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Abstract We study the properties of coherence concurrence and present a physical

explanation analogous to the coherence of assistance. We give an optimal pure state decom-
position which attains the coherence concurrence for qubit states. We prove the additivity
of coherence concurrence under direct sum operations in another way. Using these results,
we calculate analytically the coherence concurrence for X states and show its optimal de-
compositions. Moreover, we show that the coherence concurrence is exactly twice the convex
roof extended negativity of the Schmidt correlated states, thus establishing a direct relation
between coherence concurrence and quantum entanglement.
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I. INTRODUCTION

Quantum coherence is an important feature in quantum physics and is of practical sig-

nificance in quantum computation and quantum communication [1-3]. The formulation of
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the resource theory of coherence was initiated in Ref. [4], in which some intuitive and com-
putable measures of coherence are identified, for example, the [;-norm coherence and the
relative entropy coherence. These coherence measures quantify coherence by using the min-
imal distance between the quantum state and the set of incoherent states. Operationally,
distillable coherence and coherence cost are two quantum measures quantifying the opti-
mal rate in transformation between quantum states and maximally coherent states under
incoherent operations in the asymptotic limit [3]. Robustness of coherence is a coherence
monotone which quantifies the minimal mixing required to make a state incoherent [6],
from which the witness observable has been demonstrated [7]. The skew information based
coherence has been proposed as a characterization of the uncertainty of the system being
measured [8].

If a coherence measure is defined for all pure states, it can be extended to all mixed states
using the convex roof construction. For instance, the intrinsic randomness of coherence and
coherence of information are convex roof extended coherence measures based on the relative
entropy coherence |4, 9], while the coherence concurrence is based on /;-norm coherence [10].
The coherence number is also a convex roof extended discrete coherence monotone based on
the Schmidt numbers [11], as is the fidelity-based measure of coherence [12].

Although the convex roof extended coherence quantifiers are valid coherence measures
provided they are valid for pure states, they are not easy to calculate in general since these
calculation involves minimizations. For single qubit states, many convex roof extended
coherence measures including intrinsic randomness, coherence concurrence, fidelity-based
measure of coherence have analytical expressions |9, 10, [12]. But the situation becomes
much more complicated for three or higher dimensional systems.

In this paper, we focus on the coherence concurrence which is the convex roof extension of
the [;-norm coherence on pure states. We first analyze the optimal pure state decomposition
for single qubit states. Then we show the additivity of coherence concurrence under the
direct sum operations in another way. Based on the additivity we calculate analytically the
coherence concurrence for X states and show its optimal pure state decomposition. Finally,

we present the relation between the coherence concurrence and entanglement.



II. THE COHERENCE CONCURRENCE FOR X STATES

Under a fixed reference basis {|i)}, a quantum state p is said to be incoherent if the state
is diagonal in this basis, i.e. p = > pi|i){i]. Otherwise the quantum state is said to be

coherent. One commonly used coherence measure is called the [;-norm coherence.

Definition 1. The l;-norm coherence of a quantum state p =Y p;;|1)(j| is the sum of the

magnitudes of all off-diagonal entries, Cy,(p) = > ., |pijl-

Based on the [;-norm coherence, the coherence concurrence of p is proposed in the convex

roof construction [10].

Definition 2. The coherence concurrence Cf, of p is
G (p) = min Y piCiy (|05} (), (1)

where the minimization is taken over all pure state decompositions of p =, pi|:) (il.

Dual to the definition of coherence concurrence, the [;-norm coherence of assistance is
the maximal average /;-norm coherence Cf (p) = max ), prCi, (|¢x)(¥x|), where the maxi-
mization is taken over all pure state decompositions of p = >, pr|tx) (x| [13]. Employing
the physical illustration of the coherence of assistance, the coherence concurrence C} has
the following operational interpretation. Suppose Alice holds a state p”. Bob holds another
part of the purified state of p*. Bob performs local measurements and informs Alice of the
measurement outcomes by classical communication. Alice’s quantum state will be in one
pure state ensemble {py, [¢))(¢x|} with average l;-norm coherence >, ppCi, (|¢k) (Vi|). As
l;-norm coherence is a convex function, the /;-norm coherence can be increased minimally

to Cf (p*) by such process.

. . P11 P12
For a two dimensional quantum state p = , the coherence concurrence has
*
P12 P22

been shown to be the [;-norm coherence Cf (p) = Ci,(p) = 2[p12] 9, 10]. We first present
an optimal pure state decomposition attaining the minimum average /;-norm coherence for

the qubit state p. We assume 0 < p1; < pag < 1. Let |¢1) (11| = 1 Pu P12 and

"\ oty 12} pn
|12) (tho] = [1)(1] with p1 = p11 + |p12|*/p11 and pa = pas — |p12|*/p11. Then {p;, [¢s)(il}io,



is a pure state decomposition with the average [;-norm coherence being the same as the
[1-norm coherence 2|p12|.
However, the coherence concurrence and l;-norm coherence are not necessarily equal in

higher dimensional systems. For example, consider the three dimensional quantum state
101
pe =3 | 01 2 | with 0< |z[ < 1. For any pure state decomposition {p, |[vy)(Vk|} of

121

Pz, one can check directly that there are at least two pure states ¢y, ) and |i)y,) in the

ensemble with three nonzero coefficients, [, ) = S22 a(k1)|i) and |iy,) = 30 a(k2)|i)

i=1% i=1%
(k1) (k2
9 CLZ-

with q, ) # 0 for ¢« = 1,2,3. By the convexity of the [;-norm coherence, it is easy
to show that the average [;-norm coherence is strictly larger than the [;-norm coherence,
namely, C7, (p:) > Ci, (pz)-

Before calculating the coherence concurrence for X states, we show the additivity for co-
herence concurrence under direct sum operation first. The strong monotonicity and convex-
ity of a coherence measure are in fact equivalent to the additivity of coherence for subspace
independent states [14]. The coherence concurrence as a valid coherence measure should
satisfy the additivity under the direct sum operation. Here we give another proof of the
additivity of coherence concurrence under the direct sum operation and explore its optimal

pure state decompositions.

Lemma 1. [15] Suppose p = > M) (| and p =31, pelor)(bx] are two arbitrary pure
state decompositions of given quantum state p with Y ;N = > pp =1, 0 < N\ < 1,
0<pp<1forl=1,---,n, k=1,---,m. Then these two pure state decompositions are

related by a transformation:

\/p_’f|¢k> :ZUlk\/)Tlhbl)v k= 17 , T, (2>
=1

where U = (Uy,) satisfying UUT = Lxp.

Here the transformation matrix U is not necessarily square. It should be also noted that
the normalizer of a quantum state is not essential for the [;-norm coherence as the [;-norm
is potentially homogenous. Hence we refer to the [;-norm coherence of unnormalized density

matrix sometimes for simplicity.

Definition 3. The direct sum of quantum states p; with probability o;, where Zfil o, =1,

0, >0 fori=1,2,--- | K, is the quantum state p with density matriz in block diagonal form
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such as

opr 0 - 0
O O'2p2 PR O
Pp=01p1 DB o2p2 D - Dogpx =
0 0 -+ okpk

Theorem 1. If a quantum state p is the direct sum of some states p; with probability o;,
p = 01p1 P ops & -+ B ogpr, where Zfilai =1,0, >0 fori=1,2,---,K, then the

coherence concurrence of p s

Ci(p) = 1 Gy, (p1) + 02CF (p2) + -+ + ok O, (pi)- (3)

The optimal pure state decomposition for p attaining Cf. (p) is the union of the optimal pure

state decompositions of o;p; attaining Cf (p;), i = 1,2,--- | K.

Note that when we say {ps, |1s)(¥s|} is a pure state decomposition of an unnormalized

quantum state p, we mean that {|1);)} are normalized states and > ps = Tr(p).

Proof. Here we only need to prove the case that Cf (p) = 01Cf (p1) + 02CF (p2) for p =
o1p1 @ oapa. Suppose {ps, |1s)(¥s|}s=1...w is a pure state decomposition attaining the

minimum average [;-norm coherence of oy p1,

01Cj, (p1) = C (01p1) ZpsCzl |93} (sl), (4)
with normalized pure state [i5) = > i, ags)|i), s = W, and 3% p, = oq; and

{ps, |¥s)(Ys|}s=w41,.. x is a pure state decomposition attaining the minimum average ;-

norm coherence of o9p9,

02Cf (p2) = Ci (02p2) Z PsCh ([905) (s)), (5)

s=W+1

with normalized pure state [¢) = > " a§8)|i>, s=W+1,--- . X, X >W, and stilps =

02. Then {p37 ‘ws> <ws‘}s:1,---,W U{p37 ‘ws> <ws‘}s:W—|—1,---,X = {p87 |¢s><¢s‘}s:1,---,X is a pure
state decomposition for p. By definition, the minimum average [;-norm coherence of p

satisfies
C(p) < S D C (10s) (Ws]) + S0 PsCiy (105) (25])

(6)
= 01Cf (p1) + 02CF (p2).



From Eq. (2), any other pure state decomposition {g;, |¢:)(p¢|}t=1.... v of p can be written
as /G| pr) = Zle Ust/Ds|ths), t = 1,--- Y. We can partition each matrix g¢¢)(¢¢| into
four blocks, one diagonal block with the first W rows and the first W columns, Aﬁ” =
S UstUJ/t\/ZTS\/p_s’|¢s> (1¢]; one off diagonal block with the first W rows and the last
X — W columns, AS) = le Z‘;f:WH UstUJ/t\/p_s\/p_s’|ws><ws’|; one off diagonal block with
the last X — W rows and the first W columns, A} = Zf:WH 23/:1 UstUsT/t\/ZTS\/p_sts> (Vol;
and the last diagonal block with the last X — W rows and the last X — W columns, Aff) =

S e S UGUL, e /Bl (e, t = 1,2, Y. That is

(®) A(t)
1 2

Q| De) (Pe] = R t=1,2,---.Y
Ay’ Ay

The [;-norm coherence of p comes from all off diagonal entries of the diagonal blocks Agt)

and Aff) and all entries of the off diagonal blocks Ag) and Aét), t=1,2,---,Y. Therefore,

S aCL ([0 (de]) = iy Co (s Sy Uan/BsUb /Do) (1)
> 3 Cn (D 00, Ua/BeUL /P lvs) () (7)
+ ZL Cl1 (Zf:Wﬂ Z§=W+1 Ust\/ZTsUsT't\/p_s’Ws> <¢S’ |)7

V

where we have gotten rid of the magnitudes of all entries of the off diagonal blocks Ag) and
Agt) in the above inequality.
Similarly, we partition the matrix U = (Uy) into two blocks, one block with the

U

first W rows and the other block with the last X — W rows as U = o) with
U

UOUWT = Ly and UPUPT = [x_yyex-w). We can obtain a pure state decom-

position {q, [¢})(dh|} ey for py with \/ql|¢)) = 2V, Usi\/Ds|¥s), and a pure state

decomposition {qf/, |6/)(6![}cr,. v for py with /@I6) = Xy Uny/ilihs).  Since

{ps, |Vs)(Vs|}s=1,.. w and {ps, |¥s)(¥s|}sew+1,.. x are optimal pure state decompositions

attaining the minimum of average [;-norm coherence of p; and ps, respectively, we have

S aCu (e (i) = 3o, O () Sl UaUl/Pey/Barlibe) ()

+ 22/:1 Cl1 (Zf:W—l—l Z§:W+1 UstUJ’t\/]D_S\/ZJ_M|¢s><¢s’|)

S 4L (10(81]) + o0y ¢/ Cry (87 (1) (8)
> S paC (1) (Wal) + Xy pCi (100:) (4])

= 01C} (p1) + 02CF (p2).
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Combining Eqs. (@) and (§), we obtain the relation Cf (p) = 01CF (p1) + 02Cf, (p2). Further-
more, the union of the optimal pure state decompositions of o1p; and oyp, is the optimal
pure state decomposition of p. The general result in Eq. (38) can be shown in an analogous

manner. ]
Now we are ready to calculate the coherence concurrence for X states.

Definition 4. The n dimensional X states are quantum states with density matrices in X

shape,

pii O 0o - 0 0 P1n
0 p2 0o .- 0 pan-1 O
0 0 P33t P32 0 0

p= (9)

0 0 pn23 """ Pn-2n-2 0 0
0 ppo12 O - 0 Prn-1n-1 0

pni 0 o - 0 0 pnn

Without loss of generality, we suppose p;; < pn—in—; for X state, 1 <i <[n/2].

Theorem 2. The coherence concurrence of the n dimensional X state p given in (3), is

[n/2]
Ci(p) =2 pinsril-
=1

If n is even, an optimal decomposition of p is {pi, | i) (Wi}, with |) (] =
p%. P Pinei— with p; = pii + |pins1-il*/pii for 1 < i < [n/2]; and
p;'k,n+1—i |Pi,n+1—i|2/pi,i

[0i) (W] = [i) (] with p; = pus1—ims1—i — |Pimr1-il*/pii for [n/2]+1 < i <n. Ifn is odd, an

optimal decomposition of p is {pi, |i) (Vi|}iy with |1;) (W] = i@ *pi’i pi’"“j
Pin+1—i |pi,n+1—i‘ /Pu

D
with p; = pi; + |pins1-i*/pii for 1 <@ < [n/2]; i) (W] = |){(i]| with p; = pns1—imt1-i —
|\pins1—il?/pii for [n/2]+1 < i < n; [Vpms2141) (Ypya1 1| = |[n/2]+1)((n/2]4 1| with probability

Pin/2]+1 = Pln/2]+1,[n/2]+1-

Proof. First, if n is even, the X state can be decomposed as the direct sum of n/2 quantum

states p = p1 @ p2 @ -+ pns2 Up to some permutations, with p; = L fim , P2 =

*
Pin Pnn



Pz Pan-l st P2 = Pri2n/241 - Pr/2in/2+1 . If n is odd, the X state can be

p;_l,Q Pn—1n—1 p;/Q,n/Q_H Pnj24+1,n/24+1
decomposed as the direct sum of [n/2] quantum states plus an additional one dimensional

matrix up to some permutations, with [n/2] denoting the integer part of the number n/2.
The permutations of the matrices neither change the [y norm coherence nor the coherence
concurrence. In any case, the coherence concurrence of an X state p is the sum of the
coherence concurrence of p1, pz, -+, pjn/2) by Theorem[Il Since p; is a two dimensional state
and its coherence concurrence is Cf (p;) = 2|pin41-i| for i = 1,---,[n/2], then it is obvious
that C} (p) = 2 Zgi/f} |pin+1—i|. The optimal pure state decomposition follows from the two

dimensional case. 0

III. RELATION BETWEEN COHERENCE CONCURRENCE AND ENTANGLE-
MENT

The coherence of a quantum state p = > p;;|1)(j] is closely related to the entanglement
of the Schmidt correlated state p,,. = Y p;;]74)(jj| [9, 16]. For example, the coincidence of
coherent cost and coherence of formation is identified with the coincidence of entanglement
cost and entanglement of formation [3]. The relative entropy of coherence of assistance of p
is equal to the entanglement of assistance of p,,. |L7]. Here we focus on the entanglement
measure called negativity for bipartite quantum states [18] and build a relation between

coherence concurrence and entanglement.

lp™1]|—1

Definition 5. The negativity of quantum state p is N(p) = , which corresponds to
the absolute value of the sum of negative eigenvalues of pP'", the superscript PT means the

partial transposition.

Based on negativity, the convex roof extended negativity is proposed by Ref. [19], which

is also an entanglement measure.

Definition 6. The convexr roof extended mnegativity N.(p) is defined as N.(p) =

min ), p; N (|¢;)(¥s]), where the minimization is taken over all pure state decompositions

of p=">_,pili) (Wil.

The l;-norm coherence itself corresponds to the negativity by Cj, (p) = 2N (pme) 20, 21)].



Next we show the relation between the coherence concurrence and the convex roof extended

negativity.

Theorem 3. The coherence concurrence of p =Y pi;|1){(j| is twice the convex roof extended
negativity of pme,
Ci, (p) = 2Ne(pme)- (10)

Proof. Note that for the maximally correlated state p,,., the pure state decompositions are
all in Schmidt form |¢)) = 3. a,|ii) [22]. For pure state [¢)) = ). a;]éi), the l;-norm coherence
is O, ([0)(W]) = D254 laia;| and the negativity is N(|¢)(¥]) = %Zi# lafa;| by definitions.
Hence the [;-norm coherence is twice the negativity, 2N (|¢)(¥]) = C, (|)(¥]). Therefore,
if {pr, |¥,)(¥,|} is the optimal pure state decomposition for p,,. such that N.(pme) =
Sk peN () (W4]) with [v) = 37, afid), then {pr, [te) (]} with 1) = 3=, alfi) is the
optimal pure state decomposition for p such that Cf (p) = >, prCi, (|r) (¥r])- O

IV. CONCLUSIONS

We have studied the properties of coherence concurrence. Analogous to the coherence of
assistance we have given a physical explanation for coherence concurrence. The optimal pure
state decomposition attaining the coherence concurrence has been presented for qubit states.
The additivity of coherence concurrence under the direct sum operation has been proved
alternatively. Since the X state is the direct sum of qubit states, the coherence concurrence
for the X states has been proved to be equal to the [;-norm coherence and the optimal
pure state decompositions are provided. Moreover, it has been shown that the coherence
concurrence is just twice the convex roof extended negativity of the Schmidt correlated
states. Originating from the superposition principle in quantum mechanics, coherence is a
fundamental phenomena of quantum world. Our results may highlight further investigations
on quantum coherence, for example, the relations among coherence concurrence, the [; norm

coherence of assistance and the [; norm coherence.
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