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Abstract Maintaining coherence of a qubit is of vital importance for realizing a
large-scale quantum computer in practice. In this work, we study the central spin de-
coherence problem in the XXX central spin model (CSM) and focus on the quantum
states with different initial entanglement, namely intra-bath entanglement or system-
bath entanglement. We analytically obtain their evolutions of fidelity, entanglement,
and quantum coherence. When the initial bath spins constitute an N-particle entan-
gled state (the Greenberger-Horne-Zeilinger-bath or the W -bath), the leading ampli-
tudes of their fidelity evolutions both scale as O(1/N), which is the same as the case
of a fully polarized bath. However, when the central spin is maximally entangled
with one of the bath spins, the amplitude scaling of its fidelity evolution declines
from O(1/N) to O(1/N2). That implies appropriate initial system-bath entangle-
ment is contributive to suppress central spin decoherence. In addition, with the help
of system-bath entanglement, we realize quantum coherence-enhanced dynamics for
the central spin where the consumption of bath entanglement is shown to play a cen-
tral role.
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1 Introduction

A spin of a localized electron in semiconductor quantum dots (QDs) is a promis-
ing candidate for a physical matter qubit—the elementary unit of a quantum com-
puter [1–6]. A key challenge of realizing solid-state quantum computation is sup-
pressing electron spin relaxation, namely decoherence, so that quantum information
can be stored and manipulated without loss in a sufficiently long coherence time. De-
coherence of an electron spin is induced by the inevitable hyperfine interaction with
the surrounding nuclei [7–10], which is captured by the Hamiltonian of the central
spin model (CSM) as follows:

H =

N∑
j=1

A jS0 ·S j, (1)

where a central spin S0 is coupled to a spin bath of N nuclei S j via an inhomogeneous
hyperfine interaction A j. Increasing attention has been paid to this model for seeking
theoretical guidance of suppressing central spin decoherence [11–16].

A great deal of investigations to the decoherence problem were mainly focused
on some special initial product states. For the initial state with a fully polarized bath,
the central spin polarization function 〈Sz

0(t)〉 quantifying the degree of amplitude de-
coherence oscillates with a frequency ∼

∑N
j=1 A j and an amplitude of order O(1/N)

about a mean value [17, 18] while for an unpolarized bath as the initial bath the cor-
responding oscillation with a frequency O(

√
N) and an amplitude O(1) [8, 19]. This

observation indicates that the decay of the central spin can be suppressed through po-
larized nuclear spins [20, 21]. Recently, Floquet resonances have been suggested to
realize such a polarization-based decoupling of the central spin from its environment
in the CSM [11].

Entanglement, as a fundamental quantum resource, takes responsibility for most
quantum information processes [22,23]. A paradigmatic example is the quantum tele-
portation where the use of maximally entangled states ensures the success of deter-
ministic remote quantum state transfer [24]. The implementation of this quantum
technology in quantum dot chains or spin chains has been verified to be possible be-
yond the classical teleportation scheme [25,26]. This hints that quantum information
can be protected with the entanglement generated by the spin chains. A natural ques-
tion arises whether entanglement contained in initial states can protect the central
spin from decoherence. It was shown that decoherence of the central spin can be sup-
pressed by using persistent entanglement in the bath [27]. And Ref. [28] identified a
coherence-preserving phase by the evolution of the bath concurrence. There is, how-
ever, still a lack of further understanding of the role of initial entanglement played in
the decoherence problem, especially for initial system-bath entanglement.

The inhomogeneous CSM (1) is exactly solvable by the Bethe ansatz. [29–31].
However, the difficulty of solving the Bethe ansatz equations prohibits full analytical
access to the evolutions of quantum dynamics. We bypass this obstacle by consider-
ing the homogeneous CSM in this paper. The dynamics in the homogeneous model
can be analytically calculated while providing some valid insights for the inhomoge-
neous CSM [18,32]. In Sect. 2, we briefly review the homogeneous CSM and its exact
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solutions. Some coherence and entanglement measures, such as fidelity, the relative
entropy of coherence, and concurrence, are also introduced. In Sect. 3, we obtain the
evolutions of these quantities for initial states with different types of entanglement,
namely, intra-bath entanglement [Greenberger-Horne-Zeilinger (GHZ) state as bath
or the W state as bath] or system-bath entanglement. (The central spin and one of the
bath spins form a maximal entangled pair.) The initial state without entanglement,
i.e., a product state with a fully polarized bath, is also considered for comparison. It
is observed that the amplitude scaling of fidelity reduces from O(1/N) to O(1/N2)
when the product state is replaced by the system-bath entangled state. However, am-
plitude scalings of fidelity are not reduced to less than O(1/N) by the initial states
with GHZ-type or W -type bath entanglement. This demonstrates the importance of
system-bath entanglement in suppression of decoherence. In quantum resource theo-
ries, quantum coherence has been shown as a key resource [34] to implement some
quantum technologies, such as quantum channel discrimination [35,36] and quantum
algorithms [37–39], by quantifying it with the relative entropy function. Moreover,
much effort has been devoted to investigate manipulation and distillation of quantum
coherence within this framework [40–44]. Based on this consideration, the relative
entropy of coherence will be adopted to study quantum coherence dynamics of CSM
in Sect. 4. Eventually, we realize coherence-enhanced dynamics for some initial states
with suitable system-bath entanglement where the consumption of entanglement in
entangled pair is emphasized to explain the increase of quantum coherence in the
central spin. A summary is made in Sect. 5.

2 The central spin model and quantum correlations

We consider a single electron confined in a quantum dot in which decoherence of
the electron is induced by the homogeneous hyperfine interaction with surrounding
nuclei. Setting A j = 2 in the Hamiltonian (1), we get

H = 2
N∑

j=1

S0 ·S j, (2)

where Sα
0 and Sα

j (α = x,y,z) denote spin-1/2 operators of the central spin and the j-
th bath spin respectively. This model is a simplified Gaudin model, yet it still exhibits
rich phenomena and is an ideal model for analytically investigating the decoherence
problem. By introducing a bath spin operator Sb =

∑N
j=1 S j and a total spin operator

Stot = Sb +S0, the Hamiltonian can be rewritten as

H = S2
tot −S2

b−S2
0, (3)

For a given initial state |Ψ(0)〉, our goal is to obtain the wave function under
a unitary time evolution of the Hamiltonian (2), i.e., |Ψ(t)〉 = exp(−iHt) |Ψ(0)〉,
then reduce the density matrix ρ(t) = |Ψ(t)〉〈Ψ(t)| to some specified lattice sites,
and eventually use these reduced density matrices to calculate fidelity, concurrence,
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and the relative entropy of coherence. For convenience, we introduce the following
notation: ∣∣∣s[L],s[L−1], . . . ,s[M],s

z
[L]

〉
[L]
, 1≤M ≤ L, (4)

to denote a L-qubit state which is the eigenstate of S2
[K] = (

∑L
j=L−K+1 S j)

2 and

Sz
[K]

=
∑L

j=L−K+1 Sz
j with eigenvalues s[K](s[K] + 1) and sz

[K]
, respectively. For in-

stance, the N-qubit GHZ state [45] |GHZ〉[N] = (|↑〉⊗N + |↓〉⊗N)/
√

2 can be rewritten
as (|N/2,N/2〉[N]+ |N/2,−N/2〉[N])/

√
2. When L =N+1 the quantum states (4) are

exactly the eigenstates of the Hamiltonian (2), i.e,

H |sb−1/2,sb,sz〉[N+1] = (−sb−1) |sb−1/2,sb,sz〉[N+1] ,

H |sb +1/2,sb,sz〉[N+1] = sb |sb +1/2,sb,sz〉[N+1] , (5)

where sb = N/2,N/2−1, . . . ,0 for N being even and sb = N/2,N/2−1, . . . ,1/2 for
N being odd.

The calculation of |Ψ(t)〉 is easy to carry out once we decompose |Ψ(0)〉 into the
eigenstates of the Hamiltonian (2). This decomposition process can be implemented
by repeatedly using the following relations:

|↓〉
∣∣∣s[L],sz

[L]

〉
[L]

=

1√
2s[L]+1

(√
s[L]−sz

[L]+1
∣∣∣∣s[L]+ 1

2
,s[L],s

z
[L]−

1
2

〉
[L+1]
−
√

s[L]+sz
[L]

∣∣∣∣s[L]− 1
2
,s[L],s

z
[L]−

1
2

〉
[L+1]

)
,

|↑〉
∣∣∣s[L],sz

[L]−1
〉
[L]

=

1√
2s[L]+1

(√
s[L]+sz

[L]

∣∣∣∣s[L]+ 1
2
,s[L],s

z
[L]−

1
2

〉
[L+1]

+
√

s[L]−sz
[L]+1+1

∣∣∣∣s[L]− 1
2
,s[L],s

z
[L]−

1
2

〉
[L+1]

)
.

(6)

More details can be found in Ref. [18]. Note that the expression of eigenstates (5) is
inconvenient to evaluate the reduced density matrices of |Ψ(t)〉. Thus, one needs to
rewrite the |Ψ(t)〉 into a more explicit form by using the inverse relation of (6):∣∣∣∣s[L]+1

2
,s[L],s

z
[L]−

1
2

〉
[L+1]

=

1√
2s[L]+1

(√
s[L]+sz

[L] |↑〉
∣∣∣s[L],sz

[L]−1
〉
[L]
+
√

s[L]−sz
[L]+1 |↓〉

∣∣∣s[L],sz
[L]

〉
[L]

)
,∣∣∣∣s[L]−1

2
,s[L],s

z
[L]−

1
2

〉
[L+1]

=

1√
2s[L]+1

(√
s[L]−sz

[L]+1 |↑〉
∣∣∣s[L],sz

[L]−1
〉
[L]
−
√

s[L]+sz
[L] |↓〉

∣∣∣s[L],sz
[L]

〉
[L]

)
.

(7)

Concrete examples are given in the next section.
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A measure of distance between two quantum states is necessary to quantitatively
characterize the degree of central spin decoherence. A widely used one is fidelity
which is defined to be [46]

F0(t) =
(

Tr
√

ρ0(0)1/2ρ0(t)ρ0(0)1/2

)2

, (8)

where ρ0(0) denotes the initial reduced density matrix of the central spin and ρ0(t) =
Trbath(exp(−iHt)ρ(0)exp(iHt)). Fidelity is bounded between 0 and 1. If ρ0(0) is
the same as ρ0(t) then the fidelity equals to one, whereas if ρ0(0) is different from
ρ0(t) then the fidelity is strictly less than one. Particularly, when ρ0(0) and ρ0(t)
are perfectly distinguishable, i.e., they are supported on orthogonal subspaces, the
fidelity reaches the minimal value zero [47]. As a consequence, the smaller fidelity
indicates the central spin is more easily decoherent.

In a broad context, decoherence refers to the changes in the reduced density ma-
trix of the central spin, including amplitude decoherence and phase decoherence. The
former focuses on the changes of the diagonal elements, while the latter focuses on
the non-diagonal elements. These two different decoherence can be characterized via
〈Sz

0(t)〉 or 〈S+0 (t)〉 for some special initial states. In Sect. 3, we will consider the initial
states that only suffers from the amplitude decoherence and use the fidelity to charac-
terize it. For phase decoherence problem, see Sect. 4, we choose the relative entropy
of coherence to evaluate the quantum coherence encoded in the central spin rather
than 〈S+0 (t)〉. The reason lies in the fact that the quantum coherence characterized by
the relative entropy has been shown to be a quantum resource and plays an indispens-
able role in quantum information science. On the other hand, this coherence measure
also satisfies the requirement of investigating the phase decoherence problem. Now
we explain it in more detail. In the field of quantum information, quantum coherence
is unambiguously defined and has an operational property in which the states without
off-diagonal elements in their density matrices are incoherent states and the inco-
herent operations ΛICPTP are defined to be completely positive and trace preserving
quantum operations mapping incoherent states into incoherent states. By attaching
other reasonable requirements to coherence measures C , e.g., C (ρ)≥C (ΛICPTP(ρ)),
Ref. [33] established a rigorous mathematical framework for quantifying quantum
coherence where the relative entropy of coherence is an excellent measure [33]

C0(t) = S
(
ρ

D
0 (t)

)
−S (ρ0(t)) . (9)

Here, S(σ) = −Tr [σ ln(σ)] is the von Neumann entropy and ρD
0 (t) is obtained by

deleting all off-diagonal elements in the reduced density matrix of the central spin.
The effects of bipartite entanglement on CSM dynamics can be elucidated via the

concurrence. For a pure state |ψ〉01, it is defined as [48]

E01(|ψ〉01) =
√

2(1− γ(ρ0)), (10)

where γ(ρ0) = Tr(ρ2
0 ) is the purity of ρ0 = Tr1(|ψ〉01 〈ψ|01). For a mixed state ρ01,

one defines the concurrence as [48]

E01(ρ01) = min
|ψ j〉

∑
j

p jE01(
∣∣ψ j
〉
), (11)
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where the minimization is over all ensemble decompositions ρ01 =
∑

j p j
∣∣ψ j
〉〈

ψ j
∣∣.

We will use concurrence to calculate the evolution of bipartite entanglement between
the central spin and the first bath spin ρ01(t). The closed form of the concurrence for
two-qubit state ρ01(t) is [48]

E01(t) = max{0,λ1(t)−λ2(t)−λ3(t)−λ4(t)} , (12)

where λ1(t), λ2(t), λ3(t), λ4(t) are the square roots of the eigenvalues of ρ01(t)ρ̃01(t)
satisfying λ1(t) ≥ λ2(t) ≥ λ3(t) ≥ λ4(t). ρ01(t) is the reduced density matrix of the
spin 0 and 1 by tracing out other spins and ρ̃01(t) = σ

y
0 ⊗σ

y
1 ρ∗01(t)σ

y
0 ⊗σ

y
1 .

3 Decoherence problem

3.1 The product bath

Before discussing entangled baths, we first consider an initial state with a product
bath given by

|ΨP(0)〉= |⇓〉 |↑↑ · · · ↑〉[N] , (13)

where the central spin is spin-down denoted by |⇓〉 and N bath spins constitute a
fully polarized bath denoted by |↑↑ · · · ↑〉[N]. This quantum state can be rewritten as
|⇓〉 |N/2,(N−1)/2,N/2〉[N] in our notation (4), and then by Eq. (6) we obtain the
state after a unitary time evolution as follows

|ΨP(t)〉 =
1√

N +1
e−i N

2 t
∣∣∣∣N +1

2
,

N
2
,

N−1
2

,
N−1

2

〉
[N+1]

−
√

N
N +1

ei N+2
2 t
∣∣∣∣N−1

2
,

N
2
,

N−1
2

,
N−1

2

〉
[N+1]

.

(14)

Applying Eq. (7) to the above state, it becomes

|ΨP(t)〉 =
√

N(e−i N
2 t − ei N+2

2 t)

N +1
|⇑〉
∣∣∣∣N2 ,

N−1
2

,
N−2

2

〉
[N]

+
e−i N

2 t +Nei N+2
2 t

N +1
|⇓〉
∣∣∣∣N2 ,

N−1
2

,
N
2

〉
[N]

, (15)

which allows us to directly calculate the reduced density matrix for the central spin,
i.e.,

ρ
P
0 (t) = a11(t) |⇑〉〈⇑|+(1−a11(t)) |⇓〉〈⇓| , (16)

with a11(t) = 2N[1− cos((N + 1)t)]/(N + 1)2. By definition (8), the evolution of
fidelity is obtained from (16) as follows:

FP
0 (t) = 1−a11(t) = 1− 2N

(N +1)2 [1− cos((N +1)t)]. (17)
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This simple form (17) provides rich insights into the central spin decoherence
problem. The dynamic term in Eq. (17) describes an oscillation with no long-time
decay where the frequency scales as O(N) and the amplitude scales as O(1/N) in the
thermodynamic limit N→ ∞, which has been pointed out in Ref. [18] by calculating
〈Sz

0(t)〉. Moreover, the O(1/N)-oscillation of fidelity indicates that a strong magnetic
field can suppress decoherence by polarizing a large number of bath spins [20, 21].
The absence of a long-time decay can be understood from the energy differences of
eigenstates that determine transition frequencies. In homogeneous CSM, the distri-
bution of gaps gi = Ei+1−Ei of adjacent energies is almost uniform, see Eq. (5), and
thus, the fidelity evolution (17) displays a periodic behavior even for more complex
initial state settings (22, 24). When the couplings between the central spin and the
bath spins become inhomogeneous, the distribution of gi is no longer uniform lead-
ing to a long-time decay of 〈Sz

0(t)〉 [8, 19] but 〈Sz
0(t)〉 will not tend to a stable value.

Eventually, 〈Sz
0(t)〉 for such a fully polarized bath reaches a persistent oscillation with

an amplitude of O(1/N) [18]. On the other hand, if the CSM with a disorder magnetic
field for bath spins instead of inhomogeneous couplings, a phase transition will occur
from the eigenstate thermalization hypothesis (ETH) phase to the many-body local-
ization (MBL) phase when disorder overs interaction. Such phenomenon has been
also witnessed by level statistics 〈min(gi,gi+1)/max(gi,gi+1)〉i [50] and a long-time
decay will occur [51, 52]. The difference from the inhomogeneous case is that the
oscillation of 〈Sz

0(t)〉 decays completely to a constant in the CSM with a disorder
field. Based on the above observations, non-uniformity of level statistics caused by
disorder magnetic fields or inhomogeneous couplings takes main responsibility for
the emergence of long-time decays. Considering that there is no long-time decay in
our model (2), we will use the scaling of leading oscillation amplitude of fidelity
evolution to characterize central spin decoherence and call the scaling of leading os-
cillation amplitude of X the amplitude scaling of X for convenience.

3.2 The effects of entanglement

Now we try to seek a decoherence suppression beyond O(1/N) by considering en-
tangled baths, namely the GHZ-bath: |GHZ〉[N] = (|↑〉⊗N + |↓〉⊗N)/

√
2 and the W -

bath [53]: |W 〉[N] = (|↓↑ · · · ↑〉+ · · ·+ |↑ · · · ↑↓〉)/
√

N. And the initial states are given
by

|ΨGHZ(0)〉 = |⇓〉 |GHZ〉[N]

=
|⇓〉√

2

(∣∣∣∣N2 ,
N−1

2
,

N
2

〉
[N]

+

∣∣∣∣N2 ,
N−1

2
,−N

2

〉
[N]

)
|ΨW (0)〉 = |⇓〉 |W 〉[N]

= |⇓〉
∣∣∣∣N2 ,

N−1
2

,
N−2

2

〉
[N]

. (18)
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In other words, we only consider the effect of entanglement among baths. Similarly,
we use Eq. (6) to determine the states after a unitary time evolution,

|ΨGHZ(t)〉 =
1√

2(N +1)
e−i N

2 t
∣∣∣∣N +1

2
,

N
2
,

N−1
2

,
N−1

2

〉
[N+1]

−

√
N

2(N +1)
ei N+2

2 t
∣∣∣∣N−1

2
,

N
2
,

N−1
2

,
N−1

2

〉
[N+1]

+
1√
2

e−i N
2 t
∣∣∣∣N +1

2
,

N
2
,

N−1
2

,−N +1
2

〉
[N+1]

,

|ΨW (t)〉 =
√

2
N +1

e−i N
2 t
∣∣∣∣N +1

2
,

N
2
,

N−1
2

,
N−3

2

〉
[N+1]

−
√

N−1
N +1

ei N+2
2 t
∣∣∣∣N−1

2
,

N
2
,

N−1
2

,
N−3

2

〉
[N+1]

. (19)

With these explicit expressions of reduced density matrices, it is effortless to calculate
fidelity for the central spin. The corresponding results are as follows

FGHZ
0 (t) = 1− N

(N +1)2 [1− cos((N +1)t)], (20)

FW
0 (t) = 1− 4(N−1)

(N +1)2 [1− cos((N +1)t)]. (21)

It is observed from Eqs. (20) and (21) that the amplitude scalings of fidelity for the
GHZ-bath and the W -bath are both O(1/N) although they belong to distinct entan-
glement classes in the entanglement classification problem [54]. The same amplitude
scaling of fidelity for the entangled baths and the product bath (17) indicates that such
entangled baths (18) cannot provide a more effective decoherence suppression. One
possible reason for this phenomenon is that the initial states we have been considered
so far are all in a product form, i.e, |⇓〉⊗|bath〉, lacking of system-bath entanglement,
which causes the failure of entanglement to affect the dynamics of the central spin in
our model.

Here, we start to construct a maximal entangled pair between the central spin and
the first bath spin as the initial state,

|ΨEP(0)〉=
1√
2
(|⇓〉 |↑〉+ |⇑〉 |↓〉) |↑↑ . . . ↑〉[N−1] . (22)

As before, we use Eqs. (6) and (7) to derive the fidelity of the central spin,

FEP
0 (t) =

1
2
+

√
1
4
−
{

2(N−1)[cos((N +1)t)−1]
(N +1)2

}2

. (23)

A direct simplification of Eq. (23) gives the amplitude scaling of fidelity being O(1/N2).
In this sense, the state with a system-bath entangled pair (22) outperforms than the
product state (13) in suppressing of central spin decoherence.



Decoherence dynamics of entangled quantum states in the XXX central spin model 9

4 Entanglement enhances coherence

In the previous section, fidelity is utilized to quantify decoherence of the central spin.
It is worth noting that the reduced density matrices of the central spin ρ0(t) discussed
before do not contain off-diagonal elements (|⇑〉〈⇓|, |⇓〉〈⇑|) during time evolutions
and thus only the effect of amplitude decoherence is involved. In this section, we fix
our attention on the phase decoherence problem and aim to improve the quantum co-
herence of the central spin encoded in the off-diagonal elements of its density matrix.
The relative entropy of coherence C0(t) (9) is applied in here to characterize such
quantum coherence since C0(t) is nonzero if and only if the reduced density matrix
of the central spin has non-diagonal elements.

In section (3), initial system-bath entanglement helps the central spin to prevent
its amplitude decoherence. Now we expect to improve the quantum coherence of the
central spin during the dynamics with the help of some system-bath entangled pair.
Then, we consider a set of initial states as follows:

ρ(θ) = ρ
EP
[2] (θ)⊗ρ

bath
[N−1], (24)

where the central spin and the first bath spin constitute an entangled pair ρEP
[2] , while

all bath spins except the first bath spin constitute a (N−1)-qubit product state ρbath
[N−1]=

|↑↑ · · · ↑〉〈↑↑ · · · ↑|[N−1]. The parameter θ is required to adjust the bipartite entangle-
ment of the entangled pair but, at the same time, to keep the coherence of the central
spin unchanged. It was proved in Ref. [55] that an arbitrary non-maximal entangled
two-qubit pure state |φ〉01 = a |⇑↑〉+b |⇑↓〉+c |⇓↑〉+d |⇓↓〉 can be parameterized in
terms of six angles (χ,θ0,φ0,θ1,φ1,γ):

a =

[
cos

χ

2
cos

θ0

2
cos

θ1

2
ei γ

2 +sin
χ

2
sin

θ0

2
sin

θ1

2
e−i γ

2

]
e−i φ0+φ1

2 ,

b =

[
cos

χ

2
cos

θ0

2
sin

θ1

2
ei γ

2−sin
χ

2
sin

θ0

2
cos

θ1

2
e−i γ

2

]
e−i φ0−φ1

2 ,

c =
[

cos
χ

2
sin

θ0

2
cos

θ1

2
ei γ

2−sin
χ

2
cos

θ0

2
sin

θ1

2
e−i γ

2

]
ei φ0−φ1

2 ,

d =

[
cos

χ

2
sin

θ0

2
sin

θ1

2
ei γ

2 +sin
χ

2
cos

θ0

2
cos

θ1

2
e−i γ

2

]
ei φ0+φ1

2 .

This parameterization has a geometric intuition. For instance, the reduced density
matrix of the central spin can be expressed as

ρ0 = Tr1(|φ〉〈φ |) =
I + r0 ·σσσ

2
, (25)

with r0 = (cos χ,θ0,φ0) in spherical coordinates and the reduced density matrix of
the first bath spin is in the same form (25) with r1 = (cos χ,θ1,φ1). The parameter χ

is not only related to the norms of the Bloch vectors r0 and r1, but also determines
the value of the concurrence by E01(|φ〉) = sin χ . Note that this parameterization (25)
excludes the maximal entangled two-qubit pure state, i.e., χ 6= π/2, since for χ = π/2
the norms of the Bloch vectors |r0| and |r1| both are zero, which is absurd. Then
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we take θ1 as the parameter θ in Eq. (24) and fix the other angles (χ,θ0,φ0,φ1,γ)
to (π/3,π/2,0,0,0) as an example. In this setting, the reduced density matrix of
the central spin is a constant matrix and thus the coherence of the central spin no
longer depends on the parameter θ . However, at this time, the concurrence is also
constant due to χ being fixed. According to definition (11), concurrence depends on
the optimal ensemble decomposition of a given density matrix. The unique ensemble
decomposition of a quantum state ρ up to a phase factor exists only when ρ is a
pure state. Thus, we mix the state |φ〉〈φ | and (|⇑↑〉〈⇑↑|+ |⇓↓〉〈⇓↓|)/2 with equal
possibility 1/2 to construct a set of entangled pair,

ρ
EP
[2] (θ) = (

1
2
|φ〉〈φ |+ 1

4
|⇑↑〉〈⇑↑|+ 1

4
|⇓↓〉〈⇓↓|), (26)

and expect their optimal decompositions to be different for different θ . Here,

|φ〉= a |⇑↑〉+b |⇑↓〉+ c |⇓↑〉+d |⇓↓〉 , (27)

a =

√
6

4
cos

θ

2
+

√
2

4
sin

θ

2
, b =

√
6

4
sin

θ

2
−
√

2
4

cos
θ

2
,

c =

√
6

4
cos

θ

2
−
√

2
4

sin
θ

2
, d =

√
6

4
sin

θ

2
+

√
2

4
cos

θ

2
.

For the entangled pair (26), the reduced density matrix of the central spin reads

ρ0(θ) =
2I + r0 ·σσσ

4
, (28)

with r0 = (1/2,π/2,0) in spherical coordinates and the value of coherence is a con-
stant of [5(log2 5)/8+3(log2 3)/8−2]' 0.0456 according to Eq. (9). In Fig. 1b we
plot the concurrence of the entangled pair (26) versus θ where the concurrence first
increases, then remains constant, and finally decreases to the initial value.

Having a set of initial states (24) with the same initial coherence value for the cen-
tral spin but different initial system-bath entanglement values, we are going to investi-
gate their dynamics. The explicit expression of ρ01(t;θ) = Tr2,3,...,N(e−iHtρ(θ)eiHt)
is found in ”Appendix”. Omitting O(1/N) terms in ρ01(t;θ), the reduced density
matrix of the central spin is simplified to

ρ0(t;θ)'
[

A11(t) A12(t)
A∗12(t) 1−A11(t)

]
, (29)

with A11(t) ' 1/2 and A12(t) ' 1/8+ ac(e−it(N+1)− 1)/2+ bd(e−it(N−1)− 1)/2. It
follows that the evolution of central spin coherence is

C0(t;θ)' 1−Hb(λ (t;θ)), (30)

where Hb(x) = −x log2(x)− (1− x) log2(1− x) is the binary entropy function and
λ (t;θ) is one of the eigenvalues of ρ0(t;θ),

λ (t;θ) =
1
2
+

1
8

√
1+
(

1
2
+ cos(2θ)

)
(1− cos(2t)). (31)
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Notice that Hb(x) = Hb(1− x) and Hb(x) is a monotonically decreasing function of
x when 1/2 ≤ x ≤ 1. According to Eqs. (30) and (31), we observe that when 0 ≤
θ < π/3, i.e., [1/2+ cos(2θ)] > 0, the coherence of the central spin C0(t;θ) first
increases and then declines to its initial value in a time period (Fig. 1c), while C0(t)
behaves just opposite as π/3 < θ ≤ π/2 (Fig. 1d). Therefore, for the system-bath
entangled pair ρEP

[2] (θ) with the condition of 0≤ θ < π/3, the central spin coherence
will increase over time.

Fig. 1: a The initial states with an entangled pair between the central spin and the
first bath spin denoted by an red curve line. b By changing the value of θ , we can
set different initial entanglement values E01(0) for the entangled pair. During the
evolution, the coherence values of the central spin C0(t) (c) and the first bath spin
C1(t) (g) both excess their initial values, while the concurrence of entangled pair
E01(t) behaves just opposite (e). In addition, when π/3≤ θ < π/2, the coherence of
C0(t) (d) and C1(t) (h) are less than their initial values and the opposite behaves also
holds with E01(t) (f). The number of bath spins N is set to 500.

To shed light on the origin of such dynamics behaviors, the concurrence of entan-
gled pair is plotted in Fig.1e-f by means of the reduced density matrices (35) given
in ”Appendix”. As seen from Fig.1c-f, the concurrence E01(t) will decrease at the re-
gion of central spin C0(t) increasing, vice versa. Thus, in the case of 0≤ θ < π/3, the
increase in central spin coherence is derived from the loss of entanglement in the en-
tangled pair. The initial coherence is, however, nonzero only for the central spin and
the first bath spin. It is necessary to calculate the evolution of coherence for the first
bath spin C1(t) to exclude the possibility of coherence transfer between the central
spin and the first bath spin leading to the gain of coherence in the central spin.

Similarly, we omit the O(1/N) terms of ρ01(t;θ) (35) in the thermodynamic limit
and trace out its central spin degrees of freedom to obtain the evolution of the reduced
density matrix for the first bath spin,

ρ1(t;θ)'
[

1−B22(t) B12(t)
B∗12(t) B22(t)

]
, (32)
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with B22(t)' 1/4+d2/2+b2/2 and B12(t) = abexp(−it)/2+cd exp(it)/2. By def-
inition (9), the coherence of the first bath spin is given by

C1(t;θ) ' Hb

(
1
2
+

cosθ

8

)
−Hb(λ

′(t;θ)), (33)

where

λ
′(t;θ) =

1
2
+

1
8

√
3
2
+ cos(2θ)−

(
1
2
+ cos(2θ)

)
cos(2t).

(34)

It is obvious from Eqs. (30)-(31) and (33-34) that the monotonicity of C1(t) and C0(t)
is the same, which confirms that the consumption of entanglement in this entangled
pair is the main source of coherence gains in the central spin as 0 ≤ θ < π/3, and
illustrated in Figs.1e-h. Using the system-bath entangled pair, we realize quantum
coherence-enhanced dynamics for the central spin by using of the entanglement be-
tween bath baths and the central spin.

5 Conclusions

We have investigated the effects of entanglement in the central spin decoherence
problem, amplitude decoherence, and phase decoherence, by obtaining exact evolu-
tions of fidelity, concurrence, and the relative entropy of coherence. The closed-form
expressions of them have been obtained in this paper and in the thermodynamic limit
we extracted their amplitude scalings summarized in Table. 1. Here, the degree of

Table 1: Amplitude scalings of four different initial states

Scalings Product bath W -bath GHZ-bath Entangled pair
F0(t) O(1/N) O(1/N) O(1/N) O(1/N2)

amplitude decoherence for the central spin is characterized by the amplitude scaling
of fidelity F0(t). For the initial states with only bath entanglement, the entangled bath
(W -bath or GHZ-bath) dose not outperform than the product bath in suppression of
central spin decoherence. In contrast to the above situation, however, the state with
a maximal entangled pair establishes an O(1/N2) suppression of amplitude decoher-
ence.

Since quantum coherence is embedded in the off-diagonal elements of the density
matrix, the relative entropy of coherence has been used to describe quantum coher-
ence dynamics for the central spin and to analyze its phase decoherence problem. We
provide a method to construct some initial states with suitable entangled pair where
the quantum coherence of the central spin can be improved over its initial value in
dynamics. By calculating the evolutions of central spin coherence and concurrence
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of the entangled pair, we confirmed that this part of increased coherence comes from
the consumption of the entanglement in entangled pair.

The central spin model, as an ideal model to characterize the quantum dot sys-
tems, has been extensively studied. In quantum dot system, the bath spins are unable
to manipulate. However, the rapid development of quantum technologies enables us
to precisely manipulate individual qubits and to make use of the unique quantum
properties, such as superposition and entanglement. For example, multi-component
atomic Schrödinger cat states have been prepared up to 20 qubits in superconduc-
tor system [56]. In the nitrogen-vacancy center, control of 10 qubits has been re-
alized [57] and two-qubit entanglement can be preserved for over 10 seconds. The
tremendous progress has been made in these quantum computing platforms to make
it possible to realize the states we discussed. Moreover, the central spin structure is re-
alizing its potential in developing quantum technologies, e.g., quantum memory [58].
Our research sheds light to further investigate the effects of initial system-bath entan-
glement in more complicated central spin models and to apply central spin models to
some quantum technologies.
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Appendix

The reduced density matrix of the entangled pair (26) is given by

ρ01(t;θ) =


D11(t) D12(t) D13(t) D14(t)
D∗12(t) D22(t) D23(t) D24(t)
D∗13(t) D∗23(t) 1−D11(t)−D22(t)−D44(t) D34(t)
D∗14(t) D∗24(t) D∗34(t) D44(t)

 , (35)
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where the matrix elements are

D11(t) =
1
4
+

a2

2
− (1+2d2)(N−2)(cos[(N−1)t]−1)

N2(N−1)
− 2(1+2d2)(N−2)

(N +1)N2 (cos t− cos(Nt))

+
N−1

(N +1)2N

{
−N−2

N
+(b+ c)(b− cN)− 2d2(N−2)

N

}
[cos[(N +1)t]−1]

+
−b(b+ c)(N−1)

N(N +1)
(cos t−1)+

−b(N−1)(b− cN)

(N +1)N2 (cos(Nt)−1),

D22(t) =
b2

2
− 2+d2(N−2)2

N2(N−1)
{cos[(N−1)t]−1}+ cos t−1

N(N +1)

(
2(N−2)

N
+

4d2(N−2)
N

+b(b+ c)(N−1)
)

+
cos(Nt)−1
(N +1)N2

(
−2(N−2)−4d2(N−2)+b(b− cN)(N−1)

)
+

1
(N +1)2N

{
−2(N−1)

N
+(b+ c)(b− cN)− 4d2(N−1)

N

}
[cos[(N +1)t]−1],

D44(t) =
2d2 +1

4(N +1)2N2

{
4(N−1)cos[(N +1)t]+ [16(N +1)−10(N +1)2 +2(N +1)3]cos t

+[6(N +1)2−16(N +1)]cos(Nt)+ [2(N +1)3−6(N +1)2]cos((N−1)t)

+8−4(N +1)+11(N +1)2−6(N +1)3 +(N +1)4} ,
D12(t) =

ab
2

+
ab(N−1)

2N
(e−it −1)+

a(b− cN)

2N(N +1)

(
e−it(N+1)−1

)
+

1
2N(N +1)(N−1)

{
2bd(N−1)2

N
(
e−itN −1

)
+

bd(N +1)(N−1)(N−2)
N

(
e−it(N−1)−1

)
−d(b+ c)(N−1)(N−2)

(
e−itN −1

)
− 2d(b+ c)(N−1)2

N +1

(
e−it(N+1)−1

)
− 2bd(N−1)2

N
(eit −1)

+
d(2b−2cN)(N−1)2

N(N +1)

(
eit(N+1)−1

)
+

d(N−1)(N−2)(b− cN)

N
(
eitN −1

)
+

(
d(b+ c)(N−1)(N−2)− d(N−1)(N−2)(b− cN)

N

)
(e−it −1)

}
,

D13(t) =
ac
2
− bd(N−1)2 +d(b+ c)(N−2)N

2(N +1)N2

(
e−itN −1

)
+

bd(N−2)
2N2

(
e−it(N−1)−1

)
− bd(N−1)

(N +1)N2

(
eit −1

)
−a(b− cN)N(N +1)−d(b+ c)(N−1)2

2(N +1)2N

(
e−it(N+1)−1

)
− d(b− cN)

2(N +1)N2

(
eitN −1

)
− d(b+ c)

2N(N +1)
(
e−it −1

)
+

d(N−1)(b− cN)

(N +1)2N2

(
eit(N+1)−1

)
− d(b− cN)(N−2)

2(N +1)N2

(
eit −1

)
,

D14(t) =
ad
2

+
ad
2N
(
e−it −1

)
+

ad(N−2)
2N

(
e−itN −1

)
+

ad(N−1)
2N(N +1)

(
e−it(N+1)−1

)
,

D23(t) =
bc
2
− d2

2

{
2+(N−1)(N−2)

(N +1)N2

(
e−it −1

)
+

2(N−3)
(N +1)N2

(
eitN −1

)
+

4(N−1)
(N +1)2N2

(
eit(N+1)−1

)
− 2(N−1)2

N2(N +1)2

(
e−it(N+1)−1

)
+

2(N−2)
(N +1)N2

(
e−itN −1

)
− (N−1)(N−2)

(N +1)N2

(
e−itN −1

)}
+
−(b+ c)(b− cN)N2 +(N−1)2

2(N +1)2N2

(
e−it(N+1)−1

)
+

(
−b(N−1)(b− cN)

2N(N +1)
+

(N−2)(N−3)
4(N +1)N2

)(
e−itN −1

)
+
(
1+2d2)( N−2

4N2(N−1)

(
eit(N−1)−1

)
+

N−2
(N +1)N2

(
eit −1

)
− (N−2)2

4N2(N−1)

(
e−it(N−1)−1

))
− N−1
(N +1)2N2

(
eit(N+1)−1

)
− N−3

2(N +1)N2

(
eitN −1

)
− (N +1)2−5(N +1)+8

4(N +1)N2

(
e−it −1

)
+
(b+ c)(b− cN)

2(N +1)2N

(
eit(N+1)−1

)
+

b(b+ c)(N−1)
2N(N +1)

(
eit −1

)
,

D24(t) =
bd
2

+
d(b+ c)

2N(N +1)
(
e−it −1

)
+

d(b− cN)

(N +1)2N2

(
eit(N+1)−1

)
+

d(b− cN)

2(N +1)N2

(
eitN −1

)
+

(
bd(N−1)2

2(N +1)N2 +
d(b+ c)(N−2)

2N(N +1)

)(
e−itN −1

)
+

d(b+ c)(N−1)
2(N +1)2N

(
e−it(N+1)−1

)
+

2bd(N−1)+d(b− cN)(N−2)
2(N +1)N2

(
eit −1

)
+

bd(N−1)(N−2)
2N2

(
e−it(N−1)−1

)
,

D34(t) =
cd
2

+
d(b+ c)

2N(N +1)
(
e−it −1

)
− d(b− cN)

(N +1)2N

(
eit(N+1)−1

)
− d(b− cN)

2N(N +1)
(
eitN −1

)
+

d(b+ c)(N−1)
2(N +1)2N

(
e−it(N+1)−1

)
+

d(b+ c)(N−2)
2N(N +1)

(
e−itN −1

)
− d(b− cN)(N−2)

2N(N +1)
(
eit −1

)
. (36)
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Similarly, the reduced density matrix of the second bath spin can be written as fol-
lows:

ρ2(t;θ) =

[
1−E22(t) E12(t)

E∗12(t) E22(t)

]
, (37)

and here the matrix elements are

E12(t) =
−bd

(N +1)N2

(
e−itN −1

)
+

1
2(N +1)N

(
(b− cN)

(
a− 2d

N +1

)
− d(b+ c)(N−1)

N +1

)(
e−it(N+1)−1

)
+

1
2(N +1)N2(N−1)

[d(b− cN)(N−2)(N +1)+2bd(N−1)]
(
eit −1

)
−
(

ab
2N

+
d(b+ c)

2(N +1)N

)(
e−it −1

)
+

d(b− cN)(N−1)
(N +1)2N2

(
eit(N+1)−1

)
− bd(N +1)(N−2)

2N2(N−1)

(
e−it(N−1)−1

)
+

d(b− cN)

(N +1)N2(N−1)
(
eitN −1

)
,

E22(t) =
1

(N +1)N2(N−1)

(
−1+2d2

2
(N2−3N +4)−2(1+2d2)(N−2)−b(b+ c)N(N−1)

)
(cos t−1)

+
N−2

N2(N−1)2

(
1
2
−d2(N +1)− 2(N−1)

N−2

)
(cos[(N−1)t]−1)

+
1

(N +1)N2(N−1)

(
(N−3)(d2 +

1
2
)−b(b− cN)(N−1)

)
(cos(Nt)−1)

+
1

(N +1)2N2(N−1)

(
−2(N−1)2(d2 +

1
2
)+(b+ c)(b− cN)N(N−1)

)
(cos[(N +1)t]−1). (38)
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51. Serbyn, M., Papić, Z. and Abanin, D. A.: Quantum quenches in the many-body localized phase. Phys.

Rev. B 90, 174302 (2014)
52. Zhou, X., Wan, Q.-K. and Wang, X.-H.: Many-Body Dynamics and Decoherence of the XXZ Central

Spin Model in External Magnetic Field. Entropy 22, 23 (2020)
53. Dür, W., Vidal, G. and Cirac, J. I.: Three qubits can be entangled in two inequivalent ways. Phys. Rev.

A 62, 062314 (2000)
54. Bastin, T., Krins, S., Mathonet, P., Godefroid, M., Lamata, L. and Solano, E.: Operational Families of

Entanglement Classes for Symmetric N-Qubit States. Phys. Rev. Lett. 103 070503 (2009)
55. Wharton, K. B.: Natural parameterization of two-qubit states. arXiv: 1601.04067 (2016)
56. Song, C., et al.: Generation of multicomponent atomic Schrödinger cat states of up to 20 qubits.

Science 365, 574-577 (2019)
57. Bradley, C. E. et al.: A Ten-Qubit Solid-State Spin Register with Quantum Memory up to One Minute.

Phys. Rev. X 9, 031045 (2019)
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