σ−ρ

11;00
(t)

]
− ρ11;00(t)

[√
1− r2z11(t) + rz12(t)

]}
dW1(t)

+

K−1
p (t)

{
r
2

[
2|ξ1(t)|2ρ00;00(t) +

√
κ1ξ

∗
1 (t)σ−ρ

10;00
(t)

+2
√
κ1ξ1(t)ρ

01;00
(t)σ+ + κ1σ−ρ

11;00
(t)σ+

]

−r
√

1− r2
[
√
κ2ξ

∗
1 (t)σ−ρ

10;00
(t) + 2

√
κ2ξ1(t)ρ

01;00
(t)σ+

]

+(1− r2)

[
κ2σ−ρ

11;00
(t)σ+

]}
− ρ11;00(t)

dN(t),

dρ
10;00

(t) =

{
(κ1 + κ2)D?σ−ρ

10;00
(t) +

√
κ1ξ1(t)[ρ

00;00
(t), σ+]

}
dt

+

{√
1− r2

[
ξ1(t)ρ

00;00
(t) +

√
κ1ρ

10;00
(t)σ+ +

√
κ1σ−ρ

10;00
(t)

]
+r

[√
κ2ρ

10;00
(t)σ+ +

√
κ2σ−ρ

10;00
(t)

]
−ρ10;00(t)

[√
1− r2z11(t) + rz12(t)

]}
dW1(t)

+

K−1
p (t)

{
r
2

[
2
√
κ1ξ1(t)ρ

00;00
(t)σ+ + κ1σ−ρ

10;00
(t)σ+

]

−r
√

1− r2
[

2
√
κ2ξ1(t)ρ

00;00
(t)σ+

]

+(1− r2)

[
κ2σ−ρ

10;00
(t)σ+

]}
− ρ10;00(t)

dN(t),

dρ
00;00

(t) =

{
(κ1 + κ2)D?σ−ρ

00;00
(t)

}
dt

+

{√
1− r2

[√
κ1ρ

00;00
(t)σ+ +

√
κ1σ−ρ

00;00
(t)

]
+ r

[√
κ2ρ

00;00
(t)σ+

+
√
κ2σ−ρ

00;00
(t)

]
− ρ00;00(t)

[√
1− r2z11(t) + rz12(t)

]}
dW1(t)
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+

K−1
p (t)

{
r
2

[
κ1σ−ρ

00;00
(t)σ+

]
+ (1− r2)

[
κ2σ−ρ

00;00
(t)σ+

]}

−ρ00;00(t)

dN(t).

Appendix B. In this appendix, we give the stochastic differential equations
for the quantum filter mentioned in Theorem 2. (The dynamics of ρ11;11(t) has
already been given in (41).)

dρ
10;11

(t) =

{
(κ1 + κ2)D?σ−ρ

10;11
(t) +

√
κ1ξ1(t)[ρ

00;11
(t), σ+] +

√
κ2ξ2(t)[ρ

10;01
(t), σ+]

+
√
κ2ξ

∗
2 (t)[σ−, ρ

10;10
(t)]

}
dt

+

{√
1− r2

[
ξ1(t)ρ

00;11
(t) +

√
κ1ρ

10;11
(t)σ+ +

√
κ1σ−ρ

10;11
(t)

]
+r

[
ξ
∗
2 (t)ρ

10;10
(t) + ξ2(t)ρ

10;01
(t) +

√
κ2ρ

10;11
(t)σ+ +

√
κ2σ−ρ

10;11
(t)

]
−ρ10;11(t)

[√
1− r2z11(t) + rz12(t)

]}
dW1(t)

+

{
− r

[
ξ1(t)ρ

00;11
(t) +

√
κ1ρ

10;11
(t)σ+ +

√
κ1σ−ρ

10;11
(t)

]
+
√

1− r2
[
ξ
∗
2 (t)ρ

10;10
(t) + ξ2(t)ρ

10;01
(t) +

√
κ2ρ

10;11
(t)σ+ +

√
κ2σ−ρ

10;11
(t)

]
−ρ10;11(t)

[
−rz11(t) +

√
1− r2z12(t)

]}
dW2(t),

dρ
00;11

(t) =

{
(κ1 + κ2)D?σ−ρ

00;11
(t) +

√
κ2ξ2(t)[ρ

00;01
(t), σ+] +

√
κ2ξ

∗
2 (t)[σ−, ρ

00;10
(t)]

}
dt

+

{√
1− r2

[√
κ1ρ

00;11
(t)σ+ +

√
κ1σ−ρ

00;11
(t)

]
+r

[
ξ
∗
2 (t)ρ

00;10
(t) + ξ2(t)ρ

00;01
(t) +

√
κ2ρ

00;11
(t)σ+ +

√
κ2σ−ρ

00;11
(t)

]
−ρ00;11(t)

[√
1− r2z11(t) + rz12(t)

]}
dW1(t)

+

{
− r

[√
κ1ρ

00;11
(t)σ+ +

√
κ1σ−ρ

00;11
(t)

]
+
√

1− r2
[
ξ
∗
2 (t)ρ

00;10
(t) + ξ2(t)ρ

00;01
(t) +

√
κ2ρ

00;11
(t)σ+ +

√
κ2σ−ρ

00;11
(t)

]
−ρ00;11(t)

[
−rz11(t) +

√
1− r2z12(t)

]}
dW2(t),

dρ
11;10

(t) =

{
(κ1 + κ2)D?σ−ρ

11;10
(t) +

√
κ1ξ1(t)[ρ

01;10
(t), σ+] +

√
κ1ξ

∗
1 (t)[σ−, ρ

10;10
(t)]

+
√
κ2ξ2(t)[ρ

11;00
(t), σ+]

}
dt

+

{√
1− r2

[
ξ
∗
1 (t)ρ

10;10
(t) + ξ1(t)ρ

01;10
(t) +

√
κ1ρ

11;10
(t)σ+ +

√
κ1σ−ρ

11;10
(t)

]
+r

[
ξ2(t)ρ

11;00
(t) +

√
κ2ρ

11;10
(t)σ+ +

√
κ2σ−ρ

11;10
(t)

]
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−ρ11;10(t)
[√

1− r2z11(t) + rz12(t)
]}

dW1(t)

+

{
− r

[
ξ
∗
1 (t)ρ

10;10
(t) + ξ1(t)ρ

01;10
(t) +

√
κ1ρ

11;10
(t)σ+ +

√
κ1σ−ρ

11;10
(t)

]
+
√

1− r2
[
ξ2(t)ρ

11;00
(t) +

√
κ2ρ

11;10
(t)σ+ +

√
κ2σ−ρ

11;10
(t)

]
−ρ11;10(t)

[
−rz11(t) +

√
1− r2z12(t)

]}
dW2(t),

dρ
10;10

(t) =

{
(κ1 + κ2)D?σ−ρ

10;10
(t) +

√
κ1ξ1(t)[ρ

00;10
(t), σ+] +

√
κ2ξ2(t)[ρ

10;00
(t), σ+]

}
dt

+

{√
1− r2

[
ξ1(t)ρ

00;10
(t) +

√
κ1ρ

10;10
(t)σ+ +

√
κ1σ−ρ

10;10
(t)

]
+r

[
ξ2(t)ρ

10;00
(t) +

√
κ2ρ

10;10
(t)σ+ +

√
κ2σ−ρ

10;10
(t)

]
−ρ10;10(t)

[√
1− r2z11(t) + rz12(t)

]}
dW1(t)

+

{
− r

[
ξ1(t)ρ

00;10
(t) +

√
κ1ρ

10;10
(t)σ+ +

√
κ1σ−ρ

10;10
(t)

]
+
√

1− r2
[
ξ2(t)ρ

10;00
(t) +

√
κ2ρ

10;10
(t)σ+ +

√
κ2σ−ρ

10;10
(t)

]
−ρ10;10(t)

[
−rz11(t) +

√
1− r2z12(t)

]}
dW2(t),

dρ
01;10

(t) =

{
(κ1 + κ2)D?σ−ρ

01;10
(t) +

√
κ1ξ

∗
1 (t)[σ−, ρ

00;10
(t)] +

√
κ2ξ2(t)[ρ

01;00
(t), σ+]

}
dt

+

{√
1− r2

[
ξ
∗
1 (t)ρ

00;10
(t) +

√
κ1ρ

01;10
(t)σ+ +

√
κ1σ−ρ

01;10
(t)

]
+r

[
ξ2(t)ρ

01;00
(t) +

√
κ2ρ

01;10
(t)σ+ +

√
κ2σ−ρ

01;10
(t)

]
−ρ01;10(t)

[√
1− r2z11(t) + rz12(t)

]}
dW1(t)

+

{
− r

[
ξ
∗
1 (t)ρ

00;10
(t) +

√
κ1ρ

01;10
(t)σ+ +

√
κ1σ−ρ

01;10
(t)

]
+
√

1− r2
[
ξ2(t)ρ

01;00
(t) +

√
κ2ρ

01;10
(t)σ+ +

√
κ2σ−ρ

01;10
(t)

]
−ρ01;10(t)

[
−rz11(t) +

√
1− r2z12(t)

]}
dW2(t),

dρ
00;10

(t) =

{
(κ1 + κ2)D?σ−ρ

00;10
(t) +

√
κ2ξ2(t)[ρ

00;00
(t), σ+]

}
dt

+

{√
1− r2

[√
κ1ρ

00;10
(t)σ+ +

√
κ1σ−ρ

00;10
(t)

]
+ r

[
ξ2(t)ρ

00;00
(t)

+
√
κ2ρ

00;10
(t)σ+ +

√
κ2σ−ρ

00;10
(t)

]
− ρ00;10(t)

[√
1− r2z11(t) + rz12(t)

]}
dW1(t)

+

{
− r

[√
κ1ρ

00;10
(t)σ+ +

√
κ1σ−ρ

00;10
(t)

]
+

√
1− r2

[
ξ2(t)ρ

00;00
(t)

+
√
κ2ρ

00;10
(t)σ+ +

√
κ2σ−ρ

00;10
(t)

]
− ρ00;10(t)

[
−rz11(t) +

√
1− r2z12(t)

]}
dW2(t),

dρ
11;00

(t) =

{
(κ1 + κ2)D?σ−ρ

11;00
(t) +

√
κ1ξ1(t)[ρ

01;00
(t), σ+] +

√
κ1ξ

∗
1 (t)[σ−, ρ

10;00
(t)]

}
dt
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+

{√
1− r2

[
ξ
∗
1 (t)ρ

10;00
(t) + ξ1(t)ρ

01;00
(t) +

√
κ1ρ

11;00
(t)σ+ +

√
κ1σ−ρ

11;00
(t)

]

+r
[√
κ2ρ

11;00
(t)σ+ +

√
κ2σ−ρ

11;00
(t)

]
− ρ11;00(t)

[√
1− r2z11(t) + rz12(t)

]}
dW1(t)

+

{
− r

[
ξ
∗
1 (t)ρ

10;00
(t) + ξ1(t)ρ

01;00
(t) +

√
κ1ρ

11;00
(t)σ+ +

√
κ1σ−ρ

11;00
(t)

]
+
√

1− r2
[√
κ2ρ

11;00
(t)σ+ +

√
κ2σ−ρ

11;00
(t)

]
−ρ11;00(t)

[
−rz11(t) +

√
1− r2z12(t)

]}
dW2(t),

dρ
10;00

(t) =

{
(κ1 + κ2)D?σ−ρ

10;00
(t) +

√
κ1ξ1(t)[ρ

00;00
(t), σ+]

}
dt

+

{√
1− r2

[
ξ1(t)ρ

00;00
(t) +

√
κ1ρ

10;00
(t)σ+ +

√
κ1σ−ρ

10;00
(t)

]
+r

[√
κ2ρ

10;00
(t)σ+ +

√
κ2σ−ρ

10;00
(t)

]
−ρ10;00(t)

[√
1− r2z11(t) + rz12(t)

]}
dW1(t)

+

{
− r

[
ξ1(t)ρ

00;00
(t) +

√
κ1ρ

10;00
(t)σ+ +

√
κ1σ−ρ

10;00
(t)

]
+
√

1− r2
[√
κ2ρ

10;00
(t)σ+ +

√
κ2σ−ρ

10;00
(t)

]
−ρ10;00(t)

[
−rz11(t) +

√
1− r2z12(t)

]}
dW2(t),

dρ
00;00

(t) =

{
(κ1 + κ2)D?σ−ρ

00;00
(t)

}
dt

+

{√
1− r2

[√
κ1ρ

00;00
(t)σ+ +

√
κ1σ−ρ

00;00
(t)

]
+ r

[√
κ2ρ

00;00
(t)σ+

+
√
κ2σ−ρ

00;00
(t)

]
− ρ00;00(t)

[√
1− r2z11(t) + rz12(t)

]}
dW1(t)

+

{
− r

[√
κ1ρ

00;00
(t)σ+ +

√
κ1σ−ρ

00;00
(t)

]
+

√
1− r2

[√
κ2ρ

00;00
(t)σ+

+
√
κ2σ−ρ

00;00
(t)

]
− ρ00;00(t)

[
−rz11(t) +

√
1− r2z12(t)

]}
dW2(t).
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