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Nonlocal sets of orthogonal product states (OPSs) are widely used in quantum protocols owing to
their good property. In arXiv: 2003.03898, the authors consturcted some unextendible product bases
in C

m⊗C
n quantum system for n ≥ m ≥ 3. We find that a subset of their unextendible product basis

(UPB) cannot be perfectly distinguished by local operations and classical communication (LOCC).
We give a proof for the nonlocality of the subset with Vandermonde determinant and Kramer’s rule.
Meanwhile, we give a novel method to construct a nonlocal set with only 2(m + n) − 4 OPSs in
C

m ⊗C
n quantum system for m ≥ 3 and n ≥ 3. By comparing the number of OPSs in our nonlocal

set with that of the existing results, we know that 2(m + n) − 4 is the minimum number of OPSs
to construct a nonlocal and completable set in C

m ⊗ C
n quantum system so far. This means that

we give the minimum number of a completable set of OPSs that cannot be perfectly distinguished
by LOCC in arbitrary given space. Furthermore, we propose the concept of isomorphism of two
nonlocal sets of OPSs. We analyze the relationship between different nonlocal sets in a given space
using the new concept. Our work is of great help to understand the structure and classification of
locally indistinguishable OPSs in arbitrary bipartite high-dimensional system.

PACS numbers: 03.65.Ud, 03.67.Mn

I. INTRODUCTION

Quantum nonlocality without entanglement (QNWE)
is an important problem in quantum information theory.
Many related works [1–16] are proposed so far since a
set of locally indistinguishable orthogonal product states
(OPSs) can be used to design quantum protocols, such as
quantum voting [17] and quantum cryptography [18–20].
Although great progress [21–24] has been made in the
field of QNWE, there are still some problems that have
not been solved effectively. For example, the minimum
number of OPSs to construct a nonlocal set in a given
space and the classifications of different nonlocal sets of
OPSs.
As we know, a set of OPSs can be exactly discrimi-

nated by global positive-operator-valued measurements.
However, this task may not be accomplished if only lo-
cal operations and classical communication (LOCC) are
permitted. Many people intuitively thought that some
sets of quantum states cannot be reliably discriminated
by LOCC because of quantum entanglement. Bennett
et al. [1] firstly showed that a set of 9 OPSs cannot be
reliably discriminated by LOCC in C3 ⊗ C3. This coun-
terintuitive phenomenon is called QNWE by Bennett et
al.. Encouraged by Bennett et al.’s work, many people
began to engage in the research of QNWE and a lot of
results [2, 25] were proposed.
Now we introduce the development of the construction

methods of locally indistinguishable OPSs in bipartite
quantum systems. Zhang et al. [25] gave a method to

∗ donghuan jiang@163.com

construct a complete orthogonal product basis (OPB)
that cannot be exactly distinguished by LOCC in Cd ⊗
Cd quantum system for d ≥ 3. Based on this result,
Wang et al. [26] pointed out that a subset of Zhang et

al.’s OPB is still nonlocal. Meanwhile, they generalized
their method to a more general Cm⊗Cn quantum system
for m ≥ 3 and n ≥ 3. Zhang et al. [27] constructed
a nonlocal set with 4d − 4 OPSs in Cd ⊗ Cd quantum
system for d ≥ 3 and then generalized this result to a
more general case [28] in Cm ⊗ Cn quantum system for
3 ≤ m ≤ n. Recently, Zhang et al. [29] presented a
nonlocal set of 3(n+m)− 8 OPSs in Cm ⊗Cn quantum
system. Although many achievements have been made in
constructing nonlocal sets of OPSs, most of the results
contain a lot of elements and have complex structures. It
is interesting to find the minimum number of elements to
form a completable set of OPSs which cannot be perfectly
distinguished by LOCC in a general Cm ⊗ Cn quantum
system for m ≥ 3 and n ≥ 3.

In Ref. [22], Halder et al. constructed an unextendible
product basis (UPB) in Cd ⊗Cd quantum system with d
is odd and d ≥ 5. Inspired by their work, Shi et al. give
a more general method to construct UPBs in Cm ⊗ Cn

quantum system with 3 ≤ m ≤ n in Ref. [35]. As
we know, if a set of quantum states cannot be perfectly
distinguished by LOCC, its subset may not necessarily
be locally indistinguishable by LOCC. It is interesting
to find the minimum number of OPSs to form a com-
pletable set that cannot be perfectly distinguished in a
given Hilbert space. Based on this idea, we find that a
subset of the UPB constructed by Shi et al., which only
has 2(m + n) − 4 elements, cannot be perfectly distin-
guished by LOCC in C

m ⊗ C
n for 3 ≤ m ≤ n. Most

important of all, we give a novel method to construct a

http://arxiv.org/abs/2003.08291v2
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nonlocal set of OPSs in Cm ⊗ Cn quantum sysytem for
m ≥ 3 and n ≥ 3 in this paper. Both the subset and
the novel set have only 2(m + n) − 4 members, which
is the minimum number of OPSs to form a completable
set that cannot be perfectly distinguished by LOCC in a
general Cm ⊗ Cn quantum system for m ≥ 3 and n ≥ 3
so far. On the other hand, to analyze the structures of
bipartite nonlocal sets constructed by our method and
Zhang et al.’s, we give the concept of isomorphism of
two nonlocal sets of OPSs. All the results improve the
theory of QNWE. The rest of this paper is organized as
follows. In sec. II , some preliminaries that will be used
in the following sections are introduced. In sec. III, we
firstly give a subset of a UPB of Shi et al., then prove it
cannot be perfectly distinguished by LOCC. In sec. IV,
we firstly give our novel method to construct a nonlocal
set of OPSs in C

m ⊗ C
n for m ≥ 3 and n ≥ 3. Then,

we compare the number of elements of our nonlocal set
with that of the existing ones. In sec. V, we propose the
concept of isomorphism of two sets of bipartite OPSs. In
sec. VI, a brief conclusion is given.

II. PRELIMINARIES

Some preliminaries, which will be used in what follows,
are given in this section.

Definition 1. [30, 31] If a set of OPSs cannot be exactly
discriminated by LOCC, we say it is locally indistinguish-
able or nonlocal.

Definition 2. [11, 13, 22, 26, 28] A quantum measure-
ment is trivial if all its positive operator-valued measure
elements are proportional to identity operator.

Lemma 1. (Vandermonde determinant [32]) The fol-
lowing determinant is called Vandermonde determinant
since it is firstly researched by Vandermonde.

∣
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∣

∣

∣

∣

∣

∣

∣

∣

∣

1 a1 a21 · · · an−1
1
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∣
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∣

=
∏

1≤j<t≤n

(at − aj),

where t, j, n are positive integers.

Lemma 2. (Kramer’s rule [33]) A system of equations






















α11x1 + α12x2 + · · ·+ α1nxn = β1

α21x1 + α22x2 + · · ·+ α2nxn = β2

...

αn1x1 + αn2x2 + · · ·+ αnnxn = βn

has a unique solution if its coefficient determinant
∣

∣
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∣

∣

∣

∣

∣

∣

6= 0,

FIG. 1. Nonlocal subset of Shi et al.’s UPB in C
4 ⊗ C

4

quantum system. Here j denotes the product states |φj〉 for
j = 1, 2, · · · , 12.

where αλµ and βλ are plurals for λ = 1, 2, · · · , n and
µ = 1, 2, · · · , n.

Lemma 3. [34] If ω = e
2π

√

−1

d , we have

ωt 6= ωj

and

(ωp)d = 1

for 1 ≤ t < j ≤ d and 1 ≤ p ≤ d, where t, j, p and d are
integers; and d ≥ 2.

III. NONLOCAL SUBSET OF SHI ET AL.’S UPB

In [35], Shi et al. gave a more general method to
construct a UPB in Cm ⊗ Cn quantum system with
3 ≤ m ≤ n. As we know, if a set of quantum states
cannot be perfectly distinguished by LOCC, its subset
is not necessarily nonlocal. However, we found a subset
of the UPB is still LOCC indistinguishable. The subset
only has 2(m + n) − 4 members, which is the minimum
number of OPSs to form a completable set that cannot be
perfectly distinguished by LOCC in Cm ⊗ Cn for m ≥ 3
and n ≥ 3 so far.

To make readers understand the structure and the non-
locality of the subset of Shi et al.’s UPB, we first give a
special case, i.e., Theorem 1. It should be noted that all
the product states in this paper are not normalized for
convenience.

Theorem 1. In C
4 ⊗ C

4 quantum system, the states
in Eqs. (1) construct a nonlocal set of OPSs, i.e., these
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states cannot be perfectly distinguished by LOCC.

|φ1〉 = |0〉A(|0〉+ |1〉+ |2〉)B,

|φ2〉 = |0〉A(|0〉+ ω|1〉+ ω2|2〉)B,

|φ3〉 = |0〉A[|0〉+ ω2|1〉+ (ω2)2|2〉]B,

|φ4〉 = (|0〉+ |1〉+ |2〉)A|3〉B,

|φ5〉 = (|0〉+ ω|1〉+ ω2|2〉)A|3〉B,

|φ6〉 = [|0〉+ ω2|1〉+ (ω2)2|2〉]A|3〉B,

|φ7〉 = |3〉A(|1〉+ |2〉+ |3〉)B,

|φ8〉 = |3〉A(|1〉+ ω|2〉+ ω2|3〉)B,

|φ9〉 = |3〉A[|1〉+ ω2|2〉+ (ω2)2|3〉]B,

|φ10〉 = (|1〉+ |2〉+ |3〉)A|0〉B,

|φ11〉 = (|1〉+ ω|2〉+ ω2|3〉)A|0〉B,

|φ12〉 = [|1〉+ ω2|2〉+ (ω2)2|3〉]A|0〉B,

(1)

where ω = e
2π

√

−1

3 . FIG. 1 shows a clear and intuitive
structure of these states.

Proof. It should be noted that the proof method is
originally given in Refs. [2, 11]. To discriminate one of
the 12 states, one party has to start with a nontrivial
measurement of preserving orthogonality, i.e., the post-
measurement states should be mutually orthogonal and

not all M †
kMk are proportional to identity operator.

Suppose that Alice firstly starts with a set of general
4× 4 positive operator-valued measurement (POVM) el-

ements {M †
kMk : k = 1, 2, · · · , l}, where

M
†
kMk =









ak00 ak01 ak02 ak03
ak10 ak11 ak12 ak13
ak20 ak21 ak22 ak23
ak30 ak31 ak32 ak33









in the basis {|0〉, |1〉, |2〉, |3〉}. The post-measurement
states {(Mk ⊗ I4×4)|φj〉 : j = 1, 2, · · · , 12} should pre-
serve their orthogonality.
Because (Mk ⊗ I4×4)|φ1〉 is orthogonal to (Mk ⊗

I4×4)|φ10〉, (Mk ⊗ I4×4)|φ11〉 and (Mk ⊗ I4×4)|φ12〉, i.e.,














〈φ1|(M
†
kMk ⊗ I4×4)|φ10〉 = 0

〈φ1|(M
†
kMk ⊗ I4×4)|φ11〉 = 0

〈φ1|(M
†
kMk ⊗ I4×4)|φ12〉 = 0

and














〈φ10|(M
†
kMk ⊗ I4×4)|φ1〉 = 0

〈φ11|(M
†
kMk ⊗ I4×4)|φ1〉 = 0

〈φ12|(M
†
kMk ⊗ I4×4)|φ1〉 = 0

,

we get two systems of linear equations











ak01 + ak02 + ak03 = 0

ak01 + ωak02 + ω2ak03 = 0

ak01 + ω2ak02 + (ω2)2ak03 = 0

(2)

and










ak10 + ak20 + ak30 = 0

ak10 + ωak20 + ω2ak30 = 0

ak10 + ω2ak20 + (ω2)2ak30 = 0

, (3)

where ω is the conjugate complex number of ω.
By Lemma 1-3, we get the unique solution of Eqs. (2),

ak01 = ak02 = ak03 = 0 (4)

and the unique solution of Eqs. (3),

ak10 = ak20 = ak30 = 0. (5)

Similarly, we can get two systems of linear equations











ak30 + ak31 + ak32 = 0

ak30 + ωak31 + ω2ak32 = 0

ak30 + ω2ak31 + (ω2)2ak32 = 0

(6)

and










ak03 + ak13 + ak23 = 0

ak03 + ωak13 + ω2ak23 = 0

ak03 + ω2ak13 + (ω2)2ak23 = 0

(7)

since (Mk ⊗ I4×4)|φ7〉 is orthogonal to (Mk ⊗ I4×4)|φ4〉,
(Mk ⊗ I4×4)|φ5〉 and (Mk ⊗ I4×4)|φ6〉. By Lemma 1-3,
we get the unique solution of Eqs. (6),

ak30 = ak31 = ak32 = 0 (8)

and the unique solution of Eqs. (7),

ak03 = ak13 = ak23 = 0. (9)

Because these three states (Mk ⊗ I4×4)|φ4〉, (Mk ⊗
I4×4)|φ5〉 and (Mk ⊗ I4×4)|φ6〉 are mutually orthogonal,
we have

{

〈φ4|(M
†
kMk ⊗ I4×4)|φ5〉 = 0

〈φ4|(M
†
kMk ⊗ I4×4)|φ6〉 = 0

,

{

〈φ5|(M
†
kMk ⊗ I4×4)|φ4〉 = 0

〈φ5|(M
†
kMk ⊗ I4×4)|φ6〉 = 0

and
{

〈φ6|(M
†
kMk ⊗ I4×4)|φ4〉 = 0

〈φ6|(M
†
kMk ⊗ I4×4)|φ5〉 = 0

.

That is,



























2
∑

p=1

(ωp

2
∑

j=0

akjp) = −
2

∑

j=0

akj0

2
∑

p=1

[(ω2)p
2

∑

j=0

akjp] = −

2
∑

j=0

akj0

, (10)
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2
∑

p=1

2
∑

j=0

ωjakjp = −
2

∑

j=0

ωjakj0

2
∑

p=1

[(ω2)p
2

∑

j=0

ωjakjp] = −

2
∑

j=0

ωjakj0

, (11)

and



























2
∑

p=1

2
∑

j=0

(ω2)jakjp = −
2

∑

j=0

(ω2)jakj0

2
∑

p=1

[ωp

2
∑

j=0

(ω2)jakjp] = −

2
∑

j=0

(ω2)jakj0

, (12)

where ω is the conjugate complex number of ω.

For simplicity, we denote the coefficient determinants
of Eqs. (10), (11) and (12) as D1, D2 and D3, respec-
tively. Since

D1 =

∣

∣

∣

∣

ω ω2

ω2 (ω2)2

∣

∣

∣

∣

= ω3

∣

∣

∣

∣

1 ω

1 ω2

∣

∣

∣

∣

= ω2 − ω 6= 0,

D2 =

∣

∣

∣

∣

1 1
ω2 (ω2)2

∣

∣

∣

∣

= (ω2)2 − ω2 6= 0,

D3 =

∣

∣

∣

∣

1 1
ω ω2

∣

∣

∣

∣

= ω2 − ω 6= 0,

we obtain the unique solutions of Eqs. (10), (11) and
(12), respectively, i.e.,



























2
∑

j=0

akj1 =

2
∑

j=0

akj0

2
∑

j=0

akj2 =

2
∑

j=0

akj0

, (13)



























2
∑

j=0

ωjakj1 = ω

2
∑

j=0

ωjakj0

2
∑

j=0

ωjakj2 = ω2
2

∑

j=0

ωjakj0

, (14)

and



























2
∑

j=0

(ω2)jakj1 = ω2
2

∑

j=0

(ω2)jakj0

2
∑

j=0

(ω2)jakj2 = (ω2)2
2

∑

j=0

(ω2)jakj0

. (15)

By Eqs. (5), (13), (14) and (15), we get


















































2
∑

j=0

akj1 = ak00

2
∑

j=0

ωjakj1 = ωak00

2
∑

j=0

(ω2)jakj1 = ω2ak00

(16)

and


















































2
∑

j=0

akj2 = ak00

2
∑

j=0

ωjakj2 = ω2ak00

2
∑

j=0

(ω2)jakj2 = (ω2)2ak00

. (17)

By Lemma 1-3, we easily get the unique solutions of Eqs.
(16) and Eqs. (17), respectively, i.e.,

{

ak11 = ak00

ak01 = ak21 = 0
(18)

and
{

ak22 = ak00

ak02 = ak12 = 0
. (19)

Similarly, because the three product states {(Mk ⊗
I4×4)|φ10〉, (Mk ⊗ I4×4)|φ11〉 and (Mk ⊗ I4×4)|φ12〉} are
mutually orthogonal, we have



























1
∑

p=0

[ωp

3
∑

j=1

akj(p+1)] = −ω2
3

∑

j=1

akj3

1
∑

p=0

[(ω2)p
3

∑

j=1

akj(p+1)] = −(ω2)2
3

∑

j=1

akj3

, (20)



























1
∑

p=0

3
∑

j=1

ωj−1akj(p+1) = −
3

∑

j=1

ωj−1akj3

1
∑

p=0

[(ω2)p
3

∑

j=1

ωj−1akj(p+1)] = −(ω2)2
3

∑

j=1

ωj−1akj3

(21)
and



























1
∑

p=0

3
∑

j=1

(ω2)j−1akj(p+1) = −

3
∑

j=1

(ω2)j−1akj3

1
∑

p=0

[ωp

3
∑

j=1

(ω2)j−1akj(p+1)] = −ω2
3

∑

j=1

(ω2)j−1akj3

.

(22)
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For simplicity, we denote the coefficient determinants of
Eqs. (20), (21) and (22) as D4, D5 and D6, respectively.
Since

D4 =

∣

∣

∣

∣

1 ω
1 ω2

∣

∣

∣

∣

6= 0,

D5 =

∣

∣

∣

∣

1 1
1 ω2

∣

∣

∣

∣

6= 0,

D6 =

∣

∣

∣

∣

1 1
1 ω

∣

∣

∣

∣

6= 0,

we can get the unique solutions of Eqs. (20), (21) and
(22), respectively, i.e.,



























3
∑

j=1

akj1 =

3
∑

j=1

akj3

3
∑

j=1

akj2 =

3
∑

j=1

akj3

, (23)



























3
∑

j=1

ωj−1akj1 = ω2
3

∑

j=1

ωj−1akj3

3
∑

j=1

ωj−1akj2 = ω

3
∑

j=1

ωj−1akj3

, (24)

and


























3
∑

j=1

(ω2)j−1akj1 = (ω2)2
3

∑

j=1

(ω2)j−1akj3

3
∑

j=1

(ω2)j−1akj2 = ω2
3

∑

j=1

(ω2)j−1akj3

. (25)

By Eqs. (9), (23), (24) and (25), we can get


















































3
∑

j=1

akj1 = ak33

3
∑

j=1

ωj−1akj1 = ak33

3
∑

j=1

(ω2)j−1akj1 = ak33

(26)

and


















































3
∑

j=1

akj2 = ak33

3
∑

j=1

ωj−1akj2 = ωak33

3
∑

j=1

(ω2)j−1akj2 = ω2ak33

. (27)

FIG. 2. Nonlocal subset of Shi et al.’s UPB in C
m ⊗ C

n

quantum system for 3 ≤ m ≤ n. Here j denotes the product
states |φj〉 for j=1, 2, · · · , 2n+ 2m− 4.

By Lemma 1-3, we can immediately get the unique solu-
tions of Eqs. (26) and Eqs. (27), i.e.,

{

ak11 = ak33

ak21 = ak31 = 0
(28)

and

{

ak22 = ak33

ak12 = ak32 = 0
. (29)

By Eqs. (4), (5), (8), (9), (18), (19), (28) and (29), we
have

M
†
kMk =









ak33 0 0 0
0 ak33 0 0
0 0 ak33 0
0 0 0 ak33









for k = 1, 2, · · · , l. This means that all the POVM ele-
ments of Alice are proportional to identity matrix. Thus
Alice cannot start with a nontrivial measurement to keep
the orthogonality of the post-measurement states.

On the other hand, Bob faces the similar circumstance
as Alice does since the set of these twelve states has a
symmetrical structure. Therefore, these states cannot be
exactly distinguished by using only LOCC. This com-
pletes the proof.

A nonlocal subset of Shi et al.’s UPB is given in The-
orem 2. The structure of the subset can be seen in FIG.
2.

Theorem 2. In C
m ⊗ C

n quantum system, the set of
the 2(m+ n)− 4 product states in Eqs. (30) is nonlocal,
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FIG. 3. The depiction of Bennett et al.’s states in C
3 ⊗ C

3

quantum system as a set of dominoes. Here j denotes the
product state |φj〉 for j = 1, 2, · · · , 8.

i.e., it cannot be exactly discriminated using only LOCC.

|φσ+1〉 = |0〉A[
n−2
∑

j=0

(ω1)
σj |j〉]B,

|φη+n〉 = [

m−2
∑

j=0

(ω2)
ηj |j〉]A|(n− 1)〉B,

|φσ+n+m−1〉 = |(m− 1)〉A[

n−2
∑

j=0

(ω1)
σj |(j + 1)〉]B,

|φη+2n+m−2〉 = [
m−2
∑

j=0

(ω2)
ηj |(j + 1)〉]A|0〉B,

(30)

where 3 ≤ m ≤ n, ω1 = e
2π

√

−1

n−1 , ω2 = e
2π

√

−1

m−1 , σ =
0, 1, · · · , n− 2 and η = 0, 1, · · · ,m− 2.

The proof of Theorem 2 is showed in Appendix A.
It should be noted that Theorem 2 is still true when
m ≥ 3 and n ≥ 3, which can be easily seen from the
proof process.

IV. NOVEL NONLOCAL SETS OF

ORTHOGONAL PRODUCT STATES

In Ref. [1], Bennett et al. constructed 9 orthogonal
product states, which cannot be exactly discriminated
by two separated observers if only LOCC are allowed be-
tween them. Feng et al. [10] showed that 8 (see FIG.
3 and Eqs. (31)) of those 9 product states are still in-
distinguishable using only LOCC in C3 ⊗ C3 quantum
system.

|φ1〉 = |0〉A(|0〉+ |1〉)B,

|φ2〉 = |0〉A(|0〉 − |1〉)B,

|φ3〉 = (|0〉+ |1〉)A|2〉B,

|φ4〉 = (|0〉 − |1〉)A|2〉B,

|φ5〉 = |2〉A(|1〉+ |2〉)B,

|φ6〉 = |2〉A(|1〉 − |2〉)B,

|φ7〉 = (|1〉+ |2〉)A|2〉B,

|φ8〉 = (|1〉 − |2〉)A|2〉B.

(31)

The set of these 8 states has a very good structure,
which is very helpful for people to understand QNWE.

FIG. 4. A nonlocal set in 5 ⊗ 5 quantum system. j denotes
the product state |φj〉 for j = 1, 2, · · · , 16.

Inspired by the construction method of these states, we
give a nonlocal set of OPSs (see FIG. 4) in C5⊗C5 quan-
tum system, i.e.,

|φ1,2〉 = |0〉A(|0〉 ± |1〉)B,

|φ3,4〉 = |0〉A(|2〉 ± |3〉)B,

|φ5,6〉 = (|0〉 ± |1〉)A|4〉B,

|φ7,8〉 = (|2〉 ± |3〉)A|4〉B,

|φ9,10〉 = |4〉A(|3〉 ± |4〉)B,

|φ11,12〉 = |4〉A(|1〉 ± |2〉)B,

|φ13,14〉 = (|3〉 ± |4〉)A|0〉B,

|φ15,16〉 = (|1〉 ± |2〉)A|4〉B.

(32)

Theorem 3. The set of 16 OPSs in Eqs. (32) is nonlo-
cal, i.e., each state of the set cannot be perfectly distin-
guished by LOCC.

Proof. To discriminate these states, someone needs
to perform a measurement of preserving orthogonality.
That is, the states that are orthogonal only on Alice’s
(Bob’s) side are still orthogonal on this side after mea-
surement. Thus we need to show that Alice or Bob only
can perform a nontrivial measurement no matter who
goes first. Suppose that Alice performs a measure of pre-
serving orthogonality with positive operator-value mea-
surement (POVM) elements

M
†
kMk =













ak00 ak01 ak02 ak03 ak04
ak10 ak11 ak12 ak13 ak14
ak20 ak21 ak22 ak23 ak24
ak30 ak31 ak32 ak33 ak34
ak40 ak41 ak42 ak43 ak44













in the basis {|0〉, |1〉, |2〉, |3〉, |4〉}.
Because (Mk ⊗ I5×5)|φ1〉 is orthogonal to either of the

states {(Mk ⊗ I5×5)|φj〉, (Mk ⊗ I)|φj+1〉} for j = 13, 15,
we have























〈φ1|M
†
kMk ⊗ I5×5|φj〉 = 0

〈φ1|M
†
kMk ⊗ I5×5|φj+1〉 = 0

〈φj |M
†
kMk ⊗ I5×5|φ1〉 = 0

〈φj+1|M
†
kMk ⊗ I5×5|φ1〉 = 0
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Thus we get























〈0|M †
kMk(|3〉+ |4〉)A = ak03 + ak04 = 0

〈0|M †
kMk(|3〉 − |4〉)A = ak03 − ak04 = 0

(〈3|+ 〈4|)M †
kMk|0〉A = ak30 + ak40 = 0

(〈3| − 〈4|)M †
kMk|0〉A = ak30 − ak40 = 0

,

and























〈0|M †
kMk(|1〉+ |2〉)A = ak01 + ak02 = 0

〈0|M †
kMk(|1〉 − |2〉)A = ak01 − ak02 = 0

(〈1|+ 〈2|)M †
kMk|0〉A = ak10 + ak20 = 0

(〈1| − 〈2|)M †
kMk|0〉A = ak10 − ak20 = 0

.

Therefore, we have

{

ak01 = ak02 = ak03 = ak04 = 0

ak10 = ak20 = ak30 = ak40 = 0
. (33)

Similarly, because (Mk⊗I5×5)|φ9〉 is orthogonal to either
of the states {(Mk ⊗ I5×5)|φj〉, (Mk ⊗ I5×5)|φj+1〉} for
j = 5, 7, we have























〈φ9|M
†
kMk ⊗ I5×5|φj〉 = 0

〈φ9|M
†
kMk ⊗ I5×5|φj+1〉 = 0

〈φj |M
†
kMk ⊗ I5×5|φ9〉 = 0

〈φj+1|M
†
kMk ⊗ I5×5|φ9〉 = 0

.

Thus we get























〈4|M †
kMk(|0〉+ |1〉)A = ak40 + ak41 = 0

〈4|M †
kMk(|0〉 − |1〉)A = ak40 − ak41 = 0

(〈0|+ 〈1|)M †
kMk|4〉A = ak04 + ak14 = 0

(〈0| − 〈1|)M †
kMk|4〉A = ak04 − ak14 = 0

and























〈4|M †
kMk(|2〉+ |3〉)A = ak42 + ak43 = 0

〈4|M †
kMk(|2〉 − |3〉)A = ak42 − ak43 = 0

(〈2|+ 〈3|)M †
kMk|4〉A = ak24 + ak34 = 0

(〈2| − 〈3|)M †
kMk|4〉A = ak24 − ak34 = 0

Therefore, we have

{

ak40 = ak41 = ak42 = ak43 = 0

ak04 = ak14 = ak24 = ak34 = 0
. (34)

Due to the orthogonality of (Mk⊗I5×5)|φ15〉 and (Mk⊗
I5×5)|φ16〉, we have

{

a11 − a12 + a21 − a22 = 0

a11 + a12 − a21 − a22 = 0
.

Thus we get

a11 = a22. (35)

Similarly, we get










a33 = a44

a00 = a11

a22 = a33

. (36)

by the orthogonality of (Mk ⊗ I5×5)|φj〉 and (Mk ⊗
I5×5)|φj+1〉 for j = 13, 5, 7.
Because (Mk ⊗ I5×5)|ψ15〉 and (Mk ⊗ I5×5)|ψ16〉 are

orthogonal to (Mk ⊗ I5×5)|ψ13〉 and (Mk ⊗ I5×5)|ψ14〉 },
we get























〈φ15|M
†
kMk ⊗ I5×5|φ13〉 = 0

〈φ15|M
†
kMk ⊗ I5×5|φ14〉 = 0

〈φ16|M
†
kMk ⊗ I5×5|φ13〉 = 0

〈φ16|M
†
kMk ⊗ I5×5|φ14〉 = 0

,























〈φ13|M
†
kMk ⊗ I5×5|φ15〉 = 0

〈φ14|M
†
kMk ⊗ I5×5|φ15〉 = 0

〈φ13|M
†
kMk ⊗ I5×5|φ16〉 = 0

〈φ14|M
†
kMk ⊗ I5×5|φ16〉 = 0

,

i.e.,






















ak13 + ak14 + ak23 + ak24 = 0

ak13 − ak14 + ak23 − ak24 = 0

ak13 + ak14 − ak23 − ak24 = 0

ak13 − ak14 − ak23 + ak24 = 0

, (37)























ak31 + ak32 + ak41 + ak42 = 0

ak31 + ak32 − ak41 − ak42 = 0

ak31 − ak32 + ak41 − ak42 = 0

ak31 − ak32 − ak41 + ak42 = 0

. (38)

By Eqs. (37) and (38), we have

ak13 = ak14 = ak23 = ak24 = 0, (39)

ak31 = ak32 = ak41 = ak42 = 0. (40)

Because {(Mk ⊗ I5×5)|ψ5〉 and (Mk ⊗ I5×5)|ψ6〉 are
orthogonal to (Mk ⊗ I)|ψ7〉 and (Mk ⊗ I)|ψ8〉} on Alice’s
side, i.e.,























〈φ5|M
†
kMk ⊗ I5×5|ψ7〉 = 0

〈φ5|M
†
kMk ⊗ I5×5|ψ8〉 = 0

〈φ6|M
†
kMk ⊗ I5×5|ψ7〉 = 0

〈φ6|M
†
kMk ⊗ I5×5|ψ8〉 = 0

,
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〈φ7|M
†
kMk ⊗ I5×5|φ5〉 = 0

〈φ7|M
†
kMk ⊗ I5×5|φ6〉 = 0

〈φ8|M
†
kMk ⊗ I5×5|φ5〉 = 0

〈φ8|M
†
kMk ⊗ I5×5|φ6〉 = 0

,

we have






















ak02 + ak03 + ak12 + ak13 = 0

ak02 − ak03 + ak12 − ak13 = 0

ak02 + ak03 − ak12 − ak13 = 0

ak02 − ak03 − ak12 + ak13 = 0

, (41)























ak20 + ak21 + ak30 + ak31 = 0

ak20 − ak21 + ak30 − ak31 = 0

ak20 + ak21 − ak30 − ak31 = 0

ak20 − ak21 − ak30 + ak31 = 0

, (42)

By Eqs.(41) and (42), we have

ak02 = ak03 = ak12 = ak13 = 0, (43)

ak20 = ak21 = ak30 = ak31 = 0. (44)

By Eqs. (33), (34), (35), (36), (39), (40), (43) and
(44), we have

M
†
kMk =













ak00 0 0 0 0
0 ak00 0 0 0
0 0 ak00 0 0
0 0 0 ak00 0
0 0 0 0 ak00













.

That is, all the POVM elements of Alice are proportional
to identity operator. This means that Alice cannot get
any useful information to discriminate these states to pre-
serve the orthogonality of the psot-measurement states.
So does Bob by the symmetry of the set of OPSs in Eqs.
(32). Therefore, these states cannot be reliably discrim-
inated by LOCC, i.e., the set of these states is nonlocal.
This completes the proof.
By the structure of the set consisted of the OPSs in

Theorem 3, we can easily generalize our construction to
a general case.

Theorem 4. In Cm ⊗ Cn quantum system, the set of
the following 2(m+ n)− 4 OPSs, i.e.,

|φ1+2δ〉 = |0〉A[|2δ〉+ |(2δ + 1)〉]B,

|φ2+2δ〉 = |0〉A[|2δ〉 − |(2δ + 1)〉]B,

|φn+2σ〉 = [|2σ〉+ |(2σ + 1)〉]A|(n− 1)〉B,

|φn+1+2σ〉 = [|2σ〉 − |(2σ + 1)〉]A|(n− 1)〉B,

|φn+m−1+2δ〉 = |(m− 1)〉A[|(2δ + 1)〉+ |(2δ + 2)〉]B,

|φn+m+2δ〉 = |(m− 1)〉A[|(2δ + 1)〉 − |(2δ + 2)〉]B,

|φ2n+m−2+2σ〉 = [|(2σ + 1)〉+ |(2σ + 2)〉]A|0〉B,

|φ2n+m−1+2σ〉 = [|(2σ + 1)〉 − |(2σ + 2)〉]A|0〉B,
(45)

FIG. 5. A nonlocal set of 2(m + n) − 4 OPSs in m ⊗ n for
m = 2d1 + 1 and n = 2d2 + 1.

cannot be perfectly distinguished by LOCC, wherem and
n are positive integers, m = 2d1+1 ≥ 3, n = 2d2+1 ≥ 3;
δ = 0, 1, 2, · · · , d2 − 1; and σ = 0, 1, 2, · · · , d1 − 1.
The structure of the states in Eqs. (45) is showed in FIG.
5.

Proof. We prove this Theorem by the same method
that we use to prove Theorem 3. We need to show that
Alice and Bob only can perform a trivial measurement
to preserve the orthogonality of the post-measurement
states no matter who goes first. Without loss of gener-
ality, suppose that Alice perform a general measurement
with POVM element

M
†
kMk =











ak00 ak01 · · · ak0,m−1

ak10 ak11 · · · ak1,m−1
...

...
. . .

...
akm−1,0 akm−1,1 · · · akm−1,m−1











in the basis {|0〉, |1〉, · · · , |(m− 1)〉}.
Because (Mk ⊗ In×n)|φ1〉 is orthogonal to each

state of the set {(Mk ⊗ In×n)|φ2n+m−2+2σ〉, (Mk ⊗
In×n)|φ2n+m−1+2σ〉}, we have























〈φ1|M
†
kMk ⊗ In×n|φ2n+m−2+2σ〉 = 0

〈φ1|M
†
kMk ⊗ In×n|φ2n+m−1+2σ〉 = 0

〈φ2n+m−2+2σ |M
†
kMk ⊗ In×n|φ1〉 = 0

〈φ2n+m−1+2σ |M
†
kMk ⊗ In×n|φ1〉 = 0

,

where σ = 0, 1, · · · , d1 − 1. Thus we have

{

ak01 = ak02 = ak03 = · · · = ak0,m−1 = 0

ak10 = ak20 = ak30 = · · · = akm−1,0 = 0
. (46)

Similarly, we have

{

ak0,m−1 = ak1,m−1 = · · · = akm−2,m−1 = 0

akm−1,0 = akm−1,1 = · · · = akm−1,m−2 = 0
(47)
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by the orthogonality of (Mk ⊗ In×n)|φn+m−1〉 and
each state of the set {(Mk ⊗ In×n)|φn+2σ〉, (Mk ⊗
In×n)|φn+1+2σ〉}.
Due to the orthogonality of (Mk ⊗ In×n)|φ2n+m−2+2σ〉

and (Mk ⊗ In×n)|φ2n+m−1+2σ〉, we have



























2σ+2
∑

i=2σ+1

(−1)i+1ak2σ+1,i +

2σ+2
∑

i=2σ+1

(−1)i+1ak2σ+2,i = 0

2σ+2
∑

i=2σ+1

ak2σ+1,i −
2σ+2
∑

i=2σ+1

ak2σ+2,i = 0

.

Therefore, we obtain

ak2σ+1,2σ+1 = ak2σ+2,2σ+2

for σ = 0, 1, 2, · · · , d1 − 1. Thus we have

ak11 = ak22 = · · · = akm−1,m−1. (48)

Similarly, due to the orthogonality of (Mk⊗In×n)|φn+2σ〉
and (Mk ⊗ In×n)|φn+1+2σ〉, we have

{

ak2σ,2σ − ak2σ,2σ+1 + ak2σ+1,2σ − ak2σ+1,2σ+1 = 0

ak2σ,2σ + ak2σ,2σ+1 − ak2σ+1,2σ − ak2σ+1,2σ+1 = 0
.

So

ak2σ,2σ = ak2σ+1,2σ+1

where σ = 0, 1, 2, · · · , d1 − 1. Thus we can get

ak00 = ak11 = · · · = akm−2,m−2. (49)

Because (Mk ⊗ In×n)|φ2n+m−2+2µ〉 and (Mk⊗
In×n)|φ2n+m−1+2µ〉 are orthogonal to (Mk ⊗
In×n)|φ2n+m−2+2λ〉 and (Mk ⊗ In×n)|φ2n+m−1+2λ〉,
where µ, λ = 0, 1, 2, · · · , d1 − 1 and µ 6= λ, i.e.,























〈φ2n+m−2+2µ|M
†
kMk ⊗ In×n|φ2n+m−2+2λ〉 = 0

〈φ2n+m−2+2µ|M
†
kMk ⊗ In×n|φ2n+m−1+2λ〉 = 0

〈φ2n+m−1+2µ|M
†
kMk ⊗ In×n|φ2n+m−2+2λ〉 = 0

〈φ2n+m−1+2µ|M
†
kMk ⊗ In×n|φ2n+m−1+2λ〉 = 0

,

so we have










































































2λ+2
∑

i=2λ+1

ak2µ+1,i +

2λ+2
∑

i=2λ+1

ak2µ+2,i = 0

2λ+2
∑

i=2λ+1

(−1)i+1ak2µ+1,i +

2λ+2
∑

i=2λ+1

(−1)i+1ak2µ+2,i = 0

2λ+2
∑

i=2λ+1

ak2µ+1,i −
2λ+2
∑

i=2λ+1

ak2µ+2,i = 0

2λ+2
∑

i=2λ+1

(−1)i+1ak2µ+1,i +

2λ+2
∑

i=2λ+1

(−1)iak2µ+2,i = 0

.

FIG. 6. A nonlocal set of 2(m + n) − 4 OPSs in m ⊗ n for
m = 2d1 and n = 2d2.

Thus we get

ak2µ+1,2λ+1 = ak2µ+1,2λ+2 = 0,

ak2µ+2,2λ+1 = ak2µ+2,2λ+2 = 0,
(50)

where µ, λ = 0, 1, 2, · · · , d1 − 1 and µ 6= λ. Similarly,
because (Mk ⊗ In×n)|φn+2µ〉 and (Mk ⊗ In×n)|φn+1+2µ〉
are orthogonal to (Mk⊗I)|φn+2λ〉 and (Mk⊗I)|φn+1+2λ〉,
we get

ak2µ,2λ = ak2µ,2λ+1 = 0,

ak2µ+1,2λ = ak2µ+1,2λ+1 = 0.
(51)

where µ, λ = 0, 1, 2, · · · , d1 − 1 and µ 6= λ.
By Eqs. (46), (47), (48), (49), (50) and (51), we have

M
†
kMk =











ak00 0 · · · 0
0 ak00 · · · 0
...

...
. . .

...
0 0 · · · ak00











for i = 1, 2, · · · , l. This means that all the POVM el-
ements of Alice are proportional to identity operator.
Therefore, Alice only can perform a trivial measurement
to preserve the orthogonality of the psot-measurement
states. So does Bob by the symmetry of the set of these
2(m+n)− 4 product states. Therefore, these states can-
not be reliably discriminated by LOCC no matter who
goes first. This completes the proof.
In Theorem 4, m and n are two odd numbers. In fact,

a same conclusion can be got when m and n are all even
numbers.

Theorem 5. In C
m⊗C

n quantum system, the following
2(m+ n)− 4 OPSs, i.e.,
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|φt+1〉 = |0〉A(

2
∑

j=0

ωtj |j〉)B ,

|φ2δ+4〉 = |0〉A[|(2δ + 3)〉+ |(2δ + 4)〉]B,

|φ2δ+5〉 = |0〉A[|(2δ + 3)〉 − |(2δ + 4)〉]B,

|φt+n〉 = (
2

∑

j=0

ωtj|j〉)A|(n− 1)〉B,

|φn+2σ+3〉 = [|(2σ + 3)〉+ |(2σ + 4)〉]A|(n− 1)〉B,

|φn+2σ+4〉 = [|(2σ + 3)〉 − |(2σ + 4)〉]A|(n− 1)〉B,

|φt+n+m−1〉 = |(m− 1)〉A[

2
∑

j=0

ωtj |(j + 1)〉]B,

|φn+m+2δ+2〉 = |(m− 1)〉A[|(2δ + 4)〉+ |(2δ + 5)〉]B,

|φn+m+2δ+3〉 = |(m− 1)〉A[|(2δ + 4)〉 − |(2δ + 5)〉]B,

|φt+2n+m−2〉 = [

2
∑

j=0

ωtj |(j + 1)〉]A|0〉B,

|φ2n+m+2σ+1〉 = [|(2σ + 4)〉+ |(2σ + 5)〉]A|0〉B,

|φ2n+m+2σ+2〉 = [|(2σ + 4)〉 − |(2σ + 5)〉]A|0〉B,

cannot be perfectly distinguished by LOCC, where m =

2d1 ≥ 4 and n = 2d2 ≥ 4; t = 0, 1, 2; ω = e
2π

√

−1

3 ;
δ = 0, 1, 2, · · · , d2 − 3; and σ = 0, 1, 2, · · · , d1 − 3.
The structure of these states is showed in FIG. 6.

The proof of Theorem 5 is given in Appendix B. By
Theorem 5, we can get a special set for m = n = 4, i.e.,

|φt+1〉 = |0〉A(

2
∑

j=0

ωtj |j〉)B ,

|φt+4〉 = (

2
∑

j=0

ωtj |j〉)A|3〉B,

|φt+7〉 = |3〉A[

2
∑

j=0

ωtj |(j + 1)〉]B ,

|φt+10〉 = [

2
∑

j=0

ωtj |(j + 1)〉]A|0〉B,

(52)

where t = 0, 1, 2; ω = e
2π

√

−1

3 . It is easy to see that the
states in Eqs. (52) are identical to the states in Eqs. (1).

Theorem 6. In Cm⊗Cn quantum system, the following

FIG. 7. A nonlocal set of 2(m + n) − 4 OPSs in m ⊗ n for
m = 2d1 and n = 2d2 + 1.

2(m+ n)− 4 OPSs

|ψ1+2δ〉 = |0〉A[|2δ〉+ |(2δ + 1)〉]B,

|ψ2+2δ〉 = |0〉A[|2δ〉 − |(2δ + 1)〉]B,

|ψt+n〉 = (

2
∑

j=0

ωtj |j〉)A|(n− 1)〉B,

|ψn+2σ+3〉 = [|(2σ + 3)〉+ |(2σ + 4)〉]A|(n− 1)〉B,

|ψn+2σ+4〉 = [|(2σ + 3)〉 − |(2σ + 4)〉]A|(n− 1)〉B,

|ψn+m+2δ−1〉 = |(m− 1)〉A[|(2δ + 1)〉+ |(2δ + 2)〉]B,

|ψn+m+2δ〉 = |(m− 1)〉A[|(2δ + 1)〉 − |(2δ + 2)〉]B,

|ψt+2n+m−2〉 = [

2
∑

j=0

ωtj|(j + 1)〉]A|0〉B,

|ψ2n+m+2σ+1〉 = [|(2σ + 4)〉+ |(2σ + 5)〉]A|0〉B,

|ψ2n+m+2σ+2〉 = [|(2σ + 4)〉 − |(2σ + 5)〉]A|0〉B,

cannot be perfectly distinguished by LOCC, where m =

2d1 ≥ 4 and n = 2d2 + 1 ≥ 3; ω = e
2π

√

−1

3 , t = 0, 1, 2;
δ = 0, 1, 2, · · · , d2 − 1; and σ = 0, 1, 2, · · · , d1 − 3.

The structure of the states in Theorem 6 is showed in
FIG. 7. We can prove Theorem 7 with the proof meth-
ods of Theorem 4 and Theorem 5. That is, we prove
Alice only can perform a trivial measurement as we do
in Theorem 5 while we prove Bob only can perform a triv-
ial measurement as we do in Theorem 4. By Eqs. (31),
Theorem 1 and Theorem 3-6, we get a general conclusion,
i.e., Theorem 7.

Theorem 7. In Cm ⊗Cn quantum system, there exists
2(m+n)−4 OPSs that cannot be perfectly discriminated
by LOCC, where m ≥ 3 and n ≥ 3.
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In fact, the sets of OPSs in Theorem 2, 4, 5 or 6 can
be extended to complete orthogonal product bases by
adding the OPSs |i〉|j〉, where 1 ≤ i ≤ m−2 and 1 ≤ j ≤
n − 2. This means that these sets are completable. For
bipartite systems, there are many constructions of locally
indistinguishable sets of orthogonal product states. Some
of them are complete bases [1, 25], while some of them
are incomplete [11, 12, 22, 23, 26–29, 35–37]. Among the
incomplete sets, several sets are completable, a few sets
are uncompletable, and rest of them are unextendible
product bases. TABLE I gives the detailed indicators of

different sets.
Our nonlocal sets of OPSs have fewer elements than

the existing results [23, 26, 28, 29] in a general Cm ⊗Cn

quantum system when a “stoper” state [36] is not in-
clude. That is, we give the minimum number of elements
to form a completable set of OPSs that cannot be per-
fectly distinguished by LOCC in arbitrary bipartite sys-
tem. In fact, 2(m+n)−4 is just the minimum number to
form a completable and nonlocal set of OPSs in Cm⊗Cn

quantum system for m ≥ 3 and n ≥ 3 so far. Most im-
portantly, the structure of our nonlocal set of OPSs is
symmetrical and more intuitive.

TABLE I. Comparison of different constructions of locally indistinguishable sets of bipartite orthogonal product states.

Different sets The number of elements system Constraints of parameters type 1 type 2
Construction of Ref. [1] 9 C

3 ⊗ C
3 - complete -

Construction of Ref. [25] d2 C
d ⊗ C

d d is odd and d ≥ 3 complete -
Construction of Ref. [12] 3 C

3 ⊗ C
3 - incomplete unexpendible

Construction of Ref. [36] d2 − 2d+ 1 C
d ⊗ C

d d is even and d ≥ 4 incomplete unexpendible
Construction of Ref. [22] d2 − 2d+ 2 C

d ⊗ C
d d is odd and d ≥ 3 incomplete unexpendible

Construction of Ref. [35] mn− 4⌊m−1

2
⌋ C

m ⊗ C
n 3 ≤ m ≤ n incomplete unexpendible

Construction of Ref. [11] 2d-1 C
d ⊗ C

d d ∈ Z and d ≥ 3 incomplete uncompletable
Construction of Ref. [26] 6d− 9 C

d ⊗ C
d d is odd and d ≥ 3 incomplete completable

Construction of Ref. [27] 4d− 4 C
d ⊗ C

d d ∈ Z and d ≥ 3 incomplete completable
Construction of Ref. [23] mn C

m ⊗ C
n m ≥ 3 and n ≥ 3 incompete completable

Construction of Ref. [26] 3m+ 3n− 9 C
m ⊗ C

n m ≥ 3 and n ≥ 3 incomplete completable
Construction of Ref. [28] 3n+m− 4 C

m ⊗ C
n 3 ≤ m ≤ n incomplete completabe

Construction of Ref. [28] 2n− 1 C
m ⊗ C

n 3 ≤ m ≤ n incomplete uncompletabe
Construction of Ref. [37] 2n− 1 C

m ⊗ C
n 4 ≤ m ≤ n incomplete uncompletabe

Construction of Ref. [29] 3m+ 3n− 8 C
m ⊗ C

n 4 ≤ m ≤ n incomplete uncompletabe
Our sets in Theorem 4-6 2n+ 2m− 4 C

m ⊗ C
n m ≥ 3 and n ≥ 3 incomplete completable

V. ISOMORPHISM OF TWO SETS OF

ORTHOGONAL PRODUCT STATES

In Ref. [36], DiVincenzo et al. gave the concept of
orthogonality graph to describe the structure of a set of
orthogonal product states in a bipartite Hilbert space.

Definition 3. [36] Let H = HA ⊗ HB is a bipartite
Hilbert space with dim HA=dim HB. Let S = {|ψj〉 ≡
|ϕAj〉 ⊗ |ϕBj〉|j = 1, 2, · · · , s} is a set of orthogonal
product states in H . We represent S as a graph G =
(V,EA ∪ EB), where EA and EB are the sets of edges.
Each state |ψj〉 ∈ S is represented as a vertex of V . If
the states |ψt〉 and |ψi〉 are orthogonal onHA (HB), there
will be a solid (dotted) line between the vertices vt and
vi.

Now we give the definition of isomorphism of two sets,
which will be used to describe the relations between dif-
ferent sets of locally indistinguishable OPSs.

Definition 4. In C
m ⊗ C

n quantum system, we say
two sets of orthogonal product states are isomorphic if

FIG. 8. The orthogonality graph of the states in Eqs. (31)
on Alice’s side.

their orthogonality graphs are same both on Alice’s side
and Bob’s side; Otherwise, we say these two sets are not
isomorphic.

The orthogonality graph of the states in Eqs. (31) on
Alice’s side is showed in FIG. 8. In FIG. 8, the vertex j
denotes the sates |φj〉 for j = 1, 2, · · · , 8.

In Refs. [27], Zhang et al. constructed a nonlocal set of
OPSs in C

d ⊗C
d quantum system. When d = 3, we can

get a nonlocal set of OPSs in C3 ⊗ C3 quantum system,
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FIG. 9. The orthogonality graph of the states in Eqs. (54)
on Alice’s side.

FIG. 10. The orthogonality graph of the states in Eqs. (31)
or Eqs. (53) on Bob’s side.

i.e.,

|ψ1〉 = |1〉A(|0〉+ |1〉)B

|ψ2〉 = |1〉A(|0〉 − |1〉)B

|ψ3〉 = |2〉A(|0〉+ |2〉)B

|ψ4〉 = |2〉A(|0〉 − |2〉)B

|ψ5〉 = (|0〉+ |1〉)A|2〉B

|ψ6〉 = (|0〉 − |1〉)A|2〉B

|ψ7〉 = (|0〉+ |2〉)A|1〉B

|ψ8〉 = (|0〉 − |2〉)A|1〉B

. (53)

Here we give a mapping between the states in Eqs. (53)
and the serial numbers of the vertices, i.e.,

|ψ1〉 7→ 1, |ψ2〉 7→ 2, |ψ5〉 7→ 3, |ψ6〉 7→ 4,

|ψ3〉 7→ 5, |ψ4〉 7→ 6, |ψ7〉 7→ 7, |ψ8〉 7→ 8.
(54)

By the mapping relation in Eqs. (54), we give the
orthogonality graph of the states in Eqs. (53) on Alice’s
subsystem (see FIG. 9). It is easy to see that FIG. 8
and FIG. 9 are identical. This means that the two sets
of orthogonal product states have the same orthogonal
graph on Alice’s side. Similarly, we can find the set of
the states in Eqs. (31) and the set of the states in Eqs.
(53) have the same orthogonal graph (see FIG. 10) on
Bob’s side. Therefore, these two sets are isomorphic.

Now we consider the orthogonality graphs of Zhang et

al.’s set and ours in C
4⊗C

4 quantum system. The states
constructed by Zhang et al.’s method are as follows (see

FIG. 11. The orthogonality graph of Zhang et al.’s states on
Alice’s side.

FIG. 12. The orthogonality graph of our states in Eqs. (2)
on Alice’s side.

Eq. (55)).

|ψ1〉 = |1〉A(|0〉+ |1〉)B,

|ψ2〉 = |1〉A(|0〉 − |1〉)B,

|ψ3〉 = |2〉A(|0〉+ |2〉)B,

|ψ4〉 = |2〉A(|0〉 − |2〉)B,

|ψ5〉 = |3〉A(|0〉+ |3〉)B,

|ψ6〉 = |3〉A(|0〉 − |3〉)B,

|ψ7〉 = (|0〉+ |1〉)A|2〉B,

|ψ8〉 = (|0〉 − |1〉)A|2〉B,

|ψ9〉 = (|0〉+ |2〉)A|3〉B,

|ψ10〉 = (|0〉 − |2〉)A|3〉B,

|ψ11〉 = (|0〉+ |3〉)A|1〉B,

|ψ12〉 = (|0〉 − |3〉)A|1〉B.

(55)

FIG. 13. The orthogonality graph of zhang et al’s states on
Bob’s side.
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FIG. 14. The orthogonality graph of our states on Bob’s side.

The orthogonality graphs of the states constructed by
Zhang et al.’s method are exhibited in FIG. 11 and FIG.
13. The orthogonality graphs of our construction, i.e.,
the states in Eqs. (52), are showed in FIG. 12 and FIG.
14. Obviously, FIG. 11 has 39 edges while FIG. 12 has 33
edges. This means that the orthogonality graph of Zhang
et al.’s states in C4 ⊗ C4 quantum system and ours are
not identical on Alice’s side. So do they on Bob’s side.
Thus the set of the states constructed by Zhang et al. is
not isomorphic with the states in Eqs. (52). But why
does this happen? This is because any two states of our
set in C4 ⊗ C4 quantum system are orthogonal only on
one side while some states of Zhang et al. are orthogonal
both on Alice’s side and on Bob’s side. For example, |ψ3〉
and |ψ11〉, |ψ5〉 and |ψ7〉 in Eqs. (56).
By Theorem 2 and Theorem 4, we can know that the

subset of Shi et al.’s UPB is same as the set constructed
by our novel method in C

3 ⊗ C
3 quantum system. On

the other hand, the subset (See Eqs. (1)) of Shi et al.’s
UPB in C

4 ⊗ C
4 is same as ours (See Eqs.(52)). Thus

the subset of Shi et al.’s UPB is isomorphic to ours both
in C

3 ⊗ C
3 and C

4 ⊗ C
4. Now we consider the case in

C5 ⊗C5. By Theorem 2, we get the subset of Shi et al ’s
UPB as follow, i.e.,

|φt+1〉 = |0〉A[

3
∑

j=0

ωtj|j〉]B ,

|φt+5〉 = [

3
∑

j=0

ωtj|j〉]A|4〉B,

|φt+9〉 = |4〉A[
3

∑

j=0

ωtj |(j + 1)〉]B ,

|φt+13〉 = [

3
∑

j=0

ωtj |(j + 1)〉]A|0〉B,

(56)

where m ≥ 3, n ≥ 3, ω = e
2π

√

−1

4 , t = 0, 1, 2, 3. The or-
thogonality graph of these states on Alice’s side is shown
in FIG. 15. The orthogonality graph of our novel states
in Eqs. (32) on Alice’s side is shown in FIG. 16. Since
FIG. 15 and FIG. 16 are different, we know that the two
sets corresponding to Fig. 15 and Fig. 16 are not iso-
morphic. That is, the subset of Shi et al.’s UPB and the

FIG. 15. The orthogonality graph of our states on Alice’s
side.

FIG. 16. The orthogonality graph of the states in Eqs. (57)
on Alice’s side.

set constructed by our novel method are not isomorphic
in C

5 ⊗ C
5 quantum system. The same case exists in

Cm ⊗ Cn quantum system for m ≥ 6 and n ≥ 6.

VI. CONCLUSION

QNWE is a peculiar phenomenon in nature. Many
people are devoted to this research work [38–46] since
it is a significant thing to improve quantum informa-
tion theory. In addition, many results are used to design
quantum cryptographic protocols [18, 47, 48].

It is interesting to find out the minimum number of
elements to form a nonlocal set of OPSs. We found a
subset of Shi et al.’s UPB, which only has 2(m+ n)− 4
member, cannot be perfectly distinguished by LOCC in
Cm ⊗ Cn quantum system. On the other hand, we give
a novel method to construct a nonlocal set in Cm ⊗ Cn

quantum system for m ≥ 3 and n ≥ 3. As we know,
2(m + n) − 4 is the minimum number of elements to
form a completable set of OPSs that cannot be perfectly
distinguished by LOCC in Cm ⊗Cn quantum system for
m ≥ 3 and n ≥ 3. Furthermore, we give the concept of
isomorphism for two nonlocal sets of OPSs. We analyze
the structures of two sets of OPSs from the perspective
of isomorphism. All the results are useful to perfect the
theory of quantum nonlocality.
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Appendix A: Proof of Theorem 2

Proof. Suppose that Alice firstly performs a POVM
measurement with a set of generalm×m POVM elements

{M †
kMk : k = 1, 2, · · · , l}, where

M
†
kMk =











ak00 ak01 · · · ak0(m−1)

ak10 ak11 · · · ak1(m−1)

...
...

. . .
...

ak(m−1)0 ak(m−1)1 · · · ak(m−1)(m−1)











in the basis {|0〉, |1〉, · · · , |(m − 1)〉}. The post-
measurement states {(Mk ⊗ In×n)|φj〉 : j = 1, 2, · · · ,
2(m + n) − 4} should be mutually orthogonal to make
further discrimination possible.

Because (Mk ⊗ In×n)|φ1〉 should be orthogonal to
(Mk ⊗ In×n)|φη+2n+m−2〉 on Alice’s side for η =
0, 1, · · · , m− 2, we get



























































































m−1
∑

j=1

ak0j = 0

m−1
∑

j=1

(ω2)
j−1ak0j = 0

m−1
∑

j=1

[(ω2)
2]j−1ak0j = 0

...

m−1
∑

j=1

[(ω2)
m−2]j−1ak0j = 0

(A1)

and


























































































m−1
∑

j=1

akj0 = 0

m−1
∑

j=1

ω2
j−1akj0 = 0

m−1
∑

j=1

(ω2
2)j−1akj0 = 0

...

m−1
∑

j=1

(ω2
m−2)j−1akj0 = 0

, (A2)

where ω2 is the conjugate complex number of ω2. Since
the coefficient determinants of the two systems of equa-
tions (A1) and (A2) are not equal to zero by Lemma 1
and Lemma 3, i.e.,

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 1 1 · · · 1
1 ω2 (ω2)

2 · · · (ω2)
m−2

1 (ω2)
2 [(ω2)

2]2 · · · [(ω2)
2]m−2

...
...

...
. . .

...
1 (ω2)

m−2 [(ω2)
m−2]2 · · · [(ω2)

m−2]m−2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6= 0,

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 1 1 · · · 1
1 ω2 ω2

2 · · · ω2
m−2

1 ω2
2 (ω2

2)2 · · · (ω2
2)m−2

...
...

...
. . .

...
1 ω2

m−2 (ω2
m−2)2 · · · (ω2

m−2)m−2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6= 0,

we have the unique solutions of Eqs. (A1) and (A2),
respectively, i.e.,

ak01 = ak02 = · · · = ak0(m−1) = 0 (A3)

and

ak10 = ak20 = · · · = ak(m−1)0 = 0 (A4)

by Lemma 2. Similarly, because (Mk ⊗ In×n)|φn+m−1〉
should be orthogonal to (Mk ⊗ In×n)|φη+n〉 on Alice’s
side for η = 0, 1, · · · , m− 2, we have



























































































m−2
∑

j=0

ak(m−1)j = 0

m−2
∑

j=0

(ω2)
jak(m−1)j = 0

m−2
∑

j=0

[(ω2)
2]jak(m−1)j = 0

...

m−2
∑

j=0

[(ω2)
m−2]jak(m−1)j = 0

(A5)
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and



























































































m−2
∑

j=0

akj(m−1) = 0

m−2
∑

j=0

ω2
jakj(m−1) = 0

m−2
∑

j=0

(ω2
2)jakj(m−1) = 0

...

m−2
∑

j=0

(ω2
m−2)jakj(m−1) = 0

. (A6)

By Lemma 1-3, we get the unique solutions of Eqs. (A5)

and (A6), respectively, i.e.,

ak(m−1)0 = ak(m−1)1 = · · · = ak(m−1)(m−2) = 0, (A7)

ak0(m−1) = ak1(m−1) = · · · = ak(m−2)(m−1) = 0. (A8)

Because the states in {(Mk ⊗ In×n)|φη+2n+m−2〉 : η =
0, 1, · · · , m−2} should be mutually orthogonal on Alice’s
side, we get the following m− 2 systems of equations



































































m−3
∑

p=0

[(ω2)
p

m−1
∑

j=1

akj(p+1)] = −(ω2)
m−2

m−1
∑

j=1

akj(m−1)

m−3
∑

p=0

{[(ω2)
2]p

m−1
∑

j=1

akj(p+1)} = −[(ω2)
2]m−2

m−1
∑

j=1

akj(m−1)

...

m−3
∑

p=0

{[(ω2)
m−2]p

m−1
∑

j=1

akj(p+1)} = −[(ω2)
m−2]m−2

m−1
∑

j=1

akj(m−1)

,



























































































m−3
∑

p=0

(

m−1
∑

j=1

ω2
j−1akj(p+1)) = −

m−1
∑

j=1

ω2
j−1akj(m−1)

m−3
∑

p=0

{[(ω2)
2]p

m−1
∑

j=1

ω2
j−1akj(p+1)} = −[(ω2)

2]m−2
m−1
∑

j=1

ω2
j−1akj(m−1)

m−3
∑

p=0

{[(ω2)
3]p

m−1
∑

j=1

ω2
j−1akj(p+1)} = −[(ω2)

3]m−2
m−1
∑

j=1

ω2
j−1akj(m−1)

...

m−3
∑

p=0

{[(ω2)
m−2]p

m−1
∑

j=1

ωj−1akj(p+1)} = −[(ω2)
m−2]m−2

m−1
∑

j=1

ω2
j−1akj(m−1)

,



























































































m−3
∑

p=0

[

m−1
∑

j=1

(ω2
2)j−1akj(p+1)] = −

m−1
∑

j=1

(ω2
2)j−1akj(m−1)

m−3
∑

p=0

[(ω2)
p

m−1
∑

j=1

(ω2
2)j−1akj(p+1)] = −(ω2)

m−2
m−1
∑

j=1

(ω2
2)j−1akj(m−1)

m−3
∑

p=0

{[(ω2)
3]p

m−1
∑

j=1

(ω2
2)j−1akj(p+1)} = −[(ω2)

3]m−2
m−1
∑

j=1

(ω2
2)j−1akj(m−1)

...

m−3
∑

p=0

{[(ω2)
m−2]p

m−1
∑

j=1

(ω2
2)j−1akj(p+1)} = −[(ω2)

m−2]m−2
m−1
∑

j=1

(ω2
2)j−1akj(m−1)

,

...
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m−3
∑

p=0

[
m−1
∑

j=1

(ω2
m−2)j−1akj(p+1)] = −

m−1
∑

j=1

(ω2
d−2)j−1akj(m−1)

m−3
∑

p=0

[(ω2)
p

m−1
∑

j=1

(ω2
m−2)j−1akj(p+1)] = −(ω2)

m−2
m−1
∑

j=1

(ω2
m−2)j−1akj(m−1)

m−3
∑

p=0

{[(ω2)
2]p

m−1
∑

j=1

(ω2
m−2)j−1akj(p+1)} = −[(ω2)

2]m−2
m−1
∑

j=1

(ω2
m−2)j−1akj(m−1)

...

m−3
∑

p=0

{[(ω2)
m−3]p

m−1
∑

j=1

(ω2
m−2)j−1akj(p+1)} = −[(ω2)

d−3]m−2
m−1
∑

j=1

(ω2
m−2)j−1akj(m−1)

,

By Lemma 1-3 and Eqs. (A8), we can get the unique
solutions of the above m− 2 systems of equations, i.e.,



























































































m−2
∑

j=1

akjq = ak(m−1)(m−1)

m−2
∑

j=1

ω2
j−1akjq = ω2

q−1ak(m−1)(m−1)

m−2
∑

j=1

(ω2
2)j−1akjq = (ω2

2)q−1ak(m−1)(m−1)

...

m−2
∑

j=1

(ω2
m−2)j−1akjq = (ω2

m−2)q−1ak(m−1)(m−1)

,

(A9)
where q = 1, 2, · · · , m− 2.
By Lemma 1-3 and Eqs. (A9), we have

{

akjq = 0

akqq = ak(m−1)(m−1)

(A10)

for q = 1, 2, · · · ,m− 2; j = 1, 2, · · · ,m− 2 and j 6= q.
Similary, since the states in the set {(Mk ⊗

In×n)|φη+n〉 : η = 0, 1, · · · , m − 2} should be orthog-
onal on Alice’s side, we have

{

akjq = 0

akqq = ak00
(A11)

for q = 1, 2, · · · , m− 2; j = 1, 2, · · · , m− 2 and j 6= q.
By Eqs. (A3), (A4), (A7), (A8), (A10) and (A11), we

have
M

†
kMk =











ak(m−1)(m−1) 0 · · · 0

0 ak(m−1)(m−1) · · · 0

0 0
. . . 0

0 0 · · · ak(m−1)(m−1)











for k = 1, 2, · · · , l. This means that all the POVM ele-
ments are proportional to identity matrix. That is, Alice
cannot start with a nontrivial measurement to keep the
post-measurement states orthogonal.
In fact, Bob will face a similar case as Alice does since

the set of these 2(m + n) − 4 states has a symmetrical
structure. Therefore, these 2(m + n) − 4 states cannot
be exactly distinguished by using only LOCC. This com-
pletes the proof.

Appendix B: Prood of Theorem 5

Proof. We prove whether Alice or Bob cannot per-
form a nontrivial POVM measurement to preserve the
orthogonality of the OPSs that are orthogonal only on
one side. Without loss of generality, Suppose that Alice
firstly performs a general POVMmeasurement with a set
of POVM elements

M
†
kMk =











ak00 ak01 · · · ak0(m−1)

ak10 ak11 · · · ak1(m−1)

...
...

. . .
...

ak(m−1)0 ak(m−1)1 · · · ak(m−1)(m−1)











in the basis {|0〉, |1〉, |2〉, · · · , |(m− 1)〉}.
Because (Mk ⊗ In×n)|φ1〉 is orthogonal to (Mk ⊗

In×n)|φ2n+m−2〉, (Mk ⊗ In×n)|φ2n+m−1〉 and (Mk ⊗
In×n)|φ2n+m〉, i.e.,















〈φ1|M
†
kMk ⊗ In×n|φ2n+m−2〉 = 0

〈φ1|M
†
kMk ⊗ In×n|φ2n+m−1〉 = 0

〈φ1|M
†
kMk ⊗ In×n|φ2n+m〉 = 0

and














〈φ2n+m−2|M
†
kMk ⊗ In×n|φ1〉 = 0

〈φ2n+m−1|M
†
kMk ⊗ In×n|φ1〉 = 0

〈φ2n+m|M †
kMk ⊗ In×n|φ1〉 = 0

,
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we have











ak01 + ak02 + ak03 = 0

ak01 + ωak02 + ω2ak03 = 0

ak01 + ω2ak02 + (ω2)2ak03 = 0

(B1)

and











ak10 + ak20 + ak30 = 0

ak10 + ωak20 + ω2ak30 = 0

ak10 + ω2ak20 + (ω2)2ak30 = 0

, (B2)

where ω is the conjugate complex number of ω. By
Lemma 1-3, Eqs. (B1) and (B2), we have

ak01 = ak02 = ak03 = ak10 = ak20 = ak30 = 0. (B3)

Because (Mk ⊗ In×n)|φ1〉 is orthogonal to (Mk ⊗
In×n)|φ2n+m+2σ+1〉 and (Mk ⊗ In×n)|φ2n+m+2σ+2〉 for
σ = 0, 1, 2, · · · , d1 − 3, we have

{

ak0,2σ+4 + ak0,2σ+5 = 0

ak0,2σ+4 − ak0,2σ+5 = 0
(B4)

and
{

ak2σ+4,0 + ak2σ+5,0 = 0

ak2σ+4,0 − ak2σ+5,0 = 0
. (B5)

By Eqs. (B4) and (B5), we have

ak0,2σ+4 = ak0,2σ+5 = ak2σ+4,0 = ak2σ+5,0 = 0 (B6)

for σ = 0, 1, 2, · · · , d1 − 3.
Because any two states of {(Mk ⊗ In×n)|φ2n+m−2〉,

(Mk ⊗ In×n)|φ2n+m−1〉 and (Mk ⊗ In×n)|φ2n+m〉}, i.e.,

{

〈φ2n+m−2|M
†
kMk ⊗ In×n|φ2n+m−1〉 = 0

〈φ2n+m−2|M
†
kMk ⊗ In×n|φ2n+m〉 = 0

,

{

〈φ2n+m−1|M
†
kMk ⊗ In×n|φ2n+m−2〉 = 0

〈φ2n+m−1|M
†
kMk ⊗ In×n|φ2n+m〉 = 0

,

{

〈φ2n+m|M †
kMk ⊗ In×n|φ2n+m−2〉 = 0

〈φ2n+m|M †
kMk ⊗ In×n|φ2n+m−1〉 = 0

,

we have



























3
∑

j=1

aj1 + ω

3
∑

j=1

aj2 = −ω2
3

∑

j=1

aj3

3
∑

j=1

aj1 + ω2
3

∑

j=1

aj2 = −(ω2)2
3

∑

j=1

aj3

, (B7)



























2
∑

i=1

3
∑

j=1

ωj−1aji = −
3

∑

j=1

ωj−1aj3

2
∑

i=1

[(ω2)i−1
3

∑

j=1

ωj−1aji] = −ω4
3

∑

j=1

ωj−1aj3

, (B8)



























2
∑

i=1

3
∑

j=1

(ω2)j−1aji = −

3
∑

j=1

(ω2)j−1aj3

2
∑

i=1

[ωi−1
3

∑

j=1

(ω2)j−1aji] = −ω2
3

∑

j=1

(ω2)j−1aj3

. (B9)

By Eqs. (B7), (B8) and (B9), we have



























3
∑

j=1

aj1 =

3
∑

j=1

aj3

3
∑

j=1

aj2 =

3
∑

j=1

aj3

, (B10)



























3
∑

j=1

ωj−1aj1 = ω2
3

∑

j=1

ωj−1aj3

3
∑

j=1

ωj−1aj2 = ω

3
∑

j=1

ωj−1aj3

, (B11)

and


























3
∑

j=1

(ω2)j−1aj1 = ω

3
∑

j=1

(ω2)j−1aj3

3
∑

j=1

(ω2)j−1aj2 = ω2
3

∑

j=1

(ω2)j−1aj3

, (B12)

respectively. By Eqs. (B10), (B11) and (B12), we have











ak11 = ak33

ak21 = ak13

ak31 = ak23

, (B13)











ak22 = ak33

ak12 = ak23

ak32 = ak13

. (B14)

Similarly, because any two states of {(Mk ⊗ In×n)|φn〉,
(Mk ⊗ In×n)|φn+1〉 and (Mk ⊗ In×n)|φn+2〉}, we have











ak00 = ak22

ak10 = ak02

ak20 = ak12

, (B15)
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ak11 = ak22

ak01 = ak12

ak21 = ak02

. (B16)

By Eqs. (B3), (B13), (B14), (B15) and (B16), we have

{

ak00 = ak11 = ak22 = ak33

ak12 = ak13 = ak21 = ak23 = ak31 = ak32 = 0
. (B17)

Because (Mk ⊗ In×n)|φ2n+m+2σ+1〉 and (Mk ⊗ In×n)
|φ2n+m+2σ+2〉 are mutually orthogonal only on Alice’s
side, i.e.,

{

〈φ2n+m+2σ+1|M
†
kMk ⊗ In×n|φ2n+m+2σ+2〉 = 0

〈φ2n+m+2σ+2|M
†
kMk ⊗ In×n|φ2n+m+2σ+1〉 = 0

,

(B18)
we have

{

ak2σ+4, 2σ+4 = ak2σ+5, 2σ+5

ak2σ+4, 2σ+5 = ak2σ+5, 2σ+4

, (B19)

for σ = 0, 1, 2, · · · , d1 − 3. Similarly, because (Mk ⊗
In×n)|φn+2σ+3〉 and (Mk ⊗ In×n)|φn+2σ+4〉 are mutually
orthogonal only on Alice’s side, i.e., we have

{

ak2σ+3, 2σ+3 = ak2σ+4, 2σ+4

ak2σ+3, 2σ+4 = ak2σ+4, 2σ+3

, (B20)

for σ = 0, 1, 2, · · · , d1 − 3.
Because any of {(Mk ⊗ In×n)|φ2n+m−2〉, (Mk ⊗

In×n)|φ2n+m−1〉, (Mk ⊗ In×n)|φ2n+m〉} is orthogo-
nal to each of {(Mk ⊗ In×n)|φ2n+m+2σ+1〉, (Mk ⊗
In×n)|φ2n+m+2σ+2〉} only on Alice’s side, we have

〈φt|M
†
kMk ⊗ In×n|φj〉 = 0, (B21)

〈φj |M
†
kMk ⊗ In×n|φt〉 = 0, (B22)

for t = 2n +m − 2, 2n +m − 1, 2n +m and j = 2n +
m + 2σ + 1, 2n +m + 2σ + 2. By Eqs. (B21) and Eqs.
(B22), we have

{

ak1, 2σ+4 = ak2, 2σ+4 = ak3, 2σ+4 = 0

ak1, 2σ+5 = ak2, 2σ+5 = ak3, 2σ+5 = 0
(B23)

and
{

ak2σ+4, 1 = ak2σ+4, 2 = ak2σ+4, 3 = 0

ak2σ+5, 1 = ak2σ+5, 2 = ak2σ+5, 3 = 0
(B24)

respectively, for σ = 0, 1, 2, · · · , d1 − 3.
Because (Mk ⊗ In×n)|φ2n+m+2σ+1〉 and (Mk⊗

In×n)|φ2n+m+2σ+2〉 are orthogonal to (Mk⊗

In×n)|φ2n+m+2λ+1〉 and (Mk ⊗ In×n)|φ2n+m+2λ+2〉
only on Alice’s side for σ, λ = 0, 1, 2, · · · , d1 − 3 and
σ 6= λ, i.e.,























〈φ2n+m+2σ+1|M
†
kMk ⊗ In×n|φ2n+m+2λ+1〉 = 0

〈φ2n+m+2σ+1|M
†
kMk ⊗ In×n|φ2n+m+2λ+2〉 = 0

〈φ2n+m+2σ+2|M
†
kMk ⊗ In×n|φ2n+m+2λ+1〉 = 0

〈φ2n+m+2σ+2|M
†
kMk ⊗ In×n|φ2n+m+2λ+2〉 = 0

,

so we have











































































2λ+5
∑

i=2λ+4

ak2σ+4,i +

2λ+5
∑

i=2λ+4

ak2σ+5,i = 0

2λ+5
∑

i=2λ+4

(−1)iak2σ+4,i +
2λ+5
∑

i=2λ+4

(−1)iak2σ+5,i = 0

2λ+5
∑

i=2λ+4

ak2σ+4,i −

2λ+5
∑

i=2λ+4

ak2σ+5,i = 0

2λ+5
∑

i=2λ+4

(−1)iak2σ+4,i +

2λ+5
∑

i=2λ+4

(−1)i+1ak2σ+5,i = 0

.

Thus we get

ak2σ+4,2λ+4 = ak2σ+4,2λ+5 = 0,

ak2σ+5,2λ+4 = ak2σ+5,2λ+5 = 0,
(B25)

where σ, λ = 0, 1, 2, · · · , d1−3 and σ 6= λ. Similarly, be-
cause (Mk ⊗ In×n)|φn+2σ+3〉 and (Mk ⊗ In×n)|φn+2σ+4〉
are orthogonal to (Mk ⊗ In×n)|φn+2λ+3〉 and (Mk ⊗
In×n)|φn+2λ+4〉 for σ, λ = 0, 1, 2, · · · , d1 − 3 and σ 6= λ,
we have

ak2σ+3,2λ+3 = ak2σ+3,2λ+4 = 0,

ak2σ+4,2λ+3 = ak2σ+4,2λ+4 = 0,
(B26)

where σ, λ = 0, 1, 2, · · · , d1 − 3 and σ 6= λ.
By Eqs. (B3), (B6), (B17), (B19), (B20), (B23), (B24),

(B25) and (B26), we get

M
†
kMk =











ak00 0 · · · 0
0 ak00 · · · 0
...

...
. . .

...
0 0 · · · ak00











m×m.

This means that Alice only can perform a trivial mea-
surement to preserve the orthogonality of the post-
measurement states. So does Bob because of the sym-
metry of the set of these states. Therefore, the set is
nonlocal, i.e., these states cannot be perfectly discrimi-
nated by LOCC. This completes the proof.
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