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Abstract The finite dihedral group generated by one rotation and one re-
flection is the simplest case of the non-abelian group. Cayley graphs are dia-
grammatic counterparts of groups. In this paper, much attention is given to
the Cayley graph of the dihedral group. Considering the characteristics of the
elements in the dihedral group, we propose a model of three-state discrete-
time quantum walk (DTQW) on the Caylay graph of the dihedral group with
Grover coin. We derive analytic expressions for the the position probability
distribution and the long-time limit of the return probability starting from
the origin. It is shown that the localization effect is governed by the size of
the underlying dihedral group, coin operator and initial state. We also nu-
merically investigate the properties of the proposed model via the probability
distribution and the time-averaged probability at the designated position. The
abundant phenomena of three-state Grover DTQW on the Caylay graph of the
dihedral group can help the community to better understand and to develop
new quantum algorithms.

Keywords Caylay graph · Dihedral group · Three-state quantum walk ·
Localization

1 Introduction

Discrete-time quantum walks (DTQWs) [1] [2] [3] have attracted an increasing
interest in the past two decades (for reviews, see [4] [5] [6]), which are quantum
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analogs of discrete-time classical random walks. Due to their inherent nonlin-
ear chaotic dynamic behavior and quantum interference effects, most of the
existing quantum walk algorithms are superior to their classical counterparts
at executing certain computational tasks, e.g., element distinctness [7] [8], tri-
angle finding [9] [10], verifying matrix products [11], searching for a marked
element [12], quantized Google’s PageRank [13] and graph isomorphism [14].

During the study of DTQW, one-dimensional two-state DTQW has been
extensively studied. Many kinds of models of quantum walks have been pro-
posed, such as multiple coins [15], multiple walkers [16], time-dependent coin
[17], quantun walk with memory [18]. As an important extension, one-dimensional
three-state DTQW was first considered by Inui et al. [19], reported localization
around an initial position. This phenomenon is previously found in two-state
DTQWs on square lattices [20]. Since then, the three-state DTQW on the
line were examined theoretically and numerically. Researches show that the
localization effect happens with a broad family of coin operators in three-
state DTQWs [21] [22]. Moreover, a weak limit theorem is recently derived
in [23] [24] for arbitrary coin initial state and coin operator.

Due to its wealth of symmetries, the dihedral group has been studied
extensively. They are of particular interest in various fields of mathemat-
ics [25] [26] [27], computer science [28] and the natural sciences. In partic-
ular, we need establish mathematical models for physical systems [29] [30] and
molecular orbitals [31] [32] in the natural sciences. In the quantum information
context, Kuperberg [28] presented the first subexponential time algorithm for

the dihedral HSP. Namely, his algorithm runs in time 2o(
√
logN) (the input

size is O (logN) ). However, in order to achieve this running time, Kuperbergs

algorithm requires 2o(
√
logN) space. Then Regev [33] presented an algorithm

that requires only polynomial space, i.e. poly(logN). The running time of our
algorithm is still subexponential and only slightly higher than Kuperbergs al-
gorithm. Carignan [34] described a protocol that extracts the average fidelity
of the error arising over a group of single-qubit operations corresponding to
the dihedral group.

Random walks on groups play an essential role in various fields of natu-
ral science, ranging from solid-state physics, polymer chemistry, and biology
to mathematics and computer science. Motivated by the immense success of
random walk methods in the design of classical algorithms, we consider the
DTQW on the Cayley graph of the dihedral group, previously considered by
Dai et al. [35]. Here, we will further study the three-state DTQW on the Cayley
graph of the dihedral group. In this paper, we present a model of three-state
DTQW on the Caylay graph of the dihedral group with Grover coin using both
analytical and numerical methods. We analyze the three-state Grover DTQW
on the Caylay graph of the dihedral group and prove that the size of the un-
derlying dihedral group and the coin operation in itself can determine whether
localization occur. We calculate the long-time limit of the return probability
starting from the origin and discuss its dependence on the initial state and the
system size. We anticipate that the abundant phenomena of three-state Grover
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DTQW on the Caylay graph of the dihedral group can help the community to
better understand and to develop new quantum algorithms.

The rest of the paper is organized as follows. Necessary preliminaries for
modeling and the model of three-state DTQW with Grover coin on the Cay-
ley graph of the dihedral group are formally defined in Section 2. The spec-
tral analysis of its evolution operator using Fourier transformation is given
in Section 3. And a time-averaged probability of finding the particle is also
introduced in Section 3, we prove the probability of finding the particle at
a fixed itself converges to a nonzero value after infinite long time. Results of
numerical simulation are presented in Section 4. Finally, a short conclusion is
given in Section 5.

2 The model of the three-state DTQW

In this section, we first briefly review the notion of the dihedral group and its
Cayley graph. Then we present the model of three-state DTQW on the Cayley
graph of the dihedral group.

2.1 Dihedral group and Cayley graph

Dihedral group The dihedral group DN is a symmetric group of N -gons (N ≥
3). Let σ denote the rotation of the regular N -polygon by an angle of 2π/N
degrees. Let τ denote the reflection of the regular N -polygon around an axis
of symmetry. It is isomorphic to the abstract group generated by the element
σ of order N and the element τ of order 2 subject to the relation στ = τσ−1.
That is, DN =< σ, τ |σN = τ2 = 1DN , τστ = σ−1 >, where σ and τ are two
generators, and 1DN is the identity element of DN . The 2N elements of DN can
be written as {e, σ, σ2, . . . , σ(N−1), τ, τσ, τσ2, . . . , τσ(N−1)}. The first N listed
elements are rotations and the remaining N elements are axis-reflections (all
of which have order 2).

Semi-direct product Let G be a group and N / G (normal subgroup), H < G
(proper subgroup). If G = NH and N ∩H = {e}, where e is the identity of G,
then G is called a semi-direct product of N and H, denoted by G ∼= N oH.

The dihedral group DN is isomorphic to the semi-direct product of ZN
and Z2, denoted by DN

∼= ZN o Z2. Each element of the dihedral group
can be expressed as τsσt, written as a pair (s, t), where s ∈ Z2, t ∈ ZN and
ZN = {0, 1, · · · , N − 1}. If s = 0, (s, t) is called a rotation of the dihedral
group. If s = 1, (s, t) is called a reflection of the dihedral group.

Cayley graph Let G be a finite group, and let H = {h1, · · · , hk} be a generat-
ing set for G. The Cayley graph of G with respect to H has a vertex for every
element of G, with an oriented edge from g to gh, where ∀g ∈ G and ∀h ∈ H.
A Cayley graph of the group DN can be derived from the group presentation
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Fig. 1 Good encoding of the Cayley graph of the dihedral group D5.

DN =< σ, τ |σN = τ2 = 1DN , τστ = σ−1 >. The graph is mixed: it has 2N
vertices, 2N arrows, and N edges.

2.2 Time evolution of the three-state DTQW

In this part, we present the model of three-state DTQW on the Cayley graph
of the dihedral group. The generators of dihedral group have not only rotation
and reflection operation, but also identity operation. So we add a new direction
-staying at the same position. That is to say, the walker governed by three-
state quantum walk moves to the rotation, the reflection, and stays at the
same position.

The dihedral group consists of N rotations and N reflections, which we
denote by (0, 0) , ..., (0, N − 1) and (1, 0) , ..., (1, N − 1) respectively. Each el-
ement of the dihedral group is denoted by a pair (s, t), thus vertices of the
Cayley graph of the dihedral group can be encoded as a pair (s, t). Fig.1 shows
the example encoding of the Cayley graph of the dihedral group D5. If the pair
(s, t) corresponds to two registers |s〉 |t〉, the vertex set is denoted by

V = {|0〉 |0〉 , |0〉 |1〉 , · · · , |0〉 |N − 1〉 , |1〉 |0〉 , |1〉 |1〉 , · · · , |1〉 |N − 1〉} . (1)

The whole Hilbert space of the model is depicted as H = Hc ⊗ Hp,
where Hp is called a position Hilbert space which is spanned by an orthog-
onal normal{|s, j〉 : s ∈ {0, 1}, j ∈ {0, 1, · · · , N−1}} and Hc is the coin Hilbert
space which is spanned by an orthogonal normal basis{|0〉 , |1〉 , |2〉}.Considering
the characteristics of the elements in the dihedral group, the particle has three
directions, a rotation hop R, stay put S, and a reflection hop F , R, S, F in
each step, for three-state DTQW on the Cayley graph of the dihedral group.
The shift operator allows the walker to go one step rotation if the accompa-
nying coin state is |0〉 , one step stay put if the accompanying coin state is
|1〉, and one step reflection if the accompanying coin state is |2〉, as shown in
Fig.2.
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Fig. 2 The DTQW with a three dimensional coin on the Cayley graph of the dihedral group
D5. R, F , and S facilitate a rotation hop, a reflection hop, or stay put, respectively.

The evolution of the whole system at each step of the walk can be described
by the global unitary operator, denoted by U

U = S(C ⊗ IP ), (2)

where Ip is the identity of Hp, S is the shift operator,expressed as

S = |0〉 〈0| ⊗ |0〉 〈0| ⊗
∑
j

|j + 1 (modN)〉 〈j|

+ |0〉 〈0| ⊗ |1〉 〈1| ⊗
∑
j

|j − 1 (modN)〉 〈j|

+ |1〉 〈1| ⊗ |0〉 〈0| ⊗
∑
j

|j (modN)〉 〈j|

+ |1〉 〈1| ⊗ |1〉 〈1| ⊗
∑
j

|j (modN)〉 〈j|

+ |2〉 〈2| ⊗ |0〉 〈1| ⊗
∑
j

|j (modN)〉 〈j|

+ |2〉 〈2| ⊗ |1〉 〈0| ⊗
∑
j

|j (modN)〉 〈j|.

(3)

while C is the coin operation. In this paper, we choose Grover operator as the
coin operator, the three-dimensional Grover operator is defined as

C =
1

3

−1 2 2
2 −1 2
2 2 −1

 . (4)

Given a initial state |Ψ(0)〉, the state of the particle after t steps is given
by the successive application of the unitary propagator U on the initial state

|Ψ(t)〉 = U t |Ψ(0)〉. (5)

In this paper, we assume the walker always starts at position |00〉 and the
initial coin state satisfies Ψ(0, 0) = α |0〉 + β |1〉 + γ |2〉 where α, β, γ ∈ C,

|α|2 + |β|2 + |γ|2 = 1. We guarantee the quantum walker starts with its coin
state in superposition of only rotation, reflection, and no change in position
bases. Therefore, the system’s initial state can be formulated as

Ψ(0) = |00〉 ⊗ [α |0〉+ β |1〉+ γ |2〉]. (6)
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3 Fourier Analysis

Fourier transformation is a powerful technique for analysis of classical random
walks. For the more, Fourier analysis generalises well to quantum walks, which
was introduced to quantum walks by Grimmett et al [36]. In this section, we
use Fourier analysis to analytically study the return probability of the three-
state quantum walk as t→∞.

3.1 Wave function of the three-state DTQW

We now define the state of the walker, at time t and position x = (s, x)
s ∈ {0, 1}, x ∈ N to be a 6-dimensional vector. We denote this as

Ψ(x, t) =


〈0, 0, x |Ψ(t) 〉
〈0, 1, x |Ψ(t) 〉
〈1, 0, x |Ψ(t) 〉
〈1, 1, x |Ψ(t) 〉
〈2, 0, x |Ψ(t) 〉
〈2, 1, x |Ψ(t) 〉

 . (7)

Expanding |Ψ(t+ 1)〉 = U |Ψ(t)〉 in terms of Ψ(x, t), we obtain the master
equation for the walker at position x

Ψ(x, t+ 1) = M1Ψ(x+ 1, t) +M2Ψ(x− 1, t) +M3Ψ(x, t), (8)

whereM1,M2 andM3 matrices areM1 = 1
3


0 0 0 0 0 0
0 −1 0 2 0 2
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

,M2 = 1
3


−1 0 2 0 2 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

,

M3 = 1
3


0 0 0 0 0 0
0 0 0 0 0 0
2 0 −1 0 2 0
0 2 0 −1 0 2
0 2 0 2 0 −1
2 0 2 0 −1 0

.

Our objective is to find analytical expression for Ψ(x, t). To do so, we
compute the Discrete Time Fourier Transform of Eq.(8). The Discrete Time
Fourier Transform on the system state is given by

Ψ̃(k, t) =

N−1∑
x=0

e2πikx/NΨ(x, t), k ∈ {0, 1, · · · , N − 1}. (9)

The corresponding inverse Fourier transform is

Ψ(x, t) =

N−1∑
k=0

e−2πikx/N Ψ̃(k, t). (10)
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From now on, a tilde indicates quantities with a k dependence. Applying
the Fourier transformation Eq.(9) to the time evolution equation Eq.(8), after
some algebra we get the master equation in Fourier space:

Ψ̃(k, t+ 1) = (M1e
−2πik/N +M2e

2πik/N +M3)︸ ︷︷ ︸
Mk

Ψ̃(k, t). (11)

Let K = ωkN = e
2πik
N , Mk has the form of

Mk =
1

3


−K 0 2K 0 2K 0

0 K−1 0 2K−1 0 2K−1

2 0 −1 0 2 0
0 2 0 −1 0 2
0 2 0 2 0 −1
2 0 2 0 −1 0

 . (12)

To express the wave function as a function of t explicitly we consider the eigen-
values and eigenvectors of Mk. Let λj(k) (j = 1, 2, · · · , 6) be the eigenvalues
of Mk and the corresponding eigenvector are νj(k). After some calculations,
we get explicit forms of the eigenvalues

λ1(k) = −1, λ2(k) = 1,

λ3(k) = 1−2
√
2i

3 , λ4(k) = 1+2
√
2i

3 ,
λ5(k) = − A

6K , λ6(k) = − B
6K .

(13)

The corresponding eigenvectors are

|ν1(k)〉 =


0
0
−1
−1
1
1

 , |ν2(k)〉 =


1

K−1
K+1
2K
K+1
2K
K−1

1

 ,

|ν3(k)〉 =



− 2
√
2iK

3K+1
2
√
2i

3K+1
K−1−

√
2iK−

√
2i

3K+1
K−1+

√
2iK+

√
2i

3K+1

− K+3
3K+1

1


, |ν4(k)〉 =



2
√
2iK

3K+1

− 2
√
2i

3K+1
K−1+

√
2iK+

√
2i

3K+1
K−1−

√
2iK−

√
2i

3K+1

− K+3
3K+1

1


,

|ν5(k)〉 =



5K+1
2K(K−1) −

(K+1)A
4K(K−1)

− K+5
2K−1 + (K+1)A

4K2(K−1)
− 2K+1
K(K−1) + A

2K(K−1)
K+2
K−1 −

A
2K(K−1)

K−1

1


, |ν6(k)〉 =



5K+1
2K(K−1) −

(K+1)B
4K(K−1)

− K+5
2K−1 + (K+1)B

4K2(K−1)
− 2K+1
K(K−1) + B

2K(K−1)
K+2
K−1 −

B
2K(K−1)

K−1

1


,

(14)
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where A = K2 + 4K + 1 − K
√
K2 + 10K + 1 +

√
K2 + 10K + 1 and B =

K2 + 4K + 1 +K
√
K2 + 10K + 1−

√
K2 + 10K + 1.

Puting Mk in its eigenbasis, then using the mathematical properties of
linear operators, we can rewrite Eq.(11) as∣∣∣Ψ̃(k, t)

〉
= Mk

∣∣∣Ψ̃(k, t− 1)
〉

= M t
k

∣∣∣Ψ̃(k, 0)
〉

=
6∑
j=1

λtj(k)
〈
ωj(k)

∣∣∣ Ψ̃(k, 0)
〉
|ωj(k)〉.

(15)

Ψ̃(k, 0) is the Fourier transformed system’s initial state, by Eq.(9) we get

Ψ̃(k, 0) = [α, β, γ,0, · · · ,0]
T

, and

|ωj(k)〉 =
1√
Nj(k)

|νj(k)〉 , (16)

where Nj(k) is a normalized factor. Then the wave function is obtained by the
inverse Fourier transform:

|Ψ(x, t)〉 = 1
N

N−1∑
k=0

e
2πikx/N

∣∣∣Ψ̃(k, t)
〉

= 1
N

N−1∑
k=0

6∑
j=1

e
2πikx/Nλtj(k)

〈
ωj(k) | Ψ̃(k, 0)

〉
|ωj(k)〉 .

(17)

In the above calculations, it is most important to emphasize that the eigen-
value 1 and −1 independent of the value k exist in the three-state Grover
DTQW. This distinctive property causes the particular time evolution for the
three-state Grover DTQW. Inui [20] has shown that the existence of a strongly
degenerated eigenvalue such as 1 or −1 is a necessary condition for the quan-
tum walk showing the localization. The number of the degenerate eigenvalues
of the time evolution matrix has a profound effect on quantum walks showing
the localization.

3.2 Limit theorem for the three-state DTQW starting from the origin

From now on we compute the time-averaged probability at the origin in the
three-state Grover DTQW on the Cayley graph of the dihedral group with N
vertices. We begin with considering the probability P (Xt = x) that the walker
can be found at position x and at time t starting from an initial state |Ψ(0)〉.
The probability P (Xt = x) is calculated from the relation

P (Xt = x) = 〈Ψ(x, t) | Ψ(x, t)〉

=
1

N2

N−1∑
k,m=0

6∑
j,l=1

e
2πi(m− k)x/N (λj(k)∗λl(m))t

(
〈
ωj(k)

∣∣∣ Ψ̃(k, 0)
〉

)∗
〈
ωl(m)

∣∣∣ Ψ̃(m, 0)
〉
〈ωj(k) | ωl(m)〉 .

(18)
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The probability distribution P (Xt = x) does not converge in the limit t→∞,
while its average over time does. Thus we introduce time-averaged probability
distribution defined by:

P̄ (Xt = x) =
1

T

∑T−1

t=0
P (Xt = x)

=
1

T

∑T−1

t=0
〈Ψ(x, t) | Ψ(x, t)〉.

(19)

Next, we focus on the localization phenomenon on the three-state DTQW.
To determine whether the localization will occur at the origin, we need to cal-
culate a return probability of the three-state walk as t→∞. Since the walker
starts from the origin, we consider the return probability as the probability
that the walker can be observed at the origin. That is, the return probability
at time t is determined by the probability lim

t→∞
P̄ (Xt = 0). Let the probability

be P̂0, where we use a hat to indicate the asymptotic limit of t. As t→∞, we
obtain the following limit theorem about the return probability.

Theorem 1 If the walker starts with the state given by Eq.(6), the return
probability is of the form

P̂0 = lim
t→∞

P̄ (Xt = 0)

= 1
N2

N−1∑
k=0

6∑
j=1

(
〈
ωj(k)

∣∣∣ Ψ̃(k, 0)
〉

)
∗
(
〈
ωj(k)

∣∣∣ Ψ̃(k, 0)
〉

),
(20)

where Ψ̃(k, 0) is the Fourier transformed system’s initial state, and |ωj(k)〉 is
the normalized eigenvectors.

Proof: We start by obtaining the specific formula of P̂0 using Eq.(19)

P̂0 ≡ lim
t→∞

P̄ (Xt = 0)

= lim
T→∞

1

T

∑T−1

t=0
〈Ψ(0, t) | Ψ(0, t)〉

=
1

N2

N−1∑
k,m=0

6∑
j,l=1

(
〈
ωj(k)

∣∣∣ Ψ̃(k, 0)
〉

)
∗ 〈
ωl(m)

∣∣∣ Ψ̃(m, 0)
〉
〈ωj(k) | ωl(m)〉

lim
T→∞

1

T

∑T−1

t=0
(λj(k)

∗
λl(m))

t
.

(21)

Obviously, (λj(k)
∗
λl(m))

t
is the only time dependent term in the above

expression. Therefor, we are interested in

1

T

∑T−1

t=0
(λj(k)

∗
λl(m))

t
. (22)

which is divided the following two cases: the first kind of circumstance is
λj(k) = λl(m). In this case, we have that the average in Eq. (22) is equal to
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1. The second is λj(k) 6= λl(m). we can write

1

T

∑T−1

t=0
(λj(k)

∗
λl(m))

t
=

∣∣∣1− (λj(k)
∗
λl(m))

T
∣∣∣

T
∣∣1− λj(k)

∗
λl(m)

∣∣ ≤ 2

T |λj(k)− λl(m)|
. (23)

The latter term converges to zero, therefore the contribution to the limiting
distribution comes solely from terms with λj(k) = λl(m). We have know that
all the eigenvalues of U are different. Hence, λj(k) = λl(m) if and only if j = l

and k = m. Further, the limit of the return probability at origin P̂0 can be
obtained now

P̂0 = lim
t→∞

P̄ (Xt = 0)

= 1
N2

N−1∑
k=0

6∑
j=1

(
〈
ωj(k)

∣∣∣ Ψ̃(k, 0)
〉

)
∗
(
〈
ωj(k)

∣∣∣ Ψ̃(k, 0)
〉

).

Observing theorem 1, the exact form of P̂0 can be obtained by exploiting
the eigenvectors Eq.(16). It is obvious that the explicit form for P̂0 is a nonzero
constant depending on the parameters α, β, γ and the system size N . Thus the
existence of localization is directly related to the system’s initial coin state and
the number of vertices.

4 Numerical Simulation

In this part, numerical simulation of the three-state DTQW on the Cayley
graph of the dihedral group is provided with MATLAB code to study the
basic properties of the walk. The numerical simulation helps us verify the
results of theoretical analysis. We focus on probability distribution and Time-
averaged probability of the three-state DTQW on the Cayley graph of the
dihedral group.

In the numerical simulation, the vertices in the Cayley graph of the dihedral
group need to be re-coded. The specific coding is as follow:

V = {|0〉 |0〉 , |0〉 |1〉 , · · · , |0〉 |N − 1〉 , |1〉 |0〉 , |1〉 |1〉 , · · · , |1〉 |N − 1〉}
= {0, 1, · · · , N − 1, N,N + 1, · · · , 2N − 1} . (24)

That is, |0〉V |0〉V corresponding to 0, |0〉V |x〉V corresponding to x, |1〉V |0〉V
corresponding to N , |1〉V |x〉V corresponding to N + x.

4.1 probability distribution

To begin with, we show the probability distribution of the three-state DTQW
on the Cayley graph of the dihedral group, in order to study how the initial
state affects the property of the walk.

We choose the initial position state |10〉V and the initial coin state are
respectively |0〉,|1〉,|2〉 in Hilbert space H3

C , and 1√
3
(|0〉 + |1〉 + |2〉). Fig.3
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(a) (b)

(c) (d)

Fig. 3 Probability distribution of the three-state Grover DTQW on the Cayley graph of
the dihedral group after 200 steps. This is for a dihedral group DN of size N = 50 with
various initial coin states: |0〉 (Plot (a)), |1〉 (plot (b)), |2〉 (plot (c)), 1√

3
(|0〉+ |1〉+ |2〉) (plot

(d)).

illustrates the numerical simulation results of probability distribution of the
three-state DTQW on the Cayley graph of the dihedral group DN with N = 50
after 200 steps. A noticeable peak arises around the starting vertex and its
reflection vertex in the picture. Whatever the initial coin state is, peak exists
around the origin and its reflection vertex in the pictures. The different initial
coin states control how much of the distribution is in the central peaks.

The Grover coin is biased but symmetric, while DFT(Discrete Fourier
Transform) coin is unbiased but asymmetric. The degree-3 DFT coin is defined
as

CDFT =
1√
3

 1 1 1

1 e
2πi
3 e

4πi
3

1 e
4πi
3 e

2πi
3

 . (25)

If a DFT coin is used instead of the Grover coin on the Cayley graph of
the dihedral group, this keeps a noticeable peak arises around the starting
vertex and its reflection vertex in the picture when the initial coin states are
|1〉 and |2〉. Fig.4 illustrates the different results of probability distribution
produced from the same initial states as Fig.3. From Fig.4, we see that though
the probability distribution of three-state DFT DTQW exists peaks when the
initial coin states are |1〉 and |2〉, the values are lower. And that there is a
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(a) (b)

(c) (d)

Fig. 4 As Fig.3 but with DFT coin.

shortfall of central peaks when the initial coin states are |0〉 and 1√
3
(|0〉+ |1〉+

|2〉).
Localization is a common feature for three-state DTQW, but it does not

necessarily occur for all three-state DTQW. We can observe localization around
the starting vertex and its reflection vertex in the Fig.3, while the Fig.4(a) and
(d) do not possess the localization property. Our results tell us which kind of
coin and initial coin states we should choose if we want to build a three-state
DTQW with or without localization. For the suitable problem, all kinds of
coins operator may find its place in a useful quantum walk algorithm with
right initial coin state.

In order to illustrate the influence of the initial position state on the result-
ing distribution, two initial states were used to obtain these plots. We choose
the initial position states |00〉V + |10〉V and |10〉V , the initial coin state is
1√
3
(|0〉+ |1〉+ |2〉). In the case of the position state is |00〉V + |10〉V , the result-

ing probability distribution is symmetric with respect to the starting position.
This phenomenon is consistent with the symmetry of the dihedral group which
makes dihedral group widely used in various fields of mathematics, computer
science and the natural sciences. In the other case, if the position state is set
to |10〉V , the resulting probability distribution does not have this property,
see Fig.5. Comparison of the probability distribution for different numbers of
vertices is also presented in Fig.5. Obviously, the only significant contributions
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(a) (b)

(c) (d)

Fig. 5 Probability distribution of the three-state DTQW with Grover coin on the Cayley
graph of the dihedral group DN with N = 5(a), 8(b), 20(c)and30(d). The initial position
states are |00〉V + |10〉V (pentagram) and |10〉V (square), the initial coin state is 1√

3
(|0〉+

|1〉+ |2〉).

stem from the vertices is that the probability at the starting vertices is going
to be lower as the number of vertices increases.

4.2 Time-averaged probability

In the previous section, we mainly concentrated on the probabilityP (Xt = X)
and the long-time limit of the return probability P̄ (Xt = 0). And we know
that the probability lim

t→∞
P̄ (Xt = 0) is only dependent on the initial coin

state [α, β, γ]
ᵀ

and the system size N . Inui [19] has shown that the three-state
Grover DTQW exhibit localization, but the probability of finding the particle
at the original oscillates, because of the existence of degenerate eigenvalues 1
and −1. While the probability of finding the particle can converge in the limit
of t→∞, if the degenerate eigenvalue is 1 only.

We perform numerical simulations after the analytical calculation and the
conclusions are summarized in Fig.6. The figure manifests the probabilities
P̄ (Xt = 0) oscillate around their corresponding theoretical limiting values
lim
t→∞

P̄ (Xt = 0). In Fig.6(a), the probability decreases quickly near t=0 and

fluctuates near a fixed value, when the initial coin state is not really |1〉. while
the probability increases quickly near t=0, when the initial coin state is |1〉.
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(a) (b)

Fig. 6 (a)Time dependence of the probability of finding a particle at the origin starting
from an initial position state |10〉V for the three-state Grover DTQW on the Cayley graph
of the dihedral group D50 with various initial coin states |0〉 (blue line), |1〉 (red line), |2〉
(black line), 1√

3
(|0〉 + |1〉 + |2〉) (green line), and 1√

6
(|0〉 − 2 ∗ |1〉 + |2〉) (magenta line).

(b)Time dependence of the probability of finding a particle at the origin starting from an
initial position state |10〉V for the three-state Grover DTQW on the Cayley graph of the
dihedral group D50 with the initial coin state |0〉. The four kinds of initial vertices are 5
vertices(magenta line), 10 vertices(red line), 35 vertices(green line) and 100 vertices(blue
line), respectively.

Furthermore, we find that probability fluctuates near the same value finally,
when the initial coin states contain |1〉. In Fig.6(b), it is clearly that, for
different system sizes N , the probability at the origin oscillates periodically
with different patterns. These oscillations clearly exhibit tendencies to con-
verge, which indicate that the walker does have a non-zero probability to be
localized. Furthermore, we observe that the larger the N is, the smaller the
probabilities is.

5 Summary

Quantum walks are one of the elementary techniques of developing quantum
algorithms, most of these research findings can be viewed as quantum walks
on Abelian groups. However, quantum walks on non-Abelian groups are more
suitable for modeling complicated situations than quantum walks on Abelian
groups. The dihedral group is one of the simplest non-Abelian groups. Due
to its wealth of symmetries, the dihedral group has been studied extensively.
They are of particular interest in various fields of mathematics, computer
science and the natural sciences. Random walks on groups play an essential
role in various fields of natural science, ranging from solid-state physics and
polymer chemistry, to mathematics and computer science. Motivated by the
immense success of random walk methods in the design of classical algorithms,
we pay much attention to DTQW on the Cayley graph of the dihedral group.

Considering the characteristics of the elements in the dihedral group, we
propose a model of three-state Grover DTQW on the Caylay graph of the
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dihedral group and study its basic properties. The walker governed by three-
state quantum walk moves to the rotation, the reflection, and stay at the same
position. we concentrate on the probability distribution and the long-time limit
of the return probability starting from the origin. We calculate the probability
of finding the particle at each position after a given number of steps and we
provide a formula for the time-averaged limiting probability distribution for
the discussed model.

What is more, the analysis of three-state Grover DTQW on the Caylay
graph of the dihedral group clearly demonstrates that the size of the under-
lying dihedral group and the coin operator in itself could determine whether
localization occur. During our simulation, we find a rare and interesting result,
that time-averaged probability fluctuates near the same value finally when the
initial coin state contains |1〉. In addition, compared with three-state Grover
DTQW with different system sizes N , we observed that the smaller the N is,
the larger the probabilities lim

t→∞
P̄ (Xt = 0) is, which indicates that a stronger

localization around the starting vertex and its reflection vertex can be ob-
served. Localization is a common feature for three-state DTQW, but it does
not necessarily occur for all three-state DTQW. For example, the three-state
DFT DTQWs do not always possess the localization property. For the right
problem, all kinds of coin operator may find its place in a useful quantum walk
algorithm with right initial coin state.

Obviously, these conclusions may widen some possible applications of the
model. We anticipate that the abundant phenomena of three-state Grover
DTQW on the Caylay graph of the dihedral group will be useful in quantum
computation and quantum simulation.
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