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Abstract

We provide a characterization of multiqubit entanglement monogamy and polygamy con-
straints in terms of negativity. Using the square of convex-roof extended negativity (SCREN)
and the Hamming weight of the binary vector related to the distribution of subsystems proposed
in Kim (Phys Rev A 97: 012334, 2018), we provide a new class of monogamy inequalities of
multiqubit entanglement based on the ath power of SCREN for @ > 1 and polygamy inequalities
for 0 < @ < 1 in terms of squared convex-roof extended negativity of assistance (SCRENoA). For
the case @ < 0, we give the corresponding polygamy and monogamy relations for SCREN and
SCRENOA, respectively. We also show that these new inequalities give rise to tighter constraints
than the existing ones.

1 Introduction

Quantum entanglement [[1H6]] is one of the most intrinsic features of quantum mechanics, which
distinguishes the quantum from the classical world. A distinct property of quantum entanglement
is that a quantum system entangled with one of the other systems limits its shareability with the
remaining ones, known as the monogamy of entanglement (MoE) [7,18]. Being a useful resource,
MoE plays a significant role in many quantum information and communication processing tasks
such as the security proof in quantum cryptographic scheme [9].
For a given tripartite quantum state pspc, MOE can be characterized in a quantitative way known
as monogamy inequality,
E(papc) = E(pap) + E(pac)s (D

where pap = trc(papc) and pac = trp(papc) are the reduced density matrices. In Ref. [10], Coffman-
Kundu-Wootters (CKW) established the first monogamy inequality based on the bipartite entangle-
ment measure defined by tangle. Later, Osborne ef al. generalize the three-qubit CKW inequality to
arbitrary multiqubit systems [11]. Monogamy inequalities in higher-dimensional quantum systems
also have been deeply investigated by the use of various bipartite entanglement measures [12H15]].

The assisted entanglement is a dual amount to bipartite entanglement measures, which accord-
ingly has a dually monogamous property in multipartite quantum systems. This dually monogamous
property gives rise to a dual monogamy inequality known as polygamy inequality [16l/17]. For a tri-
partite state pspc, one has

™(paBc) < ™ (paB) + 7 (Pac), (2)

where 7 (p4pc) is the tangle of assistance.
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In Ref. [14]18], the authors generalized the inequality [)) to the cases of multiqubit quantum sys-
tems and some class of higher-dimensional quantum systems. By using the entanglement of assis-
tance, a general polygamy inequality of multipartite entanglement in arbitrary-dimensional quantum
systems has been also established [[19,20].

Recently, based on the ath power of entanglement measures, many generalized classes of monogamy
inequalities were proposed [21H25]. In Ref. [26]], Kim investigated multiqubit entanglement con-
straints related to the negativity. By using the ath power of squared convex-roof extended negativity
(SCREN) and the squared convex-roof extended negativity of assistance (SCRENoA) for a > 1
and 0 < @ < 1, respectively, both monogamy and polygamy inequalities were established. These
inequalities involve the notion of Hamming weight of the binary vector related to the distribution of
subsystems and are shown to be tighter than the previous ones.

In this paper, we show that both the monogamy inequalities with @ > 1 and polygamy inequal-
ities with 0 < @ < 1 given in Ref. [26] can be further improved to be tighter. Even for the case of
a < 0, we can also provide tight constraints in terms of SCREN and SCRENoA. Thus, a complete
characterization for the full range of the power « is given. These tighter constraints of multiqubit
entanglement give rise to finer characterizations of the entanglement distributions among the multi-
qubit systems.

2 Preliminaries

We first consider the monogamy inequalities and polygamy inequalities related to the negativity. The
tangle of a bipartite pure states |y)4p is defined as [[10]

7(yap) = 2(1 — trp3) A3)

where ps = trp|y)ap(¥]. The tangle of a bipartite mixed state psp is defined as

Prslio}

2
T(paB) = [{min Zpk \/T(|l//k>AB)} , 4)
%

and the tangle of assistance (ToA) of p4p is defined as

2
() = Lmax D \/r<|wk>AB>] : 5)
k

Prolio}

where the minimization in (@) and the maximum in (3)) are taken over all possible pure state decom-
positions of pap = Xk prli)ap(Wil.

For any bipartite quantum state psp, the negativity is defined as [26,27], N(pap) = IIpX‘;II 1—1,
where pi‘jg is the partial transposition of p4p, and || - ||; is the trace norm. Then the notion of tangle
and ToA for two-qubit state p4p in @) and (3) can be rewritten as [26]]

2

T(paB) = Z DN (Y5> a8) (6)
T ]

min
| (P}

and
2

(o) = | max Zk:pkwmm)_ , )

respectively, due to the fact that N/ 2(pr)Aug) = 4412 = 1(|Y)4p) for any bipartite pure state |Y)ap
with Schmidt rank 2, [¥)ap = VAileo)a ® |fo)s + VAzle)a ® |f1)5.



For higher-dimensional quantum systems, a rather natural generalization of two-qubit tangle is
proposed, known as SCREN,

2
Nic(pap) = |:{[)Izl|liﬁ12>| zk:PkN(Wk)Am)] . (8)

The dual quantity to SCREN can also be defined as
2

Ni(pap) = [{[%%’ zk:PkN(Wk)AlB) 9)

which is called the SCREN of assistance (SCRENo0A). Then, the tangle-based multiqubit monogamy
and polygamy inequalities become as

Nocldains-4) = D Neclpaya,): (10)
Jj=2
and .
Ne(dain.a) < > Neloam,), (11)
Jj=2
where DA A, is two-qubit reduced density matrices p4, A of subsystems A1A; for j =2,3,...,n [26].

Recently, Kim provided a class of monogamy and polygamy inequalities of multiqubit entan-
glement by the use of powered SCREN and the Hamming weight of the binary vector related
to the distribution of subsystems [26]. For any nonnegative integer j and its binary expansion
Jj = Z:.:Ol ji2i, where log‘é < nand j € {0,1} fori = 0,1,...,n — 1, one can define a binary
vector fas f: {jo» j1s--+» ju-1}. The number of 1’s in its coordinates is denoted as wH(f), called the
Hamming weight of f [28]. Based on these notions, Kim proposed tight constraints of multiqubit
entanglement as follows [26]:
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=

-1
N BB,y )] < Y @D IN%(pas)]", (13)
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for 0 < a < 1. Inequalities (I2) and (I3) are then further written as:
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N-1
INse()aBoB,...8y- )1 = ) & [Nic(pas)]®, (14)
=0
for @ > 1, and
N-T
N aBos,..By-)1" < ) ! ING(pais )], (15)
=0

forO<a<1.
However, these inequalities can be further improved to be much tighter under certain conditions,
thus providing tighter constraints of multiqubit entanglement.



3 Tighter constraints for SCREN

In this section, we first provide a tighter monogamy inequality related to the ath power of SCREN
for @ > 1. For a < 0, a polygamy inequality is also proposed. We need the following lemma.

Lemma 3.1. [29] Suppose k is a real number satisfying 0 < k < 1, then for any 0 < x < k, we have

1+k* -1
A+x0>1+ %xa, (16)
fora > 1.
We have the following theorem.

Theorem 3.2. For a > 1 and any multiqubit pure state |Y)ap,. 5, ,, if the N-qubit subsystems
Bo, ..., By_1 satisfy the following condition

kch(pA\Bj) > ch(pA\Bj”) = 0, (17)

where j=0,1,...,N—-2and 0 < k < 1, then we have

Nj (1+k) —1 wﬁm

Nsc(W) a8y )" 2 [Nsc(oa 1" (18)

Jj=0
Proof. Similar to the proof in [26], from Eq. (I0), we only need to prove

A B R R Iy,
[ZN“-(pAB)} > 3 () Nt 1 (19)
=0 =0

We first show that the inequality holds for the case of N = 2". For n = 1 and a three-qubit pure
state [¥)ap,5,, from (16) and (I7), one has

[Nec(oain,) + Nic(oas)1® = INscloas,)1°(1 + xsgi:';;;)a

o (1+k)7 =1 Nylpas)\"
> Weclou)F| T+ =3 (wamo)) } e
1+k%-1
= Wacloas)l" + =L NI

Thus, (I9) holds for n = 1. Assume that inequality (T9) holds for N = 2"~ with n > 1. We consider
the case of N = 2". For arbitrary (N + 1)-qubit pure state [)ap,5,..8,_, and its two-qubit reduced
density matrices pap;, j = 0,1,...,N — 1, one has NYC(pA|BmH) < kznleM(pA‘B/) from (7). Then,
we find

Zz»”;nl 1 Nsc(pas;) i
22 -l ch(pAlB/)

which implies that

2o Nae(pap )\® @ _ {220 Nac(pap)\®
(1 12—*"3) NP il Y el A'B) Q1)
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Thus,
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Since we have assumed that

by relabeling the subsystems, we can always have

(Zjﬂzjl /ch(PAIB/-)) > Zji;i] (WZ#)MH(Dil[NYC(pA\Bj)]Q

Then we have

( Zj: 1 Nic(pais; )) Zj:: (U”‘%)wﬂﬁ) [Nsc(oaip )"

As there always exists an positive integer n such that 0 < N < 2" for some positive integer N,
we consider a (2" + 1)-qubit pure state,

) aByBy...By, = W)AByB....By-) © D) By.. B, (23)

which is a product of [y)g,s,..5,_, and an arbitrary (2" — N)-qubit pure state |¢)p,. p,. , [26]. Then
we have

o1 (14 K = 1you(]
NI 12 D (= i 1 24)

with TAB; being the two-qubit reduced density matrix of [[')ag,s,..5,. , foreach j=0,1,...,2" — 1.
Thus,
[INsc(¥)aiBoB,..By- )" = INse(T) 41B,B,...By )1*

e o)
> 32 (R N (s 1 (25)

N-1 ( (k=1 \@n (D)
N (=)™ N e (o 1

since I 8,8,...8,»_, 15 separable with respect to the bipartition between ABy ... By_i and By ... Boi_;
O

> "D when a > 1, we find that for any multiqubit pure state [)s,5,..8y

As ((HZ):I 1)‘”H(/)

N (i, I 2 S0 (L) DN (o 17 2 50 @ D[N (oI with @ > 1.
Thus, inequality (I8) of Theorem-ls tighter than inequality for any multiqubit pure state.

Here, we give an example to show that our new monogamy inequality is indeed tighter than the
previous one given in [26].



Example Let us consider a tripartite quantum state
1
[Y)apc = %0012) —1021) +[120) — [102) + |201) — |210)). (26)

Then we have N ([¢)asc) = 4 and Nic([¥)a18) = Nsc(lY)aic) = 1 [26]. Note that in this case k = 1,
and [Ny ()aip)]” + EF= INe(Wda0)]” = 1+ 8= = 27 > [Nwe(Wdal” +al Ny (W)ar]” = 1+
fora > 1.

Furthermore, by using Lemma 1, we can also improve inequality (I8) to be a tighter one under
certain condition.

Theorem 3.3. Suppose k is a real number satisfying 0 < k < 1. For a > 1 and any multiqubit pure
state [Y)ap,. By,

o N-1 (1 + k)Y = 1\j o
NseWdmigosn. 1" 2 D () INscloas )1 @7)
if kNse(pais) = S50 Nicpas) fori =0,1,...,N =2,
Proof. The proof is similar to the one given in [26]. O

In the next, we discuss the polygamy of entanglement related to the ath power of SCREN for
a < 0. We have the following theorem.

Theorem 3.4. For any multiqubit pure state y)ap,. ,_, With Ny(pag,) #0,i=0,1,...,N -1, we
have

1

N-1
INse Wi )1 < 5 D INweoais)I' (28)

forall a < 0.

Proof. We follow the proof given in [24]]. For arbitrary tripartite state, we have

Nicloais )\ X
INse(aipos )1 < [INse(pais,) + Nic(pa,)1* = Nsc(pA\Bo)a(l + M) < [Nye(pas)1®, (29)
/ch(,OA\BU)

Nic(pas,) )“’

Nie(pagy) <L

where the first inequality is due to @ < 0 and the second inequality is due to (1 +

Similarly, we get
N5 a1 )" < [INse(pap )1 (30

From and (30), we obtain

1
Nsc()aipos)1* < 5{[ch(pA\Bg)]a + [Nic(pas )"} (€29
One can get

INsc()aiBo5, ..y D1 < 3{INsc(paB)]* + INsc(pais,..8y )1}
< 2INse(pa )1 + (3 [Nsc(oa)1” + (1 [Nic(ap,...8,)1*
<... (32)
< 5 [INse(pas )1 + 3 [Nsc(oas )1 + ...
+(H)N 2N oelpasy )" + (3N [Noelpas,)]1°

By cyclically permuting the subindices By, B, ..., By—1 in (32), we can get a set of inequalities.
Summing up these inequalities, we have (28). mi



4 Tighter constraints for SCRENoA

In this section, we provide a class of tighter polygamy inequalities of multiqubit entanglement in
terms of the a@-powered SCRENoA and the Hamming weight of the binary vector related to the
distribution of subsystems for 0 < o < 1. For the case of @ < 0, we also propose a monogamy
relation for SCRENoA.

We need the following Lemma.

Lemma 4.1. [29] Suppose k is a real number satisfying 0 < k < 1, then for any 0 < x < k, we have

1+k)*-1
(I+07 <1+ %xa, (33)
for0<a <l
We have the following theorem.

Theorem 4.2. Suppose k is a real number satisfying 0 < k < 1. For 0 < a < 1 and any multiqubit
pure state [Y)ap,..s,_, satisfying

kN (pais)) 2 N(pa;.,) = 0 (34)
with j =0,1,...,N — 2, we have

(1+k)e - 1)wﬂ<7>

NG D1 < Y (e

[Nse(pas]1®- (35)
Proof. From inequality (IT), we only need to show that
N-1 N-1 (1 + k) = 1\ouD o, o
(Zj o Necloas, )) Do ) INGpais ) (36)

First, we prove inequality (36) for N = 2". For n = 1 and a three-qubit pure state |/)ap,5, With
two-qubit reduced density pag, and p4p,, one has

NG Paisy) + Neclpoa)I” = INGloam)1(1 + fmes)

” o (1 +k)* = 1(N%pap)\*
< [INe(paip,)] 1+1 ) e 1 ( N?C(meO)H (37
NI + S N oI

where the inequality is due to (33). Assume (36) is true for N = 2"~! with n > 1. We consider the
case of N = 2". From (34), we find Ni.(pas ., ) < K2 N(oap,) for j=0,1,...,2""" — 1. Then
o Nicpaip)

# kznfl < k
Z Nie (,OAlB/-)

Thus,

( IjVolN?c(PAlB/)) =(22"l "N (pass, ))( M)

pre—
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Since we have assumed that

1

(Zj”o_l N‘?C(Pme))’ = ZZ-H_I (W)wm’) NG o )1

Jj=0 k@
we obtain
rer . -1 (14 k)" = Tou(h-1_ .
(Zj=2"1 N“(pA'B")) : ZFW (T) Nselons)T"s
Thus,

N-1 -1y ((1+k)7 =1 ‘*'HU) Lo 1 2ol (k=1 \@r -1
( i N:;(MB/)) < 2o () ING (a1 + R 2L () [N(oai,)]

22" 1 ((1+k)" l)wH(]) Na (PA\B )e.
(39)
For an arbitrary nonnegative integer N and an (N + 1)-qubit pure state [)ag,5,..8,_,, 1€t us con-
sider the (2" + 1)-qubit [[")4p,5,..5,_, defined in @3). We have

N aiBo,...By-) = N A1BoB,...B_,)
< Zj ((1+k)" l)wH(])[Na (O—A\B )]” (40)

N (Qekr—1\@n()
= 3N (L= N (o)1

It can be seen that (33) is tighter than (I3) since X2~ < ¢ for0 < @ < 1.

Moreover, the polygamy inequality of Theorem[ﬂ] can be further improved under some condi-
tions.

Theorem 4.3. Suppose k is a real number satisfying 0 < k < 1. For 0 < a < 1 and any multiqubit
pure state [y)ap,..8,_,, we have

NG W, I < D (=) TN o I 1)
if
N-1
kNG (oaiB,) = Z it Nacloais,), (42)
fori=0,1,...,.N-2.
Proof. The proof is similar to the one given in [26]. O

It should be noted that Theorems 3.4 and [4.3] provide the upper bound and the lower bound for

Nsc()as,..By.1), since Nsc(W)as,..y ) = Nic(Y)as,..By.,)-
The following lemma is useful for deriving monogamy relation in terms of @-powered SCRENoA
when « < 0.

Lemma 4.4. Suppose k is a real number satisfying 0 < k < 1. For 0 < x < kand a < 0, we have
A+k)*-1
k@

Proof. Let us consider the function f(t,a) = (1 + )* — * witht > and a < 0. Then fi(t,a) =
a[(1+ %" —a* 1> 0,ie., f(t, @) is an increasing function with respect to t. Thus,

1+x0)*">21+ X7 (43)

1
f(t’ a) 2 f(%’a % = 7/{” . (44)

Set x = %in,weget. m]

):(1+1)a_% 1+k*-1



Theorem 4.5. Suppose k is a real number satisfying 0 < k < 1. For a < 0 and any multiqubit pure
state [Y)B,..By_,» we have

— 1 k @ _ 1 f
[N?C(|w>A\Bo..-BN,1)]H Z Zj]:()l (%)][Ng“(pAle)]af’ (45)
if
kNa (pAIB )= fc(me,ﬂ...BN,l) (46)

fori=0,1,...,.N—-2.
Proof. From (II)), for arbitrary tripartite pure state |)4p,5,, We get
NG (a1 = [ING(oai,) + Nic(oas)1”
a a Nic(oais )\
Ne(oas) (1 + T @A.B; ) (47)
> (NS pap)I” + G NS (oarp )1

For arbitrary pure state [)4s,...5,_,» We obtain

NG aBy...By )1 = NG0B, + Ni(PaB,..By- )¢
Ny (pa, .8y 1)\

Nepam)17(1 + i)

1+k)* -
NG o1 + S N o, I
(48)

v

v

1+k* -1
> (NG a1 + S NG o) I+

o_1\N-1
+HHE=) T IV Goamy DI

where the first inequality is due to @ < 0, the second inequality is due to (43), and the rest inequalities
are due to (47). O

\%

Just like polygamy inequalities in Theorem 4 and Theorem 5, the following theorems give rise
to the tighter monogamy relations in terms of a-powered SCRENoA for @ < 0, with the notion of
weighted constraint also involved.

Theorem 4.6. Suppose k is a real number satisfying 0 < k < 1. For a < 0 and any multiqubit pure
state W) ap,..By_, Satisfying

Ni.(pmgj) > N?C(,OA\BN) >0 (49)
with j =0,1,...,N — 2, we have

-1 ,(1 + k)% = 1 oD
NG5, )1 2 Y (%) v

Theorem 4.7. Suppose k is a real number satisfying 0 < k < 1. For a < 0 and any multiqubit pure
state [Y)B,..B,_,» we have

[Nie(pap )" (50)

— 1 k @ _ 1 .
INsedaim.. 1" 2 Zj]:ol (%)J[Nﬂ(ﬂmm)]n, (51)
! N-1
kNie(pais,) = Z;:i+1 NP, (52)

fori=0,1,...,.N—-2.



5 Conclusion

Entanglement monogamy is a fundamental property of multipartite entangled systems. We have
proposed tighter weighted monogamy inequalities related to the ath power of SCREN for @ > 1.
We also have investigated the polygamy relations in terms of @-powered SCRENoA for the case of
0 < @ < 1. Moreover, by using the ath power of SCREN and SCRENo0A for @ < 0 respectively, the
corresponding weighted polygamy and monogamy inequalities have also been established. These
new tighter monogamy and polygamy relations give rise to finer characterizations of the entangle-
ment distributions and capture better the intrinsic feature of multiparty quantum entanglement.
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