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Unified monogamy relation of entanglement measures
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The monogamy of quantum entanglement captures the property of limitation in the distribu-
tion of entanglement. Various monogamy relations exist for different entanglement measures that
are important in quantum information processing. Our goal in this work is to propose a general
monogamy inequality for all entanglement measures on entangled qubit systems. The present result
provide a unified model for various entanglement measures including the concurrence, the negativity,
the entanglement of formation, Tsallis-q entropy, Rényi-q entropy, and Unified-(q, s) entropy. We
then proposed tightened monogamy inequalities for multipartite systems. We finally prove a generic
result for the tangle of high-dimensional entangled states to show the distinct feature going beyond
qubit systems. These results are useful for exploring the entanglement theory, quantum information
processing and secure quantum communication.

I. INTRODUCTION

Entanglement as one of the most remarkable phenom-
ena in quantum mechanics reveals the fundamental in-
sights into the nature of quantum correlations. It also
provides a crucial resource for quantum information pro-
cessing, including quantum teleportation [1], quantum
dense coding [2], quantum secret sharing [3], and quan-
tum cryptography [4]. An important problem is how to
explore useful entanglement measures to quantify the en-
tangled systems [5].
So far, there are lots of interesting entanglement mea-

sures for bipartite entangled systems. The concurrence of
bipartite entangled systems is firstly defined by Hill and
Wootters [6] using the linear entropy. Based on von Neu-
mann entropy, the entanglement of formation (EOF) is
used to quantify the cost for generating entangled sys-
tems by local operations and classical communication
(LOCC) [7]. Another well-known measure of entangle-
ment is the negativity [8] which is based on the positive
partial transposition (PPT) criterion [9]. As the gen-
eralizations of von Neumann entropy, Tsallis-q entropy
[10, 11] and Rényi-q entropy [12–14] are used for quan-
tifying the uncertainty of quantum systems. These one-
parameter entanglement measures are then extended to
two-parameter entropy, Unified-(q, s) entropy [15].
One of important issues related to the entanglement

measure is the limited shareability of bipartite entangle-
ment for multipartite entangled qubit systems which is
known as the monogamy of entanglement (MOE)[16]. It
can be displayed as the following inequality:

EA|BC ≥ EA|B + EA|C (1)

where EA|BC(·) is an entanglement measure of a com-
posite quantum system consisting of qubit systems A,
B, and C with respect to the bipartition A and {B,C},
EA|B and EA|C are entanglement measures of bipartite
systems. From the inequality (1) there exists a mutually
exclusive relation of the bipartite entangled systems be-
tween A and each of B and C, so that the summation
of bipartite entanglement measures is upper bounded by

the total quantity between A and BC. Consequently, any
measure of bipartite entanglement that does satisfy the
inequality (1) is called entanglement monogamous [16].
Generally, the inequality (1) does not hold for all en-

tanglement measures. Thus a natural question is to de-
termine whether a given entanglement measure is monog-
amous or not. A remarkable result that the square of the
concurrence satisfies the monogamy inequality (1) was
established by Coffman, Kundu and Wootters (CKW)
[17] for three qubits. The so-called CKW inequality was
later extended to arbitrary N -qubit systems [18]. In-
terestingly, it was further proven that similar multiqubit
monogamy inequalities can be established for the squared
negativity, the squared convex-roof extended negativity
[19], the square of EOF [20–22], Tsallis-q entropy [11],
the squared Tsallis-q entropy [23], Rényi-q entropy [14],
the squared Rényi-q entropy [24], Unified-(q, s) entropy
[15], and the squared unified-(q, s) entropy [25].
More recently, a class of tight α-th power monogamy

relations were derived in multiqubit systems, such as the
α-th power of the concurrence (Cα) [26] with α ≥ 2 and

α-th power of EOF (Eαf ) [27] with α ≥
√
2. Similar

monogamy inequalities are discussed with the α-th pow-
ers of the negativity [26], Tsallis-q entropy [23], Rényi-
q entropy [14], and Unified-(q, s) entropy entanglement
[15]. Other results are to tighten the monogamy inequal-
ities which are useful for featuring multipartite entangled
systems in entanglement distributions [28–31]. So far, al-
though lots of monogamy relations are proposed [18–31],
there is a few unified monogamy relation for the afore-
mentioned entanglement measures of bipartite systems
[25]. Our main goal in this paper is to present unified
and tightened monogamy relations of entanglement mea-
sures encompassing the concurrence, the negativity, the
entanglement of formation, Tsallis-q entropy, and Rényi-
q entropy, and Unified (q, s) entropy for entangled qubit
systems. The new monogamy inequalities with larger
lower bounds also contain recent results [25, 28] as spe-
cial cases. Moreover, we explore the generic feature of
high-dimensional entangles systems going beyond qubit
systems.
The outline of the rest is as follows. In Sec.II, we re-
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call basic notations and definitions which will be used in
the following sections. In Sec.III, we introduce the def-
inition of the unified monogamy inequality. We prove a
tightened monogamy inequality in Theorem 1 based on
the unified monogamy inequality for tripartite entangled
qubit systems. This result is then extended to general
multi-partite entangled qubit systems in Theorem 2. A
tighter inequality is further improved with special condi-
tions on two-qubit entanglement as manifested in The-
orem 3. We also derive several generalized monogamy
inequalities based on the unified entanglement measures.
In Sec.IV, we prove a typical feature for high-dimension
systems which violates the present monogamy relation-
ship. Various examples for explaining our monogamy
inequalities are included in Sec. 5 while the last section
concludes the paper.

II. PRELIMINARIES

In this section, we introduce the necessary notations
and definitions which are useful throughout the paper.
Let HA andHB be finite-dimensional Hilbert spaces. For
any bipartite pure state |φ〉AB or mixed state ρAB on
Hilbert space HA ⊗ HB, there are lots of entanglement
measures which will be explained as follows.

A. Concurrence

The concurrence of bipartite entanglement originates
from the seminal work of Hill and Wootters [6, 32]. The
concurrence is generated with the help of the superopera-
tor that flips the spin of a qubit. Rungta et al. [33] gener-
alized the spin-flip superoperator to a universal inverter,
which acts on quantum systems of arbitrary dimension.
The concurrence plays a major role in entanglement dis-
tribution protocols such as entanglement swapping and
remote preparation of bipartite entangled states [34].
For an arbitrary bipartite pure state |φ〉AB on Hilbert

space HA ⊗HB, the concurrence [33] is given by

C(|φ〉AB) =
√

2(1− Tr(ρ2A)) (2)

where ρA = TrB(|φ〉AB〈φ|) is the reduced density oper-
ator of the subsystem A by tracing out the subsystem
B.
For a mixed state ρAB, the concurrence is defined by

the convex extension as

C(ρAB) = inf
{pi,|φi〉}

∑

i

piC(|φi〉AB) (3)

where the infimum is over all possible pure state decom-
positions of ρAB, i.e. ρAB =

∑

i pi|φi〉AB〈φi|, {pi} is a
probability distribution with pi ≥ 0 and

∑

i pi = 1.
Remarkably, for a two-qubit mixed state ρ, the con-

currence of ρ can be evaluated as [17]:

C(ρ) = max{0,
√

λ1 −
√

λ2 −
√

λ3 −
√

λ4} (4)

where λis denote positive eigenvalues of the matrix ρ(σy⊗
σy)ρ

∗(σy⊗σy) with decreasing order, σy is Pauli matrix,
and ρ∗ denotes the complex conjugate of ρ.

B. Negativity

The first criteria for the separability of quantum com-
posed systems was given by Peres [35]. He proved that

the partial transposition of density operator ρTA

AB is posi-
tive if ρAB is separable, this condition for the separability
is called the positive partial transpose (PPT) criterion.

Based on the trace norm of the partial transpose ρTA

AB
of the bipartite state ρAB, the negativity, a well-known
quantification of bipartite entanglement is constructed.

For a bipartite state ρAB on Hilbert space HA ⊗ HB,
its negativity [8] is defined as

N(ρAB) = ‖ρTA

AB‖1 − 1 (5)

where ρTA

AB is the partial transpose with respect to the
subsystem A, and ‖X‖1 denotes the trace norm of X ,

i.e., ‖X‖1 = Tr
√
XX+. If ρAB is a bipartite pure state in

a d⊗d′(d ≤ d′) quantum system with the Schmidt decom-

position, |φ〉AB =
∑d−1

i=0

√
λi|ii〉, λi ≥ 0,

∑d−1
i=0 λi = 1.

N(ρAB) is given by N(|φ〉AB) = (Tr
√
ρA)

2−1 [19], where
ρA = TrB(|φ〉AB〈φ|). For a bipartite mixed state, the
negativity is modified by the convex-roof extension, i.e.,
the convex-roof extended negativity (CREN), which is
defined as

Nc(ρAB) = inf
{pi,|φi〉}

∑

i

piN(|φi〉AB) (6)

where ρAB =
∑

i pi|φi〉AB〈φi|, 0 ≤ pi ≤ 1, and
∑

i pi =
1, the infimum is over all possible pure-state decomposi-
tions of ρAB. CREN gives a perfect discrimination be-
tween PPT bound entangled states and separable states
in any bipartite quantum system [36].

Specially, any n-qubit pure state |ψ〉A1A2···An
on

Hilbert space HA1
⊗HA2

⊗· · ·⊗HAn
can have a Schmidt

decomposition with at most two nonzero Schmidt coef-
ficients with respect to the bipartition of A1 and all the
others subsystems [19]. On the other hand, the negativity
is equivalent to the concurrence for any pure states with
Schmidt rank 2, i.e., N(|ψ〉A1|A2···An

) = C(|ψ〉A1|A2···An
).

Moreover, for any pure state |ψ〉A1A2···An
, consider the

reduced density operator ρAiAj
on two-qubit subsys-

tems Ai, Aj . We have Nc(ρAi|Aj
) = C(ρAi|Aj

) for any
i, j ∈ {1, 2, · · · , n}, i 6= j. It means that the negativity
for any pure state with Schmidt rank 2, is equivalent to
the entanglement measure of concurrence. Besides, there
exist some certain relations between its concurrence and
negativity [26, 37] for bipartite pure state. Hence, we
only take use of the concurrence in what follows.
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C. The entanglement of formation

For any bipartite pure system, Bennett et al.
[38] shown that the von Neumann entropy S(ρ) =
−Tr(ρ log2 ρ) of either subsystem is reasonable for fea-
turing the entanglement of the composed system. This
leads to the concept of entanglement of formation (EOF).
EOF is independent of the subsystem being traced out,
for a pure state |φ〉AB on Hilbert space HA ⊗HB, EOF
is defined as [7]:

Ef (|φ〉AB) = S(ρA) = −Tr(ρA log2 ρA) (7)

where ρA = TrB(|φ〉AB〈φ|) denotes the density operator
of the subsystem A obtained by tracing out the subsys-
tem B. EOF has operational meanings in entanglement
preparation and data storage [38].
For a bipartite mixed state ρAB on Hilbert space HA⊗

HB, EOF is given by

Ef (ρAB) = inf
{pi,|φi〉}

∑

i

piE(|φi〉) (8)

where the infimum takes over all possible pure-state de-
compositions of ρAB =

∑

i pi|φi〉AB〈φi|.
Interestingly, EOF is related to the squared concur-

rence (SC) for an arbitrary quantum state of 2 ⊗ d
systems [22]. This relationship allows to evaluate the
EOF of bipartite systems via its concurrence. Denote

f(x) = h(1+
√
1−x
2 ), where h(t) is binary entropy func-

tion given by h(t) = −t log2(t) − (1 − t) log2(1 − t) for
0 ≤ t ≤ 1. For a pure state |φ〉AB on 2 ⊗ d dimensional
Hilbert space HA ⊗HB, EOF is given by [22]:

Ef (|φ〉AB) = f(C2(|φ〉AB)) (9)

For two-qubit mixed state ρAB we can get similar ana-
lytical formula.

D. Tsallis-q entropy

As the one-parameter generalization of von Neumann
entropy, Tsallis-q entropy has been widely used in quan-
tum information processing [39]. It also provides useful
conditions for the separability of quantum systems [40],
and can be used for characterizing classical statistical
correlations inherent in quantum states [41].
For a bipartite pure state |φ〉AB on Hilbert space

HA ⊗ HB, Tsallis-q entropy of an entanglement [10, 11]
is defined by

Tq(|φ〉AB) = Tq(ρA) =
1

q − 1
(1 − Tr(ρqA)) (10)

where ρA = TrB(|φ〉AB〈φ|) is the reduced density ma-
trix by tracing over the subsystem B, q > 0 and q 6= 1.
When q tends to 1, Tq(ρ) converges to the von Neumann
entropy, i.e., limq→1 Tq(ρ) = −Trρ log2(ρ) = S(ρ) for any
bipartite operator density ρ.

For a bipartite mixed state ρAB, Tsallis-q entropy [10]
is defined via the convex-roof extension as

Tq(ρAB) = inf
{pi,|φi〉}

∑

i

piTq(|φi〉AB) (11)

where the infimum is taken over all possible pure-state
decompositions of ρAB =

∑

i pi|φi〉AB〈φi|. One analytic
relation between Tsallis-q entropy and the concurrence is
given by [42]:

Tq(|φ〉AB) = fq(C
2(|φ〉AB)) (12)

for any q satisfying 5−
√
13

2 ≤ q ≤ 5+
√
13

2 , where |φ〉AB
is a pure state of 2 ⊗ d(d ≥ 2) dimensional quantum

system, and fq(x) =
1
q−1 (1− (1+

√
1−x
2 )q − (1−

√
1−x
2 )q) is

a monotonically increasing and convex function of x with
0 ≤ x ≤ 1. A similar equality holds for any two-qubit
mixed state ρAB on Hilbert space HA ⊗HB.

E. Rényi-q entropy

For a quantum state ρ, its quantum Rényi-q entropy is
given by

Sq(ρ) =
1

1− q
log2 Tr(ρ

q) (13)

for any q > 0 with q 6= 1 [12]. If ρ has the spectral de-
composition of ρ =

∑

i λi|ψi〉〈ψi|, we get Sq(ρ) = Hq(X),
where X denotes the distribution probability of X =
{λi}. We have that limq→1 Sq(ρ) = −Trρ log2(ρ) = S(ρ),
thus, Rényi-q entropy is a generalization of von Neumann
entropy.
As a generalization of EOF [12], the entanglement mea-

sure is defined by using the Rényi-q entropy of a bipartite
pure state |φ〉AB as

Rq(|φ〉AB) = Sq(ρA) =
1

1− q
log2 Tr(ρ

q
A) (14)

Similar to the convex roof in Eq.(11), one entanglement
measure is defined for a bipartite mixed state ρAB as

Rq(ρAB) = inf
{pi,|φi〉}

∑

i

piRq(|φi〉AB) (15)

where the infimum is taken over all decompositions of
ρAB with pure states. In particular, for any two-qubit
pure state |φ〉AB with q > 0, there exists an analytic for-
mula of the entanglement measure with Rényi-q entropy
[14] which is given by

Rq(|φ〉AB) = gq(C
2(|φ〉AB)) (16)

where gq(x) is defined by gq(x) =
1

1−q log2((
1+

√
1−x
2 )q +

(1−
√
1−x
2 )q) with 0 ≤ x ≤ 1. For a two-qubit mixed state

ρAB, there exists a similar expression [24, 43] as Eq.(16).
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F. Unified-(q, s) entropy

Different from all the stated entropies, there exists
a generalized entropy, i.e., Unified (q, s)-entropy [44],
which involves two real parameters q and s:

Sq,s(ρ) =
1

(1− q)s
(Tr(ρq)s − 1) (17)

where q, s ≥ 0 and q 6= 1, s 6= 0. This two-parametric
function includes Rényi-q entropy and Tsallis-q entropy
as the limiting case of s → 0 and s → 1, respectively.
Moreover, for q → 1, it converges to the von Neumann
entropy [15].
Using the unified (q, s)-entropy with real parameters q

and s, for a bipartite pure state |φ〉AB on Hilbert space
HA ⊗ HB, a bipartite entanglement measure is defined
by [15]:

Uq,s(|φ〉AB) = Sq,s(ρA) (18)

for each q, s ≥ 0, where ρA = TrB(|φ〉AB〈φ|) is the re-
duced density matrix of |φ〉AB onto subsystem A. For a
bipartite mixed state ρAB, its entanglement measure is
given by

Uq,s(ρAB) = inf
{pi,|φi〉}

∑

i

piUq,s(|φi〉AB) (19)

where the infimum is taken over all possible pure state
decompositions of ρAB =

∑

i pi|φi〉AB〈φi| with
∑

i pi =
1, and pi ≥ 0. It’s worth pointing out that there exists a
functional relation [25]

Uq,s(|φ〉AB) = fq,s(C
2(|φ〉AB)) (20)

for any 2 ⊗ d dimensional pure state |φ〉AB , where
fq,s(x) = ((1+

√
1− x)q + (1−

√
1− x)q)s − 2qs)/(s(1−

q)2qs) with 0 ≤ x ≤ 1 and (q, s) ∈ R. Similar relation
holds for two-qubit mixed states.

III. MONOGAMY RELATION OF
MULTIPARTITE ENTANGLED QUBIT SYSTEMS

Denote ρAB0···Bn−1
as the state of a multipartite sys-

tem on finite dimensional Hilbert space HA⊗HB0
⊗· · ·⊗

HBn−1
, where HA and HBi

are finite dimensional Hilbert
spaces.
Definition 1. Given a bipartite entanglement measure

E of the quantum states ρAB0···Bn−1
, Eαc is said to be

monogamous if the following inequality holds

Eαc(ρA|B0···Bn−1
) ≥

n−1
∑

i=0

Eαc(ρA|Bi
) (21)

where E(ρA|B0···Bn−1
) is the entanglement measure of

ρA|B0···Bn−1
which is reduced density matrix with respect

to the bipartition A and B0 · · ·Bn−1, and E(ρA|Bi
) is

the entanglement measure of the reduced density matrix
ρA|Bi

= TrB0···Bi−1Bi+1···Bn−1
(ρAB0···Bn−1

) of subsytems
A,Bi for i = 0, 1, 2, · · · , n−1, αc is the minimum positive
number for Eαc to be monogamous [45].

Generally, for an entanglement measure E one can get
a quantity Eαc satisfying the monogamy inequality (21)
for entangled qubit systems even if E is not monogamous.
Different values of αc exist for aforementioned entangle-
ment measures [18–25]. Similar result cannot be proved
for high-dimensional systems. Hence, in this section, we
consider all qubit systems while the different result will
be proved in the section for high-dimensional systems.

A. Tripartite entangled qubit systems

In this subsection, we present the first result which
states a class of tight monogamy inequalities for tripartite
entangled qubit systems.

Theorem 1. For an arbitrary three-qubit state
ρA|B0B1

on Hilbert space HA⊗HB0
⊗HB1

, assume that
Eαc is a monogamous entanglement measure, we obtain
that

Eα(ρA|B0B1
) ≥ ((γ0 + 1)t − γt0)E

α(ρA|B1
)

+Eα(ρA|B0
) (22)

for α ≥ αc, where t = α/αc, γ0 = γαc , and γ is a constant
satisfying that E(ρA|B0

) ≥ γE(ρA|B1
) for γ ≥ 1.

Proof. For a tripartite entangled qubit state ρA|B0B1

on Hilbert space HA ⊗HB0
⊗HB1

with reduced density
operators ρA|B0

on Hilbert space HA ⊗ HB0
and ρA|B1

on Hilbert space HA ⊗ HB1
, from the inequality (21) it

follows that

Eα(ρA|B0B1
) ≥ [Eαc(ρA|B0

) + Eαc(ρA|B1
)]t

= Eα(ρA|B0
)(1 +

Eαc(ρA|B1
)

Eαc(ρA|B0
)
)t (23)

Note that

(1 +
Eαc(ρA|B1

)

Eαc(ρA|B0
)
)t ≥ 1 + ((γ0 + 1)t − γt0)

×(
Eαc(ρA|B1

)

Eαc(ρA|B0
)
)t (24)

when E(ρA|B0
) ≥ γE(ρA|B1

). The inequality (24) is due
to the inequality: (1+x)t ≥ 1+((γ0+1)t−γt0)xt for any
0 ≤ x ≤ 1

γ0
, γ0 ≥ 1, and t ≥ 1. In fact, this inequality

can be easily proved as follows: If x = 0, the inequality

is trivial. Otherwise, let f(t, x) = (1+x)t−1
xt , with t ≥ 1,

γ0 ≥ 1 and 0 ≤ x ≤ 1
γ0
. From ∂f

∂x = txt−1(1−(1+x)t−1)
x2t , it

is easy to check that (1+x)t−1 ≥ 1. Thus ∂f
∂x ≤ 0, which

implies that f(t, x) is a decreasing function of x, and
f(t, x) ≥ f(t, 1

γ0
) = (γ0+1)t−γt0. Hence, the inequalities
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(23) and (24) lead to

Eα(ρA|B0B1
) ≥ Eα(ρA|B0

)(1 + ((γ0 + 1)t − γt0)

× (Eαc(ρA|B1
))t

(Eαc(ρA|B0
))t

)

= Eα(ρA|B0
) + ((γ0 + 1)t − γt0)

×Eα(ρA|B1
) (25)

which has completed the proof. �

B. Multipartite entangled qubit systems

A natural question of Theorem 1 is whether it holds for
multi-qubit states. Actually, we prove a generalized rela-
tionship for multi-partite entangled systems. Our main
result of the monogamy relation in the following section is
based on the Hamming weight of binary representations
of proper vectors.
Definition 2. For any non-negative integer j and

its binary expansion is given by j =
∑m−1

s=0 js2
s with

log2 j ≤ m and js ∈ {0, 1} for s = 0, 1, · · · ,m − 1. We

can define a unique binary vector ~j associated with j as
~j = (j0, j1, · · · , jm−1). Its Hamming weight, ωH(~j), is
defined as the number of 1’s, i.e., the number of 1’s in
{j0, j1, · · · , jm−1} [29–31].
Theorem 2. Consider an arbitrary n+ 1-qubit state

ρA|B with B = B0 · · ·Bn−1 on Hilbert space HA⊗HB0
⊗

· · · ⊗ HBn−1
. For an entanglement measure E, assume

that Eαc is a monogamous entanglement measure with
some constant αc. Then, the entanglement measure sat-
isfies

Eα(ρA|B) ≥
n−1
∑

j=0

((γ0 + 1)t − γt0)
ωH(~j)Eα(ρA|Bj

) (26)

for α ≥ αc, where t = α/αc, γ0 = γαc , and γ(≥
1) is a constant satisfying the inequality E(ρA|Bj

) ≥
γE(ρA|Bj+1

) for j = 0, 1, · · · , n− 2.
Proof. For Eq.(21), without loss of generality, for each

quantum entanglement measure E satisfying the follow-
ing inequality

E(ρA|Bj
) ≥ E(ρA|Bj+1

) ≥ 0 (27)

by reordering and relabeling all subsystems A,Bis, where
ρA|B0···Bn−1

is a joint system on Hilbert spaceHA⊗HB0
⊗

· · · ⊗HBn−1
, and ρA|Bj

are reduced density operators of
ρA|B0···Bn−1

on Hilbert space HA ⊗ HBj
. For example,

we can define

E(ρA|Bi0
) = max{E(ρA|Bi

), ∀i = 0, · · · , n− 1}
E(ρA|Bik

) = max{E(ρA|Bi
), ∀i, i 6= i0, · · · , ik−1} (28)

with k ≤ n−1. Henceforth, E(ρA|Bj
) satisfy the inequal-

ity (21) as

Eαc(ρA|B0···Bn−1
) ≥

n−1
∑

j=0

Eαc(ρA|Bj
) (29)

where Eαc is monogamous entanglement measure for
some constant αc. Due to the monotonicity of the func-
tion: f(x) = xα for α ≥ 1, we get

Eα(ρA|B) ≥ (

n−1
∑

j=0

Eαc(ρA|Bj
))t (30)

from the inequality (29). Hence, it is sufficient to show
that

(

n−1
∑

j=0

Eαc(ρA|Bj
))t ≥

n−1
∑

j=0

((γ0 + 1)t − γt0)
ωH(~j)

×Eα(ρA|Bj
) (31)

We first prove the inequality (26) for the case of n = 2k

by induction on n. And then, we extend the result for
any positive integer n. Actually, from Theorem 1 the
inequality (26) holds for k = 1, i.e., n = 2. Assume the
inequality (26) is true for n = 2k−1 with k ≥ 2. Consider
the case of n = 2k. For a (n + 1)-partite state ρA|B on
Hilbert space HA ⊗ HB0

⊗ · · · ⊗ HBn−1
and its reduced

density matrices ρA|Bj
on Hilbert space HA ⊗HBj

with
j = 0, 1, · · · , n− 1, we have

(

n−1
∑

j=0

Eαc(ρA|Bj
))t = (1 +

∑2k−1
j=2k−1 Eαc(ρA|Bj

)
∑2k−1−1

j=0 Eαc(ρA|Bj
)
)t

×(
2k−1−1
∑

j=0

Eαc(ρA|Bj
))t (32)

Due to the inequality E(ρA|Bj
) ≥ γE(ρA|Bj+1

), it fol-
lows that

0 ≤
∑2k−1

j=2k−1 Eαc(ρA|Bj
)

∑2k−1−1
j=0 Eαc(ρA|Bj

)
≤ 1

γ0
(33)

Thus, Eqs.(32) and (33) yield to

∆ := (

n−1
∑

j=0

Eαc(ρA|Bj
))t

= (1 +

∑2k−1
j=2k−1 Eαc(ρA|Bj

)
∑2k−1−1

j=0 Eαc(ρA|Bj
)
)t(

2k−1−1
∑

j=0

Eαc(ρA|Bj
))t

≥ (

2k−1−1
∑

j=0

Eαc(ρA|Bj
))t(1 + ((γ0 + 1)t − γt0)

×(

∑2k−1
j=2k−1 Eαc(ρA|Bj

)
∑2k−1−1
j=0 Eαc(ρA|Bj

)
)t)

= (

2k−1−1
∑

j=0

Eαc(ρA|Bj
))t + ((γ0 + 1)t − γt0)

×(

2k−1
∑

j=2k−1

Eαc(ρA|Bj
))t (34)
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From the induction hypothesis, it follows that

(

2k−1−1
∑

j=0

Eαc(ρA|Bj
))t ≥

2k−1−1
∑

j=0

((γ0 + 1)t − γt0)
ωH(~j)

×Eα(ρA|Bj
) (35)

Moreover, the last summation in the inequality (34) is
a summation of 2k−1 terms starting from j = 2k−1 to
j = 2k − 1. Thus, after possible indexing and reindexing
subsystems, the induction hypothesis leads us to

(

2k−1
∑

j=2k−1

Eαc(ρA|Bj
))t ≥

2k−1
∑

j=2k−1

((γ0 + 1)t − γt0)
ωH(~j)−1

×Eα(ρA|Bj
) (36)

From the inequalities (34)-(36), we have

(

2k−1
∑

j=0

Eαc(ρA|Bj
))t ≥

2k−1
∑

j=0

((γ0 + 1)t − γt0)
ωH (~j)

×Eα(ρA|Bj
) (37)

which recovers the inequality (26).

Now, we show that an (n + 1)-qubit state satisfies
monogamy inequality (26) for arbitrary positive integer
n. Note that one can always consider a power of 2 be
an upper bound of n, that is, 0 ≤ n ≤ 2k for some inte-
ger k. We also consider a (2k +1)-partite quantum state
̺AB0B1···B2k−1

on Hilbert space HA⊗HB0
⊗· · ·⊗HB

2k−1

defined by

̺AB0B1···B2k−1
= ρAB ⊗ ρBn···B2k−1

(38)

where ρAB is density operator of subsystems
A,B0, · · · , Bn−1 on Hilbert spaceHA⊗HB0

⊗· · ·⊗HBn−1
,

and ρBn···B2k−1
is density operator of subsystems

Bn, · · · , B2k−1 on Hilbert space HBn
⊗ · · · ⊗ HB

2k−1
.

Since ̺AB0B1···B2k−1
is a (2k + 1)-partite quantum state,

as its proved above we have that

Eα(̺A|B0B1···B2k−1
) ≥

2k−1
∑

j=0

((γ0 + 1)t − γt0)
ωH (~j)

×Eα(̺A|Bj
) (39)

where ̺A|Bj
are reduced density operators of

̺A|B0B1···B2k−1
, j = 0, 1, · · · , 2k − 1.

Note that ̺A|B0B1···B2k−1
is separable. We get

E(̺A|B0B1···B2k−1
) = E(ρA|B) which implies that

E(̺A|Bj
) = 0, for j = n, · · · , 2k − 1. It follows that

̺ABj
= ρABj

, for j = 0, · · · , n− 1. This leads us to

Eα(ρA|B) = Eα(̺A|B0B1···B2k−1
)

≥
2k−1
∑

j=0

((γ0 + 1)t − γt0)
ωH(~j)Eα(̺A|Bj

)

=

n−1
∑

j=0

((γ0 + 1)t − γt0)
ωH (~j)

×Eα(ρA|Bj
) (40)

This completes the proof. �

When E(ρA|Bj
) ≥ γE(ρA|Bj+1

), i.e., γ0 = γαc = 1, the
reduced inequality is tighter than recent result [25] as a
special case. The monogamy inequality in Theorem 2 can
be further improved with special conditions on bipartite
entanglement measures.

Theorem 3. For an n+ 1-qubit state ρA|B with B =
B0 · · ·Bn−1 on Hilbert space HA ⊗ HB0

⊗ · · · ⊗ HBn−1

and a monogamous entanglement measure Eαc in terms
of entanglement measure E, we have

Eα(ρA|B) ≥
n−1
∑

j=0

((γ0 + 1)t − γt0)
jEα(ρA|Bj

) (41)

where E satisfies the inequality E(ρA|Bi
) ≥

γ
∑n−1

j=i+1 E(ρA|Bj
) for i = 0, 1, · · · , n − 2, t = α/αc,

α ≥ αc, and γ0 = γαc with γ ≥ 1.

Proof. It is enough to prove

(

n−1
∑

j=0

Eαc(ρA|Bj
))t ≥

n−1
∑

j=0

((γ0 + 1)t − γt0)
jEα(ρA|Bj

)(42)

where ρA|B is a multipartite state on Hilbert space
HA ⊗ HB0

⊗ · · · ⊗ HBn−1
with two-qubit reduced den-

sity matrices ρA|Bj
, j = 0, 1, · · · , n − 1. This can be

proved by induction on n.

Note that the inequality (25) guarantees the validity of
the inequality (42) for n = 2. Assume that the inequality
(42) is valid for any positive integer less than n. Consider
a multipartite quantum state ρA|B on Hilbert spaceHA⊗
HB0

⊗ · · · ⊗ HBn−1
and its two-qubit reduced density

operators ρA|Bj
on Hilbert space HA ⊗ HBj

. It is easy
to verify that

0 ≤

n−1
∑

j=i+1

Eαc(ρA|Bj
)

Eαc(ρA|Bi
)

≤ 1

γ0
(43)

Thus, using the inequality: (1+x)t ≥ 1+((γ0+1)t−γt0)xt,
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we find that

∆ := (

n−1
∑

j=0

Eαc(ρA|Bj
))t

= Eα(ρA|B0
)(1 +

∑n−1
j=1 E

αc(ρA|Bj
)

Eαc(ρA|B0
)

)t

≥ Eα(ρA|B0
)(1 + ((γ0 + 1)t − γt0)

×(

∑n−1
j=1 E

αc(ρA|Bj
)

Eαc(ρA|B0
)

)t)

= Eα(ρA|B0
) + ((γ0 + 1)t − γt0)

×(

n−1
∑

j=1

Eαc(ρA|Bj
))t (44)

Hence, the induction hypothesis leads us to

(

n−1
∑

j=1

Eαc(ρA|Bj
))t ≥

n−1
∑

j=1

((γ0 + 1)t − γt0)
j−1

×Eα(ρA|Bj
) (45)

Finally, the inequalities (44) and (45) recover the in-
equality (42). Combining the inequalities (30) with (42),
we obtain the inequality (41). �

When E(ρA|Bi
) ≥

∑n−1
j=i+1 E(ρA|Bj

), i.e., γ0 = γαc =

1, the inequality (41) is reduced to the following inequal-
ity [28]

Eαc(ρA|B0···Bn−1
) ≥

n−1
∑

i=0

(2t − 1)iEα(ρA|Bi
) (46)

Generally, the inequality (41) in Theorem 3 is tighter
than the inequality (26) in Theorem 2 for α ≥ αc for
any multipartite quantum state ρA|B, the reasons are as
follows. For any nonnegative integer j and its binary
vector ~j, the Hamming weight ωH(~j) is bounded above

by log2 j. It follows that ωH(~j) ≤ log2 j ≤ j. Therefore,
we get

Eα(ρA|B) ≥
n−1
∑

j=0

((γ0 + 1)t − γt0)
jEα(ρA|Bj

)

≥
n−1
∑

j=0

((γ0 + 1)t − γt0)
ωH(~j)Eα(ρA|Bj

)(47)

C. Multipartite qubit systems with generalized
bipartitions

In Subsec.C, we get the monogamy relation for a joint
state with the bipartite partition A and B0 · · ·Bn−1.
Now, we derive a generalized monogamy inequality for
unifying entanglement measure E(ρA|B) onm+n-partite
system under the partition A = A1A2 · · ·Am and B =

B1B2 · · ·Bn. With this unified monogamy relation, we
present two generalized inequalities. Additionally, we
will prove an upper bound of Cα(|ψ〉A|B)(0 ≤ α ≤ 2)
and Uαq,s(|ψ〉A|B)(0 ≤ α ≤ 1). Here, ρA|B, |ψ〉A|B
is defined by ρA|B = ρA1···AmB1···Bn

and |ψ〉A|B =
|ψ〉A1···AmB1···Bn

, respectively, ρA are on Hilbert space
HA1

⊗ HA2
⊗ · · · ⊗ HAm

and ρB are on Hilbert space
HB1

⊗HB2
⊗ · · · ⊗ HBn

.
According to the inequality (29), it is straightforward

to prove the following Theorems.
Theorem 4. For any m+ n-partite qubit state ρA|B

on Hilbert space HA1
⊗ · · · ⊗ HAm

⊗ HB1
⊗ · · · ⊗ HBn

,
each monogamous entanglement measure Eαc satisfies

Eαc(ρA|B) ≥
m
∑

i=1

n
∑

j=1

Eαc(ρAi|Bj
) (48)

where ρAi|Bj
are reduced density operators of ρA|B on

Hilbert space HAi
⊗HBj

, i = 1, · · · ,m; j = 1, · · · , n.
Theorem 5. For any m + n-qubit state ρA|B on

Hilbert space HA1
⊗ · · · ⊗HAm

⊗HB1
⊗ · · · ⊗HBn

, each
monogamous entanglement measure Eαc satisfies

Eα(ρA|B) ≥
m
∑

i=1

n
∑

j=1

Eα(ρAi|Bj
) (49)

for α ≥ αc, where ρAi|Bj
are reduced density operators

of ρA|B on Hilbert space HAi
⊗ HBj

, i = 1, · · · ,m; j =
1, · · · , n.
In order to get a tightened monogamy inequality than

the inequality (49) in Theorem 5, we present the following
Lemma 1 firstly.
Lemma 1. For a1 ≥ a2 ≥ · · ·an ≥ 0, and µ ≥ 1, then

the following inequality holds

(

n
∑

i=1

ai)
µ ≥

n−1
∑

i=0

((i+ 1)µ − iµ)aµi+1 (50)

The proof of Lemma 1 is firstly presented in ref.[45].
For each entanglement measure E, by relabeling the sub-
systems we get E(ρAiBj

) ≥ E(ρAiBj+1
) ≥ E(ρAi+1B1

)
for i = 1, 2, · · · ,m − 1, j = 1, 2 · · ·n − 1. Combined
with Lemma 1, we obtain the following Theorem with a
larger lower bound than the existing monogamy relations
in Theorem 5.
Theorem 6. For any m + n-qubit state ρA|B on

Hilbert space HA1
⊗ · · · ⊗ HAm

⊗ HB1
⊗ · · · ⊗ HBn

, as-
sume that the monogamous entanglement measure Eαc

satisfies the inequality (48). We get

Eα(ρA|B) ≥
n
∑

j=1

m−1
∑

i=0

((ni+ j)t − (ni+ j − 1)t)

×Eα(ρAi+1|Bj
) (51)

for α ≥ αc and t = α/αc, α ≥ αc, where ρAi|Bj
are

reduced density operators of ρA|B on Hilbert spaceHAi
⊗

HBj
, i = 1, · · · ,m; j = 1, · · · , n.
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Proof. From the inequality (48) we get

Eα(ρA|B) ≥ (

m
∑

i=1

n
∑

j=1

Eαc(ρAiBj
))t (52)

Using the inequalities of E(ρAiBj
) ≥ E(ρAiBj+1

) ≥
E(ρAi+1B1

) for i = 1, 2, · · · ,m − 1; j = 1, 2 · · ·n − 1,
from Lemma 1 it follows that

Eα(ρA|B) ≥
n
∑

j=1

(jt − (j − 1)t)Eα(ρA1|Bj
)

+
n
∑

j=1

((n+ j)t − (n+ j − 1)t)Eα(ρA2|Bj
)

+ · · ·+
n
∑

j=1

((mn− n+ j)t

−(mn− n+ j − 1)t)× Eα(ρAm|Bj
)

=

n
∑

j=1

m−1
∑

i=0

((ni + j)t − (ni+ j − 1)t)

×Eα(ρAi+1|Bj
) (53)

which completes the proof. �

The concurrence [46, 47] is related to the linear entropy
of a state ρ as

T (ρ) = 1− tr(ρ2) (54)

for any bipartite state ρ. Moreover, T (ρ) has the prop-
erty

T (ρAB) ≤ T (ρA) + T (ρB) (55)

From this relation we get following Theorem 7 about the
concurrence related to the linear entropy.
Theorem 7. For any m + n-qubit pure state |ψ〉AB

on Hilbert space HA1
⊗ · · · ⊗ HAm

⊗ HB1
⊗ · · · ⊗ HBn

,
the concurrence satisfies the following inequality

C2(|ψA|B) ≤ (

m
∑

i=1

C2|ψ〉Ai|Ai
)) (56)

where Ai = A1 · · ·Ai−1Ai+1 · · ·AmB1 · · ·Bn.
Proof. Combining Eq.(2) with Eq.(55), we get

C2(|ψ〉A|B) = 2T (A)

≤ 2

m
∑

i=1

T (Ai)

=

m
∑

i=1

C2(ψAi|Ai
) (57)

for any m + n-qubit pure state |ψ〉AB on Hilbert space
HA1

⊗ · · ·⊗HAm
⊗HB1

⊗ · · ·⊗HBn
. This completes the

proof. �

For later use we give the following lemma 2.

Lemma 2 For any ai with a1 ≥ a2 ≥ · · · an ≥ 0, and
0 ≤ µ ≤ 1, the following inequality holds

(
n
∑

i=1

ai)
µ ≤

n−1
∑

i=0

((i+ 1)µ − iµ)aµi+1 (58)

The proof of Lemma 2 is firstly presented in ref.[45].
From Lemma 2, a similar inequality with a tightened
upper bound than its shown in Theorem 7 is shown as
follows.
Theorem 8. For any m + n-qubit pure state |ψ〉AB

on Hilbert space HA1
⊗ · · · ⊗ HAm

⊗ HB1
⊗ · · · ⊗ HBn

,
assume that the concurrence satisfies C(|ψ〉Ai|Ai

) ≥
C(|ψ〉Ai+1|Ai+1

). Then we have

Cα(|ψ〉A|B) ≤
m
∑

i=1

(it − (i− 1)t)Cα
Ai|Ai

(59)

for all 0 ≤ α ≤ 2 and t = α/2.
Proof. For any m + n-qubit pure state |ψ〉AB on

Hilbert space HA1
⊗ · · · ⊗HAm

⊗HB1
⊗ · · · ⊗HBn

, from
the inequality (56), it is easy to deduce that

Cα(|ψ〉A|B) ≤ (

m
∑

i=1

C2|ψ〉Ai|Ai
)t

≤
m
∑

i=1

(it − (i− 1)t)Cα
Ai|Ai

(60)

Here, the first inequality is due to the inequality:
C(|ψ〉Ai|Ai

) ≥ C(|ψ〉Ai+1|Ai+1
) for i = 1, 2, · · · ,m −

1, which implies the inequality of C2(|ψ〉Ai|Ai
) ≥

C2(|ψ〉Ai+1|Ai+1
). The second inequality is obtained from

Lemma 2. �

Note that Unified-(q, s) entanglement contains EOF,
Tsallis-q and Rényi-q entanglement as special cases. For
the Unified-(q, s) entanglement measure, we prove inter-
esting inequalities similar to the inequality (59).
Theorem 9. For any m + n-qubit pure state |ψ〉AB

on Hilbert space HA1
⊗ · · · ⊗ HAm

⊗ HB1
⊗ · · · ⊗

HBn
, assume that Unified-(q, s) entanglement satisfies

Uq,s(|ψ〉Ai|Ai
) ≥ Uq,s(|ψ〉Ai+1|Ai+1

). Then we have

Uαq,s(|ψ〉A|B) ≤
m
∑

i=1

(iα − (i− 1)α)Uαq,s(|ψ〉Ai|Ai
) (61)

for all 0 ≤ α ≤ 1, where q > 1 and qs ≥ 1.
Proof. Denote 0 ≤ α ≤ 1, and q > 1, qs ≥ 1, we have

Uq,s(|ψ〉A|B) = Sq,s(ρA)

≤
m
∑

i=1

Sq,s(ρAi
)

=
m
∑

i=1

Uq,s(|ψ〉Ai|Ai
)

≤
m
∑

i=1

(iα − (i − 1)α)Uαq,s(|ψ〉Ai|Ai
)(62)
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Here, the first and second equalities are due to the defini-
tion of Unified-(q, s) entanglement in Eq.(18). The first
inequality is from the fact that Unified entropy has the
subadditivity properties similar to the linear entropy as
Sq,s(ρAB) ≤ Sq,s(ρA) + Sq,s(ρB) for q > 1, qs ≥ 1 [48].
Moreover, from Lemma 2, we can deduce the last equal-
ity. �

IV. TYPICAL VALUE OF THE TANGLE FOR
HIGH-DIMENSIONAL STATES

We have known that the aforementioned entanglement
measure Eαc is monogamous for qubit systems. A nature
problem is whether the monogamy inequality (21) can be
generalized to higher dimensional systems or not. In fact,
Ou [49] had indicated that the square of the concurrence
(SC) is not monogamous for higher-dimension apart from
qubit systems. In high-dimension case, another measure
which is closely related to the concurrence, is named as
the tangle that is an elementary entanglement measure
[50, 51].
The tangle τ(|ψ〉) for pure state |ψ〉 is defined by

τ(|ψ〉) = C2(|ψ〉), and the tangle for mixed state ρ is
defined by

τ ′(ρ) = inf
{pi,|φi〉}

∑

i

piM(ρϕi
) (63)

where ρ =
∑

i pi|ϕi〉〈ϕi|, pi ≥ 0, and
∑

i pi = 1, |ϕi〉 ∈
Cd ⊗ Cd, M(ρ) = 2(1− Tr(ρ)).
Although the tangle and the concurrence are equiv-

alent as entanglement measures for pure states, they
are different for mixed states. In fact, it holds that
τ ′(ρ) ≥ C2(ρ) and the equality holds for two-qubit states
[52]. Remarkably, it is a difficult to calculate the tangle
of high-dimension mixed state because of a convex roof
extension of the tangle. Fortunately, we can gain the typ-
ical value of τ ′(ρAB) of ρAB, a random state on Cd ⊗Cd

induced by an environment Cs.
Definition 3. Given n, s ∈ N, a random mixed state

ρ on Cn is induced by Cs if ρ = TrCs(|ψ〉〈ψ|) for |ψ〉,
where |ψ〉 is a uniformly distributed random pure state
on Cn ⊗ Cs [54].
In Sec.III, we have proved that the mentioned entan-

glement measures such as EOF and concurrence or its
proper power of any entangled qubit states satisfy the
monogamy inequality (1). However, this is impossible
for for high-dimensional system. Informally, we show
that the generic deviation between the typical value of
the tangle and its average for a random induced state
violate the monogamy inequality (1). Formally, we prove
the typical value of the tangle as follows.
Theorem 10. Fix t > 0. Let ρ be a random state on

C
d⊗C

d induced by some environment (auxiliary Hilbert)
Cs, with s ≤ Cd2t2 for some universal constant C > 0.
Then,

Pr(|τ ′(ρ)− (2− 2d

1 + d2
)| ≤ t) > 1− e−cd

2t2 (64)

where c > 0 is a universal constant, Pr(·) is the proba-
bility function of the deviation between the typical value
of the tangle for random induced states and its average.
The following crucial Lemmas will be used in order to

establish the above Theorem 10.
Lemma 3 [53, 54]. Let n ∈ N. For any L-Lipschitz

function g: SCn 7→ R and any t > 0, if ψ is uniformly
distributed on SCn , then

Pr(|g(ψ)− Eg| > t) ≤ e−cnt
2/L2

(65)

where c > 0 is a universal constant, SCn denotes the unit
sphere S of Cn and EX refers to the expectation of the
random variable X .
Lemma 4 [53, 54]. Let n ∈ N. For any circled L-

Lipschitz function g: SCn 7→ R and any t > 0, if H is a
uniformly distributed Cnt2/L2-dimensional subspace of
Cn with C > 0 a universal constant, then

Pr(∃ψ ∈ H ∩ SCn : |g(ψ)− Eg| > t) ≤ e−cnt
2/L2

(66)

where c > 0 is a universal constant.
Lemma 5. For |ψ〉 ∈ HA⊗HB, the Lipschitz constant

η (with respect to the Hilbert-Schmidt norm ‖ ·‖2) of the
function g(|ψ〉) = 2(1 − Tr(ρ2A)) is upper bounded by 8,
where ρA denotes the reduced density operator of the
subsystem A.
Proof. Let f(|ψ〉) =

√

Tr(ψ2
A), then g(|ψ〉) = 2 −

2f2(|ψ〉). We have known from ref.[55] that the Lipschitz
constant of the function f(|ψ〉) is upper bounded by 2.
An elementary calculation yields

η2 = sup∇g · ∇g
= 16 sup f2 · (∇f)2
≤ 16 sup(∇f)2
≤ 64 (67)

where ∇g denotes the gradient of the function g. The
Lipschitz constant η of g(|ψ〉) is then bounded by 8. �

Lemma 6. Fix n, s ∈ N with s ≤ n and t > 0. For
a state ψ being chosen uniformly from the unit sphere
SCn⊗Cs on Hilbert space Cn ⊗ Cs, we get

Pr(|M(ρψ)− (2− 2(n+ s)

1 + ns
)| > t) ≤ e−cnst

2

(68)

where c > 0 is a universal constant.
Proof. Define the function g : ψ 7→ M(ρψ), ∀ψ ∈

S Cn⊗Cs and M(ρψ) is defined in Eq.(66). Lemma 5 re-
veals that g is 8-Lipschitz. We know from ref.[56], that

g has average Eg(ψ) = 2 − 2(n+s)
1+ns . Using these results,

Lemma 6 is a direct consequence of Lemma 3. �

Lemma 7. Fix d ∈ N and t > 0. Suppose that H
is a uniformly distributed Cd2t2-dimensional subspace
of Cd ⊗ Cd, C > 0 is a universal constant. And then
∃ψ ∈ H ∩ S Cd⊗Cd satisfies

Pr(|M(ρψ)− (2− 2d

1 + d2
)| > t) ≤ e−cd

2t2 (69)
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Proof. Define the function g : ψ 7→ M(ρψ), ∀ψ ∈
S Cd⊗Cd . g is 8-Lipschitz from Lemma 5. Furthermore, g

has average Eg(ψ) = 2 − 2d
1+d2 from ref.[56]. These two

results implies Lemma 7 according to Lemma 4. �

Lemma 8. Fix t > 0. Let ρ be a random state on
Cd ⊗ Cd induced by some environment (axillary space)
Cs with s ≤ Cd2t2 for some universal constant C > 0.
Then, ∃ψ ∈ supp(ρ) ∩ SCd⊗Cd satisfies

Pr(|M(ρψ)− (2− 2d

1 + d2
)| ≤ t) > 1− e−cd

2t2 (70)

where supp(ρ) denotes the support of the density opera-
tor ρ.
Proof. From the assumption of ρ, the support of the

density operator, i.e., supp(ρ) is a subspace of Cd ⊗ Cd.
By using Lemma 7 we obtain the result. �

From Lemma 8 and Eq.(66), we can obtain Theorem
10.

V. EXAMPLES

In this section, we present some entangled states
to show the generalised monogamy inequalities of α-th
power of bipartite entanglement measure for α ≥ αc. The
following examples include generalized tripartite system
[57], decoherence-free state [58, 59], Dicke state [60]. As
its shown in Sec.II, we can evaluate all the mentioned
entanglement measures from the concurrence. Thus, we
do not show EOF, Tsallis-q entropy, Rényi-q entropy and
Unified-(q, s) entropy.
Definition 4. For a multipartite quantum state ρAB,

define the residual quantity of α-th power of bipartite
entanglement measure E as

τE(ρAB) = Eα(ρA|B)−
n−1
∑

j=0

((γ0 + 1)t − γt0)
ωH(~j)

×Eα(ρA|Bj
) (71)

where t = α/αc, γ0 = γαc , and ωH(~j) denotes the Ham-

ming weight of vector ~j.
The value of αc depends on the specific measure E, i.e.,

αc = 2 for the concurrence (Tsallis-q entropy , Rényi-
q entropy and Unified-(q, s) entropy entanglement), and

αc =
√
2 for the EOF.

A. Three-qubit entangled state

Under local unitary operations, any three-qubit entan-
gled pure state can be changed into the following normal
form as [57]:

|ψ〉 = λ0|000〉+ λ1e
iϕ|100〉+ λ2|101〉

+λ3|110〉+ λ4|111〉 (72)

FIG. 1: (Color online) The residual quantity τ for the
three-qubit state |ψ〉. (a) τC of the concurrence. (b) τEf

of EOF. (c) τTq of Tsallis-q entropy with q = 0.7. (d) τRq

of Rényi-q entropy with q = 0.9. (e) τUq,s of Unified (q, s)
entropy with q = 1.1 and s = 0.4. Here, 0 ≤ θ ≤ π/2 and
0 ≤ φ ≤ π/2.

where λi ≥ 0, 0 ≤ ϕ ≤ π, and
∑4

i=0 λ
2
i = 1. For conve-

nience of discussing the monogamy inequality in Theorem
1, assume that two parameters of |ψ〉ABC are given by:

λ2 =
√
2
2 , λ3 = 1

2 . Now, define parametric representa-

tions of λis as λ0 = 1
2 sinφ cos θ, λ1 = 1

2 sinφ sin θ and

λ4 = 1
2 cosφ for 0 ≤ φ ≤ π/2 and 0 ≤ θ ≤ π/2. The

concurrence of |ψ〉ABC is given by

C(|ψ〉A|BC) = 2λ0

√

1− λ20 − λ21

C(ρA|B) = λ0

C(ρA|C) =
√
2λ0 (73)

It follows that C(ρA|C) ≥
√
2C(ρA|B). The residual

quantity of the concurrence τC(|ψ〉) is

τC(|ψ〉) = Cα(|ψ〉A|BC)− Cα(ρA|C)

−(3α/2 − 2α/2)Cα(ρA|B) (74)

Combined with Eqs.(73) and (74), the numeric evalu-
ations of the residual quantity of all entanglement mea-
sures are shown in Fig.1. It is easy to check that τC(|ψ〉),
τEf

(|ψ〉), τTq
(|ψ〉), τRq

(|ψ〉), and τUq,s
(|ψ〉) are always

positive for 0 ≤ θ ≤ π/2, and 0 ≤ φ ≤ π/2. Namely,
the inequality (22) holds for three-qubit entangled pure
state in terms of the entanglement measures derived from
the concurrence, the EOF, Tsallis-q entropy, Rényi-q en-
tropy, and Unified-(q, s) entropy.
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B. Decoherence-free state

In applications, it is inevitable for decoherence being
induced by uncontrolled coupling between a quantum
system and the environment. When qubits are coupled
to the environment, the quantum superposition and co-
herence are easily destructed, and as a result the maxi-
mally entangled state collapses into a non-maximally en-
tangled one or even a mixed state. This will degrade
the fidelity and security of quantum communication. To
overcome this flaw, specific entangled states, named as
decoherence-free states [58], are proposed. Decoherence-
free states, no matter how strong the qubit-environment
interaction, exhibit some symmetry, which are useful
for long-distance quantum information transmission and
storage.
A four-qubit entangled decoherence-free state is given

by [59]:

|Φ〉 = a|Ψ0〉+ b|Ψ1〉 (75)

where |Ψi〉 are logic basis states given by

|Ψ0〉ABCD =
1

2
(|01〉 − |10〉)AB(|01〉 − |10〉)CD,

|Ψ1〉ABCD =
1

2
√
3
(2|1100〉+ 2|0011〉 − |1010〉 − |1001〉

−|0101〉 − |0110〉)ABCD (76)

For the purpose of discussing monogamy inequality (26)
entanglement, we take three cases into account for
decoherence-free state in Eq.(75).
When a = b = 1√

2
the concurrence for |Φ〉 are

computed as C(|Φ〉A|BCD) = 1, C(ρA|B) = 0.9107,
C(ρA|C) = 0.3333 and C(ρA|D) = 0.244. We get γ = 1.3.
The residual quantity of the concurrence is given by

τC(|Φ〉) = Cα(|Φ〉A|BCD)− Cα(ρA|B)

−((γ2 + 1)α/2 − γα)Cα(ρA|C)

−((γ2 + 1)α/2 − γα)Cα(ρA|D) (77)

Similarly, we can obtain entanglement measures for
different a, b. The residual quantities of all mea-
surement measures for decoherence-free state |Φ〉 are
shown in Fig.2. The residual quantity of the entangle-
ment measures are always positive, which indicates that
decoherence-free state is monogamous for the α-th power
entanglement measures with α ≥ αc.

C. Dicke state

The symmetric systems are experimentally interesting
because it is easier to nonselectively address an entire en-
semble of particles rather than individually address each
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FIG. 2: (Color online) The residual quantity τ for
decoherence-free state |Φ〉. (a) τC of the concurrence. (b)
τEf

of EOF. (c) τTq of Tsallis-q entropy with q = 0.7. (d) τRq

of Rényi-q entropy with q = 1.2. (e) τUq,s of Unified (q, s)

entropy with q = 1.4 and s = 0.6. Here, a1 = 1
√

2
, a2 =

√

6
3

,

a3 = 2
√

5
, b1 = 1

√

2
, b2 = 1

√

3
, and b3 = 1

√

5
.

member [61]. An n-qubit Dicke state [60] with k excita-
tions is given by

|D(k)
n 〉A1A2···An

=
1

√

(

n
k

)

∑

perm

(|0〉⊗(n−k)|1〉⊗k) (78)

where the summation is over all possible permutations of
the product states having n−k zeros and k ones, and

(

n
k

)

denote the combination number choosing k items from n
items.

The concurrences for Dicke state are given by

C(|D(k)
n 〉A1|A2···An

) =
2
√

k(n− k)

n

C(|D(k)
n 〉A1|Ai

) = −2
√

k(k − 1)(n− k)(n− k − 1)

n(n− 1)

+
2k(n− k)

n(n− 1)
(79)

where, i ∈ {2, · · · , n}. Here, consider three cases with



12

n = 4, n = 5 and n = 6. We get

C(|D(2)
4 〉A1|A2A3A4

) = 1

C(|D(2)
4 〉A1|Ai

) =
1

3
, i ∈ {2, 3, 4}

C(|D(2)
5 〉A1|A2···A5

) =
2
√
6

5

C(|D(2)
5 〉A1|Ai

) =
3−

√
3

5
, i ∈ {2, · · · , 5}

C(|D(3)
6 〉A1|A2···A6

) = 1

C(|D(3)
6 〉A1|Ai

) =
1

5
, i ∈ {2, · · · , 6} (80)

Thus, the residual quantity of the concurrence for Dicke

state |D(2)
4 〉, |D(2)

5 〉, |D(3)
6 〉 have the following forms, re-

spectively

τC(|D(2)
4 〉) = 1− 1

3α
− 2(2α/2 − 1)

1

3α

τC(|D(2)
5 〉) = (

2
√
6

5
)α − 2α(

3−
√
3

5
)α

τC(|D(3)
6 〉) = 1− 1

5α
− 2α + 2α/2 − 2

5α
(81)

which are shown in Fig.3(a) for 0 ≤ α ≤ 5. Similarly,
we obtain the residual quantities in terms of different
measures, as showed in Fig.3. It shows that inequality
(26) holds for the α-th power of entanglement measures
with 0 ≤ α ≤ 5 with respect to Dicke state, in fact, one
can find that it still works for α ≥ αc.

VI. CONCLUSION

Given an entangled state, how much is it entangled?
To address this problem, the concept of entanglement
measure has been naturally arisen. One intrinsic fea-
ture of quantum entanglement is the limited shareabil-
ity of bipartite entanglement in multipartite quantum
systems. This distinct property without any classical
counterpart is known as the monogamy of entanglement
(MOE). In this paper, we investigated the monogamy
property of α-th power of entanglement measures in bi-
partite entangled qubit states. So far, there are several
well-known bipartite entanglement measures which quan-
tify the degree of entanglement, we focus on the unified
monogamy relations of bipartite entanglement measures.
We establish a class of weighted monogamy inequalities

of multipartite entangled qubit systems based on the uni-
fied monogamy inequality. Moreover, we shown that the
present monogamy inequalities are tighter than previ-
ous results. Additionally, some generalized monogamy
inequalities related to bipartite entanglement measures
are obtained. For high-dimensional entangled states, we
proved a different result, which shows that the generic
deviation between the typical value of the tangle and its
average for a random induced state violate the monogamy
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FIG. 3: (Color online) The residual quantity τ for Dicke

state |D
(2)
4 〉 (the red line), |D

(2)
5 〉 (green line), and |D

(3)
6 〉

(blue line). (a) τC of the concurrence. (b) τEf
of EOF. (c)

τTq of Tsallis-q entropy with q = 4.3. (d) τRq of Rényi-q
entropy with q = 1.3. (e) τUq,s of Unified (q, s) entropy with
q = 2 and s = 0.7.

inequality (1). These results are interesting in the entan-
glement theory, quantum information processing, quan-
tum communication, and quantum many-body theory.
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