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The Weyl equation describes chiral massless relativistic particles, called Weyl fermions, which
have important relations to neutrinos. A direct observation of the dynamics of Weyl fermions in an
experiment is difficult to achieve. This study investigates a method of simulating the Weyl equation
in 1+2-dimension by a single trapped ion. The predictions about a two-dimensional Zitterbewegung
and an especially interesting phenomenon of Weyl fermions can be tested by the future trapped ion
experiment, which might enhance our understanding of neutrinos.

INTRODUCTION

The Weyl equation can be derived from the Dirac equa-
tion as rest mass equals zero. Neutrinos have a nonzero
tiny mass; hence, the Weyl equation can be used to ap-
proximately describe neutrinos. In the Standard Model
of particle physics (SM), neutrinos are assumed to be
massless, and only left-handed neutrinos exist [1]. The
following remains an open question: why do left-handed
neutrinos exist, but not right-handed neutrinos? Neu-
trinos do not have an electric charge, and are difficult
to detect. Moreover, its properties are still not exactly
clear. An analog quantum simulation [2–6] of the Weyl
equation in a trapped ion system might give us a new per-
spective to understand neutrinos and the electro-weak
interaction. Analog quantum simulators aim at using
controllable systems to simulate systems that are hard
to access in an experiment. Some examples of the ana-
log quantum simulation are as follows: a black hole is
simulated in Bose–Einstein condensation by sonic grav-
itation correspondence [7]; the Klein paradox is simu-
lated using two ions [8]; the Majorana equation and un-
physical operations are simulated using a trapped ion
[9]; and quantum field theory is simulated using trapped
ions[10, 11]. The Zitterbewegung phenomenon, which is
a trembling motion for quantum-relativistic particles, in-
cluding Weyl fermions, has been widely discussed in the
recent years[12–17]. For example, the theoretical pro-
posal and the experimental result of the quantum sim-
ulation of the Dirac equation and Zitterbewegung have
been provided by [12, 13]. The neutrino’s Zitterbewegung
has been discussed by [14].

We present herein a method of simulating the 1 +
2-dimensional Weyl equation using the analog quan-
tum simulator. The two-dimension Zitterbewegung of
Weyl fermions can be tested by the trapped ion ex-
periment. Another interesting phenomenon that can
be tested through the experiment is the axisymmetric
Weyl fermion initial state that will evolve into a non-
axisymmetric state. We show that the Weyl equation
evolution can be simulated in a single trapped ion using
red- and blue-sideband (bichromatic) laser beams from
the x- and y-directions, respectively. The initial state

is prepared by Doppler cooling, sideband cooling, and
displacement Hamiltonian. The average momentum of
the simulated particle is adjusted by the displacement
Hamiltonian. We can use the wave function reconstruc-
tion method [13] to obtain the average position and pos-
sibility distribution at a certain time t by measuring the
excited state’s population.

EFFECTIVE HAMILTONIAN, INITIAL STATE
PREPARATION, AND EVOLUTION

The Weyl equation is written as follows:

i~
∂ΨL

∂t
= −c(σxp̂x + σyp̂y + σz p̂z)ΨL, (1)

where σi(i = x, y, z) are Pauli matrices; c is the speed
of light; and ΨL is the state of the left-handed two-
component Weyl fermions.

We consider an ion trapped in the linear Paul trap to
simulate the Weyl equation. For simplicity and to not
lose generality, we choose the 40Ca+-ion as an example.
After Doppler cooling and sideband cooling, the trap po-
tential of the ion is treated as a harmonic potential, and
the external state of the ion is treated as a quantum har-
monic oscillator. The external state of the ion is quantum
state and determined by the number of phonons. Each
phonon’s energy is ~ω (Fig. 1). We choose two inter-
nal states of the 40Ca+-ion as |0〉, |1〉 and |0〉 = S1/2,
|1〉 = D5/2. The 729 nm, 854 nm and 866 nm laser
beams are used to initialize the internal state of 40Ca+

into |0〉. The 729 nm laser beam can pump |0〉 into |1〉
and realize any possible internal state

α|0〉+ β|1〉, (2)

where |α|2 + |β|2 = 1. The 397 nm laser beam is used
in the electron shelving method [18] to detect |β|2. The
simulated spinor state is defined as follows:

ΨL = ψ(x, y)(α|0〉+ β|1〉) =

(
ψ(x, y)α
ψ(x, y)β

)
, (3)
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FIG. 1. A single trapped ion (40Ca+) and its energy level dia-
grams of external and internal states are shown. The external
state of the ion is determined by the number of phonons. We
choose two internal states S1/2, D5/2 of the ion as the compu-
tational basis |0〉, |1〉 of qubit, where S1/2 is the ground state
of the internal state of the ion, and D5/2 is a metastable state
(approximately 1 s lifetime) of the ion. After Doppler cool-
ing and sideband cooling, the bichromatic laser beams from
the x- and y-directions are used one after another to pre-
pare the initial state. The bichromatic laser beams from the
x- and y-directions are synchronously used to simulate the
Weyl equation Hamiltonian (8). In the measurement stage,
the bichromatic laser beams in the y-direction are used to
simulate the displacement Hamiltonian.

where ψ(x, y) represents the external state of the ion and

(|α|2 + |β|2)

∫
dxdy|ψ(x, y)|2 = 1. (4)

One can perform the coupling between the external
and internal states of the ion by the red- and blue-
sideband laser beams. The red- and blue-sideband pho-
tons energies are equal to the 729 nm photon’s energy
minus and plus a phonon’s energy, respectively. The
Hamiltonian of Jaynes–Cummings (JC) interaction (or
as we call, red-sideband excitation) is used, which reads
as follows [18, 19]:

Hr = ~ηΩ(aσ+eiφr + a†σ−e−iφr ), (5)

where η = k
√
~/2mω is the Lamb–Dicke parameter; m is

the ion’s mass; a† and a are the creation and annihilation
operators of phonons (acting on external state), respec-
tively; Ω is the coupling strength; k is the wave number
of the laser field [12]; φr is the phase of the red-sideband
laser beam; σ+ and σ− are the operators acting on the
internal state α|0〉 + β|1〉 and σ± = 1

2 (σx ± iσy). The
Hamiltonian of the anti-Jaynes–Cummings (AJC) inter-

action (or as we call, blue-sideband) is also used, which
reads as follows:

Hb = ~ηΩ(a†σ+eiφb + aσ−e−iφb), (6)

where φb is the phase of the blue-sideband laser beam.
The momentum and position operators of the ion are
presented as follows

p̂ = −i
√
mω~

2
(a− a†), x̂ =

√
~

2mω
(a+ a†). (7)

We apply the bichromatic laser fields in the x-direction
and y-direction synchronously. The effective Hamilto-
nian can be obtained as follows by setting φr,x = π

2 ,
φb,x = −π2 , φr,y = 0, φb,y = π, Ωx = Ωy = Ω [12, 13]

HD = −c(σxp̂x + σyp̂y), (8)

where c := ~ηΩ
√

2
mω~ is the speed of light. Here, only

the σz p̂z term is omitted. It is still interesting to know
when the simulated equation is the 1+2-dimension Weyl
equation because it involves the two-dimensional Zit-
terbewegung and an interesting phenomenon of Weyl
fermions. These two novel phenomena of the Weyl
fermions in the 1 + 2-dimension cannot be shown in the
1 + 1-dimension Dirac equation simulation[13]. Quan-
tum simulation of the 1+3-dimension Weyl equation is
interesting because we can study the dynamics of Weyl
fermion more close to real neutrinos, for example, the
three-dimensional Zitterbewegung and the difference be-
tween right- and left-handed neutrinos. Particularly, for
1+3 dimensional Weyl fermions, numerical methods in-
volve considerable computational difficulties.

One has to prepare the initial state before simulat-
ing the evolution of the Weyl equation. First, Doppler
cooling and sideband cooling are needed, and the exter-
nal state in the x- and y-directions should be cooled to
ground state (phonon’s number equals 0). The external
state is a Gauss wave function, while the internal state
can be chosen such that

ΨL(t = 0, x, y) =
1

2
√
π∆

e−
x2+y2

4∆2

(
1
1

)
. (9)

Here,
∫∞

0
e−x

2

dx =
√
π

2 is used, and ∆ =
√

~
2mω . Second,

the external and internal states can be further adjusted.
We add the bichromatic laser beams and set φr = φb = 0.
The effective Hamiltonian is achieved as follows:

H̃D =
~ηΩ

∆
x̂σx, (10)

where H̃D is the displacement Hamiltonian. If the bichro-
matic laser beams act for a period t = n

ηΩ , the Gauss
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wave function (9) will be altered to

1

2
√
π∆

e
−i
∆ nxe−

x2+y2

4∆2

(
1
1

)
. (11)

We use the position representation and eigenstate of σx
with eigenvalue 1 such that x̂ → x and σx → 1. Sim-
ilarly, the bichromatic laser beams can be added to the
y-direction and the wave function can be achieved as fol-
lows:

1

2
√
π∆

e
−i
∆ nxe

−i
∆ mye−

x2+y2

4∆2

(
1
1

)
, (12)

where m,n > 0. The initial wave functions in Figs. 2
and 3 are described by Eq. (12) with a particular m,n.
The average momenta of (12) are

〈p̂x〉 = −n~
∆
, 〈p̂y〉 = −m~

∆
. (13)

The wave packet solution of the Weyl equation is the
superposition state of the positive and negative energy
solutions with different momenta.

ΨL = Ψ+ + Ψ− (14)

=

∫ ( − (px−ipy)√
p2
x+p2

y

1

)
χ+(px, py)e

i
~ (pxx+pyy−Et)dpxdpy

+

∫ ( (px−ipy)√
p2
x+p2

y

1

)
χ−(px, py)e

i
~ (pxx+pyy+Et)dpxdpy,

where E = c
√
p2
x + p2

y.

If the initial state is described as (12), χ+ and χ− are

χ+(px, py) =
∆

4~2π
√
π

1− px + ipy√
p2
x + p2

y

 e−
∆2

~2 (px+ n~
∆ )2

e−
∆2

~2 (py+ m~
∆ )2

, (15a)

χ−(px, py) =
∆

4~2π
√
π

1 +
px + ipy√
p2
x + p2

y

 e−
∆2

~2 (px+ n~
∆ )2

e−
∆2

~2 (py+ m~
∆ )2

. (15b)

Substituting Eqs. (15a) and (15b) into Eq. (14), the wave
function at t, ΨL(t, x, y) can be derived. Figs. 2b and 3
(graphics (b) and (c)) show the possibility distributions,
|Ψ+|2 and |Ψ−|2 (inverted), in different average momenta
at t = 0, 1.5, 3. In Fig. 2b, the overlap between Ψ+ and
Ψ− always exists, leading to the Zitterbewegung. The
wave packets in Fig. 2 move in the x-direction, but not
in the y-direction even though the initial wave packet
is axisymmetric. Fig. 3 (graphics (b) and (c)) shows
that the overlap reduces or even disappears over time,
leading to fading of the Zitterbewegung. The wave packet
in Fig. 3b has movement in both x- and y-directions.

Fig. 3c shows almost pure positive energy wave packets.
The negative energy wave packets are too small to be
seen. Fig. 3d shows the inverted |Ψ−|2 with 〈p̂x〉 = − ~

∆ ,
〈p̂y〉 = 0. Two peaks are illustrated in Fig. 3d.

In the Heisenberg picture, the position operator of the
Weyl fermions as a function of time is presented as fol-
lows:

~̂r(t) = ~̂r(0)+c2~̂pH−1
D t+

i

2
~cH−1

D (e2iHDt/~−1)(~σ(0)+c~̂pH−1
D ),

(16)

where ~σ(0) is the ~σ operator’s initial state and c2~̂pH−1
D

is a classical velocity operator. The eigenvalues of the
classical velocity operator are ± c~p√

p2
x+p2

y

. The magnitude

of the classical velocity is the speed of light. The last
term in Eq. (16) is the Zitterbewegung term. Without

loss of generality, ~̂r(0) = (i~ d
dpx

, i~ d
dpy

) and we set ~σ(0) =

(σx, σy).

The momentum representation of the wave function
(12) is

ψL =
∆√
π~
e−

∆2

~2 (px+ n~
∆ )2

e−
∆2

~2 (py+ m~
∆ )2

(
1
1

)
. (17)

The average value of the operator ~̂r(t) is

〈~̂r(t)〉 =

∫ ∞
−∞

∫ ∞
−∞

dpxdpyψ
†
L
~̂r(t)ψL. (18)

The explicit 〈~̂r(t)〉 is

〈x̂(t)〉 =
∆2

π~2

∫ ∞
−∞

∫ ∞
−∞

dpxdpy
−1

p2
x + p2

y

(
2cp2

xt (19)

+
~p2
ysin(

2c
√
p2
x+p2

yt

~ )√
p2
x + p2

y

 e−
2∆2

~2 (px+ n~
∆ )2

e−
2∆2

~2 (py+ m~
∆ )2

,

〈ŷ(t)〉 =
∆2

π~2

∫ ∞
−∞

∫ ∞
−∞

dpxdpy
−1

p2
x + p2

y

(2cpxpyt (20)

−
~pxpysin(

2c
√
p2
x+p2

yt

~ )√
p2
x + p2

y

 e−
2∆2

~2 (px+ n~
∆ )2

e−
2∆2

~2 (py+ m~
∆ )2

.

Figures 2a and 3a show the average position 〈~̂r(t)〉
of the Weyl fermions with different average momenta,
which represent 2-dimensional Zitterbewegung behavior.
In Fig. 2a, the destructive interference between different
momentum components leads to 〈ŷ(t)〉 = 0, while the
constructive interference leads to 〈x̂(t)〉 6= 0. Eq. (18)
shows that, when n = 0 or m = 0, 〈ŷ(t)〉 is the integral of
an odd function, so the corresponding 〈ŷ(t)〉 = 0. When
n = 0,m = 1, Eqs. (19), (20) give us the phenomenon of
the wavefunction’s displacement in the y-direction, but
Zitterbewegung occurs in the x-direction. In fact, this is
a case of coincidence and the Zitterbewegung term always
exists in 〈x̂〉 and 〈ŷ〉 if |Ψ+|2 and |Ψ−|2 overlap. Even
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though the magnitude of the velocity is equal to the speed
of light for each positive and negative energy solution, the
average velocity of the wave packet is always lower than
the speed of light because the wave packet includes parts
with opposite direction velocity. When m = 1, n = 0, the
corresponding wavefunction is composed of almost purely
positive energy wave packets such that its velocity mag-
nitude approaches the speed of light and its trajectory
approaches a straight line.

Figures 2 and 3 show that, when |Ψ+|2 and |Ψ−|2
overlap, the Zitterbewegung phenomenon exists. Zitter-
bewegung also disappears when the overlap disappears.
Therefore, Zitterbewegung originates from the interfer-
ence of positive and negative energy wave functions. Fur-
thermore, the higher the ratio∫

dxdy|Ψ+|2∫
dxdy|Ψ−|2

> 1, (21)

the closer the average velocity of the whole wave packet
is to the speed of light. Figures 2 and 3 also show that
the average position of the simulated Weyl fermion not
only depends on the interference of positive and negative
energy wave functions, but also on the interference of
different momentum components. The interference be-
tween different momentum components evolves the ax-
isymmetric wave function into a non-axisymmetric one.
This interesting phenomenon of a single Weyl fermion
might enhance our understanding of neutrinos.

MEASUREMENT METHOD

We will provide herein a method [13, 20] to test the
Zitterbewegung and possibility distribution in the exper-
iment. We apply the bichromatic laser beams in the y-
direction only and set φr = φb = 0. The effective Hamil-
tonian is then presented as

Hdisp = (Hr +Hb)y =
~ηΩ

∆
ŷσx. (22)

The unitary operator is

U = exp(− i
~
Hdispt) = e−ikŷσx/2, (23)

where k = 2ηΩ
∆ t.

The observable quantity is

O(k) = U†σzU = cos(kŷ)σz + sin(kŷ)σy. (24)

We define |+〉z as the eigenstate of σz with eigenvalue +1
and |+〉y as the eigenstate of σy with eigenvalue +1. We
obtain the following if the initial state is the eigenstate

(a)

(b)

x=0,t=0 x=0,t=1.5 x=0,t=3

<P >=0,<P >=0x y

<P >=0,<P >=-x y
ℏ

Δ

<P >=0,<P >=-2x y
ℏ

Δ

0.5 1.0 1.5 2.0 2.5 3.0 t

-1.5

-1.0

-0.5

<x>(△)

(△/c)

FIG. 2. In graphics (a), the average position, 〈x̂(t)〉, is shown,
where 〈p̂x〉 = 0,〈p̂y〉 = 0,− ~

∆
,− 2~

∆
and ∆

c
= 1

2ηΩ
. The

corresponding average position 〈ŷ(t)〉 = 0. In graphics (b),
the two-dimensional possibility distributions of |Ψ+(x, y)|2
and |Ψ−(x, y)|2 are shown (|Ψ−(x, y)|2 is inverted), where
−4∆ 6 x, y 6 4∆, 〈p̂x〉 = 0, 〈p̂y〉 = 0 and t = 0, 1.5, 3. The
blue-line trajectory is especially interesting because the initial
state corresponding to the blue line is axisymmetric in posi-
tion space and momentum space, but the evolved state is not
axisymmetric. The corresponding 〈ŷ(t)〉 = 0, but 〈x̂(t)〉 6= 0.

of σz:

〈ψ(x, y)|〈+|zO(k)|+〉z|ψ(x, y)〉
= 〈cos(kŷ)〉 = 2〈ψ(y)||ρz(t, ŷ)|2|ψ(y)〉 − 1. (25)

Similarly, we have

〈ψ(x, y)|〈+|yO(k)|+〉y|ψ(x, y)〉
= 〈sin(kŷ)〉 = 2〈ψ(y)||ρy(t, ŷ)|2|ψ(y)〉 − 1, (26)

where ρz(t, ŷ) = 〈e|+〉z, ρy(t, ŷ) = 〈e|+〉y and 〈e| =

〈1|U . 〈ψ(y)||ρz(t, ŷ)|2|ψ(y)〉 and 〈ψ(y)||ρy(t, ŷ)|2|ψ(y)〉
are the quantities that can be directly measured by
the electron shelving method. 〈ψ(y)||ρz(t, ŷ)|2|ψ(y)〉
(〈ψ(y)||ρy(t, ŷ)|2|ψ(y)〉) is the average population possi-
bility of the excitation state |1〉 with the initial state |+〉z
(|+〉y). The exponential function of kŷ is obtained as fol-
lows:

〈eikŷ〉 = 〈cos(kŷ) + isin(kŷ)〉. (27)

The Fourier transformation of 〈eikŷ〉 is presented as∫ ∞
0

〈eikŷ〉e−i2πty0dt ≈ 〈ψ(y0)|δ(y′−y0)|ψ(y0)〉 = |ψ(y′)|2,

(28)
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(a)

(b)

(d)

(c)

x=0,t=0 x=0,t=1.5 x=0,t=3

(△)

(△)

(△/c)

FIG. 3. In graphics (a), the average position of 〈~̂r(t)〉 is shown,
where 〈p̂x〉 = − ~

∆
,〈p̂y〉 = 0,− ~

∆
,− 2~

∆
. In graphics (b), the

two-dimensional possibility distributions of |Ψ+(x, y)|2 and
|Ψ−(x, y)|2 are shown, where −4∆ 6 x, y 6 4∆, 〈p̂x〉 = − ~

∆
,

〈p̂y〉 = − ~
∆

and t = 0, 1.5, 3. The positive and negative en-
ergy wave functions are separate; hence, the Zitterbewegung
fades away. In graphics (c), almost pure positive energy wave
packets with the average momentum 〈p̂x〉 = − ~

∆
,〈p̂y〉 = 0 at

t = 0, 1.5, 3, where the inverted |Ψ−|2 is too small to be seen,
are shown. The corresponding blue line in graphics (a) is an
almost straight line, and the speed is close to the speed of
light. In graphics (d), the inverted negative energy possibil-
ity distributions |Ψ−|2, which cannot be seen in graphics (c)
have two peaks.

where y′ = ηΩ
π∆y (in position representation, ŷ → y).

Similarly, |ψ(x′)|2 can be obtained. The wave function
reconstruction method is shown. The average position of
the simulated particle can be calculated as follows:

〈x̂〉 =

∫
|ψ(x)|2xdx, 〈ŷ〉 =

∫
|ψ(y)|2ydy. (29)

CONCLUSION

We herein proposed a method for simulating a 1 + 2-
dimension Weyl equation using a single trapped ion. The
phenomenon of the two-dimensional Zitterbewegung of
the Weyl fermions is discussed. Zitterbewegung origi-
nates from the interference of Ψ+ and Ψ−. Even though
the initial state of the Weyl fermions is axisymmetric
in the two-dimensional position space and momentum
space, the interference between the different momentum
wave functions leads to zero motion in the y-direction
and nonzero motion in the x-direction and evolves the ax-
isymmetric wave function into a non-axisymmetric one.
Studying the dynamics of a single particle to multiple
particles, transitions from relativistic to non-relativistic
states, and changing from spin-0 to spin- 1

2 and spin-1
states, either theoretically or experimentally is interest-
ing.
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