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Abstract
Absolutely maximally entangled (AME) states are typically defined in homogeneous systems. However, the quantum system

is more likely to be heterogeneous in a practical setup. In this work we pay attention to the construction of AME states in
tripartite heterogeneous systems. We first introduce the concept of irreducible AME states as the basic elements to construct
AME states with high local dimensions. Then we investigate the tripartite heterogeneous systems whose local dimensions are
l,m, n, with 3 ≤ l < m < n ≤ m + l − 1. We show the existence of AME states in such heterogeneous systems is related to
a kind of arrays called magic solution array. We further identify the AME states in which kinds of heterogeneous systems are
irreducible. In addition, we propose a method to construct k-uniform states of more parties using two existing AME states.
We also build the connection between heterogeneous AME states and multi-isometry matrices, and indicate an application in
quantum steering.

I. INTRODUCTION

Quantum correlations play a central role in the foun-
dation of quantum mechanics, kinds of quantum infor-
mation processing, and the physics of strongly correlated
systems [1]. The nonclassicality of quantum correlations,
in particular entanglement, challenges our understand-
ing of the relation between local and global properties of
quantum states. For instance, the Bell state is a pure
two-qubit state while each of its reduced density matri-
ces is maximally mixed. It implies that even if we have
the complete knowledge of the global state, the entropy
of the reduced state can be the maximum. There is a
class of pure states called absolutely maximally entan-
gled (AME) states which share the similar property with
the Bell state. Denote by Hd a d-dimensional Hilbert
space. A system is homogeneous if its local dimensions
are equal, e.g., H⊗nd . Suppose |φ〉 ∈ H⊗nd is an n-partite
pure state. We call |φ〉 an AME state if each marginal
of bn2 c parties is maximally mixed, where b·c is the floor
function. For any AME state it isn’t separable in any bi-
partition, and thus is a genuinely multipartite entangled
(GME) state. Genuine entanglement, as a kind of spe-
cial multipartite entanglement, is regarded as the most
important resource, and has been used in various exper-
iments [2–4]. Hence, the characterization of multipartite
entanglement has been widely investigated [5–7].

In recent years, AME states in homogeneous systems
have aroused great interest due to the close connection
between AME states and quantum error correction codes
(QECCs) [8–14]. It is known that an AME state in the
homogeneous system H⊗nd is one-one corresponding to
a QECC which encodes messages in an alphabet con-
sisting of d letters [8]. Moreover, AME states in ho-
mogeneous systems have been shown to be a resource
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for open-destination and parallel teleportation [10], for
threshold quantum secret sharing schemes [11] and can
be used to design holographic quantum codes [15]. In
recent work the authors design a series of quantum cir-
cuits that generate absolute maximally entangled (AME)
states to benchmark a quantum computer [16]. Unfortu-
nately, not all homogeneous systems contain AME states.
For example, it has been shown that the AME states of
seven qubits do not exist [17]. This key result completes
the study on the existence of AME state of n qubits.
In an n-qubit system the AME states only exist when
n = 2, 3, 5, 6 [13, 18, 19]. However, when the local di-
mensions are greater than 2, it is still unknown whether
there exist AME states in several homogeneous systems
[19].

There is no universal approach to construct AME
states in homogeneous systems. Goyeneche et al. pro-
posed a method to construct AME states in homogeneous
systems by building the connection with orthogonal ar-
rays (OAs) [20]. They proved that an irredundant or-
thogonal array (IrOA) is corresponding to an AME state
in a homogeneous system. Then much effort has been
done in this way to construct new AME states [21–24].
Nevertheless, there is no efficient way yet to determine
the existence of AME states if there exists no correspond-
ing IrOA. By relaxing the restriction on AME states, we
obtain a generalization of AME states called k-uniform
states. A pure n-partite state is called k-uniform if every
density matrix reduced to k(≤ bn2 c) parties is maximally
mixed. From the perspective of information theory, a
k-uniform state in H⊗nd has the property that all infor-
mation about the system is lost after removal of n − k
or more qudits. It has been shown that k-uniform states
can be constructed from graph states [25], orthogonal ar-
rays [20], mutually orthogonal Latin squares and Latin
cubes [21], and symmetric matrices [26].

In a practical quantum information processing, one
may need to deal with a non-homogeneous quantum
setup i.e., local dimensions of the quantum system are
mixed. For example, the physical systems for encoding
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may have different numbers of energy levels. We call such
a non-homogeneous system a heterogeneous one. Thus,
it is natural to ask whether there exist AME states in
heterogeneous systems. It is essential to study AME
states in heterogeneous systems, since they are related
to quantum error correcting codes over mixed alphabets
[27, 28]. Suppose |ψ〉 is a pure N -partite state in the
heterogeneous system H⊗n1

d1
⊗H⊗n2

d2
⊗ · · · ⊗H⊗nldl

, where

N =
∑l
i=1 ni. There are two definitions for |ψ〉 to be

an AME state. One directly follows from the definition
of AME states in homogeneous systems [28]. It requires
that every marginal of bN2 c parties is maximally mixed.
The other requires that every subsystem whose dimen-
sion is not larger than that of its complement must be
maximally mixed [13, Sec. 10]. In this work we select
the former as the standard definition of AME states in
heterogeneous systems.

Since the local dimensions are mixed, it significantly
increases the difficulty of characterizing multipartite en-
tanglement [29, 30], and thus the experimental realiza-
tion of GME states in heterogeneous systems [31, 32].
Recently, a three-partite genuinely entangled state com-
posed of one qubit and two qutrits has been experimen-
tally realized [31]. This is a remarkable step forward in
generating GME states in a heterogeneous system. This
experimental achievement motivates us to study the ex-
istence of AME states in heterogeneous systems. It is
much more challenging to construct AME states in het-
erogeneous systems than in homogeneous systems be-
cause the heterogeneous systems are unruly and lack of
efficient mathematical tools. There are only a few results
on AME states in heterogeneous systems. Goyeneche
et al. presented the concepts of mixed orthogonal ar-
rays (MOAs) and irredundant mixed orthogonal arrays
(IrMOAs) based on the concepts of OAs and IrOAs [28].
By the tool of MOA and IrMOA they constructed sev-
eral concrete AME states in multipartite heterogeneous
systems. Felix Huber et al. constructed a mixed-
dimensional AME state in the system 2 × 3 × 3 × 3 un-
der the second definition above-mentioned [13]. Then in
Ref. [33, Sec. 5(b)] the authors numerically constructed
four-partite mixed-dimensional AME state in the systems
with maximal local dimension 4.

In this paper we focus on the construction of AME
states in heterogeneous systems, especially tripartite het-
erogeneous AME states. Several properties of bipartite
entanglement are well understood even if the bipartite
system is heterogeneous. Nevertheless, many problems
for tripartite systems become intractable. Although tri-
partite AME states in homogeneous systems are obvi-
ous, i.e., the GHZ state for any local dimension, it is
not easy to construct tripartite AME states in heteroge-
neous systems, and not all tripartite heterogeneous sys-
tems contain AME states. The main aim of this work
is to determine the existence of AME states in various
tripartite heterogeneous systems, and construct several
concrete AME states.

We first introduce the concept of irreducible AME

states. The irreducible AME states cannot be written
as the tensor product of two AME states. Thus irre-
ducible AME states are the basic elements to generate
AME states with high local dimensions. The existence of
tripartite AME states in the heterogeneous systems pos-
sessing one qubit subsystem has been completely char-
acterized by Lemma 5. We present an alternative choice
to prove Lemma 5 directly in Appendix A. Since every
AME state in systems 2×kl×(kl+l) is reducible, we also
propose an approach to generate such tripartite AME
states by Fig. 1. In Lemma 6 we show the existence
of AME states in several special heterogeneous systems.
Then we mainly investigate the tripartite AME states
in the heterogeneous systems whose local dimensions are
l,m, n, with 3 ≤ l < m < n ≤ m + l − 1. We propose
a novel array called magic solution array (MSA). The
restrictions for the elements of an MSA are similar to
magic squares. In Theorem 7 we show the construction
of tripartite AME states in the aforesaid heterogeneous
systems is closely related to the MSAs. Moreover, in
Theorem 9 we present sufficient conditions for multipar-
tite heterogeneous systems such that the AME states in
them are irreducible. Finally we show our results are
useful for the construction of k-uniform states possess-
ing more parties, and quantum steering. In addition, we
build the connection between AME states in heteroge-
neous systems and multi-isometry matrices.

The remainder of the paper is organized as follows. In
Sec. II we first clarify the notations in the whole paper,
second formulate the mathematical definition of AME
states in heterogeneous systems, and finally introduce
the concept of irreducible AME states. In Sec. III we
determine the existence of tripartite AME states in var-
ious heterogeneous systems. In Sec. IV we identify the
AME states in which kinds of multipartite heterogeneous
systems are irreducible. In Sec. V we show some appli-
cations of our results. Finally, the concluding remarks
are given in Sec. VI.

II. NOTATIONS AND PRELIMINARIES

Here we introduce the notations that will be used
throughout the paper. Denote by b·c the interger part,
by Z+ the set of positive integers, and by U(d) the set
of d × d unitary matrices. We denote a d-dimensional
Hilbert space by Hd. An n-partite quantum system is
represented by Hd1⊗Hd2⊗· · ·⊗Hdn . For brevity we will
refer to such a heterogeneous system as d1×d2×· · ·×dn.

The AME states are typically defined in homogeneous
systems of n-qudit, i.e., H⊗nd . We first present the defi-
nition of AME states in homogeneous systems as basics.

Definition 1 Suppose |Φ〉 is a pure n-partite state in the
Hilbert space H⊗nd . Denote by Ad(n) the set of AME

states in H⊗nd .
(i) |Φ〉 is called k-uniform, if each k-partite marginal

of |Φ〉〈Φ| is maximally mixed.
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(ii) |Φ〉 ∈ Ad(n) if it is bn2 c-uniform, i.e., each bn2 c-
partite marginal of |Φ〉〈Φ| is maximally mixed.

We next generalize the concept of AME states in homo-
geneous systems to that of AME states in heterogeneous
systems. To be precise we shall present the mathematical
definition as follows.

Definition 2 Suppose |Ψ〉 is a pure n-partite state in the
system d1×d2×· · ·×dn where di’s are not equal. Denote
by A(d1, d2, · · · , dn) the set of AME states in this system.

(i) |Ψ〉 is called k-uniform, if each k-partite marginal
of |Ψ〉〈Ψ| is maximally mixed, i.e., for any {j1, · · · , jk} ⊂
{1, · · · , n},

Tr{j1,··· ,jk}c |Ψ〉〈Ψ| =
1

dj1 × · · · × djk
Idj1×···×djk . (1)

(ii) |Ψ〉 ∈ A(d1, d2, · · · , dn), if it is bn2 c-uniform.

Any n-partite AME state with even n can be indeed
regarded as a bipartite maximally entangled state with
respect to any bipartition. However, it is impossible for
the heterogeneous systems by Definition 2. Thus there is
no AME states in heterogeneous systems of even number
of parties by Definition 2. In the following when consid-
ering the existence of AME states in heterogeneous sys-
tems, we shall suppose the systems possessing odd num-
ber of parties. In general the following lemma presents a
necessary condition for the heterogeneous systems which
contain k-uniform states.

Lemma 3 A k-uniform state does not exist if the prod-
uct of the size of k local Hilbert spaces is larger than the
dimension of the complementary system.

In Ref. [13], the authors constructed a four-partite AME
state in the system 2 × 3 × 3 × 3 based on a relaxed
restriction.

Suppose |ψ〉A1···Am ∈ A(k1, k2, · · · , km) and
|φ〉B1···Bm ∈ A(l1, l2, · · · , lm). One can verify
that |ψ〉 ⊗ |φ〉(A1B1)···(AmBm) is an AME state in
Hk1l1 ⊗ · · · ⊗ Hkmlm , i.e., |ψ〉 ⊗ |φ〉(A1B1)···(AmBm) ∈
A
(
(k1l1), (k2l2), · · · , (kmlm)

)
. This property presents

a method to construct an AME state in the system
with larger local dimensions from two AME states in
the systems with smaller local dimensions. Hence, it
is essential to construct AME states |ψ〉A1···Am and
|ϕ〉B1···Bm which have smaller local dimensions. For this
purpose we establish the definition of irreducible AME
states as follows.

Definition 4 Suppose |ψ〉 ∈ A(d1, d2, · · · , dn). Then
|ψ〉 is called reducible AME state if there exists a local
unitary ⊗ni=1Ui ∈ U(d1)⊗ U(d2)⊗ · · · ⊗ U(dn) such that
(⊗ni=1Ui)|ψ〉 is the tensor product of two n-partite AME
state with smaller local dimensions. Otherwise, we say
that |ψ〉 is an irreducible AME state.

For example, the three-qubit GHZ state |GHZ〉 =
1√
2
(|000〉 + |111〉) ∈ A2(3) is an irreducible AME state,

while 1
2 (|000〉+|111〉+|222〉+|333〉) ∈ A4(3) is a reducible

AME state as it is the tensor product of two GHZ states.
The concept of irreducible AME states is very useful in
experiments, since the tensor product which combines
the corresponding subsystems of two states can be well
realized by experiments.

In Ref. [34] the authors consider locally maximally
entangled (LME) states, i.e., 1-uniform states in kinds
of heterogeneous systems. It follows that LME states
are equivalent to AME states for tripartite heterogeneous
systems. The existence of AME states in systems 2×m×
(m+ n) and 3×m× (m+ n) has been characterized by
[34, Fig. 2]. In particular, the existence of AME states in
systems 2×m× (m+n) can be characterized as follows.

Lemma 5 [34] There exist tripartite AME states in sys-
tems 2 × m × (m + n) if and only if n = 0, or m =
kn, ∀k ≥ 1.

The authors derived Lemma 5 using the geometric invari-
ant theory in Ref. [34]. We present an alternative proof
in Appendix A to show it directly. Note that every tripar-
tite AME states in the system 2×kl×(kl+l) is reducible.
In Fig. 1 we illustrate how to generate an AME state in
the system 2×kl×(kl+ l) with an irreducible AME state
and a bipartite maximally entangled state. Nevertheless,
we will show there exist both reducible AME states and
irreducible AME states in systems 2×m×m in Sec. IV.

|ψ〉AB1C1 ∈ A
(
2, k, (k + 1)

)

|φ〉B2C2 ∈ Al
(
2
)

|Ψ〉A(B1B2)(C1C2) = |ψ〉AB1C1 ⊗ |φ〉B2C2 ∈
A
(
2, kl, (kl + l)

)

FIG. 1: A(2, k, (k + 1)) and Al(2) are the sets of AME states in
systems 2× k × (k + 1) and l × l respectively. The existence of
|ψ〉AB1C1 follows from Lemma 5, and |φ〉B2C2 is indeed a

bipartite maximally entangled state. Then |Ψ〉A(B1B2)(C1C2) is a
tripartite AME state shared with A, (B1B2), (C1C2). The tensor

product combining the corresponding subsystems B1, B2, and
C1, C2 has been widely used in experiments.

III. TRIPARTITE AME STATES IN HETEROGE-
NEOUS SYSTEMS

In this section we investigate the tripartite AME states
in heterogeneous systems further. The tripartite hetero-
geneous systems are the first non-trivial heterogeneous
systems when considering AME states. It is reasonable
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to believe that the tripartite AME states in heteroge-
neous systems can be experimentally realized in the near
future due to the experimental achievement of producing
a tripartite genuinely entangled state in the heteroge-
neous system 2× 3× 3 [31]. The following lemma shows
the existence of tripartite AME states in some special
heterogeneous systems.

Lemma 6 (i) There exist AME states in systems m ×
m× n, ∀n ≤ m2.

(ii) Let l < m. There exist AME states in systems
l ×m× n if n = km ≤ lm.

(iii) Suppose both |ψ〉ABC and |φ〉ABC belong to
A(dA, dB , dC) where dA, dB , dC are the dimensions of the
subsystems A,B,C respectively. Define |ψ〉 ⊕AB |φ〉 :=
1√
2
(|00〉AB |ψ〉 + |11〉AB |φ〉). Then |ψ〉 ⊕AB |φ〉 is a tri-

partite AME states in the system (2dA)× (2dB)× (dC).

Proof. (i) First from Lemma 3 the existence of AME
states in systems m × m × n requires n ≤ m2. Then

one can construct an orthonormal basis {|Ψj〉}m
2

j=0 of the

system m×m which consists of m2 maximally entangled
states. Let

|Ψ〉 =
1√
n

n−1∑

j=0

|Ψj , j〉. (2)

By computing we have

ρ1 =
1

n

n−1∑

j=0

Tr2|Ψj〉〈Ψj | =
1

m
Im,

ρ2 =
1

n

n−1∑

j=0

Tr1|Ψj〉〈Ψj | =
1

m
Im,

ρ3 =
1

n

n−1∑

j=0

|j〉〈j| = 1

n
In,

where ρi is the reduction of ith party. By definition |Ψ〉
is a tripartite AME state in the system m×m× n.

(ii) Let ω = e
2πi
l , and |Ωl〉 = 1√

l

∑l−1
x=0 |xx〉. We con-

struct the set of l × l diagonal unitary matrices

Dt = diag(1, ωt, · · ·ω(l−1)t), (3)

and the set of m× l matrices

Ps =

l−1∑

j=0

|j + s mod m〉〈j|. (4)

Then we obtain the following states.

|Ψt,s〉 = (Dt ⊗ Ps)|Ωl〉, (5)

where t = 0, · · · , k − 1, and s = 0, · · · ,m − 1. One can
verify |Ψt,s〉, t = 0, · · · , k − 1, s = 0, · · · ,m − 1 are

orthogonal. Let

|Ψ〉 =
1√
km

k−1∑

t=0

m−1∑

s=0

|Ψt,s,mt+ s〉. (6)

One can verify every reduction of one party is maximally
mixed. Therefore, |Ψ〉 is a tripartite AME state in the
system l ×m× km with 0 < k ≤ l.

(iii) Suppose ρABC is the density matrix of |ψ〉⊕AB |φ〉.
By computing it follows that

ρA =
1

2
(|0〉〈0|A|ψ〉〈ψ|A + |1〉〈1|A|ψ〉〈ψ|A) =

1

2dA
I2dA ,

ρB =
1

2
(|0〉〈0|B |ψ〉〈ψ|B + |1〉〈1|B |ψ〉〈ψ|B) =

1

2dB
I2dB ,

ρC =
1

2
(|ψ〉〈ψ|C + |ψ〉〈ψ|C) =

1

dC
IdC .

Therefore, |ψ〉 ⊕AB |φ〉 is a tripartite AME states in the
system (2dA)× (2dB)× (dC).

This completes the proof. ut
One can prepare some states in (2) using the current

techniques in experiments. For example Alice, Bob and
Charlie want to prepare the target state

|Ψ〉 =
1√
2

(
|Ψ1〉|0〉+ |Ψ2〉|1〉

)
. (7)

For this purpose Alice, Bob and Charlie may first prepare
the following state

|Φ〉 =
1√
2

(
1√
2

(|00〉+ |11〉)|0〉+
1√
2

(|01〉+ |10〉)|1〉
)
.(8)

Here we propose a protocol to prepare the state |Φ〉
as follows. Alice and Charlie may prepare the Bell
state |α〉AB = 1√

2
(|00〉 + |11〉)AB , and similarly Bob

and Charlie may also prepare the Bell state |α〉BC =
1√
2
(|00〉+ |11〉)BC . By setting jk := 2j+ k on system C,

we obtain the tripartite state |ψ〉 := |α〉⊗|β〉 = 1
2 (|000〉+

|011〉 + |102〉 + |113〉). Next Charlie measures system C
using the POVM {|0〉〈0|+ |3〉〈3|, |1〉〈1|+ |2〉〈2|}. The re-
sult is that Charlie obtains the state 1√

2
(|000〉+ |113〉) or

1√
2
(|011〉+|102〉). In either case Charlie may inform Alice

and Bob of his measurement result, so that the latter may
perform local unitary operations, so that the final tripar-
tite state is the standard three-qubit GHZ state. This
state is equivalent to the target state |Φ〉 by local uni-
tary operations. After preparing the state |Φ〉 one may
obtain the target state by |Ψ〉 = |Φ〉 ⊗ |ψ〉A′B′ , where
|ψ〉A′B′ is a bipartite maximally entangled state in the
composite system of Alice and Bob. Similarly, one may
experimentally prepare more complex states in (2).

In the following we investigate the existence of tripar-
tite AME states in general systems as l×m×n. We first
propose a kind of arrays whose restrictions are similar to
magic squares. We call an l×m array as a magic solution

4



array (MSA) if its elements yk,j , 0 ≤ k ≤ l − 1, 0 ≤ j ≤
m− 1, constitute a nonnegative solution of the following
system of linear equations:





m−1∑

j=0

yk,j = 1, ∀0 ≤ k ≤ l − 1, (9)

l−1∑

k=0

yk,j =
l

m
, ∀0 ≤ j ≤ m− 1, (10)

∑

(k+j) mod n=s

yk,j =
l

n
, ∀0 ≤ s ≤ n− 1. (11)

The following theorem shows that such MSAs are
closely related to the construction of tripartite AME
states in systems l ×m× n.

Theorem 7 Suppose 3 ≤ l < m < n ≤ m+ l− 1. There
exist AME states in the system l × m × n if the magic
solution array given by Eqs. (9)-(11) exists.

Proof. Suppose {yk,j} is a nonnegative solution of
Eqs. (9)-(11), where 0 ≤ k ≤ l − 1, and 0 ≤ j ≤ m − 1.
Let xk,j =

√
yk,j . With these xk,j ’s we construct the

following tripartite state |ψ〉ABC in the system l×m×n.

1√
l

[
|0〉(

m−1∑

j=0

x0,j |j, j〉) + |1〉(
m−1∑

j=0

x1,j |j, j + 1〉) (12)

+ · · ·+ |n−m〉(
m−1∑

j=0

xn−m,j |j, j + n−m〉)

+|n−m+ 1〉(
m−1∑

j=0

xn−m+1,j |j, j + n−m+ 1 mod n〉)

+ · · ·+ |l − 1〉(
m−1∑

j=0

xl−1,j |j, j + l − 1 mod n〉)
]
.

Let ρABC = |ψ〉〈ψ|ABC . By computing we have the three
single-party reductions as follows.

ρA =
1

l
(

l−1∑

k=0

m−1∑

j=0

yk,j |k〉〈k|), (13)

ρB =
1

l
(

m−1∑

j=0

l−1∑

k=0

yk,j |j〉〈j|), (14)

ρC =
1

l
(

l−1∑

k=0

m−1∑

j=0

yk,j |k + j〉〈k + j|), (15)

where |k + j〉 = |k + j mod n〉. Then one can verify that
Eq. (9) guarantees ρA = 1

l Il, Eq. (10) guarantees ρB =
1
mIm, and Eq. (11) guarantees ρC = 1

nIn. Therefore,
|ψ〉ABC expressed by Eq. (12) is a tripartite AME state
in the system l ×m× n. This completes the proof. ut

By Theorem 7 a given MSA is corresponding to an

AME state in the system l ×m × n with 3 ≤ l < m <
n ≤ m + l − 1. For generic l,m, n there is no rule to
express the nonnegative solutions of the system of lin-
ear equations given by Eqs. (9)-(11). Nevertheless, for
specific l,m, n one can numerically formulate the non-
negative solutions if the system of linear equations has
nonnegative solutions.

Next, we formulate the expression of an AME state in
the system 3×4×5 as an example using Theorem 7. Since
all AME states in the system 3 × 4 × 5 are irreducible,
this system becomes the first interesting case when the
dimension of every subsystem is greater than 2.

Example 8 We propose a concrete AME state in the
system 3× 4× 5. Let

|ψ〉ABC =
1√
3
|0〉(

3∑

j=0

x0j |j, j〉) + |1〉(
3∑

j=0

x1j |j, j + 1〉)

+ |2〉(
3∑

j=0

x2j |j, j + 2 mod 5〉).

(16)
Let ρABC = |ψ〉〈ψ|ABC . By computing we have the three
single-party marginals as follows.

ρA =
1

3

2∑

k=0

(

3∑

j=0

|xkj |2)|k〉〈k|, (17)

ρB =
1

3

(
(

2∑

k=0

|xk0|2)|0〉〈0|+ (

2∑

k=0

|xk1|2)|1〉〈1| (18)

+(

2∑

k=0

|xk2|2)|2〉〈2|+ (

2∑

k=0

|xk3|2)|3〉〈3|
)

ρC =
1

3

(
(
∑

k+j=0

|xkj |2)|0〉〈0| (19)

+(
∑

k+j=1

|xkj |2)|1〉〈1|+ (
∑

k+j=2

|xkj |2)|2〉〈2|

+(
∑

k+j=3

|xkj |2)|3〉〈3|+ (
∑

k+j=4

|xkj |2)|4〉〈4|
)
,

where k + j = (k + j mod 5). Let yk,j = |xkj |2, and
define an array Y := [yk,j ], 0 ≤ k ≤ 2, 0 ≤ j ≤ 3.
So ρA = 1

3I3, ρB = 1
4I4, ρC = 1

5I5 are equivalent to the
following three equations respectively.

3∑

j=0

yk,j = 1, ∀0 ≤ k ≤ 2, (20)

2∑

k=0

yk,j =
3

4
, ∀0 ≤ j ≤ 3, (21)

∑

k+j=n

yk,j =
3

5
, ∀0 ≤ n ≤ 4. (22)
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One can verify the following array

Y =




12
40

24
40

4
40 0

0 2
40

20
40

18
40

18
40

4
40

6
40

12
40


 (23)

is a MSA corresponding to the system 3×4×5. Therefore,
|ψ〉ABC expressed by Eq. (16) whose coefficients given by
the magic solution array Y in Eq. (23) is an AME state
in the system 3× 4× 5. ut

IV. IRREDUCIBLE AME STATES IN HETERO-
GENEOUS SYSTEMS

The irreducible AME states are essential blocks for
constructing AME states in heterogeneous systems. In
this section we investigate the AME states in which kinds
of heterogeneous systems are irreducible. In Theorem 9
(i) we keep focusing on the tripartite AME states, and
in Theorem 9 (ii) and (iii) we study the multipartite het-
erogeneous systems.

Theorem 9 (i) Suppose p is prime and m,n are co-
prime. If |ψ〉 ∈ A(p,m, n) then |ψ〉 is an irreducible AME
state.

(ii) Suppose |ψ〉 is an AME state in the system p× q×
d1 × · · · × d2n−1, where p and q are prime. Then |ψ〉 is
irreducible if there exists di 6= pq. Furthermore for n = 1,
|ψ〉 is irreducible if and only if there exists d1 < pq.

(iii) Suppose |ψ〉 is an AME state in the system d1 ×
· · · × d2n+1. If |ψ〉 is reducible, then there are at most
two primes in {d1, · · · , d2n+1}. Further, suppose |ψ〉 is
locally unitarily equivalent to |φ1〉 ⊗ |φ2〉, where |φ1〉 is
an AME state in the system p1 × · · · × p2n+1, |φ2〉 is an
AME state in the system q1 × · · · × q2n+1, and di = piqi.
Then,

(iii.a) if there is no prime in {d1, · · · , d2n+1}, the
number of 1 in {p1, · · · , p2n+1} is at most one, so is
{q1, · · · , q2n+1};

(iii.b) if only d1 is prime up to a permutation of sub-
systems, then p1 = 1, q1 = d1, and pi, qj > 1, ∀i, j > 1;

(iii.c) if only d1 and d2 are prime up to a permutation
of subsystems, then p1 = 1, q1 = d1, p2 = d2, q2 = 1, and
pi, qj > 1, ∀i, j > 2.

Proof. (i) We prove it by contradiction. Suppose |ψ〉
is a reducible AME state. By Definition 4, there exists a
local unitary U ⊗ V ⊗W such that (U ⊗ V ⊗W )|ψ〉 =
|φ1〉 ⊗ |φ2〉, where |φ1〉 is an AME state in the system
1 ×m1 × n1 and |φ2〉 is an AME state in p ×m2 × n2.
It implies that m1 = n1 which contradicts with m and n
are coprime. Therefore, |ψ〉 is irreducible.

(ii) We prove it by contradiction. Suppose |ψ〉 is a re-
ducible AME states. By definition |ψ〉 is locally unitarily
equivalent to |φ1〉 ⊗ |φ2〉, where |φ1〉 is an AME state in
the system p× 1×k1×· · ·×k2n−1, |φ2〉 is an AME state
in 1× q× l1× · · ·× l2n−1, and di = kili. So |φ1〉 and |φ2〉
can be taken as 2n-partite AME state. Since there is no

AME state in heterogeneous systems of even number of
parties, it follows that ki = p, lj = q,∀i, j. It is equiva-
lent to that di = pq,∀i. So we obtain the contradiction,
and thus the assertion holds. Furthermore for n = 1, we
have |ψ〉 is a tripartite reducible AME state if and only
if m = pq.

(iii) We prove it by contradiction. Suppose d1, d2, d3
are three primes, and |ψ〉 is a reducible AME state in
the system d1 × · · · × d2n+1. By definition |ψ〉 is locally
unitarily equivalent to |φ1〉⊗ |φ2〉, where |φ1〉 is an AME
state in the system p1 × · · · × p2n+1, |φ2〉 is an AME
state in the system q1 × · · · × q2n+1, and di = piqi. If
p1 = p2 = 1, then |φ1〉 can be taken as a (2n− 1)-partite
state, and thus it isn’t a (2n+1)-partite AME state. One
can similarly exclude that q1 = q2 = 1. Therefore, there
is at most one 1 in the set {p1, p2, p3}, the same for the
set {q1, q2, q3}. It contradicts with the three d1, d2, d3
are prime. So the assertion (iii) holds. When there are
at most two primes in {d1, · · · , d2n+1}, one can verify the
three specific cases (iii.a)-(iii.c) with the same idea.

This completes the proof. ut
It follows from Theorem 9 (iii) that if there are at least

three primes among {d1, · · · , d2n+1}, then every AME
state in the system d1 × · · · × d2n+1 is irreducible. Here
we want to emphasize that if there is a reducible AME
state in the system d1 × · · · × dn, it doesn’t imply that
every AME state in the system d1×· · ·×dn is reducible,
i.e., there could be irreducible AME states in the system
d1×· · ·×dn. The following example supports our claim.
First, it is known that there exist reducible AME states
in the system 2×4×4, e.g., (|000〉+ |111〉)AB1C1

⊗(|00〉+
|11〉)B2C2

. Second, We show that |ψ〉ABC = |0, x〉+|1, y〉,
where |x〉 = 1

2 (|00〉+ |11〉+ |22〉+ |33〉) and |y〉 = 1
2 (|01〉+

|12〉 + |23〉 + |30〉) is an irreducible AME state in the
system 2×4×4. One can show that the range of |x〉 and
|y〉 has no bipartite state of Schmidt rank two in HBC .
By computing one can verify |ψ〉 is an AME state. We
next show it is irreducible. Assume that |ψ〉 is reducible.
It follows that |ψ〉 = (|0, a〉+ |1, b〉)AB1C1

⊗ |c〉B2C2
such

that system B = B1B2 and system C = C1C2. It implies
that (|0, a〉+ |1, b〉) is three-qubit state and |c〉 is a two-
qubit state. It is known that the span of |a〉 and |b〉 has
a product vector. Hence, the span of |a, c〉 and |b, c〉 has
a bipartite state of Schmidt rank two in HBC . Since
|a, c〉 = |x〉, |b, c〉 = |y〉, we obtain the contradiction.
Therefore, |ψ〉 is an irreducible AME state in the system
2×4×4. Hence, there are both reducible and irreducible
AME states in the system 2× 4× 4.

V. APPLICATIONS

In this section we indicate some applications of our re-
sults in previous sections. In Sec. V A we propose some
methods to construct k-uniform states of more parties
from two AME states. In. Sec. V B we build the connec-
tion between AME states in heterogeneous systems and
multi-isometry matrices. In Sec. V C we introduce the
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application of AME states in quantum steering.

A. Construction of k-uniform states in heteroge-
neous systems

Here we present some methods to construct k-uniform
states using two existing AME states. The methods in
Lemma 10 (ii) and (iii) are also very useful to construct
other kinds of GME states [7].

Lemma 10 (i) If |ψ〉 is a (2n)-partite AME state in
the composite system of (AB), C1, C2, · · ·C2n−1, it is
also a (2n + 1)-partite AME state in the system of
A,B,C1, C2, · · ·C2n−1.

(ii) Suppose |ψ〉 is a (2n)-partite AME state in the
system of A,C1,1, · · · , C1,2n−1, and |φ〉 is a (2n)-partite
AME state in the system of B,C2,1, · · · , C2,2n−1. Then
|ψ〉 ⊗ |φ〉 is a (2n + 1)-partite AME state in the system
of A,B,C1, · · · , C2n−1, where Cj = (C1,jC2,j).

(iii) Suppose |ψ〉 is a (2n + 1)-partite AME state in
the system of A,C1,1, · · · , C1,2n, and |φ〉 is a (2n + 1)-
partite AME state in the system of B,C2,1, · · · , C2,2n.
Then |ψ〉 ⊗ |φ〉 is an n-uniform state in the system of
A,B,C1, · · · , C2n−1, where Cj = (C1,jC2,j).

Proof. (i) Suppose ρ = |ψ〉〈ψ|. By computing,

ρCj1 ···Cjn ∝ I,
ρABCj1 ···Cjn−2

∝ I,
ρACj1 ···Cjn−1

= TrBρABCj1 ···Cjn−1
∝ I,

ρBCj1 ···Cjn−1
= TrAρABCj1 ···Cjn−1

∝ I.

Therefore, |ψ〉 is also a (2n+1)-partite AME state in the
system of A,B,C1, C2, · · ·C2n−1.

(ii) Suppose σ = |ψ〉〈ψ|, γ = |φ〉〈φ|, and ρ is the den-
sity matrix of |ψ〉 ⊗ |φ〉. By computing we have

ρCj1 ···Cjn = σC1,j1 ···C1,jn
⊗ γC2,j1 ···C2,jn

∝ I,
ρACj1 ···Cjn−1

= σAC1,j1 ···C1,jn−1
⊗ γC2,j1 ···C2,jn−1

∝ I,
ρBCj1 ···Cjn−1

= σC1,j1 ···C1,jn−1
⊗ γBC2,j1 ···C2,jn−1

∝ I,
ρABCj1 ···Cjn−2

= σAC1,j1
···C1,jn−2

⊗ γBC2,j1
···C2,jn−2

∝ I.

Therefore, |ψ〉⊗|φ〉 is a (2n+1)-partite AME state in the
system of A,B,C1, · · · , C2n−1, where Cj = (C1,jC2,j).

(iii) The proof is similar to (ii).
This completes the proof. ut

B. AME states in heterogeneous systems and
multi-isometry matrices

In Ref. [21] the authors introduced the concept of mul-
tiunitary matrices, and build the connection between it
and AME states in homogeneous systems. In this subsec-
tion we first recall the multiunitarity property and then

generalize it to the concept of multi-isometry matrices
for AME states in heterogeneous systems.

The square matrix A of order dk acting on a composed
Hilbert space H⊗kd , and represented by

(A)µ1,··· ,µk
ν1,··· ,νk

= 〈µ1, · · · , µk|A|ν1, · · · , νk〉 = aµ1,··· ,µk
ν1,··· ,νk

(24)

is called k-unitary if it is unitary for all possible
(
2k
k

)

reordering of its indices, corresponding to all possible
choices of k indices out of 2k [21]. Here µi, νj = 0, · · · , d−
1, and each forms an orthonormal basis of Hd. Then one
can construct the following unnormalized pure state in
the Hilbert space H⊗2kd

|φ〉 =

d−1∑
µ1,··· ,µk,
ν1,··· ,νk=0

aµ1,··· ,µk
ν1,··· ,νk

|µ1, · · · , µk, ν1, · · · , νk〉. (25)

It follows from the multiunitarity property that |φ〉 in Eq.

(25) is an unnormalized AME state in H⊗2kd . In special,
if A is a 1-unitary matrix, it is a standard unitary ma-
trix. So the first interesting case is 2-unitary matrices.
Goyeneche et al.constructed a concrete 2-unitary matrix
using the AME state in A(4, 3), and derived several re-
sults on 2-unitary matrices [21].

As the above discussion, the multiunitary matrices are
closely related to AME states in homogeneous systems
of even parties. In a direct generation, we introduce the
multi-isometry matrices which are connected to the AME
states shared with odd parties. A matrix M is called
isometry if M†M = I. Then we can similarly define the
multi-isometry matrices.

The matrix A represented by

(A)µ1,··· ,µk+1
ν1,··· ,νk

= 〈µ1, · · · , µk+1|A|ν1, · · · , νk〉 = aµ1,··· ,µk+1
ν1,··· ,νk

(26)
is called k-isometry if Tr(A†A) is constant and A†A ∝ I
for all possible

(
2k+1
k

)
reordering of its indices, corre-

sponding to all possible choices of k indices out of (2k+1).
Here µi = 0, · · · , di − 1, which is an orthonormal basis
of Hdi , and νj = 0, · · · , lj − 1, which is an orthonormal
basis of Hlj . As an extension we present the following
lemma.

Lemma 11 Suppose A is a k-isometry matrix whose el-
ements aµ1,··· ,µk+1

ν1,··· ,νk
are given by Eq. (26). Then the fol-

lowing (2k + 1)-partite state

|φ〉 =

d−1∑
µ1,··· ,µk+1,

ν1,··· ,νk=0

aµ1,··· ,µk+1
ν1,··· ,νk

|µ1, · · · , µk+1, ν1, · · · , νk〉

(27)
is an unnormalized AME state in the system d1 × · · · ×
dk+1 × l1 × · · · × lk.

This lemma follows from the fact that each k-partite
marginal of |φ〉〈φ| is equal to A†A, where A is repre-
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sented in a product basis corresponding to a choice of k
indices out of (2k + 1). Since A is k-isometry, each k-
partite marginal of |φ〉〈φ| is proportional to the identity.
Thus |φ〉 in Eq. (27) is an unnormalized AME states.

It is different from the multiunitarity property that
1-isometry matrices are not equivalent to the standard
isometry matrices. In other words, there exist stan-
dard isometry matrices which are not 1-isometry. The 1-
isometry property requires that the matrices constructed
by 3 different ways of choosing a bipartition of the indices
are all proportional to the identity. Hence, it’s inter-
esting to study the relation between 1-isometry matrices
and tripartite AME states. In order to better understand
the multi-isometry property, we construct a concrete 1-
isometry matrix using the tripartite AME state in the
system 3× 4× 5 which is in Example 8. By multiplying
a coefficient we write it as

|ψ〉ABC =

2∑

µ1=0

3∑

µ2=0

4∑

ν1=0

aµ1,µ2
ν1
|µ1, µ2, ν1〉

=

√
1

2
|000〉+ |011〉+

√
1

6
|022〉

+

√
1

12
|112〉+

√
5

6
|123〉+

√
3

4
|134〉

+

√
3

4
|202〉+

√
1

6
|213〉+

√
1

4
|224〉+

√
1

2
|230〉.

(28)
By computing we have

A0 =

2∑

µ1=0

3∑

µ2=0

4∑

ν1=0

aµ1,µ2
ν1
|µ1, µ2〉〈ν1|, (A0)†(A0) = I5,

A1 =

2∑

µ1=0

3∑

µ2=0

4∑

ν1=0

aµ2,ν1
µ1
|µ2, ν1〉〈µ1|, (A1)†(A1) =

5

3
I3,

A2 =

2∑

µ1=0

3∑

µ2=0

4∑

ν1=0

a ν1,µ1
µ2
|ν1, µ1〉〈µ2|, (A2)†(A2) =

5

4
I4.

(29)
Thus, by definition each A0, A1, A2 in Eq. (29) is 1-
isometry.

C. Quantum steering for heterogeneous systems

Steering has been found useful in a number of appli-
cations such as subchannel discrimination and one-sided
deviceindependent quantum key distribution. Thus, de-
tection and characterization of steering have recently at-
tracted increasing attention. In Ref. [35] the authors
propose a general framework for constructing universal
steering criteria that are applicable to arbitrary measure-
ment settings of the steering party. Here we introduce
the quantum steering as an application of the tripartite
AME states in (2). Suppose it is controlled by the system
Alice, Bob and Charlie. If n = m2, then Alice and Bob

are in the maximally mixed state ρAB = 1
n2 In2 . This is

a separable state, and also a classical-classical state [36].
Using the projective POVM {|j〉〈j|, j = 1, ..., n2}, Char-
lie can steer the state ρAB into the maximally entangled
state |Ψj〉 with probability 1/n2. Since any two maxi-
mally entangled states are LU equivalent, Alice and Bob
can convert |Ψj〉 into the standard maximally entangled
states 1√

n

∑n
j=1 |jj〉. One can show that the same ar-

gument works when n < m2, though ρAB may be not
separable.

Similarly, Alice (or Bob) may perform the projective
POVM {|j〉〈j|, j = 1, ..., n} on system A (or B), so as to
steer the state ρBC of Bob and Charlie (or ρAC of Alice
and Charlie) into the standard maximally entangled state
up to LU equivalence. Since ρBC and ρAC are both rank-
n mixed entangled states, the steering is a kind of as
system-assisted and one-copy entanglement distillation
with probability one [37].

VI. CONCLUDING REMARKS

In this paper we mainly investigated AME states in
tripartite heterogeneous systems. First we introduced
the concept of irreducible AME states as the essential
elements to construct AME states with high local di-
mensions. Then we derived the expressions of AME
states in a subset of general tripartite heterogeneous sys-
tems based on the expressions of AME states in systems
2×m× (m+ n). We showed that the existence of AME
states in systems l×m×n with 3 ≤ l < m < n ≤ m+l−1
is related to the corresponding MSAs. Moreover, we
studied the irreducible AME in multipartite heteroge-
neous systems deeply. We presented sufficient condi-
tions for multipartite heterogeneous systems such that
the AME states in them are irreducible. Finally we
have shown our results are useful for the construction
of k-uniform states of more parties and can be applied
to quantum steering. We additionally revealed the con-
nection between heterogeneous AME states and multi-
isometry matrices.

There are still some open problems for AME states in
tripartite heterogeneous systems. Although for a specific
system l ×m × n the corresponding MSA can be found
numerically if it exists, there is no criteria for the pa-
rameters l,m, n such that the systems l×m× n contain
the corresponding MSAs. If there is no corresponding
MSA, we need to find other efficient ways to construct
AME states in systems l ×m× n. It is also an interest-
ing problem to determine whether a heterogeneous sys-
tem includes both reducible and irreducible AME states.
Lastly one may ask whether there exist AME states in
multipartite heterogeneous systems. A possible direction
for this problem is to find the multi-isometry matrices
described in Sec. V B.
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Appendix A: Direct Proof of Lemma 5

Proof. First, if n = 0, the existence of AME states in
systems 2×m×m follows directly from Lemma 6 (i).

Second, we investigate the case when n ≥ 1. Suppose
|ψ〉ABC is an arbitrary tripartite AME state in the system
2×m× (m+n). Up to a local unitary operation, we can
assume that

|ψ〉ABC =
1√
2

[|0〉(
m−1∑

j=0

xj |j, j〉) + |1〉(
m−1∑

j=0

yj |αj , βj〉)](A1)

where xj , yj ≥ 0 with
∑
j x

2
j =

∑
j y

2
j = 1, and {|αj〉}

and {|βj〉} are two sets of orthonormal vectors in Hilbert
spaces Hm and H(m+n), respectively. Let ρ = |ψ〉〈ψ| be
the density matrix of |ψ〉ABC . By computing its single-
party reductions we have

ρA =
1

2
I2, (A2)

ρB =
1

2
(

m−1∑

j=0

x2j |j〉〈j|) +
1

2
(

m−1∑

j=0

y2j |αj〉〈αj |), (A3)

ρC =
1

2
(

m−1∑

j=0

x2j |j〉〈j|) +
1

2
(

m−1∑

j=0

y2j |βj〉〈βj |). (A4)

By Definition 2 it requires ρB = 1
mIm and ρC =

1
m+nIm+n. Since m ≥ n ≥ 1, it follows from Eq. (A4)

that at least n elements of {x2j}m−1j=0 are equal to 2
m+n .

Up to a local unitary transformation on HB ⊗ HC , we
can assume that x20 = x21 = · · · = x2n−1 = 2

m+n . Using

Eqs. (A3)-(A4), we obtain the set
{
y20 , · · · , y2m−1

}
and

the following two sets are the same set.

{ 2n

m(m+ n)
, · · · , 2n

m(m+ n)︸ ︷︷ ︸
n

,

2

m
− x2n,

2

m
− x2n+1, · · · ,

2

m
− x2m−1

}
,

(A5)

{ 2

m+ n
− x2n,

2

m+ n
− x2n+1, · · · ,

2

m+ n
− x2m−1,

2

m+ n
, · · · , 2

m+ n︸ ︷︷ ︸
n

}
.

(A6)

We first assume d = (m mod n), and d > 0. Without
loss of generality, we may assume

2

m+ n
− x2n = · · · = 2

m+ n
− x22n−1 =

2n

m(m+ n)
.

Thus x2n = · · · = x22n−1 = 2m−2n
m(m+n) . If 2

m − x2n = · · · =
2
m − x22n−1 = 2

m+n , it implies 4n
m(m+n) = 2

m+n which

contradicts with d > 0. Hence, we may further assume

2

m
− x2n = · · · = 2

m
− x22n−1

=
2

m+ n
− x22n = · · · 2

m+ n
− x23n−1.

It implies the following recursive relation x2(j−1)n−x2jn =
2n

m(m+n) . Since the two sets given by (A5) and (A6) are

equal, by computing it requires that 2
m − x2sn = · · · =

2
m − x2(s+1)n−1 = (2s+2)n

m(m+n) = 2
m+n for some integer s. It

follows that m = (s+ 1)n which contradicts with d > 0.
Hence, the two sets (A5) and (A6) cannot be equal if
d > 0. Next we suppose m = kn. We may assume
|αj , βj〉 = |j, j + n〉, ∀j. In the following we will show
there exist xj ’s and yj ’s such that |ψ〉ABC is a tripartite
AME state. By Eqs. (A3)-(A4), we formulate the system
of equations as follows.





x2j + y2j =
2

m
, 0 ≤ j ≤ m− 1;

x20 = · · · = x2n−1 =
2

m+ n
;

x2n+k + y2k =
2

m+ n
, 0 ≤ k ≤ m− n− 1;

y2m−n = · · · = y2m−1 =
2

m+ n
.

(A7)
One can verify the system of equations (A7) has the sys-
tem of solutions as follows. For any 0 ≤ j ≤ k − 1,





x2jn = · · · = x2(j+1)n−1 =
2m− 2jn

m(m+ n)
=

2k − 2j

k(k + 1)n
,

y2jn = · · · = y2(j+1)n−1 =
2(j + 1)n

m(m+ n)
=

2j + 2

k(k + 1)n
.

(A8)
Therefore, when m = kn, the tripartite state |ψ〉ABC in
(A1) with |αj , βj〉 = |j, j + n〉, ∀j and coefficients in Eq.
(A8) is a tripartite AME state in 2×m× (m+ n). This
completes the proof. ut
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