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Usually the `2-norm plays vital roles in quantum physics, acting as the probability of states. In this paper,
we show the important roles of `1-norm in Yang-Baxter quantum system, in connection with both the braid
matrix and quantum entanglements. Concretely, we choose the 2-body and 3-body S-matrices, constrained by
Yang-Baxter equation. It has been shown that for 2-body case, the extreme values of `1-norm lead to two types
of braid matrices and 2-qubit Bell states. Here we show that for the 3-body case, due to the constraint of YBE,
the extreme values of `1-norm lead to both 3-qubit |GHZ〉 (local maximum) and |W 〉 (local minimum) states,
which cover all 3-qubit genuine entanglements for pure states under SLOCC. This is a more convincing proof
for the roles of `1-norm in quantum mechanics.

Introduction–The role of `1-norm in information theory has
been widely and well studied due to its importance, espe-
cially in Compressed Sensing theory [1, 2]. The minimum
value of `1-norm is utilized for quantifying sparsity of sig-
nals, under which condition the signal can be reconstructed
more quickly. On the other hand, in quantum mechanics,
the `2-norm usually plays vital roles, e.g. as the probabil-
ity in describing the overlap between two different quantum
states. For a given state |ψ〉 spanned by eigenstates {an} of
the system, |ψ〉 =

∑
i ci|ai〉, the `2-norm can be defined by

‖ψ‖`2 =
∑
i |ci|2 for normalization. Almost all of the quan-

tum physical consequences one can obtain are defined in terms
of `2-norm.

Since the `1-norm has been successfully utilized in classical
information theory, it is interesting to guess, whether does the
`1-norm also apply in quantum information theory, or in quan-
tum mechanics? Here similar to the definition of `2-norm, the
`1-norm for a quantum state |ψ〉 =

∑
i ci|ai〉 can be defined

as follows

‖ψ‖`1 =
∑
i

|ci|. (1)

In recent years, people are becoming aware of `1-norm
in quantum mechanics and finding its physical interpreta-
tions. Some progress, though rarely, have been made, such
as in quantum process tomography [3], Yang-Baxter equa-
tion(YBE) associated with Wigner Dj-functions [4–6] and
quantifying coherence [7], et al.

Here we are interested in the `1-norm in quantum infor-
mation through the solutions R̆ of YBE. The motivations for
choosing solutions R̆ of YBE are:

1. R̆(θ) is closely related to concepts in quantum prop-
erties, such as quantum entanglement, topological
quantum computation [8, 9] and so on. The YBE
solution R̆ can be obtained via parametrizing Bell
braid matrix, which generates 2-qubit (even N -qubit)
maximal entanglement[10, 11]. The approach of
parametrizing braid matrix here is also named Yang-
Baxterization [12–16]. Hence R̆ can be connected to
both 2-qubit quantum entanglement and anyonic braid-
ing system associated to topological quantum computa-
tion.

2. R̆ can be regarded as a 2-body S-matrix [17], and
can reasonably compose 3-body S-matrix (till N -body)
constrained by YBE. Hence the results one obtains for
2-body may be extended to the many-body case.

In the previous works associated with YBE[4, 5], the au-
thors have shown the motivation of applying `1-norm in
Wigner Dj-function to obtain 2-body anyonic physical mod-
els associated with SU(2)2 Chern Simons theories. By defin-
ing the `1-norm ofD

1
2 (θ, ϕ), the local maximal ‖D 1

2 ‖`1 leads
to Majorana braid representation (type-II) [18] and maximal
2-qubit entanglement, while the local minimal ‖D 1

2 ‖`1 leads
to the type-I braid representation associated with permuta-
tion. Furthermore, the results are extended to the 2-body
parafermionic solution R̆ of YBE[6].

In this letter, we show that `1-norm not only applies to the
2-body system, but also in the 3-body system constrained by
YBE, especially in obtaining the 3-qubit genuine entangle-
ment. As an extension of the maximal `1-norm leading to 2-
qubit maximal entanglement, the extreme values of `1-norm
for S̆123 leads to both 3-qubit |GHZ〉(local maximum) and
|W 〉 (local minimum) states, which are the only two types
of genuine entanglement under stochastic local operation and
classical communication (SLOCC)[19].

Review of `1-norm in 2-body Yang-Baxter system–Here for
completeness, we would give a brief review about `1-norm
in 2-qubit system. We start from the YBE, reads [20–22]

R̆12(θ1)R̆23(θ2)R̆12(θ3) = R̆23(θ3)R̆12(θ2)R̆23(θ1), (2)

where R̆12(θ) = R̆(θ)⊗ I , R̆23(θ) = I ⊗ R̆(θ), I represents
2D identity matrix, R̆ is the 4 × 4 matrix located in 2-qubit
space.

The type-II solution of YBE comes from the parametriza-
tion of Bell braid matrix [10, 23]

B = exp[i
π

4
σy ⊗ σx], (3)

and reads [24, 25]

R̆(θ) = exp[iθσy ⊗ σx]. (4)
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Applying R̆(θ) on natural basis |00〉, it leads to [24]

|ξ〉 = R̆(θ)|00〉 = cos θ|00〉+ sin θ|11〉. (5)

Hence θ describes the continuous entangled degree for 2-qubit
pure states. When θ = π

4 , the state is Bell state with the maxi-
mal entangled degree and the R̆(θ = π

4 ) reduces to braid ma-
trixB, which obeys braid relationB12B23B12 = B23B12B23

for B12 = B ⊗ I , B23 = I ⊗ B. Since this braid matrix B
leads to the Bell state, it is also called Bell braid matrix.

On the other hand, we introduce the Wigner Dj(θ, ϕ)-
function that satisfies the braid relation [26]

Dj(θ, 0)Dj(θ, φ)Dj(θ, 0) = Dj(θ, φ)Dj(θ, 0)Dj(θ, φ),
(6)

with the constraint (for all j)

cosφ =
cos 2θ

1− cos 2θ
. (7)

Yang-Baxterization of the braid relation leads to YBE [4],

Dj(θ1, 0)Dj(θ2, φ)Dj(θ3, 0) = Dj(θ3, φ)Dj(θ2, 0)Dj(θ1, φ),
(8)

with the constraint (for all j)

cosφ =
1

2

[
(tan θ1 + tan θ3)− tan θ2

tan θ1 tan θ2 tan θ3
− 1

]
. (9)

Let us now define the `1-norm of the Dj-function. The
‖Dj‖`1 can be defined as

‖Dj‖`1 =
1

2j + 1

2j+1∑
m,n

|Dj
mn|. (10)

Taking D
1
2 (θ, φ) =

[
cos θ − sin θe−iφ

sin θeiφ cos θ

]
as example, we

have

‖D 1
2 (θ, φ)‖`1 = | cos θ|+ | sin θ|. (11)

In the previous papers [4, 27, 28], it has been shown that ex-
tremization of ‖D 1

2 ‖`1 leads to the following two cases, see
Fig. 1.

• Local minimum ‖D 1
2 (θ, φ)‖`1 , θ = π

2 , φ = 2π
3 .

In this case, the 2D braid matrix is called Type-I. It
also corresponds to the 4 × 4 permutation braid ma-
trix(see Appendix A in [31]). The parametrized matrix
is the simplest rational solution of YBE proposed by
Yang [20](we call it type-I solution), obeying Galilean
additivity tan θ2 = tan θ1 + tan θ3. It is the traditional
6-vertex model and corresponds to the integrable mod-
els.

• Local maximum ‖D 1
2 (θ, φ)‖`1 , θ = π

4 , φ = π
2 . In

this case, the 2D braid matrix is called type-II. This
is nothing but the Ising braid matrix in 4-anyon fu-
sion sparse encoding space [29]. It corresponds to the

4 × 4 Bell matrix proposed in Eq. (3)(see Appendix A
in [31]). The parametrized YBE obeys Lorentzian ad-
ditivity tan θ2 = tan θ1+tan θ3

1+tan θ1 tan θ3
. Such a local maximum

coincides with the maximum of von Neumann entropy
for the state |ξ〉 in Eq. (5) at θ = π

4 .

FIG. 1: Von Neumann entropy and `1-norm of D
1
2 -function and the

corresponding von Neumann entropy for |ξ〉 as functions of θ. The
von Neumann entropy is labeled by the red dashed line, and the `1-
norm is labeled by blue solid line. Both of them achieve the local
maximum at θ = π

4
, at which value the R̆(θ) reduces Bell braid

matrix.

The 2 × 2 and 4 × 4 solutions are connected by topological
bases, for details see Appendix A in [31]. In quantum com-
putation, 4 × 4 type-I braid matrix is a swapping gate, while
the 4× 4 type-II braid matrix is an entangling gate. Hence the
two braid matrices are totally different from each others.

In summary, the extremums of `1-norm lead to two dif-
ferent solutions of YBE. Especially, the local maximum of
‖D 1

2 ‖`1 is pivotal in leading to Ising braiding and the maxi-
mal 2-qubit entanglement among all the possibilities.

`1-norm in 3-body Yang-Baxter system – YBE allows the fac-
torization of 3-body S-matrix into 2-body S-matrices(see Ap-
pendix C in [31]). This is our motivation for choosing the
Yang-Baxter system. Under the constraint of YBE, one can
construct the 3-body S-matrix from the type-II R̆-matrix(see
Appendix C in [31]), as[30]

S̆123(η, β) = eη(~n·
~Λ), (12)

where

cos η = cos θ2 cos (θ1 + θ3) ,

sin η = sin θ2

√
1 + cos2(θ1 − θ3),

~n =
(

1√
2

cosβ, 1√
2

cosβ, sinβ
)
,

~Λ = (−iσyσxI, −iIσyσx, −iσyσzσx),

cosβ =
√

2 cos(θ1−θ3)√
1+cos2(θ1−θ3)

,

sinβ = − sin(θ1−θ3)√
1+cos2(θ1−θ3)

.

Here there are only two free parameters η and β due to the
constraint of YBE. And it is easy to check that the three seg-
ments in ~Λ obey su(2) algebra.
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Following the type-II Yang-Baxter solution R̆(θ)(Eq. 4) in
describing 2-qubit entanglement, we find that the factorized
3-body S-matrix S̆123(η, β) also generates 3-qubit entangle-
ment. Applying S̆123 on the state |000〉, one obtains

|Ψ〉 = S̆123|000〉

= cos η|000〉 − cosβ sin η√
2

(|011〉+ |110〉)− sinβ sin η|101〉.

(13)

Significantly, S̆123(η, β) is able to generate the two types
of maximal 3-qubit entangled states, say, GHZ state and W
state.

• When η = π
3 , β = arccot

√
2,

S̆123|000〉 =
1

2
(|000〉+ |011〉+ |101〉+ |110〉)

=
1√
2

(|+〉⊗3 + |−〉⊗3), (GHZ state).
(14)

• When η = π
2 , β = arccot

√
2,

S̆123|000〉 =
1√
3

(|011〉+ |101〉+ |110〉), (W state). (15)

It is well known that in 3-qubit pure state, under SLOCC,
GHZ state and W state are the only two types of non-
equivalent genuine entangled states[19]. Hence our 3-body
S-matrix describes all 3-qubit genuine entangled pure states
in this sense.

Here we claim that the `1-norm plays the pivotal role in
screening out the genuine entangled states. Let us now define
the `1-norm of S̆123, which is shown equivalent to ‖Ψ‖`1 , as

‖S̆123‖`1 = ‖Ψ‖`1 = | cos η|+
√

2| cosβ sin η|+ | sinβ sin η|.
(16)

FIG. 2: `1-norm of |Ψ〉 and S̆123 as a function of η and β. Both
|GHZ〉 and |W 〉 locate on the extremum points.

WW

GHZ GHZ GHZ GHZ

η

`1 -norm

(a)

W W W W

β

`1 -norm

(b)

FIG. 3: (a) The section β = arccot
√

2. `1-norm of |Ψ〉 and S̆123

as a function of η. |GHZ〉 on local maximal points; |W 〉 on local
minimal points.
(b) The section η = π/2. `1-norm of |Ψ〉 and S̆123 as a function of
β. |W 〉 on local maximal points.

We can see from Fig. 2 that when `1-norm arrives at the
“mountaintop”, i.e. the local maximum, the parameters {η =
π
3 , β = arccot

√
2} correspond to the 3-qubit GHZ state.

While the `1-norm arrives at the “saddle point”, the param-
eters {η = π

2 , β = arccot
√

2} correspond to the 3-qubit W
state. The saddle point is much strange. It is the local maximal
point along the section η = π

2 with varying β, while the local
minimal point along the section β = arccot

√
2 with varying

η. The “saddle point” corresponding to |W 〉 can be observed
from two sections of Fig. 2. See Fig. 3. When β = arccot

√
2,

the section holds both GHZ and W states locating on the
extreme points, while for the section η = π/2, the local max-
imum points correspond to the W states.

3-body S-matrix in D1/2-form – In above section, we dis-
cuss the 3-body S-matrix in tensor product space, where each
“body” represents one qubit lattice. Then the 3-body S-matrix
S̆123 describes the properties of the three interacting qubit lat-
tices. Indeed, the S̆123 can be reduced to a lower 2D matrix
under the two 4-strand topological bases {|e1〉 |e2〉}, graphi-
cally (see Appendix A2 in [31] for details)

|e1〉 =
1

d
, (d =

√
2)

|e2〉 =
1√

d2 − 1

(
− 1

d

)
,

(17)

where each strand represents an Ising anyon with quantum
dimension d =

√
2.

We denote the reduced 2D S-matrix by S̆′123. Under bases
{|e1〉, |e2〉}, S̆′123 takes the following form(see Appendix C
in [31])

S̆′123 =

[
cos η + i√

2
cosβ sin η, ( i√

2
cosβ + sinβ) sin η

( i√
2

cosβ − sinβ) sin η, cos η − i√
2

cosβ sin η

]
.

(18)
Physically speaking, this 3-body S-matrix S̆′123 is composed
from the Wigner D1/2-functions(2-anyon S-matrix), and de-
scribes the interactions between the first three strands, i.e. the
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three Ising anyons. We call S̆′123 the 3-anyon S-matrix. Fol-
lowing the definition of `1-norm for Wigner D-function in
Eq. (10)[4], here we define the `1-norm for S̆′123, as

‖S̆′123‖`1 =| cos η +
i√
2

cosβ sin η|

+ | i√
2

cosβ sin η + sinβ sin η|,

=| cos η|+
√

2| cosβ sin η|+ | sinβ sin η|.

(19)

In comparison with ‖S̆123‖`1 in Eq. (16), we find that
‖S̆′123‖`1 = ‖S̆123‖`1 . Therefore, although the two S-matrices
describe two different types of 3-body interactions, the `1-
norms are invariant.

To gain more intuitive physical inferences, let us make a
comparison between the `1-norm and von Neumann entropy
of the 3-body S-matrix. The von Neumann entropy ‖S̆′123‖E
of S̆′123 can be defined via |ψ〉 = S̆′123 (|e1〉, |e2〉)T, denoted
by ‖ψ‖E ,

‖S̆′123‖E = ‖ψ‖E

=− | cos η +
i√
2

cosβ sin η|2 log2 | cos η +
i√
2

cosβ sin η|2

− |( i√
2

cosβ + sinβ) sin η|2 log2 |(
i√
2

cosβ + sinβ) sin η|2.

(20)

For simplicity, we only plot a section at β = arccot
√

2.
Fig. 4 simply shows that the `1-norm and von Neumann en-
tropy achieve their local extremum at the same η, which leads
to the 3-qubit genuine entanglement.

Hence the two representations: tensor product representa-
tion and Wigner D1/2-function representation coincide with
each others at the extremum of `1-norms as well as the two
types of 3-qubit genuine entanglement.

FIG. 4: Von Neumann entropy and `1-norm of S̆′123 as a function of
η, at the section β = arccot

√
2. The `1-norm is labeled by blue solid

line, while the von Neumann entropy is labeled by red dashed line.
|GHZ〉 locates on the local maximum and |W 〉 locates on the local
minimum.

Conclusion – In conclusion, we have predicted the role of
`1-norm in 3-body quantum system constrained by YBE. We
show that the 3-body S-matrix S̆123 covers all 3-qubit gen-
uine entanglement under SLOCC. Moreover, we define the
`1-norm of the 3-body S-matrix, and find that all the 3-qubit
genuine entangled pure states(including GHZ and W) locate
on the local extremums of the `1-norm. Furthermore, to check
the consistency between two types of 3-body S-matrices in
qubit tensor space and Ising anyon fusion space, we calcu-
late the corresponding `1-norm and von Neumann entropy.
We make comparisons between the extremum of the above
quantities and find all of them achieve the local extremum at
the same domain values, which are similar to the 2-body case
presented in [4, 5]. Hence the 3-body results are exactly ex-
tensions of the 2-body cases. Therefore, it is more convincing
that the `1-norm does play pivotal roles in this Yang-Baxter
system as well as quantum entanglement.

Again, we emphasize that by introducing YBE to our sys-
tem, the 3-body S-matrix can be reasonably decomposed into
the 2-body S-matrices, which greatly reduces the hardness in
dealing with 3-body problem. For example, in covering all 3-
qubit genuine entanglement via S̆123, we only need two free
parameters η and β, whose freedom is far less than the free-
dom of a 3-qubit (C8) space. This is our motivation.

In principle, the N-body S-matrix can also be decomposed
into 2-body S-matrices by means of YBE. Further, we would
discuss the `1-norm in 4-body system even N-body.
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SUPPLEMENTARY MATERIAL

Appendix A: Two types of braid matrices and their Yang-Baxterizations

Typically, the local unitary representation(LUR) of N-strand braid group BN takes the following tensor form in space (Ck)⊗N :

BiBi+1Bi = Bi+1BiBi+1,

BiBj = BjBi, (|i− j| > 1)

Bi = I ⊗ I ⊗ · · · ⊗ B
i,i+1

⊗ I · · · I ⊗ I,
(A1)

where Bi’s are generators, B is a k2 × k2 braid matrix locating on the i-th and i+ 1-th lattices.
Yang-Baxterization of braid matrix Bi → R̆i(x) leads to the Yang-Baxter equation(YBE),

R̆i(x)R̆i+1(xy)R̆i(y) = R̆i+1(y)R̆i(xy)R̆i+1(x). (A2)

The braid matrix associated with different algebraic structures correspond to different Yang-Baxterization approaches, including
rational, trigonometric, elliptic, and so on. In this paper, the braid matrices are only associated to Temperley-Lieb(TL) algebra,
hence we only need the simplest rational Yang-Baxterization.

A1. Rational Yang-Baxterization of braid matrix associated to TL algebra

The TLN algebra has N − 1 generators {Ti}, and has the following structure

T 2
i = dTi, d: quantum dimension
TiTi±1Ti = Ti,

TiTj = TjTi, |i− j| > 1.

(A3)

The braid representation {Bi} associated to TL algebra {Ti} can be expressed as follows

Bi = αI + α−1Ti, d = −α2 − α−2 (quantum dimension). (A4)

Usually, α is root of unity.
To obtain the Yang-Baxter equation,

R̆i(µ)R̆i+1(f(µ, ν))R̆i(ν) = R̆i+1(ν)R̆i(f(µ, ν))R̆i+1(µ), (A5)

the rational Yang-Baxterization yields the following solution, as

R̆i(µ) = ρ(µ)[1 +G(µ)Ti], (A6)

G(µ) =
µ

a0 − dµ/2
, (A7)

f(µ, ν) =
µ+ ν

1 + β2µν
, β2 =

d2 − 4

(2a0)2
. (A8)

Here Ti is Temperley-Lieb algebra(TLA) generator, d represents the quantum dimension of TLA and a0 is a free parameter. If
we express Ti in terms of the known braid operator Bi, then the solution of YBE can be obtained.

A2. The type-I 4× 4 braid matrix and Yang-Baxterization

The type-I braid matrix is nothing but the 2-qubit permutation, which reads

1B = P =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 , (A9)
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whereP is the 4×4 representation of permutation, P 2 = 1. The braid matrix 1B has two different eigenvalues and corresponds
to the TL element 1T , for α = i, and quantum dimension d = −α2 − α−2 = 2, (up to an over all phase −i in comparison with
Eq. (A4))

1B = −i(αI + α−1 1T ) = I − 1T = P. (A10)

The 1T -matrix corresponding T-L generators 1Ti = I ⊗ · · · 1T
i,i+1
· · · ⊗ I reads

1T =


0 0 0 0
0 1 −1 0
0 −1 1 0
0 0 0 0

 . (A11)

with quantum dimension is d = 2. Substituting Eq. (A11) into Eq. (A6), one obtains the Yang-Baxterized matrix, denoted as
1R̆(u) (suppose a0 = −1)

1R̆(µ) = ρ(µ)

(
I +

µ

a0 − dµ/2
T

)
= ρ(µ)

(
a0I − µI + µ 1T

a0 − dµ/2

)
=

1

|
√

1− µ2|
(I − µ(I − 1T )) =

1

|
√

1− µ2|
(I + µP ).

(A12)
To satisfy Yang-Baxter equation, the parameter relation in Eq. (A8) is shown to be Galilean:

f(µ, ν) = µ+ ν. (A13)

Reducing type-I tensor YBE to lower dimension. 1Ti can be expressed by spin-1/2 lattice sites
1Ti = 2|φi,i+1〉〈φi,i+1|, (A14)

where |φi,i+1〉 = 1√
2

(|01〉 − |10〉) represents Bell state on i-th and (i + 1)-th lattices. In this case, one can also introduce two
basis |e1〉 and |e2〉 represented by 4 spin-1/2 lattices for 4-strand T-L algebra,

|e1〉 = |φ12〉|φ34〉, (A15)

|e2〉 =
1√
3

(2|φ41〉|φ23〉 − |φ12〉|φ34〉) , (A16)

|φi,i+1〉 =
1√
2

(
|0
i
1
j
〉 − |1

i
0
j
〉
)
. (A17)

Graphically,

|e1〉 =
1

d
, (d = 2)

|e2〉 =
1√

d2 − 1

(
− 1

d

)
.

(A18)

Applying the T-L generators to the basis, one obtains
1T1|e1〉 = 1T3|e1〉 = 2|e1〉, 1T1|e2〉 = 1T3|e2〉 = 0, (A19)

1T2|e1〉 =
1

2

(
|e1〉+

√
3|e2〉

)
, 1T2|e2〉 =

√
3

2

(
|e1〉+

√
3|e2〉

)
. (A20)

The corresponding 2× 2 4-strand braid matrices 1Bi are(γ is arbitrary number)

1B1 = 1B3 =

[
−1 0
0 1

]
, 1B2 =

1

2

[
1 −

√
3

−
√

3 −1

]
. (A21)

Then the type-I 2× 2 correspondence 1Ri reads

1R1(µ) = 1R3(µ) =
1

|
√

1− µ2|

[
1− µ 0

0 1 + µ

]
, (A22)

1R2(µ) =
1

2|
√

1− µ2|

[
2 + µ −

√
3µ

−
√

3µ 2− µ

]
. (A23)

They satisfy the YBE and the parameters obey the Galilean additivity,
1R1(µ) 1R2(µ+ ν) 1R1(ν) = 1R2(ν) 1R1(µ+ ν) 1R2(µ). (A24)
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A3. The type-II 4× 4 braid matrix and Yang-Baxterization

The type-II braid matrix is the Bell matrix

2B =
1√
2


1 0 0 eiϕ

0 1 1 0
0 −1 1 0

−e−iϕ 0 0 1

 . (A25)

This braid matrix is associated to the TL algebra (see Eq. (A4 )) with quantum dimension d = −α2 − α−2 =
√

2, α = ei3π/8,
(up to an overall phase e−iπ/8 in comparison with Eq. (A4)

2B = e−iπ/8(αI + α−1 2T ) = eiπ/4I − i 2T. (A26)

The 2T -matrix corresponding TL generators 2Ti = I ⊗ · · · 2T
i,i+1
· · · ⊗ I reads

2T = 1√
2


1 0 0 ieiϕ

0 1 i 0
0 −i 1 0

−ie−iϕ 0 0 1

 , (A27)

and the quantum dimension d =
√

2. Substituting Eq. (A27) into Eq. (A6), one obtains the Yang-Baxterized matrix, denoted as
1R̆(θ) (suppose tan θ = −µ id

2a0
),

2R̆(θ, ϕ) =


cos θ 0 0 sin θeiϕ

0 cos θ sin θ 0
0 − sin θ cos θ 0

− sin θe−iϕ 0 0 cos θ

 . (A28)

Reducing type-II tensor YBE to lower dimension. 2Ti can be expressed in terms of spin-1/2 lattice sites

2Ti =
√

2 (|ψi,i+1〉〈ψi,i+1|+ |φi,i+1〉〈φi,i+1|) , (A29)

where

|ψi,j〉 =
1√
2

(
| ↑
i
↑
j
〉 − ie−iϕ| ↓

i
↓
j
〉
)
, |φi,j〉 =

1√
2

(
| ↑
i
↓
j
〉 − i| ↓

i
↑
j
〉
)
. (A30)

For 4-strand T-L algebra, introducing two orthonormal basis

|e1〉 =
1√
2

(|ψ12〉|ψ34〉+ |φ12〉|φ34〉),

|e2〉 =
1√
2

[
(1 + eiϕ)|ψ23〉|ψ41〉 − (1− e−iϕ)|φ23〉|φ41〉

]
− |e1〉.

(A31)

Graphically,

|e1〉 =
1

d
, (d =

√
2)

|e2〉 =
1√

d2 − 1

(
− 1

d

)
.

(A32)

Then we have the 2× 2 representation of TL generators for d =
√

2, with the 2Ti matrix elements

2T1|e1〉 = 2T3|e1〉 =
√

2|e1〉, 2T1|e2〉 = 2T3|e2〉 = 0,

2T2|e1〉 = 2T2|e2〉 =
1√
2

(|e1〉+ |e2〉) .
(A33)
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Then the 4 Bell braid matrix has the 2D corresponding braid matrix 2Bi

2B1 = 2B3 = e−iπ/4
[

1 0
0 i

]
, 2B2 =

1√
2

[
1 −i
−i 1

]
. (A34)

Substituting Eq. (A33) into Eq. (A6)and the corresponding 2× 2 1Ri(µ) matrices are(tan θ = −µ id
2a0

)

2R1(θ) = 2R3(θ) =

[
eiθ 0
0 e−iθ

]
, (A35)

2R2(θ) =

[
cos θ i sin θ
i sin θ cos θ

]
. (A36)

They satisfy the YBE and the parameters obey the Lorentz additivity,
2R1(θ1) 2R2(θ2) 2R1(θ3) = 2R2(θ3) 2R1(θ2) 2R2(θ1). (A37)

Appendix B: Wigner Dj-function as the solution of Yang-Baxter equation

Any spin coherent operator, say D(θ, φ) = eξJ+−ξ∗J− is identical with the Euler rotation

D(θ, φ) = eiφJzei2θJye−iφJz , (B1)

where Jx, Jy , Jz are su(2) operators, obeying [Ji, Jj ] = iεijkJk, εijk the Levy-Civita symbol. D(θ, φ) is the Wigner Dj-
function for (2j + 1)-D representation.

Then we can define the following D-functions to satisfy YBE

D(θ1, 0)D(θ2, φ)D(θ3, 0) = D(θ3, φ)D(θ2, 0)D(θ1, φ), (B2)

with the constraint

cosφ =
1

2

[
(tan θ1 + tan θ3)− tan θ2

tan θ1 tan θ2 tan θ3
− 1

]
. (B3)

Here we note that the parameter relation can be directly derived from the su(2) algebraic relation, i.e. independent of the
concrete representations of D-function.

When θ1 = θ2 = θ3 = θ, YBE reduces to the braid relation, with the parameter relation

cosφ =
cos 2θ

1− cos 2θ
. (B4)

The Wigner D-function for spin-1/2 is

D1/2 =

[
cos θ − sin θe−iφ

sin θeiφ cos θ

]
. (B5)

To satisfy braid relation

D(θ, φ1 = 0)D(θ, φ2 = ϕ)D(θ, φ1 = 0) = D(θ, φ2 = φ)D(θ, φ1 = 0)D(θ, φ2 = φ), (B6)

the angular relation between θ and φ is

cosφ =
cos 2θ

1− cos 2θ
. (B7)

Let

A(θ) = V D(θ, φ1 = 0)V † =

[
eiθ/2 0

0 e−iθ/2

]
, (B8)

B(θ) = V D(θ, φ2 = φ)V † =

[
cos θ2 + i sin θ

2cosφ i sinφ sin θ
2

i sinφ sin θ
2 cos θ2 − i sin θ

2 cosφ

]
, (B9)

where V = 1√
2

[
1 i
i 1

]
.

Then A(θ) and B(θ, φ) cover the type-I and type-II braid matrices we have mentioned above.
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• Type-I braid matrix. θ = π/2, φ = 2π/3.

A(θ) −→ −i
[
−1 0
0 1

]
, B(θ, φ) −→ − i

2

[
1 −

√
3

−
√

3 −1

]
. (B10)

• Type-II braid matrix. θ = π/4, φ = π/2.

A(θ) −→ e−iπ/4
[

1 0
0 i

]
, B(θ, φ) −→ 1√

2

[
1 i
i 1

]
. (B11)

Appendix C: Reduction of 3-body S-matrix from 8D S̆123 to 2D S̆′123

Usually, the Yang-Baxter equation takes the following form

R̆12(θ1)R̆23(θ2)R̆12(θ3) = R̆23(θ3)R̆12(θ2)R̆23(θ1), (C1)

where R̆i can be regarded as the 2-body S-matrix, and the three parameters obey a constrained relation

θ2 = f(θ1, θ3). (C2)

Then the 3-body S-matrix can be decomposed into 2-body S-matrices constrained by Yang-Baxter equation, with each 2-body
S-matrix represented by the solution R̆,

S̆123 = R̆12(θ1)R̆23(θ2)R̆12(θ3) = R̆23(θ3)R̆12(θ2)R̆23(θ1). (C3)

3-body S-matrix in 3-qubit tensor product space. In this paper we mainly focus on the type-II Yang-Baxter solution R̆(θ) as
the 2-body S-matrix. Substituting Eq. (A28) into Eq. (C3), the 3-body S-matrix can be expressed as

S̆123(η, β) = eη(~n·
~Λ), (C4)

where

cos η = cos θ2 cos (θ1 + θ3) ,

sin η = sin θ2

√
1 + cos2(θ1 − θ3),

~n =
(

1√
2

cosβ, 1√
2

cosβ, sinβ
)
,

~Λ = (−iσyσxI, −iIσyσx, −iσyσzσx),

cosβ =
√

2 cos(θ1−θ3)√
1+cos2(θ1−θ3)

,

sinβ = − sin(θ1−θ3)√
1+cos2(θ1−θ3)

.

Here we suppose ϕ = 0 for simplicity, which does not influence our results. Due to the constraint of YBE, there are only two
free parameters η and β among the three parameters θi’s.

3-body S-matrix in anyon fusion space. On the other hand, due to the 2-body R̆i has 2D reduction in anyon fusion bases, then
the 3-body S-matrix S̆123 in tensor product space can also be reduced into a subspace named anyon fusion space spanned by
{|e1〉, |e2〉} in Eq. (A31).

For the type-II solution of YBE the reduction is (φ = π/2 in Eq. (C5))

R̆12(θ) −→ A(θ) =

[
eiθ/2 0

0 e−iθ/2

]
, R̆23(θ) −→ B(θ, φ = π/2) =

[
cos θ2 i sin θ

2

i sin θ
2 cos θ2

]
. (C5)

Then the 3-body S-matrix in anyon fusion space should be

S̆′123(η, β) = A(θ1)B(θ2, φ = π/2)A(θ3) = B(θ3, φ = π/2)A(θ2)B(θ1, φ = π/2),

=

[
cos η + i√

2
cosβ sin η, ( i√

2
cosβ + sinβ) sin η

( i√
2

cosβ − sinβ) sin η, cos η − i√
2

cosβ sin η

]
.

(C6)
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Where

cos η = cos θ2 cos(θ1 + θ3), (C7)
sin η sinβ = − sin θ2 sin(θ1 − θ3), (C8)

cosβ sin η =
√

2 sin θ2 cos(θ1 − θ3) =
√

2 cos θ2 sin(θ1 + θ3). (YBE constraint) (C9)

Physically, the reduced 3-body S-matrix S̆′123 can be regarded as describing 3-anyon interactions.


	 References
	 Supplementary Material
	 Appendix A: Two types of braid matrices and their Yang-Baxterizations
	 A1. Rational Yang-Baxterization of braid matrix associated to TL algebra
	 A2. The type-I 44 braid matrix and Yang-Baxterization
	 A3. The type-II 44 braid matrix and Yang-Baxterization

	 Appendix B: Wigner Dj-function as the solution of Yang-Baxter equation
	 Appendix C: Reduction of 3-body S-matrix from 8D 123 to 2D '123

