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Abstract

We shed light on the structure of the “three-operator” version of the forward-Douglas-
Rachford splitting algorithm for finding a zero of a sum of maximally monotone operators
A+B+C, where B is cocoercive, involving only the computation of B and of the resolvent of A
and of C, separately. We show that it is a straightforward extension of a fixed-point algorithm
proposed by us as a generalization of the forward-backward splitting algorithm, initially
designed for finding a zero of a sum of an arbitrary number of maximally monotone operators
Y%, A; + B, where B is cocoercive, involving only the computation of B and of the resolvent
of each A; separately. We argue that, the former is the “true” forward-Douglas-Rachford
splitting algorithm, in contrast to the initial use of this designation in the literature. Then,
we highlight the extension to an arbitrary number of maximally monotone operators in the
splitting, > ; A; + B + C, in a formulation admitting preconditioning operators. We finally
demonstate experimentally its interest in the context of nonsmooth convex optimization.

1 Introduction and Motivation

We introduced some time ago a generalization of the forward-backward splitting algorithm (Raguet
et al., 2013) for solving, over a real Hilbert space H, monotone inclusion problems of the form

find x € zer(Z A + B) , (P1)

i=1

by making use only of the resolvent of each set-valued operator A;: H — 2%, supposed maxi-
mally monotone, and of the explicit application of B: H — H, supposed cocoercive. This task is
especially interesting when identifying operators to subdifferentials ; under suitable conditions,
it is equivalent to

n

find x € argmin »_ g; + f , (P2)

i=1
by making use only of the proximity operator of each proper, convex, and lower semicontinuous
functionals g;: H —]—o00, +00], and of the gradient of f: H — R, supposed differentiable with a
Lipschitz-continuous gradient.
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To this end, we recast the problem on a convenient augmented space H < H" as finding a
zero of the sum A + B + N, where the maximally monotone operators A and B depend on each
A; and on B, respectively, and N g is the normal cone of a suitable subspace & (see § 2.2). Then, we
solve the problem using a fixed-point algorithm involving only the above mentioned resolvents
and operator together with the resolvent of N s, which is nothing but the orthogonal projector onto
8. The resulting method can be viewed as a combination of the well-known forward-backward
and Douglas-Rachford splitting algorithms, recalled in § 2.1.

Actually, the exact same fixed-point algorithm can be used for finding a zero of a sum
A+ B+ N, where now Ny is the normal cone of any closed subspace in # (we revert to nonbold
notations, since the space on which one solves the inclusion is general); the above mentioned
orthogonal projection is now onto V. This has been noted by Bricefio-Arias (2015); although the
practical use of this improvement is limited, it gives some theoretical insight. Due to the structure
of the algorithm, it is coined forward-Douglas-Rachford.

However, in our opinion the work is not done yet for such a designation. As advocated below,
the complete forward-Douglas-Rachford should be able to find a zero of a sum A + B + C, where
now C is any maximally monotone operator. As simplistic as it might sound, this is done by
simply replacing the orthogonal projection onto V by the resolvent of C. A subtle difference is
due to the fact that this resolvent is not linear anymore, requiring some more work for deriving
the full convergence analysis. This has been finally done by Davis and Yin (2017), who strangely
fail to mention our work. Note that these authors also study rates of convergence, and possible
acceleration schemes. Let us also mention the stochastic version developed by Cevher et al. (2016).

In this paper, we want to precisely describe the links between the above methods; this is done
in§ 2.

Then, since our interest lies mostly in large-scale convex optimization problems involving
many terms, we explicitly derive the forward-Douglas-Rachford splitting algorithm for solving
the monotone inclusion problem

n
ﬁndxezer(ZA,-+B+C); (P3)
i=1
as far as we know, this has not been written yet. Problem P3 is the same as problem P1 with
an additional maximally monotone operator C. Observe that, although the operator C satisfies
the same assumptions as each A;, we particularize its role in the splitting of problem P3. In
the resulting iterative method, this will translate to two desirable properties which we describe
below. Note that we are not aware of a situation where these properties are crucial, though, and
in practice any problem that can be solved by the forward-Douglas-Rachford splitting algorithm
can also be solved by the generalized forward-backward; but in the following cases, the former is
somewhat more elegant.

The first property is that the resolvent of C is directly applied to the iterates. One consequence
is that the iterates always lies within the domain of C along iterations. Hence, the algorithm
can be applied when B is cocoercive only within this domain, without further care. Moreover,
this better handles a convex hard constraint, i.e. when C is the normal cone of a closed convex
set, since such constraint will be satisfied at each iteration. In contrast, the generalized forward-
backward ensures convex hard constraints only at convergence; they might be violated during
iterations. More generally, this is useful for instance when C is the subdifferential of the ¢;-norm
in some basis, inducing sparsity (many coefficients in that basis are zero) over the solution set of
a convex optimization problem. The resolvent of C is the so-called soft-thresholding, squeezing



2. THE “TRUE” FORWARD-DOUGLAS-RACHFORD OPERATOR 3

nonsignificant coefficients to zero. Again, the generalized forward-backward ensures sparsity only
at convergence, and coefficients which are zero at a solution may be nonzero (with decreasing
amplitude) during iterations; while the iterates in the forward-Douglas—-Rachford might have the
right support after a finite number of iterations. In turn, this could be useful for example for risk
estimation, (see Zou et al., 2007) ; see also our numerical experiments § 4.

The second property is that no additional auxiliary variable needs to be stored in memory
for taking into account the operator C in the splitting. More precisely, in principle n + 1 auxiliary
variables, each of the dimension of the problem, must be stored for applying the generalized
forward-backward splitting algorithm to problem P3, against only n auxiliary variables for apply-
ing forward-Douglas-Rachford as shown in § 3. However, practical implementations usually has
other memory needs, so that the memory gained this way rarely exceeds one fifth of the overall
memory needed, even when # is as low as one.

Let us precise that there exists now many methods able to solve problem P3 while taking
advantage of both the splitting and the cocoercivity of B, in the sense that the required operator
inversions involve only each A; and C individually, and not B. Most notable examples in the
literature either follow the primal-dual approach proposed independently by Condat (2013) and
Vit (2013), or the one of Combettes and Pesquet (2012), or our method (Raguet et al., 2013). Note
that the mentioned primal-dual methods can deal with a larger class of problems. Moreover with
the former, it is easy to particularize the role of one of the maximally monotone operators in
the splitting, with the desirable algorithmic properties explained above. Nonetheless, explicit
primal-dual algorithms are not necessarily best suited for the considered class of problems for
two reasons. First, they allow only for restricted range of parameters (namely the explicit step size,
denoted hereafter y and depending on the cocoercivity constant of B, see Raguet, 2014, I11.2.3),
and second, our setting can be more appropriate for preconditioning purpose (see our work on
this topic Raguet and Landrieu, 2015).

For those reasons, we specify in § 3 the algorithm for both monotone inclusion and convex
optimization problems structured as problem P3, with the possibility of using preconditioners.
Finally, § 4 is devoted to numerical illustration.

2 The “True” Forward-Douglas-Rachford Operator

As we will see, both the exposition of our method and the discussion of its relationship to others,
are facilitated within the unifying framework of Combettes (2004). We also refer the less familiar
readers to this article for most specific notations used in the following.

2.1 Forward-Backward and Douglas-Rachford Algorithms viewed as Compositions
of Averaged Operators

The forward-backward splitting algorithm is a well-studied method for solving monotone inclu-
sion problem P1 when # is restricted to one, that is

find x € zer(A+ B) ,

by making use only of the resolvent of A and of the explicit application of B.
Combettes (2004, Section 6) gives both synthetic description and analysis, using the fact that
the set of zeros of the sum of A + B is equal to the set of fixed points of the operator

Trp = Jya(1d-yB), (2.1)
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where y € R, is a positive scalar parameter, Id is the identity over H, and J,4 o (Id +yA)_1
is the resolvent of yA. Then, the algorithm is the repeated application of Trp; since Jy4 is firmly
nonexpansive and, for well chosen y, (Id —yB) is also a-averaged for some «, so is their composi-
tion. Weak convergence towards a fixed point ensues thanks to results given in the cited paper,
allowing for relaxations, varying step size y and summable error terms.

Alternatively, the Douglas-Rachford splitting algorithm is an equally well-studied method,
for solving monotone inclusion problem P3 when # is restricted to one and B is restricted to zero,
that is

find x € zer(A+ C),

involving only the resolvents of A and C, separately.
Again, Combettes (2004, Section 5) gives both synthetic description and analysis, using now
the fact that the preimage of the set of zeros of the sum of A + C by the single-valued operator J,¢

is equal to the set of fixed points of the operator Ry4R,c, where R4 =) Jya — Id is the reflection
operator associated to yA. Here, it is convenient to observe that R4 R, ¢ shares its fixed points
with the operator

def 1

Tpr = 3(RyaRyc +1d) = Ja(2)yc - 1d) + (Id-Jyc) - (2.2)

Then, the algorithm is usually described as the repeated application of the latter operator, which
is firmly nonexpansive for any y € R,.. Weak convergence towards a fixed point ensues thanks
to results given in the cited paper, allowing for relaxations and essentially summable error terms.
Finally, a zero is found by applying J, ¢ to such fixed point; in contrast to the above, varying step
size y along iterations is not possible in general, since the set of fixed points would vary as well.
Let us mention that a proof of the firm nonexpansiveness of the operator defined above goes

back to the work of Lions and Mercier (1979), and introduction of relaxation and summable error
terms is due to Eckstein and Bertsekas (1992).

2.2 Generalized Forward-Backward and Forward-Douglas-Rachford Algorithms

In terms of convex optimization, the Douglas—Rachford algorithm can be applied to minimize a
sum of two convex functionals using their proximity operators. If one needs to split the objective
into more than two functionals, a useful trick is that finding x € H minimizing }.7", gi(x) is

mathematically equivalent to finding x;, . . ., x, € { minimizing }.7"; g;(x;) under the constraint
x| = - = x,. That is, introducing the augmented space H < H", the closed subspace § &
{x=(x1,...,x0) € H|x; = = x,,} and its convex indicator 15: H —]—o00,+00]:x — 0if x €

S, +0o otherwise , the problem is to find x € argmin g + 15, where the functional g: H —
]—00,+00]:x = Y, gi(x;) is decoupled along the splitting. Its proximity operator can be
deduced from the proximity operators of each g; separately, and the proximity operator of s is
nothing but the orthogonal projector onto §, essentially averaging the components.
This approach translates easily for solving monotone inclusions involving the sum of an
arbitrary number of maximally monotone operators. Introducing the product operator A <
A H — 2% and the normal cone NgH — 2M.x > St ifx € S, 0 otherwise , one can
show that finding x € zer(}." | A;x) is equivalent to finding x € zer(A + N). Again, the Douglas-
Rachford algorithm can be applied with full splitting since the resolvent of A can be deduced from
the resolvents of each A; separately, and the resolvent of N s is again the orthogonal projector onto
S. The resulting algorithm (with the step size y restricted to unity) coincide with the method of
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partial inverse of Spingarn (1983), who fails to notice the connection with the Douglas-Rachford
algorithm.

Oddly enough, it is only thirty years later that one could combine such a splitting into an
arbitrary number of maximally monotone operator, together with an additional operator handled
through its explicit application rather than its resolvent; that is, solve our problem P1. In a nutshell,
we introduce also the operator B: H — H:x — (Bxy, ..., Bx,), cast the problem into finding
x € zer(nA + B + Ny), the latter set being the orthogonal projection onto § of the set of fixed
points of the composition

Ters < 5 (RuyaRs+1d)(1d - yBPs) = J,,4(2Ps —1d - yBPs) + (Id - Ps) . (2.3)
This operator is obviously a combination of both the forward-backward equation 2.1 and the
Douglas-Rachford equation 2.2 operators in the augmented space setting, where we particularize
the orthogonal projector Pg = | ~; and the reflection operator Rg « 2Pg — Id. We use the
fact that, provided that B is cocoercive in #, then so is the composition PsBPs = BPg in H.
Thanks to the direct composition appearing in the middle term in equalities equation 2.3, it is
straightforward to show that it is a-averaged, and then to prove convergence towards a fixed
point from repeated applications with possible relaxations and summable errors.

Since our method resembles a forward-backward algorithm on an augmented space, we coin
it a generalized forward-backward algorithm, and exemplify in our article (Raguet et al., 2013)
its usefulness for large-scale convex optimization problems. Shortly after, Bricefio-Arias (2015)
notices that the vector space § can actually be replaced by any closed vector space V without
modifying the whole analysis, and writes the resulting method for finding (we revert again to
nonbold notations for generality) x € zer(A+ B+ N« ). The resulting algorithm is slightly different
because the identity PyyBPy = BPy is not true in general; for some applications, it could trade
some memory savings against increased computational load, without significant difference. The
author also revisits the approach of the method of partial inverse in this setting, without practical
applications known to us.

Finally, it is now easy to see a more interesting extension of our generalized forward-backward
algorithm, consisting in replacing the normal cone of a closed vector space by an arbitrary
maximally monotone operator C: # — 271, and consequently in equation 2.3 the orthogonal
projector by the corresponding resolvent J,c. As shown in § 3 (in the augmented space and
preconditioned setting), it is straightforward to establish that the preimage of zer(A + B + C) by
Jyc is equal to the set of fixed points of

Tror < Jya(2)yc —1d=yBJyc) + (1d-J,c) -

However, the convergence analysis is more delicate, since the latter operator cannot be factorized
in a direct composition product analogous to the middle term in equalities equation 2.3, because
Jyc is not a linear operator in general. This rather technical work has been carried out by Davis
and Yin (2017), yielding that Trpg is an «a-averaged operator whose constant depends on the step
size and on the cocoercivity modulus of B in the exact same way as shown by us for Tgrg (Raguet,
2014, I11.2.3).

3 Generalized Forward-Douglas-Rachford with Preconditioning

We derive now the algorithmic scheme and the convergence analysis of the forward-Douglas-
Rachford splitting algorithm, in the case of an arbitrary number of functionals in the split-
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ting problem P3. As we keep in mind convex optimization applications, we also consider the
problem

n

find x cargmin » g+ f +h. (P4)

i=1
Moreover, we substitute step sizes and splitting weigths by symmetric operators, as is now custom-
ary for preconditioning purpose. As we described along § 2.2, the forward-Douglas—Rachford is
a generalized forward-backward splitting algorithm with a resolvent instead of a projection step.
Actually, most of the following can be directly deduced from our work (Raguet and Landrieu,
2015) by replacing >.7"; Wiz; by Jrc(X7, Wiz;i). We thus make extensive use of notations and
results from the latter paper. However, for the sake of completeness, we first write in full the
algorithmic scheme and our convergence results. Then, we explicit the necessary modifications
for the convergence analysis.

3.1 Algorithmic Scheme and Convergence Results

Let us start by briefly recalling the main notations and hypothesis on operators and functionals
considered. H is a real Hilbert space, and S, () and &, (H) are the set of bounded, linear self-
adjoint operators over H that are positive and strongly positive, respectively. For M € &, (H),
we write (x, y) ~ (x| y)m & (Mx|y)and x — x|y & \/(Mx|x) the inner product and norm
induced by M over #, and by H) the Hilbert space H endowed with this inner product. If
S € # is a closed subspace, we denote Ps (respectively P2") the orthogonal projector over S in H

(respectively Hyy); if x € H, it is also convenient to denote xS Y Psx. We also remind that the
role of each subspace H; in hypotheses H2 and h2 below is to better handle situations where the
operator A; or the functional g; in the splitting depends only on a restricted subspace of H.

(H1) B:H — H has full domain, and L € &, (H) is such that
V(x,y) e H?, (Bx-By|x-y)z|Bx-By|..

(Hz) Foreachie{l,...,n}, A H — 2% is maximally monotone in A, and H; € H is a closed
subspace such that A; = Py, A;Py,. Also, C: H — 2% is maximally monotone.

(H3) zer(¥7,Ai+B+C) =0.

We now formulate the analogous assumptions for the convex optimization problem P4.

(h1) f:H — R is convex and everywhere differentiable such that its gradient in #] is nonex-
pansive, where L is defined in hypothesis Hi.

(h2) Foreachie{l,...,n}, gi:H —]-00,+00] is convex, proper and lower semicontinuous
such that g; = g; o Py, where #; is defined in hypothesis H2. Also, h: H —]-o00, +00] is
convex, proper and lower semicontinuous.

(h3) Domain qualification and feasibility conditions:

(i) O¢€ sri{domh -nt, domgi} andVie{l,...,n},0¢ sri{domgi - ﬂ;:} domgj},
(i) argmin Y1, gi+ f+h #0.
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Then, we give the requirements on the preconditioners.

(C1) T e G4+ (H) such that

(i) |LY2TL'?| < 2, where L is defined in hypothesis H1, and
(i) Vie{l,...,n}, [(H;) € H;, where H; is defined in hypothesis Ho.

(C2) Foreachie{l,...,n}, W; € S,(H) is such that
(i) ker W; = H;™,
(i) Wijg, € 44 (H;), and
(i) I''w; = wir™.
Moreover,
(iv) X7, Wi =Idy.

We finally recall that if g: { —]—o0, +00] is a proper, convex, lower semicontinuous functional

and M € &, (H), we write proquw for its proximity operator in ), which is well-defined as

M.

prox, i x > argming.y 2{x—&| M(x-&))+g(&). The algorithmic scheme is given in algorithm 1.

Algorithm 1: Preconditioned forward-Douglas-Rachford for monotone inclusion problem P3

under hypotheses Hi-3; for convex optimization problem P4 under hypotheses hi-3, substi-
tute B with V £, Jrc with proxi_l, and foralli e {1,...,n}, Jw.-1ra, With proxgl__‘z:".

Input: (2;),.;., € XL, His T, (Wi)\ic, satisfying hypotheses C1-2;
VkeNN, ppe]0,2- L|LV2rL2|[;

Initialize: x < Jrc(X7, Wizi); k< 0;

repeat

p < 2x - I'Bx;

forie{l,...,n}do

L Zi < Zj +pk(]Wi_1FAi(pg-[i - Zi) - X
x < Jre(X Wizi);
k<~ k+1;
until convergence;
return x.

.’Hi).

>

The following theorem ensures the convergence, and robustness to summable errors on the
computations of each operator. For each iteration k € IN, we denote by by, ¢, € H the errors
when computing B and Jr¢, respectively, and for each i € {1,...,n}, by a; € H; the error when
computing Jy, -ip4..

Theorem 3.1. Set (2i0).;., € X, H; and define (xi),y the sequence in H together with
((Zi’k)léiéﬂ)kell\l the sequence in X! H; such that for all k € IN, x, = Jrc(X7y Wizix) + ck
and forallie{1,...,n},
i -r]-[i i
Ziksl = Zik t Pk(]wi-eri(zxkg{ —Zip— T(Bxg + b)) +a;p - x ), (3.1)

where by, cx € H, a; € H;, and py € 10,2 - 3| LY2rLY?|[.
Under hypotheses C1-2 and Hi-3, if
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) Zke]N Pk(2 - %HLI/ZFLI/ZH —pk) = 400, and
(i) Ykew pr[[br]| < +00, Tk prllek]| < +ooand Vie {l,....n}, Fiew prlaikl < +oo,

then the sequence (X ) . defined above equation 3.1 converges weakly towards a solution of prob-
lem P3. If moreover

(iil) there exists i € {1,...,n} such that A; is uniformly monotone,
or alternatively B or C is uniformly monotone,

then the convergence of (xkg{ ' )ke]N’ respectively (xi) e 1S strong.

The following corollary specializes theorem 3.1 to the case of the convex optimization problem P4.

Corollary 3.1. Let the sequence (xi ), be defined by substituting, into equation 3.1, B with V f,

Jrc with proxfl, and for all i € {1,...,n}, Jyy-ip,, with proxg;‘ztl". If, in addition to hypothe-

ses C1-2 and hi-3, assumptions (i) and (ii) of theorem 3.1 are satisfied, then the sequence (Xi) e

converges weakly towards a minimizer of problem P4. If moreover there exists i € {1,...,n} such

that g; is uniformly convex, or alternatively f or h is uniformly convex, then (xkﬂ : )k N respectively
€

(XK ) keny> converges strongly.

3.2 Convergence Proof

It is convenient to work on the product space X?_| H;; we recall here the important definitions.

Let H = X", H;, endowed with the inner product (x|y) = Y7 (x;| ;) and induced norm
|x]| = /{x]x) = \/Z [xi[? The identity is Id, and with the definitions from § 3.1, we define
the following linear operators H — H, W:x — (W;x;), ., and I:x = (I'x;), ;.- We also
introduce : H - H: x » X7, Wix;and 2*: H - H: x (x}[")KKn,together with the set

S ranz* = {xeﬂ-[‘EIxe}[, Vie{l,...,n}, x :xﬂ"}.Finally,wedeﬁneA,C:{]—[—>Zﬂand
B:H — H by

def

A:

def

n
XAig,, B=
-1

def

Y*BX and C= WX*CX+ Ny,

where the definition of the normal cone N was given in the introduction § 2.2. We refer again
the reader to our earlier paper (Raguet and Landrieu, 2015, §5.2) for the key properties of these
objects. We recall in particular that I'and W commute and I''W € &, , (%), and establish the
following property.

Proposition 3.1. With the above definitions, the following statements hold.

(i) If C is uniformly monotone in H with modulus ¢, then

YV (x,y) e H?, V (u,v) e WT'Cx x WICy, (u—le—y)rlw > ¢(|Zx-Zy|) .

(i) WII'C is maximally monotone in H p-1y, and Jy-1pc = ¥ JrcZ.
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Proof. Let (x,y) e H*.

(i). Let (u,v) € W'I'Cxx W™'T'Cy. By definition, there exists (1, v) € CExx CZyand (u’,v") €
NgxxNgysuchthatu = WII(WZ*u+u’)andv = W'T'(WX*v+u’). Thanks to the properties
of Ng, (u' —v'|x — y) = 0, hence we can develop (u — v|x — y) -1y = (WZ"u - WZ*v|
x=y)=Y(Wi(u=v)|xi—yi)=(u—v|¥; Wi(xi = yi)) = (u-v| Zx — Zy). If C is uniformly
monotone in H with modulus ¢, by definition (u —v|Zx — Zy) > ¢(|Zx - Zy|).

(ii). If C is only monotone, ¢ can be replaced by 0 in the above inequality, showing that W™'T'C
is monotone in H -1y,. Suppose now that y € 8. According to lemma 5.3 (i) (ii) in the above
paper (Raguet and Landrieu, 2015), £2* = Idg and 2* X5 = Ids. Thus using the definition of Jrc,
we have the equivalences

y=2"JrcEx < JyeH,y=2"yandZxec y+ICy,
— X'Zxecy+2'ICXy.
Now, according to proposition 5.1 (ii) in the same paper (Raguet and Landrieu, 2015), £*¥ =
P?IW, so that "W (x — Z*Zx) € §*. With the definition of Ngand y € S, we get x € Z*Zx +
W-IrN sy, and thus
y=3"IrcZx < xey+3TCEZy+ W 'INgy,
— xecy+W'T(WZ*CZ +Ng)y,

where we substituted Z*I' = I'X* = WWI'SZ* = W' T'WX* thanks to the properties of %, T
and W. This characterizes Jy,-1pc with our definition of C. Altogether, W™'I'C is monotone

in H 1w With a resolvent with full domain; it is thus maximally monotone by the theorem of
Minty (1962). [ |

The generalized forward-Douglas-Rachford operator is based on the following fixed-point
equation, which is then rewritten onto the product space H.

Proposition 3.2. Under hypotheses C1-2 and Hz, x € ‘H is a solution of problem P3 if, and only
if, there exists (2i)c;, € Xy Hi such that x = Jrc(X1-; Wizi), and forall i € {1,...,n},

zi:]Wiqmi((Zx—FBx)%—zi)+(zi—x7{"), (3.2)
that is to say if, and only if, there exists z € H such that x = JrcXz and z is a fixed point of the
operator T: H — H defined by

def

T= ]W-lm(sz-lrc -Id- FB]W—lrc) + (Id - Iw-lrc) . (3:3)

Proof. Let x € H. Following our former proof (Raguet and Landrieu, 2015, proposition 5.2), we
have the equivalence

Vi, Wi(x-I'Bx-z;) €lA;x,

and }i, Wiz; e x + I'Cx, (3.4)

n n
0¢ ZAix+Bx+Cx = 3(2i)1cicn € X His {
i=1 i=1

and it is easy to derive
Wi(x - TBx - z;) € TA;x < Wi((x - IBx)" - 2,) e TAx",
> (x-TBx)" —z; + x™ e W' T A" + x|

— xMi= ]Wj-eri((Zx—FBx)j{" —Zi) ,
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leading to equation 3.2. The translation to the product space H is straightforward, using our
description of the operators J -1, (Raguet and Landrieu, 2015, proposition 5.1 (iii)) and J -1 ¢
in proposition 3.1 (ii), and the definition of B. [

Remark 3.1. Following proposition 3.2, if z € fix T, with x = Jr¢ Xz the corresponding solution,
the right-hand side of equivalence 3.4 yields on the product space W(XZ*x - I'BX*x - z) €
TF'AX*xand X*Xz € Z*x + I'2* Cx, which can be combined as X* ¥z -z € W 'TAZ*x +TBX*x +
I'>*Cx. Now, as already pointed above in the proof of proposition 3.1 (ii), ['W(z - Z*Xz) €
§*, and thus Z*2z — z € ~-W'I'N4X*x, and one finally obtains 0 € W 'T'AX*x + I'BZ*x +
WIrcz*x. In other words, X*x = Jw-1rcz € zer(W‘ll"A +I'B+ W_IFC).

Because of the nonlinearity of Jy,-i ¢, analysis of the operator T is more delicate than our
generalized forward-backward operator of the form equation 2.3. As mentioned in the intro-
duction, this can be done following a lemma due to Davis and Yin (2017). Convergence of a
generalized forward-Douglas-Rachford ensues.

Theorem 3.2. Set z € H and define (zy) . the sequence in H such that for all k € IN,

Zk+l dzef Zk +Pk(]W’II‘A(2(IW’1FCzk + Ck) -2k — FB(IW’IFCZk + Ck) + bk) + ai

- (Jw-1rc2k + Ck)) , (3:5)

where (ag, by, ci) € H> and p € 10,2 - %”LI/ZFLI/ZH [-
Under hypotheses C1-2 and Hi-3, if

() Tkew pr(2 - 3ILV2TLY2] - pi) = +00,, and
(i) Lrew prllaxll < +o0, Tiew prllbrll < +00, and Tiew prller]| < +oo,
then there exists z € fix T such that x < JrcXz is a solution of problem P3 and that
(@) (zk) e converges weakly to z, and
(b) (JrcZzi) e converges weakly to x.
If moreover

(iil) there exists i € {1,...,n} such that A; is uniformly monotone,
or alternatively B or C is uniformly monotone,

then

(c) ((]pczzk)ﬂ" )k \ converges strongly to x7%i,
€
respectively (JrcZzk ) o converges strongly to x.

Proof. (a). Proposition 3.1 (ii) shows that WIIC is maximally monotone in H -1y, hence
Jw-1rc is firmly nonexpansive with the characterization of Minty (1962). Similarly, we showed that

-1
Jw-1r4 is also firmly nonexpansive, and that I'B is HLI/ 2rp? H -cocoercive in H -1y, (Raguet

and Landrieu, 2015, proposition 5.1 (iii) and (v), respectively). Altogether, proposition 3.1 of Davis

and Yin (2017) provides that T is a-averaged, with a = (2 - %||L1/ 2rii?| )71. Thus, there exists
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R: H — H nonexpansive in H -1y, such that T = aR + (1 - «)Id, and it is possible to rewrite
iteration 3.5 as

Zkn = 2k + pr(Tzg — 2 + dy) (3.6)
=zi + api(Rzi + a7 'dy - z)

where for all k € IN, |di| -1 < lakl 1w + 10kl - + (3 + HLI/ZFLVZH)||ck||r_1w; the term
@kl -1y comes out only with triangle inequality, || by|| p-1, using also nonexpansivity of Jy-11,,
and the coefficient in front of | x| -1y using also nonexpansivity of Jy,-15¢ and HLl/ 2rpY 2|-
Lipschitzianity of I'B. With (ii) and norms equivalence, we get Y. v px[|dk |l -1y < +00. Moreover,
forall k € IN, apy < 1and thanks to (i), e @k (1-api) = & S enw px(@ 1= pi) = +oo. Finally,
proposition 3.2 and hypothesis H3 ensures fix T # 0; but fix T = fix R, and the results follows
from Combettes (2004, lemma 5.1) together with proposition 3.2.

The rest of the proof is essentially a slightly simplified and improved version of the proof
of theorem 2.1 of Davis and Yin (2017), identifying our operators W™'T'A, B, W™'I'C and
parameters (py ),y With their operators A, C, B, and parameters (A ) x> respectively, and y = 1.

To lighten the notations, define z¢ wf Jw-1rc%s and for all k € IN,

def def
zC,k = ]W_lrczk and zA,k = ]W‘IFA(2ZC,k — 2~ rBZC,k)

so that Tz = z4x + 2k — 2c k- The proof of the above lemma (Combettes, 2004, lemma 5.1)

actually shows that (Tzy — zi) oy = (Zak = Z¢,k) ey CONVerges strongly to zero.
(b). By definition of the resolvent, we have the inclusions zx — z¢x € W' I'Cz¢ x and

Uy = (ch,k -z - TBzc,k) —Zpk € W_ITAzA,k . (3.7)

Since (2 )y is weakly convergent, it is bounded, and by nonexpansivity of J -1, so is the
sequence (Z¢ k) - It thus admits at least one weak cluster point. Let y € H be such a weak
cluster point, and (k j)je]N be a sequence such that Zck; y.Recallingzy y —zcx — 0,

]4)1»00 k—>+oo

pao y. Similarly, the sequence (I’ Bzc)kj)jE]N is bounded and admits at least

one weak cluster point; up to extracting an other subsequence, we can assume that it is weakly
convergent; in turn, (u k].) is also weakly convergent. Finally, uy + I'Bzc + (2x — 2c k) =

we deduce z, k,

jelN
Zok — ZAk k—> 0 and thus corollary 25.5 (iii) of Bauschke and Combettes (2011) applied to

—+00

the sequences uy; € W’II‘AzA,kj, I'Bzc and (ij - ZC,kj) € W’II‘Czc,k}., j € IN, shows
in particular that the weak limit of the last one satisfies (z — y) €¢ W™'I'Cy. But this characterizes
¥ = z¢ uniquely, and thus (z¢ k) converges weakly to z¢. Recalling that Jyy-1pc = X*JrcZ
and £X* = Idy, applying the bounded linear operator X to the above yields weak convergence of
(JrcZzi) ey t0 X = Jre2z.

(c). Again by the definition of the resolvent, z — zc € W'I'Cz¢. In addition, remark 3.1 shows
that z¢ € zer(W'TA+I'B+ W'T'C), and thus

ul zc—2z—-TI'Bzg ¢ WTrAzc. (3.8)

Altogether, monotonicity of WTIT'A, I'B, and W'T'C ensures that
Pak = {zak —zc|ug —u) 1y 20, (3.9)
PBk déf (Zc,k -zc | I'Bzc ) — FBZC)F—IW >0, and (3.10)

pex = zcx —zc|(zk — zc ) = (- 2¢)) 1w 20, (3.11)
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respectively. Now, develop

Pak+ Pk + ek =(zak — zcx|uk —u) + {zcx — zc|uk + (zx — zcx) + TBzc) »

=(zax —zcx|uk —u - (zcx — 2c)) -

The right-hand operand of this last inner product stays bounded because it involves only Lipschitzian
operators and (zy ),y is bounded. Since the left-hand operand converges strongly to zero as k
tends to infinity, so does the sum p4 x + pp + Pc.k; but since each term is nonnegative, they
each converges in turn to zero.

By the definition of A, the inclusions 3.7 and 3.8 translate over the components of the product
space H as, foralli e {1,...,n},(u); € Wi 'TA;(z¢); and forallk € IN, (uy); € W, 'TA;(z44):.
Suppose that there exists i € {1,..., n} such that A; is uniformly monotone with modulus ¢. Then,
the inequality 3.9 becomes pax = X7 ((zax); — (2¢);|(u); - (”)j)pfle > ((zak)i — (z¢)i]
(ur)i - (u),-)r,lwi, where, forall j € {1,...,n} \ {i}, monotonicity of W;'T'4; in Hr-1w, has

been used. This last inner productis ((z4x )i — (2¢); | I 'Wi(u);, -T'w; (u),-), hence the above
inclusions and uniform monotonicity of A; finally yields px > ¢(||(zax)i — (z¢)il|). But by
definition, ¢ is nonnegative, nondecreasing and vanishes only at zero; with p4 , —— 0, we

k—+o00

deduce that (z4 ¢ ); pa— (z¢)i = (Z*JFCEZ)% = x7i. But we have seen that Zek—Zak —
—+00

—+o00

0, so that in particular (]pczzk)ﬂ" =(zck)i P xHi,
—>+00

Alternatively, if B is uniformly monotone with modulus ¢, our previous result (Raguet and
Landrieu, 2015, proposition 5.1 (iv)) shows that inequality 3.10 becomes pp x > ¢(|Zzcx — Zzc|) =
¢([|JrcZzx — x|). The result follows again from the properties of ¢ and convergence of (pp k) ;.cx
to zero.

Finally, if C is uniformly monotone with modulus ¢, then proposition 3.1 (i) shows that
inequality 3.11 becomes pc x > ¢(||Zzc k — Zz¢| ), and the result follows as above. ]

Remark 3.2. Strong convergence results with uniform monotonicity of an operator A; obviously
improves on our previous results on the generalized forward-backward (Raguet et al., 2013;
Raguet and Landrieu, 2015). Note also that, in contrast to theorem 2.1 of Davis and Yin (2017),
our conclusions (b) and (c) do not require the parameters (p ), to be bounded away from
Oand2 - %HLI/ 2I'LY/?||. Moreover, one can improve inequality 3.10 with cocoercivity of I'B, as

Pck 2 HL1/2FL1/2H_1||TBzc,k - TBzc"zF_lW. It is then easy to deduce that I'Bz¢ y —— I'Bzc,

k—+o00

and obtain strong convergence of (z¢ )y towards zc if C is demiregular.
Corollary 3.2. Theorem 3.1 and corollary 3.1 hold.

Proof. Skipping some calculations, recursion equation 3.1 is a specific instance of equation 3.5,
leading to theorem 3.1. Now, identifying the operators B, C, and each A; with, respectively, V f,
0h, and each dg;, the derivation of hypotheses Hi-3 from hypotheses hi-3 has been established
in our previous work (Raguet and Landrieu, 2015, Corollary 5.1), proving corollary 3.1. [ |

4 Numerical Illustration

The aim of this section is twofold. First, it extends our previous numerical experiments (Raguet
and Landrieu, 2015, § 4) in a different experimental setting, demonstrating the efficiency of
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the proposed algorithm on graph-structured optimization. Second, it compares the use of our
generalized forward-backward and of the forward-Douglas-Rachford splitting algorithms, in
the light of the differences described in § 1. To this regard, we regret that the authors of the
so-called “three operators splitting scheme” (Davis and Yin, 2017) did not acknowledge the strong
connection between their algorithm and ours, and hence failed to show the practical interest of
their work. It would be interesting to run such comparison over the experiments they consider
in their paper, but neither the source code nor the data are publicly available at the time of this
writing. Therefore, we provide our own experimental settings, which are medium- and large-scale
problems classically considered in signal processing or machine learning communities, and for
which the use of the forward-Douglas-Rachford splitting algorithm seems especially relevant.

Each algorithm is carefully implemented in C++ with parallelization of most operators with
OpenMP specifications, and run on a personal computer with eight cores at 2.40 GHz. The source
code for PFDR is available at the author’s GitHub repository,' source code of others are available
upon request.

4.1 Brain Source Identification in Electroencephalography

In electroencephalography (EEG), the brain activity is recorded with high temporal resolution
thanks to several electrodes located on the head of a subject. The goal of brain source identification
in EEG is to retrieve the brain regions that were activated during the recording. The brain activity
of the subject can be modeled as a set of dipoles situated in various brain regions, activated at
different intensities. From the physics of the problem, it is possible to derive the linear operator
linking the activity of the dipoles to the electrical potential recorded at the electrodes, called the
lead-field operator.

4.1.1  Graph-Structured Regularized Inverse Problem

The number of electrodes (observations) is much smaller than the number of dipoles (brain
regions). Moreover, some dipoles have highly correlated effects on the electrodes, while some
others have weak influence. In consequence, inverting the lead-field operator is a difficult ill-posed
problem. However, important priors can be taken into account, following for instance Gramfort
etal. (2013); Becker et al. (2014). First, only a small subset of all brain regions are supposed to be
active at the same time. Second, neighboring regions which are simultaneously active are likely
to be active with similar intensities. Third, at some time points one may know that all active brain
regions are activated with the same sign. These sparsity and positivity priors can be enforced
by a model structured on a graph G = (V, E), where each vertex of V is a brain region and the
edge set E c V x V contains each pair of spatially neighboring regions. The problem is to find an

element of argming v F, where for all x € (x,)yev €RY,

F(x) & Ly - x|+ 2 A jxy = x|+ 3 MW || + 1 (2) (41)
(u,v)€E veV

y € RN is the observation® over N electrodes, and ®:RY — RY is the lead-field operator. The
first term is an Euclidean norm ensuring coherence with the observation, the second term is

'https://github.com/1a7r0ch3/CP_PFDR_graph_d1
?note that we use here both standard notations: when N is an integer, R" is the Cartesian product of N copies of
the set IR; when E is a set, RE is the set of all applications from E to R, isomorphic to RIE,
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a weighted graph total variation enforcing similarity between adjacent active brain regions, the
third term is a weighted ¢;-norm enforcing sparsity, and the forth term ensures positivity. The
parameters A balance the influence of spatial regularity and sparsity, and should depend on the
lead-field operator and on the noise over the observations.

Note that this is a spatial-only formulation, i.e. we consider the inverse problem over a single
time point in the recording. Starting from a full spatiotemporal recording, we select the time
point with highest activity (squared observed values summed over the electrodes). However, we
use the full spatiotemporal information in order to estimate the noise level and the penalization
parameters. Without delving into details, we use crude heuristics based on the Stein’s unbiased
risk estimation, as proposed by us earlier (Raguet, 2014, § V.3), and adapted to the current setting.
In particular, one must take into account that the columns of the matrix representing ® can be
highly correlated, or have different norms; the latter requires parameters A varying along vertices
and along edges.

4.1.2 Competing Algorithms

In spite of recent interest for the minimization of graph total variation, few algorithms allows to
minimize efficiently equation 4.1 in its full generality. As far as we know, the most popular among
practitioners is the primal-dual splitting algorithm of Chambolle and Pock (2011), so we include
it in our tests for comparisons.

Preconditioned generalized forward-backward splitting (algorithm 1 with & = 0, PGFB). A
natural way to catch functional equation 4.1 into a splitting of the form problem P2 is to set the
first term of the functional as the smooth part, i.e. f:x = |y — ®x|? to split the graph total
variation into |E| different functionals { g, [(4,v) € E}, and consider the two remaining terms
together in a last functional gig|.

We described earlier how to set the diagonal preconditioners and apply our algorithm in such
case (Raguet and Landrieu, 2015, § 3 and § 4.2); consider also the two following differences with
the former setting. First, the proximity operator of gjg|,; is now a soft-thresholding followed by a
projector over the positive orthant. Second, the gradient of the smooth functional is now V f: x ~
O*(Dx - y), and its Hessian is V2 f = ®*®. For preconditioning purpose, we approximate the
Hessian simply by its diagonal (also called Jacobi approximation). Moreover, we simply set the
operator L satisfying hypothesis h1as L = £1d, where £ = |®*®| = |®|? is estimated with power
method. Also, we do not consider any reconditioning along iterations.

Preconditioned forward-Douglas-Rachford splitting (algorithm 1, PFDR). The form of the
problem suggests to use the same splitting as above while particularizing the functional & = 9IE|+1
in problem P4. This is especially relevant regarding the first property discussed in the introduction:
in contrast to PGFB above, at each iteration the iterate undergoes the proximity operator of h,
ensuring sparsity and positivity.

Preconditioned primal-dual algorithm of Pock and Chambolle (2011, PPD). The functional
is splitas F o g o A + h, where we particularized in h the last two terms of equation 4.1 just as
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Figure 1: Brain source identification in EEG: optimization comparisons. PGFB and PFDR algo-
rithms are so similar that one can hardly distinguish them.

for PFDR, and g and A are defined as

def
v < dx, and

V (u,v) € E, 8 (u) def /\Eilz)(xu -Xy),

RY — RN xRE .
A: . — (0,0), with {
RN xRE — R

and g (v,8) +— %||y—v||2+ Z 16 () -
(u,v)€E

Note that we use the preconditioned version of the algorithm; following the notations in the
reference paper (our g, h and A being identified with their F, G and K, respectively), the precon-
ditioning matrices T and X are defined following lemma 2, equation (10), with the parameter
a = 1. We also set the relaxation parameter 6 = 1. Let us also mention that we tried other splitting
and other parameters values, and that the above seem optimal for our purpose.

4.1.3 Decrease of the Functional and Brain Source Identification

The EEG data are provided by Ahmad Karfoul and Isabelle Merlet, LTSI, INSERM U1o99.These
are synthetic data; the graph G and the lead-field operator @ are computed according to a patient’s
model, then some brain sources are simulated, and finally the observations are constructed by
application of the lead-field operator and of some noise. The model comprises 19 626 brain dipoles
for only 91 electrodes. We select the time point of interest and the regularization parameters as
described in § 4.1.1. Then, we run the algorithms with various stopping criteria and monitor the
functional values against computational times. We also evaluate the quality of the solutions to
assess the relevance of the algorithms for the problem at hand.

In order to set the best estimate of the solution, we perform 10° iterations of each algorithm.
After so many iterations all three give almost identical solutions and achieve almost equal func-
tional value, set as the optimal value F,. Then, difference between F,, and functional values
F(x) along running time is given for each algorithm in figure 1. Results for PGFB and PFDR are
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(a) Ground truth (b) PGFB solution (c) PFDR solution (d) supp,

Figure 2: Brain activity over the graph G: (a) ground truth, and retrieved with (b) PGFB and
(c) PFDR (stopping criteria of 10~ relative evolution, only 4 s running time). The same color
map is used, from dark red (low activity) to bright yellow (high activity); dark gray indicates
coeflicients which are exactly zero. Note that lower amplitude of retrieved coeflicients compared
to ground truth is a typical effect of the convex regularizers we use. (d) Support recovered by
discarding nonsignificant coeflicients of solutions with 2-means clustering (see text); PGFB and
PFDR yield exactly the same support.

so similar that one can hardly distinguish them. Comparing with PPD, one sees two regimes: at
first, PGFB and PFDR achieves significantly lower functional values than PPD. Then for longer
running times, the three behaves similarly. We believe that the initial speed-up of PGFB and PFDR
is due to the use of the (preconditioned) gradient of the data-fidelity term, yielding reasonable
reconstruction in a few iterations.

Using synthetic data, the ground truth % is known (see figure 2(a)). Being interested in brain
source identification, we consider the binary classification problem over the support supp(x) <
{v € V||x,| > 0}, and evaluate the performance with the Dice score (also coined F1 score),

ar 2|supp(x) 0 supp(4)|
|supp(x)| + [supp(£)]

DS(x;%)

However, even the best minimizer of equation 4.1 (last line in table 1) gives poor prediction. This
is mostly due to the fact that too many coefficients outside the real support have very low, but
nonzero value. This can hardly be corrected by increasing the penalization parameters, because
this results in bad reconstruction and eventually worst support recovery. In order to correct for
this effect, we consider an approximated support supp,,(x) Ly eV]|x,|>a) wherea e R, is
determined by 2-means clustering of the absolute values of the solution {|x,|}yev.

As is customary in real experimental conditions, stopping criteria are prescribed as a mini-
mum relative evolution of the iterate, || Xnew — Xold ||/ Xnew||- A typical practitioner would set it
according to a compromise between desired precision and available computational time. We
propose several reasonable values, and for each one of them, we report the Dice score and the
necessary running time of the algorithm in table 1.

As already explained, particularizing the ¢;-norm as within PFDR and PPD schemes yields
more zero coeflicients than with PGFB, hence better raw predictions. Nevertheless, these are
still far from satisfying (a Dice score around 0.3 is considered unreliable in any context). Now,
discarding nonsignificant coefficients with a simple unidimensional 2-means clustering drastically
improves the prediction (see also figures 2(b)-(d)). In that respect, PGFB behaves again exactly
the same as PFDR, showing no practical advantage of the latter over the former. Finally, one
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Table 1: Brain source identification: prediction performance and computing time comparisons.

PGFB PFDR PPD
DS DS, time(s) DS DS, time(s) DS DS, time (s)
rel. evol. 1074 0.02 0.76 4 0.24 0.76 4 0.13 0.66 17
rel. evol. 1072 0.02 0.74 16 0.30 0.74 15 0.25 0.78 54
rel. evol. 1076 0.02 0.78 88 0.31 0.78 89 0.30 0.78 84

10° iterations ~ 0.04 0.78 258 0.32 0.78 245 0.32 0.78 251

can see that faster decrease of energy functionals of PGFB and PFDR in comparison to PPD
translates somehow into prediction performance: the former algorithms yield good results in a
few seconds, while the latter takes one order of magnitude longer for reaching the same level of
prediction performance.

4.2 Semantic Labeling of 3D Point Cloud

We consider now an application of our algorithm in the remote sensing field. Given a point cloud
acquired from a LiDAR sensor, that is a list of points with their spatial coordinates in 3D, the
goal is to assign a semantic label (or class, such as vegetation, building, car, etc...) to each point.

Recently, Guinard and Landrieu (2017 § 2.2) improve on the random forest classifier of
Weinmann et al. (2015), using a combination of local features such as dimensionality and verticality
(as described for instance by Demantké et al., 2011) and pre-estimated global features such as
elevation and position with respect to the roads.

4.2.1 Convex Graph-Structured Spatial Regularization of Probabilistic Assignments

Such random forest allows to get relatively correct classifications with only a small number of
training points, but this can be further improved by taking into account the spatial regularity of
LiDAR point clouds: given the high spatial frequency of the sampling, neighboring points often
belong to the same object. If V' denotes the set of points and K the set of labels, the random forest
classifier provides us with, for each point v € V, a degree of confidence of the point belonging
to each class under the form of a discrete probability distribution (q, x )kex € 2k = {p e RX|
Ykek Pk =land V k € K, pi > 0}. As advocated by us elsewhere (Landrieu et al., 2017), spatial
regularity can again be enforced by minimizing a functional structured on a graph G = (V, E),

for instance defined for all p = (p, ;)yev € RV*K as
keK

F(p) = Y KL(Bu+ (1= B)gy, fu+ (1= B)py) + 3 Auw) 2Pk = Dol + iav(p)s (42)

veV (u,v)eE keK

where for all r,s € Ag, KL(r,5) < Srex i log(ri/si) is the Kullback-Leibler divergence, u <

(1/IK]) ek € &k is the uniform discrete distribution,and 8 € 0, 1[ is a small smoothing parameter.
The first term favors similarity with the original predictions; note that others are also considered,
such as the opposite of the inner product between p and g which yields similar results in our
experiments while favoring PPD algorithm in terms of computational time (data not shown).
The second term is again a weighted graph total variation enforcing spatial regularity and the
last term ensures that each labeling is a discrete probability distribution; The parameters A tune



18 A NOTE ON THE FORWARD-DOUGLAS-RACHFORD SPLITTING

(a) Ground truth (b) Random forest predictions (c) Regularization

Figure 3: Semantic labeling of 3D point cloud. In our example, there are six different classes:
road in blue, vegetation in green, facade in white, hardscape in yellow, cars in red, and scanning
artifacts in brown. The improvement due to regularization is clear, but some flaws (like low
hardscape items being treated as roads) suggest some refinements of the model, which could be
implemented within the same framework but are beyond the scope of this article.

the influence of spatial regularity, and should depend on the confidence one has in the original
predictions.

There are many ways of constructing the graph G and selecting the penalization parameters;
we briefly describe ours for the sake of completeness. We build the edge set simply by connecting
each vertex to its ten nearest neighbors (with Euclidean distance). Then, we simply set the
parameters (/\(W) ) (uy)er CODStant along the edges. This constant is selected by a crude line
search over a given range, where for each candidate penalization, an approximate solution p of
equation 4.2 is found, then each point v € V is assigned the label with its highest probability
¢, € argmax,, . {p, i} (arbitrary chosen in the set if it is not a singleton), and this assignation
is finally given a score computed on a training set U c V. The score we use is the average of the
F1 scores across labels,

o ilvey]e ==k (4.3)
K| G {veUle, =k} +|{veUld, =k}|’ :

F(&¢,0)

where £ € K" is the ground truth labelling. Let us finally describe an efficient selection of a small
training set. The original predictions were obtained from a random forest classifier trained over a
few tens of points within each class; the prediction given by q over these points approaches perfect
accuracy. Thus we complete this training set by adding, within each class, the same number of
points, selected as the most uncertain; uncertainty being evaluated at each point v € V by the
entropy of the prediction, defined as the quantity (- Y xcx gv.k 10g(qy x))-

4.2.2 Competing Algorithms

We use the same proximal splitting algorithms as in § 4.1.2; some additional details are given
below.

Preconditioned generalized forward-backward splitting (algorithm 1 with 1 = 0,PGFB). We
proceed as previously, but now the smooth part in the splitting is the smoothed Kullback-Leibler

divergence. Its gradientis V f: p — (—(1 - ﬁ)m%)vev so that hypothesis hlis satisfied
" keK
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B/K[+(-P)qx

with the diagonal operator L given by ((1 -B )2/3 / 7IRD? The proximity operator of

)VEV'

keK
9|E|+1 N v is an orthogonal projection over the simplex Ak independently for each vertex,
which is relatively easy to compute in any diagonal metric. However, no heuristic is proposed
to set the splitting weights Wjg,;, which tune the importance of the simplex constraints along
iterations. We simply set it to 0.2 Id without more investigations, and set the other weights as
already decribed, scaling them to sum up to 0.8 Id.

Preconditioned forward-Douglas-Rachford splitting (algorithm 1, PEDR). We particularize
the functional h = 9|g|+1 in problem P4. This avoids completely to set splitting weight as above
and ensures that each iterate belong to the product of simplices, in contrast to PGFB.

Preconditioned primal-dual algorithm of Pock and Chambolle (2011, PPD).  The functional

is split as F % g o A + h, where we particularized in h the last term of equation 4.2 just as for
PFDR, and g and A are defined as

RVXK _ RVXK x RExK ) ot
A: » . (p,(S) ’ with V (u,v) €E, 6(u,v),k = /l(u,v) (pu,k _pv,k) R
IRVXK x REXK N R
g (p,90) — 2 KL(Bu+ (1= B)gvio Bu+ A= B)pvi) + Do Do 18umykl -
veV (u,v)€E keK

The proximity operator of the smoothed Kullback-Leibler divergence can be easily computed in
any diagonal metric, at the cost of finding a positive root of a second order polynomial for each
coordinate.

4.2.3 Decrease of the Functional and Semantic Labeling

We use the dataset domfountainl from the database inhttp: //www.semantic3d.net/,down-
sampled to 3000111 points for memory limitations. It is acquired with a fixed LiDAR, and is
labeled with six different classes (see figure 3). The random forest are trained with only 25 points
per classes, manually chosen; we then add 25 points per classes for selecting the penalization
scaling as described in § 4.2.1. The smoothing parameter f3 in the functional equation 4.2 is simply
set to 0.1 without further investigation.

We estimate the optimal functional value Fo, with 10% iterations of PFDR; difference between
Fs and F(p) along running time is given in figure 4. On this experiment, there are differences
between PGFB and PFDR algorithms. First, PFDR enjoys a somewhat faster decrease of functional
value along time. Second, missing functional values of PGFB indicates that, during the first
iterations, some vertices of the iterate are so far away from the simplex that the Kullback-Leibler
divergence have infinite value. However, they remain qualitatively similar, and both significantly
faster than PPD which does not benefit from the smoothness of f.

Here, stopping criteria are prescribed as a minimum evolution of the iterate, || Xnew — Xold | 003
we report the average F1 score described in equation 4.3 and the necessary running time of the
algorithm in table 2. It is clear that PGFB and PFDR performs similarly, althought here PFDR gets
faster to similar results. We believe that, as is the case for the brain source separation illustration,
there exists weights Wig|,; which would make PGFB performs exactly as PFDR, but there is
no easy way to set them optimally. Just as for the optimization consideration above, both are
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Figure 4: Semantic labeling of 3D point cloud: optimization comparisons.

Table 2: Semantic labeling: prediction performance and computing time comparisons. Average
F1 score of random forest for comparison: 0.549.

PGFB PFDR PPD
F,  time(s) F,  time(s) F,  time(s)
rel. evol. 1073 0.708 588 0.702 542 0.737 693
rel. evol. 1074 0.775 2706 0.776 2127 0.775 3968
10* iterations — — 0.776 9424 — —

faster than PPD. Let us mention again for fairness that the latter is more adapted to the opposite
of the inner product, in place of the smoothed Kullback-Leibler divergence, in the functional
equation 4.2; which yields similar results for the problem considered here.

5 Conclusion

We write this note in the hope that the link between our generalized forward-backward and
the forward-Douglas—Rachford gets clear, and that the latter gets this designation in its most
general formulation. Additionaly, we specify preconditioned and multiple splitting case, and
give experimental evidence that its use in convex formulations of classical inverse or learning
problems should be considered.
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