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Abstract Behavioral responses triggered by the perceived risk of experiencing the disease represent
a key ingredient in the spread of epidemics across human population. In this paper, two forms of indi-
vidual awareness (i.e., the risk perception of an emerging epidemic) are addressed: Contact awareness
that increases with individual contact number, and local awareness that increases with the fraction of
infected contacts. By extending the probability generating functionology, the author shows that it is
possible to track the evolution of the degree distributions among susceptible and infected individuals
when the underlying network of contacts is represented by a semi-random configuration model. It is

hopefully to shed some light on the dynamic aspects of networked epidemiological models.
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1 Introduction

Theoretical study of infectious disease transmission has recently been one of the most active
and prolific fields in complex networks, largely improving the simple mathematical description
of Kermack & McKendrick’s mass action susceptible-infected-recovered (SIR) modell!l. Unlike
mass-action models!' 3!, random networks allow considering more realistic and accurate rep-
resentation of heterogeneities in the number of contacts per individual. Various results such
as the epidemic probability, endemic equilibrium, and expected final epidemic size have been
obtained mainly by using the mean-field techniques and stochastic branching processes (see,
e.g., [4-10]).

Due to the heterogeneity induced by the network model, the dynamic epidemic incidence,
however, tends to be difficult to capture. Some viable approximation approaches have become
heavily used. For example, the moment closure methods (or pairwise models) customarily ignore

[11-13)]

long-range state dependence between individuals . For a network with n different degrees,
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these methods typically produce O(n?) coupled ordinary differential equations (ODE’s). An
algebraic lumping technique is developed in [14], which draws on symmetries and allows further
reductions of the state space. Other researchers get around this difficulty through a mean-field
assumption that all nodes of the same degree having the same infection probability at any
given time['® 161 Recently, Volz!'™l showed that the SIR epidemic dynamics on configuration
model('8] can be modeled by a coupled system of only three nonlinear ODE’s by using network-
based variables such as the number of edges in a well-defined category rather than node-based
quantities such as the numbers of susceptibles and infected individuals. This approach leads to
excellent agreement with simulations and is further developed to treat a mixed SI(R) modell*9!.
Based on Volz’s result, the degree distribution dynamics is derived in [20] for the paradigmatic
susceptible-infected-susceptible (SIS) models.

Beyond the basic epidemic models, the elements of human behavioral responses to the pres-
ence of an infectious pathogen have recently gained great research attention. During an epi-
demic outbreak, people aware of the disease in their proximity may adopt measures, such as stay
indoors, avoid public transportation, and wear surgical face masks, in order to reduce their sus-
ceptibility to infection, which in turn, can remarkably affect the epidemic dynamics2'23!. The
change of individual behavior to the risk of infection is referred to as individual awareness(2.
The effect of awareness is to decrease the infectivity. It is shown[2% 26l that the network ar-
chitecture (homogeneous or heterogeneous) has significant impact on the existence of a critical
level of awareness that halts the epidemics. In [27, 28], the role of different forms of awareness
is further discussed in scale-free networks. However, it is still hard to quantify the impact of
behavioral changes on the alteration of the epidemic spread of an emerging infectious disease
in complex social networks. For a comprehensive survey of awareness in epidemic modeling of
human to human infectious diseases, we refer readers to [29] and the references therein.

In this paper, we extend the previous work [20] by involving the increasingly relevant issue
of awareness in the transmission of infectious diseases. Specifically, we consider an SIS model
in which the infectivity is modulated by two types of awareness: Contact awareness, which in-
creases with individual contact number (i.e., node degree), and local awareness, which increases
with the fraction of infected contacts in an individual’s neighborhood. The concept and theory
of probability generating functions are extended. With these and the network-based quantities
developed in [17], we show that it is possible to track the evolution of the degree distributions
among susceptibles and infected individuals as well as the expected excess degrees in some well-
defined categories for SIS epidemics on random networks represented by configuration model.

Unlike the previous work on awareness mostly at the mean-field level (see, e.g., [24-28, 30]),
we derive rigorously the time-dependent distribution dynamics by using generating function
formalism. Besides, no specific form of local awareness is assumed here. We mention that some
nonlinear and linear functions of local awareness are used in [25, 26, 28] and [27], respectively.
Therefore, our framework provides additional flexibility.

The rest of the paper is organized as follows. In Section 2, we present the SIS model with
individual awareness. We report our main results in Section 3. Finally, we suggest some possible

directions for future research in Section 4.
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2 Model

We study the SIS epidemics of an infection spreading over a contact network of n individuals.
The individuals are labeled 1,2,--- ,n, and N' = {1,2,--- ,n} represents the host population in
question. Each individual is assigned a disease-related state of susceptible or infected. Denote
by & and 7 the sets of individuals that are susceptible and infected, respectively. By definition,
we have N' = SUZ. Each susceptible individual ¢ € § is infected independently with a rate 3;;
if it has a neighboring infected individual j € Z. Below we will instantiate the infection rate 3;;
to incorporate the effect of awareness. An infected individual is cured and become susceptible
again (i.e., can still catch infections) at constant rate . As is customary, let S and I denote
the fractions of individuals in the sets S and Z, respectively. Therefore, S+ I =1 at any time
instant.

The network of contacts is defined in terms of configuration models!*8!, where random graphs
can be seen as networks drawn uniformly at random from a family of all possible networks whose
node degrees follow the specified one. Here, each individual is modeled as a node in the network.
Let dy,ds, -+ ,d, be ii.d random variables representing the degrees of nodes 1,2,--- ,n and
pr = P(di =k) (k=0,1,---) is the probability distribution of connectivity k. Make sure that
Sp =dy +da+ -+ +dy is even. Attach d; stubs (half-edges) to individual ¢ and pair up the
Sy, stubs completely at random to form complete edges. The resulting graph accounts for the
interaction among individuals. Note that there may exist self-loops and multiple edges between
pairs of individuals. However, subject to d; having finite variance, such imperfections are very
rare in the network for large n; cf. [5, Theorem 3.1.2] and [31]. Therefore, we may safely ignore
these effects.

To capture the impact of individual awareness, we make the transmission of the disease
dependent on the quality of the information available to a given susceptible individual. Specif-
ically, suppose that an individual ¢ € S has k neighbors, namely d; = k, from which (< k) are

infected at time ¢t. We assume that the infection rate 8;; = [3;;(t) take the following form:

Bij(t) = B Yr - dyi(l), (1)
where [ is the bare infection rate, the second multiplicative factor ¢ = k~* stands for the
contact awareness with p € [0, 1] denoting the level of precaution measures adopted?™ 28! and
the third factor ¢/ (t) stands for the local awareness, which is proportional to the fraction
of contacts with infected neighbors, with respect to the total number of contacts, i.e., I/k.
By definition, we have 0 < v, < 1, and it is taken as a decreasing function of k. This has
an intuitive interpretation: Behavioral responses triggered by awareness of experiencing the
disease depends on the amount of contact information individuals have access to and the risk
of being infected is higher when the contact number is larger. Hence, the contact awareness of
1 can reduce its susceptibility (by taking precaution measures). On the other hand, we assume
that the local awareness ¢4 (t) is a decreasing function of I/k and 0 < ¢/ (t) < 1. Its effect
is also that of reducing the bare infection rate § when the quantity of local information I/k
increases?9. Some specific forms of local awareness have been used in the literature. Bagnoli,
et al.2% for example, took b1k = exp(J(1/k)*) with a € [0,1] denoting the use of special
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prophylaxis, while Shang?®) took Gy = 1 —c(l/k)* with a > 1 as an impact strength factor
on the admission rate and ¢ € [0, 1] representing the level of precaution measures. It is worth
noting that, in (1), when p = 0 and ¢;/,(t) = 1, we reproduce the bare infection rate 3;; =
independent of the infection levels of individuals.

For p € [0,1] and a > 0, we define the p-extended probability generating function g,(z) for
the network’s degree distribution as

i 1—p
galz) =Y pra® "ok, (2)
k=0

where py governs the probability that a node has degree k (i.e., k neighbors) as before. It can be
seen that if the augmented variable a = 1, we obtain the usual probability generating function

g1(z) = Zpkxk. (3)
k=0

Therefore, the definition of the p-extended probability generating function can be regarded
as a generalization of that of probability generating function. Given a, we have two extreme
cases: ¢q(x) = agi(x) when p =1, and g.(x) = g1(ax) when p = 0. By virtue of the suitable
normalization, we can derive that g1(1) = 1, ¢}(1) = (k) (which is the average degree) and

g7 (1) = (k) — (k).

3 Degree Distribution Dynamics

The contact network, albeit undirected, is conveniently viewed as a directed graph so that we
can keep track of who infects who. In particular, an edge is regarded as two arcs with opposite
directions. The start node of an arc is called base, while the end node is called target. Following
the notations in [17], let p; be a measure of the probability that an arc with a susceptible base
has an infected target. Likewise, let ps be a measure of the probability that an arc with a
susceptible base has a susceptible target. To formally define p;, let A represent the set of all
arcs in the contact network, Ax be the subset of arcs such that base € X, and Axy be the
subset of arcs such that base € X and target € Y. Define Mx = #{Ax}/#{A} as the fraction
of arcs in set Ax, and Mxy = #{Axv}/#{A} as the fraction of arcs in set Axy. Thus we
have M M

pr = J\/igl and ps=1-pr= J\j:7 (4)
respectively. It is worth noting that the sets Ax, Axy, etc. change over time. Consequently,
pr and pg are dynamical, not only dependent of connectivity structures but also coupled with
epidemic information.

To derive the degree distribution among susceptibles or infected nodes, we consider a sus-
ceptible node with degree k at time t. We call this susceptible node as base and its k£ neighbors
as target,, target,, - - ,target,. For ¢ = 1,2,--- Kk, we assume that for each arc from base to

target; there will be a uniform probability p; that target; is infected. Then the hazard for base
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becoming infected at time ¢ can be shown as!'”!

Ak (t) = kpr(t) - BYrdp, (1)- ()

Let ug(t) be the probability that base remains susceptible at time ¢, and then
t t Bt 1—p
up(t) = e Jo Mn(dr _ (e, Is ﬁm(f)%;(f)df) — " (6)

where 6§ = w, is the fraction of degree one nodes that remain susceptible at time ¢. It follows
from the p-extended generating function (2), the fraction of nodes which is susceptible at time
t is given by

S= pour =Y et " = go(1). (7)
k=0 k=0

We establish the following results regarding the degree distribution dynamics.

Theorem 3.1 Let dummy variables xs and x; correspond to the number of arcs from a
base to a target in sets S and I, respectively. We have

(i) the degree distribution for susceptible nodes at time t is generated by

go(xsps +xr(1 — ps)) .
go(1) 7 ¥

(i) the degree distribution for infected nodes at time t is generated by

gs(xzs,xr) =

g1(zsps +z1(1 = ps)) — go(zsps + z1(1 = ps)) . ()

gr(xs,zr) = 1= go(1) ;

(iii) the excess degree distribution!®! for susceptible nodes selected with probability propor-

tional to the number of arcs to infected nodes at time t is generated by

gop(xsps +x1(1 —ps))

g (1) ’ (10)

gsi1(zs,xr) =
and what’s more, gss(rs,xr) = gsr(xs,xr);
(iv) the excess degree distribution for infected nodes selected with probability proportional to
the number of arcs to susceptible nodes at time t is generated by

g1 (xsps + (1 —ps)) — gp(xsps +xr(1 — ps)) (1)

grs(ws, 21) = (k) — gy(1) ’

and what’s more, gri(zs,xr) = grs(xzs,xr).

Define dxy as the average degree of nodes in set X, selected with probability proportional
to the number of arcs to nodes in set Y, not counting one arc to nodes of type Y. The notion
of §xy is commonly called average excess degreel®). Furthermore, define dxy(Z) as dxy but
counting only arcs directed to nodes in set Z. By taking derivative of the probability generating

functions, we obtain the following corollary immediately.
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Corollary 3.2 The following statements for average excess degrees at time t hold.

_ (g (D=5 (1)) (A—ps) _ (k*)—(k)—gg (1))(1~ ;Ds)

v) drs(L )— dw[ (9rs(zs,zr)) oy —1 g, (1)—gh (1) (k)—g (1)

_ (Y (M=g5W))ps _ (K)=(k)— 95 (1))ps
(k)—g5 (1)

(i) dsr = (951(33 D) I Zg((ll)) /

0 dsr(D) = 2, (1o, 01) i A

(iii) d57(S) = dws (9s1(xs,x1)) vommi—1 pf;fﬁl()l)"

(iv) érs = (915(33 )]y = 5;;1'8;75’:’((11)) - <k22;><k;9—(g1;)’(1)7_
(

(

vi) d75(5) = dws (91s(ws, 1)) oyt 7 (1) —g)(1)

Now we present the proof of Theorem 3.1.

Proof of Theorem 3.1 Considering two arcs from a base to two targets: target,; and target,.
For two sets X and Y, we assume that the event that target; € X is independent of the event
that target, € Y (171 Accordingly, arcs from a base to nodes in sets S and Z are distributed
according to a binomial distribution with probabilities ps and p;y = 1 — pg. Let dpase(X) be
the random variable denoting the number of arcs from base to nodes in set X. Suppose that ¢
normalizes the distribution. In what follows, we prove the four statements separately.

For (i), by using (2) and (6), the generating function of degree distribution for susceptible

nodes can be written as

:L'S,(E[ Zpkuk szx[ dbase( ) = Z‘|pS)/C

= Zpkgkl_“ (xzsps +x1(1 = ps))* /e
k=0

= go(vsps +x1(1 —ps))/ge(1), (12)

where ¢ =>"77 pro* " (ps + (1 — ps))* = go(1) normalizes the distribution.

For (ii), similar derivation can be applied by taking the complement. Indeed, we obtain

0o k
gr(xzs,zr) = Zpk(l — ug) foga?lf_ip(dbase(s) =ilps)/c

~ gi(wsps +x1(1 —ps)) — go(xsps + x1(1 — ps))
B 1 —go(1) ' (13)

For (iii), the excess degree distribution can be though of as choosing a random arc in set
Agsy, following it to the susceptible node, and then counting the number of arcs out of that

node except the one we arrived on. Hence, we have

Do Pk Zz ok — )xsxz P (dbase(S) = ilps)
Zk:opkuk 21':0( - )P(dbase(s) = i|p5)

(digs(xswl))/(dilgs(xs,x1)>

_ gp(xsps +xr(1 —ps)) (14)

gp(1)

gsi(rs,xr) =

rs=xr=1
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in light of the binomial theorem and (12). Similarly, we obtain

_ o pruk Yoo i @ P(dhase(S) = ilps)
> o Pl Zf:o 1P (dpase(S) = i|ps)
d

= <d;isgs(a:5,x1)>/(dmsgs(ﬂ?s,ﬂ?l)>

_ gp(xsps +xr(1 — ps))
9p(1)
= gs1(rs,zr). (15)

gss(xs,xr)

rs=xr=1

Finally, for (iv), we obtain by using (13),

P S0 o1 — k) X it 12 P(dpase (S) = ilps)
Zliiopk(l o uk) Zf:o iP(dbase(S) = Z|ps)

(con) | (fenr)

rs=xr=1
_ i(@sps +x1(1 = ps)) = gg(zsps + zr(1 = ps)) (16)
91(1) — g5(1) ’
which yields (11) noting that ¢{(1) = (k). We have
(ws.on) = (0 artes.on)) /(0 aas.on)
gri\Ts, 1 da:IgI S, L1 da:IgI 8,1 I
= grs(xs,xr). (17)

The proof is thus complete.

We remark that the infection rate 3;; and recovery rate -y are presumably involved in the
probability ps (as well as pr), and the awareness affects pg (as well as py) in an implicit manner.
The same thing is true for the quantity 6 as indicated by (6).

4 Discussions

In this paper, we present an analytical framework for studying the dynamical aspects of
degree distributions among susceptible and infected individuals in a networked SIS model.
Two forms of epidemiological awareness, i.e., contact awareness which increases with individual
contact number, and local awareness which increases with the fraction of infected contacts, are
considered. By extending probability generating function methods, we show that it is possible
to track the evolution of the degree distributions among susceptible and infected individuals
when the underlying contact network is modeled by the configuration model.

The results we obtain is somehow initial steps towards understanding analytically the time-
dependent evolution of networked SIS model with awareness. What we really want is to write
down the equations that actually track degree distributions. It is hoped that the distribution
dynamics described in this paper will shed some light on the final solution of this issue. Other

directions worthy of further investigation include awareness based on some memory mechanism,
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misperception of risk induced by partial or incorrect information [*2, and awareness concerning

the prevalence of infection during an outbreak. We will work on some of these topics in the

future.
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