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1 Introduction

Quantum entanglement is a significant feature in quantum physics. It plays an important role in
many ways such as quantum teleportation [1] and cryptography [2–4]. Therefore, determination of
a state being entangled or not is a significant issue in quantum information theory. Although many
efforts have been devoted to the study of this problem [5–15], it is still open except some special
cases. Since norms of the Bloch vectors have a close relationship to separability criteria, research
on related problem has attracted attention recently.

The norms of correlation tensors in the Bloch representation of quantum states were used to
improve the separability criterion [16, 17]. The norms of correlation tensors for density matrices in
lower dimensions were discussed in [18,19]. In [20], the norms of the correlation tensors for quantum
state with systems less than or equal to four have been investigated. Some sufficient or necessary
conditions of separability by using the norms of the correlation tensors of density matrices were
presented in [21–24]. The relations between the norms of the correlation tensors and the detection
of genuinely multipartite entanglement in tripartite quantum systems have also been established
in [25]. In [26], Sufficient and necessary condition of full separability for 3-qubit systems was de-
rived. The relation among bipartite concurrence, concurrence of assistance and genuine tripartite
entanglement for 2 ⊗ 2 ⊗ n dimensional quantum states was presented in [27]. In [28], non full
separability criterion in multipartite quantum systems based on correlation tensors was discussed.
Using correlation tensors, the authors in [29] have provided full separability criteria for bipartite
and multipartite quantum states.

In this paper, we study necessary conditions of separability for multipartite quantum states
based on correlation tensors. It is known that any n-partite pure state that can be written as a
tensor product |ϕ〉〈ϕ| = |ϕA〉〈ϕA|⊗|ϕA〉〈ϕA| with respect to some bipartition AA (A denoting some
subset of subsystems and A its complement) is called biseparable. And any mixed state that can be
decomposed into a convex sum of biseparable pure states is called biseparable. Consequently, any
non-biseparable mixed state is called genuinely multipartite entangled. However, we mainly study
separability under specific partition rather than biseparable case for multipartite quantum states.
Therefore, our methods can detect entangled states rather than genuinely multipartite entangled
states. In Section 2, we present an upper bound for the norm of correlation tensors and separability
criteria under any partition by constructing matrices for tripartite quantum states. By a detailed
example, our results are seen to outperform previously published results. In Section 3, we generalize
an inequality of the norm of the correlation tensors for four-partite states and derive the necessary
conditions of separability under different partition for four-partite quantum states. We also give
examples to show that our criteria can detect more entangled states than previous available results.
In Section 4, we generalize the norm of correlation tensors to multipartite quantum systems and
obtain necessary conditions of separability under k-partitions. Comments and conclusions are given
in Section 5.

2 Separability criteria for tripartite Quantum States

We first consider the separability criteria for tripartite quantum states. Let Hdn
n (n = 1, 2, 3) be dn-

dimensional Hilbert spaces. Let λ
(f)
if

, if = 1, · · · , d2f −1, f = 1, 2, 3, denote the mutually orthogonal

generators of the special unitary Lie algebra su(df ) under a fixed bilinear form, and I the dm × dm
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identity matrix (m = 1, 2, 3). A tripartite state ρ ∈ Hd1
1 ⊗Hd2

2 ⊗Hd3
3 can be written as follows:

ρ =
1

d1d2d3
I ⊗ I ⊗ I +

3
∑

f=1

df

2d1d2d3

d2
f−1
∑

if=1

t
f
if
λ
(f)
if

⊗ I ⊗ I + (1)

+
∑

1≤f<g≤3

dfdg

4d1d2d3

d2
f−1
∑

if=1

d2
g−1
∑

ig=1

t
fg
if ig

λ
(f)
if

⊗ λ
(g)
ig

⊗ I +
1

8

d2
1−1
∑

i1=1

d2
2−1
∑

i2=1

d2
3−1
∑

i3=1

t123i1i2i3
λ
(1)
i1

⊗ λ
(2)
i2

⊗ λ
(3)
i3
,

where λ
(f)
if

or λ
(g)
ig

((f) or (g) refers the position of λif or λig in the tensor product) stands for the

operators with λif or λig on Hdf
or Hdg

, and I on the respective spaces, tfif = tr(ρλ
(f)
if

⊗ I ⊗ I),

t
fg
if ig

= tr(ρλ
(f)
if

⊗ λ
(g)
ig

⊗ I), t123i1i2i3
= tr(ρλ

(1)
i1

⊗ λ
(2)
i2

⊗ λ
(3)
i3

). Let T (f), T (fg), T (123) be the vectors

(tensors) with entries tfif , t
fg
if ig

, t123i1i2i3
respectively. And ‖ · ‖ stand for the Hilbert-Schmidt norm

or Frobenius norm, then we have ‖T (f)‖2 =
∑d2

f−1

if=1 (t
f
if
)2, ‖T (fg)‖2 =

∑d2
f−1

if=1

∑d2
g−1

ig=1 (t
fg
if ig

)2 and

‖T (123)‖2 =
∑d2

1−1
i1=1

∑d2
2−1

i2=1

∑d2
3−1

i3=1 (t
123
i1i2i3

)2. The trace norm is defined as the sum of the singular

values of the matrix A ∈ R
m×n, i.e., ‖A‖tr =

∑

i σi = tr
√
A†A, where σi, i = 1, · · · ,min(m,n),

are the singular values of the matrix A arranged in descending order.

In particular, for any pure state ρ ∈ Hd1
1 ⊗ Hd2

2 , 2 ≤ d1 ≤ d2, we have ρ = 1
d1d2

Id1 ⊗ Id2 +

1
2d2

∑d2
1−1

i1=1 t
1
i1
λ
(1)
i1

⊗ Id2 +
1

2d1

∑d2
2−1

i2=1 t
2
i2
Id1 ⊗ λ

(2)
i2

+ 1
4

∑d2
1−1

i1=1

∑d2
2−1

i2=1 t
12
i1i2

λ
(1)
i1

⊗ λ
(2)
i2

.

Lemma 1 Let ρ ∈ Hd1
1 ⊗Hd2

2 be a pure state, for d1 ≤ d2,

‖T (12)‖2 ≤ 4(d22 − 1)

d22
. (2)

Proof Let ρ1 and ρ2 be the density matrices with respect to the subsystem H1 and H2. For a pure
state ρ, we have tr(ρ2) = 1 and tr(ρ21) = tr(ρ22), i.e.,

tr(ρ2) =
1

d1d2
+

1

2d2
‖T (1)‖2 + 1

2d1
‖T (2)‖2 + 1

4
‖T (12)‖2 = 1,

tr(ρ21) =
1

d1
+

1

2
‖T (1)‖2 = tr(ρ22) =

1

d2
+

1

2
‖T (2)‖2. (3)

Therefore

‖T (12)‖2 =
4(d22 − 1)

d22
− 2(d1 + d2)

d1d2
‖T (2)‖2 ≤ 4(d22 − 1)

d22
. (4)

�

Proposition 1 Let ρ ∈ Hd1
1 ⊗Hd2

2 ⊗Hd3
3 be a pure state, for d1 ≤ d2 ≤ d3,

‖T (123)‖2 ≤ 8(1− d1d2 + d1d3 + d2d3 − d1 − d2

d1d2d
2
3

). (5)
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Proof Let ρi1 and ρi2i3 be the density matrices with respect to the subsystem Hdi1
, i1 = 1, 2, 3,

and Hdi2di3
, 1 ≤ i2 < i3 ≤ 3. For a pure state ρ, we have tr(ρ2) = 1 and tr(ρ2i1 ) = tr(ρ2i2i3), i.e.,

tr(ρ2) =
1

d1d2d3
+

1

2
(

1

d2d3
‖T (1)‖2 + 1

d1d3
‖T (2)‖2 + 1

d1d2
‖T (3)‖2) + 1

4
(
1

d3
‖T (12)‖2

+
1

d2
‖T (13)‖2 + 1

d1
‖T (23)‖2) + 1

8
‖T (123)‖2 = 1, (6)

tr(ρ2i1 ) =
1

di1
+

1

2
‖T (i1)‖2 = tr(ρ2i2i3) =

1

di2di3
+

1

2
(
1

di3
‖T (i2)‖2 + 1

di2
‖T (i3)‖2) + 1

4
‖T (i2i3)‖2.

Therefore

‖T (123)‖2 = 8(1− 1

d1d2d3
)− 4(

1

d2d3
‖T (1)‖2 + 1

d1d3
‖T (2)‖2 + 1

d1d2
‖T (3)‖2)

− 2(
1

d3
‖T (12)‖2 + 1

d2
‖T (13)‖2 + 1

d1
‖T (23)‖2)

≤ 8(1− d1d2 + d1d3 + d2d3 − d1 − d2

d1d2d
2
3

)− 4[
d2(d3 − 1)

d2d3
‖T (1)‖2

+
d1(d3 − 1)

d1d3
‖T (2)‖2 + d3 + d1d2 − (d1 + d2)

d1d3
‖T (3)‖2]

≤ 8(1− d1d2 + d1d3 + d2d3 − d1 − d2

d1d2d
2
3

). (7)

�

Remark 1. When d1 = d2 = d3 = d, we can obtain that ‖T (123)‖ ≤ 1
d3 (8d

3 − 24d + 16).
Proposition 1 is a generalization of the Theorem 1 given in [20].

For the tripartite quantum state ρ ∈ Hd1
1 ⊗Hd2

2 ⊗Hd3
3 , we denote the bipartitions as follows:

f |gh, fg|h and f 6= g 6= h ∈ {1, 2, 3}. We first consider the separability of ρ under bipartition f |gh.
Then we construct the matrix S(ρf |gh) by

S(ρf |gh) =

(

1 (T (g))t (T (h))t (T (gh))t

T (f) T (fg) T (fh) T (fgh)

)

. (8)

Using this matrix and the inequality for 1-body correlation tensors ‖T (j)‖2 ≤ 2(dj−1)
dj

(j = f, g, h)

[28] and Lemma 1, we get the following separability criterion.

Theorem 1 If the state ρ ∈ Hd1
1 ⊗Hd2

2 ⊗Hd3
3 is separable under the bipartition f |gh, then

‖S(ρf |gh)‖tr ≤
√

(3df − 2)(9dgd2h − 2d2h − 2dgdh − 4dg)

dfdgd
2
h

. (9)

Proof A tripartite mixed state ρ is separable under bipartition f |gh whenever it can be expressed
as

ρf |gh =
∑

l

plρ
(f)
l ⊗ ρ

(gh)
l , (10)
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where the probabilities pl > 0,
∑

l pl = 1. Let ρ
(f)
l = 1

df
Idf

+ 1
2

∑d2
f−1

if=1 t
f
lif
λ
(f)
if

, ρ
(gh)
l = 1

dgdh
Idg

⊗

Idh
+ 1

2dh

∑d2
g−1

ig=1 t
g
lig
λ
(g)
ig

⊗ Idh
+ 1

2dg

∑d2
h−1

ih=1 t
h
lih
Idg

⊗ λ
(h)
ih

+ 1
4

∑d2
g−1

ig=1

∑d2
h−1

ih=1 t
gh
ligih

λ
(g)
ig

⊗ λ
(h)
ih

. Let

v
f
l , v

g
l , v

h
l and vghl be the column vectors with entries tflif , t

g
lig
, thlih and tghligih respectively. Therefore,

T (f) =
∑

l

plv
f
l , T

(g) =
∑

l

plv
g
l , T

(h) =
∑

l

plv
h
l , T

(fg) =
∑

l

plv
f
l (v

g
l )

t,

T (fh) =
∑

l

plv
f
l (v

h
l )

t, T (gh) =
∑

l

plv
gh
l , T (fgh) =

∑

l

plv
f
l (v

gh
l )t, (11)

where t stands for transpose. Then the matrix S(ρf |gh) can be written as

S(ρf |gh) =
∑

l

pl

(

1 (vgl )
t (vhl )

t (vghl )t

v
f
l v

f
l (v

g
l )

t v
f
l (v

h
l )

t v
f
l (v

gh
l )t

)

=
∑

l

pl

(

1

v
f
l

)

(

1 (vgl )
t (vhl )

t (vghl )t
)

. (12)

Thus,

‖S(ρf |gh)‖tr ≤
∑

l

pl‖
(

1

v
f
l

)

(

1 (vgl )
t (vhl )

t (vghl )t
)

‖tr

=
∑

l

pl‖
(

1

v
f
l

)

‖‖
(

1 (vgl )
t (vhl )

t (vghl )t
)t ‖

=
∑

l

pl

√

1 + ‖vfl ‖2
√

1 + ‖vgl ‖2 + ‖vhl ‖2 + ‖vghl ‖2

≤
√

(3df − 2)(9dgd2h − 2d2h − 2dgdh − 4dg)

dfdgd
2
h

, (13)

where we have used ‖A+B‖tr ≤ ‖A‖tr + ‖B‖tr for matrices A and B and ‖|a〉〈b|‖tr = ‖|a〉‖‖|b〉‖
for vectors |a〉 and |b〉.

�

Remark 2. We may analyze the bipartition fg|h by using similar methods above. If the state
ρ ∈ Hd1

1 ⊗Hd2
2 ⊗Hd3

3 is separable under the bipartition fg|l, then

‖S(ρfg|h)‖tr ≤
√

(3dh − 2)(9dfd2g − 2d2g − 2dfdg − 4df )

dfd2gdh
. (14)

We next consider the full separability of ρ. Denote the matrix

S(ρf |g|h) =

(

(T (h))t (T (gh))t

T (fh) T (fgh)

)

. (15)

Using this matrix and the inequality for 1-body correlation tensors ‖T (j)‖2 ≤ 2(dj−1)
dj

(j = f, g, h)

[28], we get the following separability criterion.
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Theorem 2 If the state ρ ∈ Hd1
1 ⊗Hd2

2 ⊗Hd3
3 is fully separable, then

‖S(ρf |g|h)‖tr ≤ 2(dh − 1)

dh

√

(3df − 2)(3dg − 2)

dfdg
. (16)

Proof A tripartite mixed state ρ is fully separable whenever it can be expressed as

ρf |g|h =
∑

l

plρ
(f)
l ⊗ ρ

(g)
l ⊗ ρ

(h)
l , (17)

where the probabilities pl > 0,
∑

l pl = 1. Let ρ
(f)
l = 1

df
Idf

+ 1
2

∑d2
f−1

if=1 t
f
lif
λ
(f)
if

, ρ
(g)
l = 1

dg
Idg

+

1
2

∑d2
g−1

ig=1 t
g
lig
λ
(g)
ig

, ρ
(h)
l = 1

dh
Idh

+ 1
2

∑d2
h−1

ih=1 t
h
lih
λ
(h)
ih

. Let vfl , v
g
l and vhl be the column vectors with

entries tflif , t
g
lig

and thlih respectively. Therefore

T (h) =
∑

l

plv
h
l , T

(fh) =
∑

l

plv
f
l (v

h
l )

t, T (gh) =
∑

l

plv
g
l ⊗ vhl , T

(fgh) =
∑

l

plv
f
l (v

g
l ⊗ vhl )

t. (18)

It follows that the matrix S(ρf |g|h) can be written as

S(ρf |g|h) =
∑

l

pl

(

(vhl )
t (vgl ⊗ vhl )

t

v
f
l (v

h
l )

t v
f
l (v

g
l ⊗ vhl )

t

)

=
∑

l

pl

(

1

v
f
l

)

(

1 (vgl )
t
)

⊗ (vhl )
t. (19)

Taking the norm, we get that

‖S(ρf |g|h)‖tr ≤
∑

l

pl‖
(

1

v
f
l

)

(

1 (vgl )
t
)

⊗ (vhl )
t‖tr =

∑

l

pl‖
(

1

v
f
l

)

‖‖
(

1
v
g
l

)

⊗ vhl ‖

=
∑

l

pl‖
(

1

v
f
l

)

‖‖
(

1
v
g
l

)

‖‖vhl ‖ ≤
∑

l

pl‖vhl ‖
√

1 + ‖vfl ‖2
√

1 + ‖vgl ‖2

≤ 2(dh − 1)

dh

√

(3df − 2)(3dg − 2)

dfdg
. (20)

�

Remark 3. By the above Theorem 1 and Theorem 2, we have obtained upper bounds for 1-2,
2-1 and 1-1-1 separable quantum states. With these bounds a complete classification of tripartite
quantum states has been derived.

In Ref. [20], the authors analyzed necessary conditions of separability under arbitrary partition
for four-patite quantum states by using the norms of correlation tensors. We can derive the necessary
condition of separability under arbitrary partition for tripartite state ρ ∈ Hd

1 ⊗Hd
2 ⊗Hd

3 by using
methods as similar as [20], i.e.,

‖T (123)‖2 ≤
{

8(d−1)2(d+1)
d3 , if ρ is 1− 2 separable;

8(d−1)3

d3 , if ρ is 1− 1− 1 separable.
(21)

Example 1. Consider the quantum state ρ ∈ H2
1 ⊗H2

2 ⊗H2
3 :

ρ =
x

8
I8 + (1 − x)|φ〉〈φ|, (22)
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0 0.2 0.4 0.6 0.8 1

x
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-2.5

-2
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0

0.5

1

f(
x)

0 0.2 0.4 0.6 0.8 1

x-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5 f(
x)

0.179 0.427 0.547

Fig. 1 The f1(x) from Theorem 1 (solid straight line), f2(x) from inequality (21) (dashed curve line), f3(x) from
Theorem 2 (dotted straight line) and f4(x) from inequality (21)(dash-dot curve line).

where |φ〉 = 1√
2
(|000〉 + |111〉), I8 stands for the 8 × 8 identity matrix and x ∈ [0, 1]. By our

Theorem 1 and Theorem 2, we have f1(x) = ‖S(ρf |gh)‖tr − 2
√
3 = −3x + 4 − 2

√
3 and f3(x) =

‖S(ρf |gh)‖tr − 2 = −(3 +
√
2)x +

√
2 + 1 respectively. When f1(x) > 0 or f2(x) > 0, ρ is not

separable under the bipartition f |gh or fully separable. When d = 2, according to inequality (21),
we have f2(x) = ‖T (123)‖2 − 3 = 3x2 − 6x and f4(x) = ‖T (123)‖2 − 1 = 3x2 − 6x+ 2. And ρ is not
separable under the bipartition f |gh or fully separable for f2(x) > 0 or f4(x) > 0 respectively. Fig.
1 shows that ρ is not separable under the bipartition f |gh for 0 ≤ x < 0.179 by using Theorem 1,
while according to inequality (21), it cannot detect whether the ρ is separable under the bipartition
f |gh or not. And ρ is not fully separable for 0 ≤ x < 0.547 by using Theorem 2, while according to
inequality (21), ρ is not fully separable for 0 ≤ x < 0.427. This shows that Theorem 1 and Theorem
2 detect more entangled states.

3 Separability criteria for four-partite Quantum Systems

We next consider the separability criteria for four-partite quantum states. Let Hdn
n (n = 1, 2, 3, 4)

be dn-dimensional Hilbert spaces. For f = 1, 2, 3, 4, if = 1, · · · , d2f − 1, let λ
(f)
if

denote the mutually

orthogonal generators of the special unitary Lie algebra su(df ) under a fixed bilinear form, and I

the dm × dm, m = 1, 2, 3, 4, identity matrix. A four-partite state ρ ∈ Hd1
1 ⊗Hd2

2 ⊗Hd3
3 ⊗Hd4

4 can
be written as follows:

ρ =
1

d1d2d3d4
I ⊗ I ⊗ I ⊗ I +

1

2dgdhde

4
∑

f=1

d2
f−1
∑

if=1

t
f
if
λ
(f)
if

⊗ I ⊗ I ⊗ I + · · ·

+
1

16

d2
1−1
∑

i1=1

d2
2−1
∑

i2=1

d2
3−1
∑

i3=1

d2
4−1
∑

i4=1

t1234i1i2i3i4
λ
(1)
i1

⊗ λ
(2)
i2

⊗ λ
(3)
i3

⊗ λ
(4)
i4
, (23)

where λ
(f)
if

((f) indicates the position of λif in the tensor product) stands for the operators on

Hdf
, I on the remaining appropriate factors, tfif = tr(ρλ

(f)
if

⊗ I ⊗ I ⊗ I), tfgif ig = tr(ρλ
(f)
if

⊗ λ
(g)
ig

⊗
I ⊗ I), tfghif igih

= tr(ρλ
(f)
if

⊗ λ
(g)
ig

⊗ λ
(h)
ih

⊗ I), and t1234i1i2i3i4
= tr(ρλ

(1)
i1

⊗ λ
(2)
i2

⊗ λ
(3)
i3

⊗ λ
(4)
i4

). Let

T (f), T (fg), T (fgh), T (1234) be the vectors (tensors) with entries tfif , t
fg
if ig

, t
fgh
if igih

, t1234i1i2i3i4
, respectively,
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where 1 ≤ f < g < h ≤ 4, then we get ‖T (f)‖2 =
∑d2

f−1

if=1 (t
f
if
)2, ‖T (fg)‖2 =

∑d2
f−1

if=1

∑d2
g−1

ig=1 (t
fg
if ig

)2,

‖T (fgh)‖2 =
∑d2

f−1

if=1

∑d2
g−1

ig=1

∑d2
h−1

ih=1 (t
fgh
if igih

)2, and ‖T (1234)‖2 =
∑d2

1−1
i1=1

∑d2
2−1

i2=1
∑d2

3−1
i3=1

∑d2
4−1

i4=1 (t
1234
i1i2i3i4

)2.

Proposition 2 Let ρ ∈ Hd1
1 ⊗ · · · ⊗Hd4

4 be a pure state, for 2 ≤ d1 ≤ d2 ≤ d3 ≤ d4,

‖T (1234)‖2 ≤ 16(1− d2d3d4 + d1d3d4 + d1d2d4 + d1d2d3 − d1 − d2 − d3 + d4

2d1d2d3d24
). (24)

Proof Let ρi1 and ρi2i3i4 be the density matrices with respect to the subsystem Hdi1
(i1 = 1, · · · , 4)

and Hdi2di3di4
(1 ≤ i2 < i3 < i4 ≤ 4) respectively. For a pure state ρ, we have tr(ρ2) = 1 and

tr(ρ2i1 ) = tr(ρ2i2i3i4). Therefore

‖T (1234)‖2 = 16(1− 1

d1d2d3d4
)− 8(

1

d2d3d4
‖T (1)‖2 + · · ·+ 1

d1d2d3
‖T (4)‖2)

− 4(
1

d3d4
‖T (12)‖2 + · · ·+ 1

d1d2
‖T (34)‖2)− 2(

1

d4
‖T (123)‖2 + · · ·+ 1

d1
‖T (234)‖2)

≤ 16(1− 1

d1d2d3d4
)− 8(

1

d2d3d4
‖T (1)‖2 + · · ·+ 1

d1d2d3
‖T (4)‖2)

− 4

d4
(
1

d3
‖T (12)‖2 + · · ·+ 1

d1
‖T (34)‖2)− 2(

1

d4
‖T (123)‖2 + · · ·+ 1

d1
‖T (234)‖2)

≤ 16(1− 1

d1d2d3d4
)− 8(

1

d2d3d4
‖T (1)‖2 + · · ·+ 1

d1d2d3
‖T (4)‖2)

− 8

d4
[
d2d3d4 + d1d3d4 + d1d2d4 + d1d2d3 − d1 − d2 − d3 − d4

d1d2d3d4

+
1

2
(
d2d3d4 − d2 − d3 − d4

d2d3d4
‖T (1)‖2 + · · ·+ d1d2d3 − d1 − d2 − d3

d1d2d3
‖T (4)‖2)

− 1

2
(‖T (123)‖2 + · · ·+ ‖T (234)‖2)]− 2(

1

d4
‖T (123)‖2 + · · ·+ 1

d1
‖T (234)‖2)

≤ 16(1− d2d3d4 + d1d3d4 + d1d2d4 + d1d2d3 − d1 − d2 − d3 + d4

2d1d2d3d24
)

− 8(
d2d3d4 − d2 − d3 + d4

2d2d3d24
‖T (1)‖2 + d1d3d4 − d1 − d3 + d4

2d1d3d24
‖T (2)‖2

+
d1d2d4 − d1 − d2 + d4

2d1d2d24
‖T (3)‖2 + 2d4 + d1d2d3 − d1 − d2 − d3

2d1d2d3d4
‖T (4)‖2)

− 2(
1

2d4
‖T (123)‖2 + 2d4 − d3

2d3d4
‖T (124)‖2 + 2d4 − d2

2d2d4
‖T (134)‖2 + 2d4 − d1

2d1d4
‖T (234)‖2)

≤ 16(1− d2d3d4 + d1d3d4 + d1d2d4 + d1d2d3 − d1 − d2 − d3 + d4

2d1d2d3d24
). (25)

�
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Remark 4. When d1 = d2 = d3 = d4 = d, we can obtain ‖T (1234)‖ ≤ 16(d2−1)2

d4 . Thus, Proposition
2 generalizes Theorem 2 in [20].

For a four-partite quantum state ρ on Hd1
1 ⊗Hd2

2 ⊗Hd3
3 ⊗Hd4

4 , the bipartitions and tripartitions
are the following: f |ghe, fg|he, fgh|e and f |g|he, fg|h|e, f |gh|e where f 6= g 6= h 6= e = 1, 2, 3, 4.
We first consider the separability of ρ under the bipartition f |ghe. Define the matrix S(ρf |ghe) by

S(ρf |ghe) =

(

1 (T (g))t

T (f) T (fg)

)

. (26)

And by the inequality ‖T (j)‖2 ≤ 2(dj−1)
dj

(j = f, g) [28], we get the following separability criterion.

Theorem 3 If the state ρ ∈ Hd1
1 ⊗Hd2

2 ⊗Hd3
3 ⊗Hd4

4 is separable under the bipartition f |ghe, then

‖S(ρf |ghe)‖tr ≤
√

(3df − 2)(3dg − 2)

dfdg
. (27)

Proof A four-partite mixed state ρ is separable under bipartition f |ghe whenever it can be expressed
as

ρf |ghe =
∑

l

plρ
(f)
l ⊗ ρ

(ghe)
l , (28)

where the probabilities pl > 0,
∑

l pl = 1. Let ρ
(f)
l = 1

df
Idf

+ 1
2

∑d2
f−1

if=1 t
f
lif
λ
(f)
if
, ρ

(ghe)
l = 1

dgdhde
Idg

⊗

Idh
⊗ Ide

+ 1
2 (

1
dhde

∑d2
g−1

ig=1 t
g
lig
λ
(g)
ig

⊗ Idh
⊗ Ide

+ · · · ) + 1
4 (

1
de

∑d2
g−1

ig=1

∑d2
h−1

ih=1 t
gh
ligih

λ
(g)
ig

⊗ λ
(h)
ih

⊗ Ide
+

· · · ) + 1
8

∑d2
g−1

ig=1

∑d2
h−1

ih=1

∑d2
e−1

ie=1 t
ghe
ligihie

λ
(g)
ig

⊗ λ
(h)
ih

⊗ λ
(e)
ie

. Let vfl and vgl be the column vectors with

entries tflif and tglig respectively. Therefore

T (f) =
∑

l

plv
f
l , T

(g) =
∑

l

plv
g
l , T

(fg) =
∑

l

plv
f
l (v

g
l )

t, (29)

and then it follows that the matrix S(ρf |ghe) can be written as

S(ρf |ghe) =
∑

l

pl

(

1 (vgl )
t

v
f
l v

f
l (v

g
l )

t

)

=
∑

l

pl

(

1

v
f
l

)

(

1 (vgl )
t
)

. (30)

Thus,

‖S(ρf |ghe)‖tr ≤
∑

l

pl‖
(

1

v
f
l

)

(

1 (vgl )
t
)

‖tr =
∑

l

pl‖
(

1

v
f
l

)

‖
(

1 (vgl )
t
)t ‖

=
∑

l

pl

√

1 + ‖vfl ‖2
√

1 + ‖vgl ‖2 ≤
√

(3df − 2)(3dg − 2)

dfdg
. (31)

�
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We next consider the separability of ρ under bipartition fg|he. Denote the matrix

S(ρfg|he) =

(

1 (T (he))t

T (fg) T (fghe)

)

. (32)

And by Lemma 1, we have the following separability criterion.

Theorem 4 If the state ρ ∈ Hd1
1 ⊗Hd2

2 ⊗Hd3
3 ⊗Hd4

4 is separable under bipartition fg|he, then

‖S(ρfg|he)‖tr ≤

√

(5d2g − 4)(5d2e − 4)

dgde
. (33)

Proof A four-partite mixed state ρ is separable under bipartition fg|he whenever it can be expressed
as

ρfg|he =
∑

l

plρ
(fg)
l ⊗ ρ

(he)
l , (34)

where the probabilities pl > 0,
∑

l pl = 1.

Let ρ
(fg)
l = 1

dfdg
Idf

⊗ Idg
+ · · ·+ 1

4

∑d2
f−1

if=1

∑d2
g−1

ig=1 t
fg
lif ig

λ
(f)
if

⊗ λ
(g)
ig

, and ρ
(he)
l = 1

dhde
Idh

⊗ Ide
+

· · ·+ 1
4

∑d2
h−1

ih=1

∑d2
e−1

ie=1 t
he
lihie

λ
(h)
ih

⊗λ
(e)
ie

. Let vfgl and vhel be the column vectors with entries tfglif ig and

thelihie respectively. Therefore

T (fg) =
∑

l

plv
fg
l , T (he) =

∑

l

plv
he
l , T (fghe) =

∑

l

plv
fg
l (vhel )t. (35)

Then the matrix matrix S(ρfg|he) can be written as

S(ρfg|he) =
∑

l

pl

(

1 (vhel )t

v
fg
l v

fg
l (vhel )t

)

=
∑

l

pl
(

1 (vfgl )t
)t (

1 (vhel )t
)

. (36)

Thus,

‖S(ρfg|he)‖tr ≤
∑

l

pl‖
(

1 (vfgl )t
)t (

1 (vhel )t
)

‖tr

=
∑

l

pl‖
(

1 (vfgl )t
)t ‖‖

(

1 (vhel )t
)t ‖

=
∑

l

pl

√

1 + ‖vfgl ‖2
√

1 + ‖vhel ‖2

≤

√

(5d2g − 4)(5d2e − 4)

dgde
, (37)

where we have used the triangular inequality of the trace norm.

�
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We next consider the separability of ρ under tripartition f |g|he. We define the matrix S(ρf |g|he)
by

S(ρf |g|he) =

(

(T (h))t T (gh)t

T (fh) T (fgh)

)

, (38)

with the matrix, the inequality ‖T (j)‖2 ≤ 2(dj−1)
dj

(j = f, g, h) [28] and similar methods of Theorem

2, then we obtain the following separability criterion.

Theorem 5 If the state ρ ∈ Hd1
1 ⊗Hd2

2 ⊗Hd3
3 ⊗Hd4

4 is separable under tripartition f |g|he, then

‖S(ρf |g|he)‖tr ≤ 2(dh − 1)

dh

√

(3df − 2)(3dg − 2)

dfdg
. (39)

Remark 5. We may analyze the bipartition fgh|e and tripartitions fg|h|e, f |gh|e by using similar
methods of Theorem 2 and Theorem 4 above, respectively. If the state ρ ∈ Hd1

1 ⊗ Hd2
2 ⊗ Hd3

3 ⊗
Hd4

4 is separable under bipartition fgh|e, then ‖S(ρfgh|e)‖tr ≤
√

(3df−2)(3de−2)
dfde

. If the state ρ ∈
Hd1

1 ⊗ Hd2
2 ⊗ Hd3

3 ⊗ Hd4
4 is separable under tripartition fg|h|e or f |gh|e, then ‖S(ρfg|h|e)‖tr ≤

2(df−1)
df

√

(3dh−2)(3de−2)
dhde

or ‖S(ρf |gh|e)‖tr ≤ 2(dg−1)
dg

√

(3df−2)(3de−2)
dfde

, respectively.

We next consider the full separability of ρ. Denote the matrix

S(ρf |g|h|e) =

(

(T (e))t (T (he))t (T (ge))t (T (ghe))t

T (fe) T (fhe) T (fge) T (fghe)

)

, (40)

Using this matrix and the inequality for 1-body correlation tensors ‖T (j)‖2 ≤ 2(dj−1)
dj

(j = f, g, h, e)

[28], we get the following separability criterion.

Theorem 6 If the state ρ ∈ Hd1
1 ⊗Hd2

2 ⊗Hd3
3 ⊗Hd4

4 is fully separable, then

‖S(ρf |g|h|e)‖tr ≤ 2(de − 1)

de

√

(3df − 2)(3dg − 2)(3dh − 2)

dfdgdh
. (41)

Proof A four partite mixed state ρ is fully separable whenever it can be expressed as

ρf |g|h|e =
∑

l

plρ
(f)
l ⊗ ρ

(g)
l ⊗ ρ

(h)
l ⊗ ρ

(e)
l , (42)

where the probabilities pl > 0,
∑

l pl = 1. Let ρ
(f)
l = 1

df
Idf

+ 1
2

∑d2
f−1

if=1 t
f
lif
λ
(f)
if

, ρ
(g)
l = 1

dg
Idg

+

1
2

∑d2
g−1

ig=1 t
g
lig
λ
(g)
ig

, ρ
(h)
l = 1

dh
Idh

+ 1
2

∑d2
h−1

ih=1 t
h
lih
λ
(h)
ih

, ρ
(e)
l = 1

de
Ide

+ 1
2

∑d2
e−1

ie=1 t
e
lie
λ
(e)
ie

. Let vfl , v
g
l , v

h
l and

vel be the column vectors with entries tflif , t
g
lig
, thlih and telie respectively. Therefore,

T (e) =
∑

l

plv
e
l , T

(fe) =
∑

l

plv
f
l (v

e
l )

t, T (ge) =
∑

l

plv
g
l ⊗ vel , T

(he) =
∑

l

plv
h
l ⊗ vel ,

T (fge) =
∑

l

plv
f
l (v

g
l ⊗ vel )

t, T (ghe) =
∑

l

plv
g
l ⊗ vhl ⊗ vel , T

(fhe) =
∑

l

plv
f
l (v

h
l ⊗ vel )

t,

T (fghe) =
∑

l

plv
f
l (v

g
l ⊗ vhl ⊗ vel )

t, (43)
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where t stands for transpose. Then the matrix S(ρf |g|h|e) can be written as

S(ρf |g|h|e) =
∑

l

pl

(

(vel )
t (vhl ⊗ vel )

t (vgl ⊗ vel )
t (vgl ⊗ vhl ⊗ vel )

t

v
f
l (v

e
l )

t v
f
l (v

h
l ⊗ vel )

t v
f
l (v

g
l ⊗ vel )

t v
f
l (v

g
l ⊗ vhl ⊗ vel )

t

)

=
∑

l

pl

(

1

v
f
l

)

(

1 (vgl )
t
)

⊗
(

1 (vhl )
t
)

⊗ (vel )
t. (44)

Thus,

‖S(ρf |g|h|e)‖tr ≤
∑

l

pl‖
(

1

v
f
l

)

(

1 (vgl )
t
)

⊗
(

1 (vhl )
t
)

⊗ (vel )
t‖tr

=
∑

l

pl‖
(

1

v
f
l

)

‖‖
(

1
v
g
l

)

⊗
(

1
vhl

)

⊗ vel ‖

=
∑

l

pl‖
(

1

v
f
l

)

‖‖
(

1
v
g
l

)

‖‖
(

1
vhl

)

‖‖vel ‖

=
∑

l

pl‖vel ‖
√

1 + ‖vfl ‖2
√

1 + ‖vgl ‖2
√

1 + ‖vhl ‖2

≤ 2(de − 1)

de

√

(3df − 2)(3dg − 2)(3dh − 2)

dfdgdh
. (45)

�

Remark 6. From Theorem 3 to Theorem 6, we have derived the upper bounds for 1-3, 3-1, 2-2, 1-1-
2, 1-2-1, 2-1-1 and 1-1-1-1 separable quantum states. Thus, we can obtain a complete classification
of four-partite quantum states with these bounds.

Example 2. Consider the quantum state ρ ∈ H2
1 ⊗H2

2 ⊗H2
3 ⊗H2

4 ,

ρ = x|ψ〉〈ψ| + 1− x

16
I16, (46)

where |ψ〉 = 1√
2
(|0000〉+ |1111〉) and I16 stands for the 16× 16 identity matrix. By Theorem 4, we

have f1(x) = ‖S(ρfg|he)‖tr−4 =
√
1 + x2+2

√
2x+ x−x2

1+x2 −4 and when f1(x) > 0, ρ is not separable

under bipartition fg|he. When d = 2, from Ref. [20], one has that f2(x) = ‖T (1234)‖2− 16
d4 (d

2−1)2 =
9x2 − 9 and ρ is not separable under bipartition fg|he for f2(x) > 0. Fig.2 shows that ρ is not
separable under bipartition fg|he for 0.915 < x ≤ 1 by Theorem 4, while using Theorem 3 in
Ref. [20], it cannot detect whether the ρ is inseparable under bipartition fg|he. Thus, our method
detects more entangled states than that of Ref. [20].

Example 3. Consider the quantum state ρ ∈ H2
1 ⊗H2

2 ⊗H2
3 ⊗H2

4 ,

ρ = x|ϕ〉〈ϕ| + 1− x

16
I16, (47)

where |ϕ〉 = 1
2 (|0001〉 + |0010〉 + |0100〉 + |1000〉) and I16 stands for the 16 × 16 identity matrix.

By Theorem 3 and Theorem 5, we have f1(x) = ‖S(ρf |ghe)‖tr − 2 = 4+2x2

2
√
4+x2

+ x − 2 and f3(x) =
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0 0.2 0.4 0.6 0.8 1
x-16

-14

-12

-10

-8

-6

-4

-2

0

2 f(
x)

0.915

Fig. 2 The function f1(x) from Theorem 4 (solid line) and f2(x) from Ref. [20] (dashed line).

‖S(ρf |g|he)‖tr−2 = 6+3
√
2

4 x−2 respectively. When f1(x) > 0 or f3(x) > 0, ρ is not separable under

bipartition f |ghe or tripartition f |g|he respectively. When d = 2, we have f2(x) = ‖T (1234)‖2 − 4 =
4x2 − 4 and f4(x) = ‖T (1234)‖2 − 3 = 4x2 − 3 from Theorem 3 in Ref. [20]. And ρ is not separable
under bipartition f |ghe or tripartition f |g|he for f2(x) > 0 or f4(x) > 0 respectively. From Fig. 3, ρ
is not separable under bipartition f |ghe for 0.783 < x ≤ 1 by Theorem 3, while using the Theorem
3 in Ref. [20], it can not detect whether the ρ is not separable under bipartition f |ghe. And ρ is
not separable under tripartition f |g|he for 0.781 < x ≤ 1 by Theorem 5, while using the method in
Ref. [20], ρ is not separable under tripartition f |g|he for 0.866 < x ≤ 1. Therefore Theorem 3 and
Theorem 5 detect more entangled states than Theorem 3 in Ref. [20].

0 0.2 0.4 0.6 0.8 1

x-4

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

0

0.5 f(
x)

0 0.2 0.4 0.6 0.8 1
x-3

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

f(
x)

0.866
0.7810.783

Fig. 3 The function f1(x) from Theorem 3 (solid curve line), f2(x) from Theorem 3 in Ref. [20] (dashed curve line),
f3(x) from Theorem 5 (dotted straight line) and f4(x) from Theorem 3 in Ref. [20] (dash-dot curve line).
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4 Separability criteria for multipartite Quantum Systems

We finally consider the separability criteria for n-partite quantum states. Let Hd
i (i = 1, · · · , n)

denote d-dimensional Hilbert spaces. Let λ
(f)
if

, f = 1, · · · , n, if = 1, · · · , d2 − 1 be the mutually

orthogonal generators of the special unitary Lie algebra su(d) under a fixed bilinear form, and I

the d× d the identity matrix. A n-partite state ρ ∈ Hd
1 ⊗ Hd

2 ⊗ · · · ⊗Hd
n can be written as follows:

ρ =
1

dn
I ⊗ · · · ⊗ I +

1

2dn−1

n
∑

f=1

d2−1
∑

i1=1

t
f
i1
λ
(f)
i1

⊗ I ⊗ · · · ⊗ I + · · ·

+
1

2n

d2−1
∑

i1,··· ,in=1

t1···ni1,··· ,inλ
(1)
i1

⊗ λ
(2)
i2

⊗ · · · ⊗ λ
(n)
in
, (48)

where λ
(f)
if

((f) refers the position of λif in the tensor product) stands for the operators with λif

on Hdf
, and I on the remaining spaces, tfi1 = tr(ρλ

(f)
i1

⊗ I⊗· · ·⊗ I), · · · , t1···ni1,··· ,in = tr(ρλ
(1)
i1

⊗λ(2)i2
⊗

· · · ⊗ λ
(n)
in

). Let T (f), · · · , T (1···n) be the vectors (tensors) with entries tfif , · · · , t
1···n
i1···in respectively

where 1 ≤ f ≤ n, then we get ‖T (f)‖2 = ∑d2−1
if=1 (t

f
if
)2, · · · , ‖T (1···n)‖2 =

∑d2−1
i1,··· ,in=1(t

1···n
i1···in)

2. Define

further A1 =
∑n

f=1 ‖T (f)‖2, · · · , An = ‖T (1···n)‖2.

Lemma 2 Let ρ ∈ Hd
1 ⊗ Hd

2 ⊗ · · · ⊗Hd
n be a pure state,

‖T (1···n)‖2 ≤ (
2

d
)n

(n− 2)dn − ndn−2 + 2

n− 2
. (49)

Proof Let ρi1 and ρi2···in be the density matrices with respect to the subsystem Hdi1
, i1 = 1, · · · , n,

and Hdi2 ···din
, 1 ≤ i2 < · · · < in ≤ n. As for a pure state ρ we have tr(ρ2) = 1 and tr(ρ2i1 ) =

tr(ρ2i2···in). Therefore when n = 2, we get ρ21 = ρ22 and ‖T (12)‖ ≤ 4(d2−1)
d2 [20]. When n > 2, we have

An = 2n(1− 1

dn
)− 2n−1

dn−1
A1 −

2n−2

dn−2
A2 − · · · − 2

d
An−1

= 2n(1− 1

dn
)− 2n−1

dn−1
A1 −

2n−2

dn−2
[
n(dn−2 − 1)

(n− 2)dn
+
dn−2 − n+ 1

2(n− 2)dn−2
A1 −

n− 3

8(n− 2)dn−3
A3 − · · ·

− 1

d(n− 2)2n−1
An−1]− · · · − 2

d
An−1

= (
2

d
)n

(n− 2)dn − ndn−2 + 2

n− 2
− 2n(dn−2 − 1)

2(n− 2)dn−1
A1 −

2n

8(n− 2)dn−3
A3

− 2n+1

16(n− 2)dn−4
A4 − · · · − 2n(n− 3)

d(n− 2)2n−1
An−1

≤ (
2

d
)n

(n− 2)dn − ndn−2 + 2

n− 2
. (50)

�



Separability criteria based on Bloch representation of density matrices 15

Remark 7. When the dimensions of each system for tripartite and four-partite quantum states are
the same, Lemma 2 specializes to Proposition 1 and Proposition 2.

For the n-partite quantum state ρ ∈ Hd
1 ⊗ Hd

2 ⊗· · ·⊗Hd
n, we denote the general k-partite decom-

positions of ρ as follows: {a1}, · · · , {ak1}, {c11, c12}, · · · , {ck2
1 , c

k2
2 }, · · · , {ekj

1 , · · · , e
kj

j }, and
∑j

m=1 km =

k,
∑j

m=1mkm = n. Denote the upper bounds of the j-body corralation tensors associated to

partition (12 · · · j) by w12···j , namely, ‖T (1)‖2 ≤ 2(d−1)
d

= w1, ‖T (12)‖2 ≤ 4(d2−1)
d2 = w12, and

‖T (12···j)‖2 ≤ ( 2
d
)j (j−2)dj−jdj−2+2

j−2 = w12···j (cf. Lemma 2).

Theorem 7 Let ρ ∈ Hd
1 ⊗ Hd

2 ⊗ · · · ⊗Hd
n be an n-partite k-separable quantum state. We have

‖T (1···n)‖ ≤ (w1)
k1(w12)

k2 · · · (w12···j)
kj , (51)

where
∑j

m=1 km = k,
∑j

m=1mkm = n.

Proof Assume that |ϕ〉 ∈ Hd
1 ⊗ Hd

2 ⊗ · · · ⊗Hd
n is a pure state, say |ϕ〉 = |a1〉 ⊗ · · · ⊗ |ak1〉 ⊗ · · · ⊗

|ekj

1 · · · ekj

j 〉, then we have

t1···ni1···in = tr(|ϕ〉〈ϕ|λ(1)i1
⊗ λ

(2)
i2

⊗ · · · ⊗ λ
(n)
in

)

= tr(|a1〉〈a1|λ(1)i1
) · · · tr(|ak1 〉〈ak1 |λ(k1)

ik1
) · · · tr(|ekj

1 · · · ekj

j 〉〈ekj

1 · · · ejkj |

λ
(k1+2k2+···+(j−1)kj−1+1)
ik1+2k2+···+(j−1)kj−1+1

⊗ · · · ⊗ λ
(k1+2k2+···+jkj)
ik1+2k2+···+jkj

)

= t1i1 · · · t
k1

ik1
· · · tk1+2k2+···+(j−1)kj−1+1,··· ,k1+2k2+···+jkj

ik1+2k2+···+(j−1)kj−1+1,··· ,ik1+2k2+···+jkj
. (52)

Thus,

‖T (1···n)‖2 =

d2−1
∑

i1,··· ,in=1

(t1···ni1···in)
2

= ‖T (1)‖2 · · · ‖T (k1)‖2 · · · ‖T (k1+2k2+···+(j−1)kj−1+1,··· ,k1+2k2+···+jkj)‖
≤ (w1)

k1 (w12)
k2 · · · (w12···j)

kj . (53)

In general for any mixed state ρ ∈ Hd
1⊗Hd

2⊗· · ·⊗Hd
n with ensemble representation ρ =

∑

i pi|ϕi〉〈ϕi|
where

∑

i pi = 1, we derive that

‖T (1···n)(ρ)‖2 = ‖
∑

i

piT
(1···n)(|ϕi〉)‖2 ≤

∑

i

pi‖T (1···n)(|ϕi〉)‖2

≤ (w1)
k1 (w12)

k2 · · · (w12···j)
kj . (54)

�

Remark 8. When ρ ∈ Hd
1 ⊗Hd

2 ⊗Hd
3 ⊗Hd

4 be a four-partite quantum state. Explicitly by Theorem
7, we have that

‖T (1234)‖ ≤















16
d4 (d− 1)(d3 − 3d+ 2), if ρ is 1− 3 separable;
16
d4 (d

2 − 1)2, if ρ is 2− 2 separable;
16
d4 (d

2 − 1)(d− 1)2, if ρ is 1− 1− 2 separable;
16
d4 (d− 1)4, if ρ is 1− 1− 1− 1 separable.

(55)



16 Hui Zhao1 et al.

This shows that Theorem 3 in [20] is a special case of Theorem 7.
Example 4. Consider the quantum state ρ ∈ Hd

1 ⊗ · · · ⊗Hd
5 ,

ρ = x|ψ〉〈ψ| + 1− x

32
I32, (56)

where |ψ〉 = 1√
2
(|00000〉 + |11111〉) and I32 stands for the 32 × 32 identity matrix. Because of

‖T (12345)‖2 =
∑d2−1

i1,i2,i3,i4,i5=1 t
12345
i1i2i3i4i5

, we see that ‖T (12345)‖2 = 16x2. By Theorem 7

‖T (12345)‖2 ≤















32
d5 (d− 1)(d2 − 1)2, ρ is 1− 4 or 1− 2− 2 separable;
32
d5 (d

2 − 1)(d3 − 3d+ 2), ρ is 2− 3 separable;
32
d5 (d− 1)2(d3 − 3d+ 2), ρ is 1− 1− 3 separable;
32
d5 (d− 1)5, ρ is 1− 1− 1− 1− 1 separable.

(57)

Thus, for 3
4 < x ≤

√
3
2 , ρ will not be 1-4 or 1-2-2 separable. For

√
3
2 < x ≤ 1 and 1

2 < x ≤ 3
4 , ρ

will not be 2-3 separable or 1-1-3 separable respectively. For 1
4 < x ≤ 1

2 , ρ will be not 1-1-1-1-1
separable.

5 Conclusion

We have studied necessary conditions of separability for multipartite quantum states based on
correlation tensors, and we have derived the upper bound for the norms of correlation tensors and
the separability criterion under any partition by constructing a matrix for tripartite and four-partite
quantum state. We also obtain the separability criteria under various partitions by using matrix
method. Furthermore, we have studied the norm of correlation tensors for ρ ∈ Hd

1 ⊗ Hd
2 ⊗ · · · ⊗Hd

n

to obtain necessary conditions of separability under any k-partition. Several examples are given
under different partitions of the quantum state and our criteria are seen to be able to judge more
general situations. In particular, explicit examples are given to show for tripartite and four-partite
states.
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