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Abstract. In this paper, we first introduce a new notion of canonical convolution oper-
ator, and show that it satisfies the commutative, associative, and distributive properties,
which may be quite useful in signal processing. Moreover, it is proved that the generalized
convolution theorem and generalized Young’s inequality are also hold for the new canon-
ical convolution operator associated with the LCT. Finally, we investigate the sufficient
and necessary conditions for solving a class of convolution equations associated with the
LCT.
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1 Introduction

The linear canonical transform (LCT) [3, 4, 9, 24] is a class of linear integral transform
characterized with parameter A = (a, b, c, d). It is well known that Fourier transform,
Fresnel transform, fractional Fourier transform [19], and scaling operations, are all special
cases of the LCT by choosing specific parameters of A. Therefore, the LCT has recently
drawn much attention as a powerful mathematical tool in the fields of signal processing,
communications and optics [10, 12].

So far, many classical results in the Fourier transform domain have been extended
to the LCT domain, for instance, sampling theorem [8, 13, 20, 21, 26, 27], uncertainty
principle [7, 14, 18, 28, 29], convolution theorem [5, 11, 15, 22, 25], etc. In this paper, we
revisit the convolution theorem for the LCT. As we all known, the classical convolution
theorem for the Fourier transform states that the Fourier transform of the convolution of
two functions is equal to the pointwise product of the Fourier transforms. That is to say,
in the Fourier transform domain, the classical convolution transform is expressed as:

F(f ∗ g)(u) = Ff(u)Fg(u), (1)

where the convolution operator ∗ is defined by

f ∗ g(t) =
∫ +∞

−∞

f(τ)g(t− τ)dτ. (2)

1

http://arxiv.org/abs/1802.03789v2


Unfortunately, this claim is not true for the LCT. Therefore, by defining different forms of
convolution operators (called canonical convolution operators in order to distinguish from
the aforementioned convolution operator associated with the Fourier transform), a variety
of convolution theorems for the LCT have been derived, see for example, Pei and Ding
[11], Deng et al. [5], Wei et al. [22, 23], Shi et al. [15, 16].

Pei and Ding [11] introduced a canonical convolution operator OA
conv, which is denoted

as

OA
conv(f(t), g(t)) = LA−1

{

LAf(u)LAg(u)
}

(t)

=

√

1

j8π3b3

∫

R3

ej
a

2b
(v2+u2+τ2−t2)−j u

b
(t−τ−v)

× f(v)g(τ)dvdudτ. (3)

Then, the convolution theorem associated with the LCT can be expressed as follows

LA{OA
conv(f(t), g(t))}(u) = LAf(u)LAg(u), (4)

which is similar to the traditional convolution theorem in the Fourier transform domain.
However, we can see from (3) that it is difficult to reduce OA

conv(f(t), g(t)) into a single
integral form as in the traditional convolution operator formula (2).

Deng et al. [5] proposed another canonical convolution operator Θ, which is defined
by

(fΘg)(t) =

√

1

j2πb
e−j a

2b
t2
(

(

ej
a

2b
t2f(t)

)

∗
(

ej
a

2b
t2g(t)

)

)

=

∫ +∞

−∞

f(τ)g(t− τ)e−j a

b
τ(t−τ)dτ. (5)

Thus, the convolution theorem in the LCT domain can be represented as

LA(fΘg)(u) = LAf(u)LAg(u)e
−j d

2b
u2

. (6)

Later, Wei et al. [22] independently investigated the convolution theorem (6) and obtained
some extended results.

Moreover, Wei et al. [23] proposed a new canonical convolution operator
A
Θ as follows

(

f
A
Θg

)

(t) =

∫ +∞

−∞

f(τ)g(tθτ)dτ. (7)

Here, g(tθτ) is the τ -generalized translation of g(t), which is defined by

g(tθτ) =

√

1

j2πb

√

1

−jb
e−j a

2b
(t2−τ2)

× 1√
2π

∫ +∞

−∞

LAg(u)e
j 1

b
(t−τ)udu. (8)

Hence, the convolution theorem associated with the LCT becomes

LA

(

f
A
Θg

)

(u) = LAf(u)LAg(u). (9)
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The form (7) is also quite simple with respect to that of Fourier transform.
Furthermore, Shi et al. [16] introduced a new canonical convolution structure for the

LCT, and the canonical convolution operator ΘM is denoted as

(fΘMg)(t) =

∫ +∞

−∞

f(τ)g(t− τ)e−j a

b
τ(t− τ

2
)dτ. (10)

Therefore, the convolution theorem has the following form

LA(fΘMg)(u) =
√
2πLAf(u)Fg

(u

b

)

. (11)

It is shown in [16] that the new canonical convolution operator is quite useful for signal
processing.

Later, Shi et al. [15] proposed another canonical convolution operator in the following

(fΞA1,A2,A3
g)(t)

=

∫ +∞

−∞

(TA1

τ f)(t)g(τ)ρa1,a2,a3(t, τ)dτ. (12)

Here,

(TA1

τ f)(t) = f(t− τ)e
−j

a1

b1
τ(t− τ

2
)
, (13)

and

ρa1,a2,a3(t, τ) = e
j
a2

b2
τ2+j

(

a1

2b1
−

a3

2b3

)

t2
.

Then, the convolution theorem for the LCT has the form

LA3
(fΞA1,A2,A3

g)(u)

=ǫd1,d2,d3(u)LA1

(b1
b3
u
)

LA2

(b2
b3
u
)

, (14)

where

ǫd1,d2,d3(u) =

√

j2πb1b2
b3

e
ju2

(

d3

2b3
−

d1b
2
1

2b1b
2
3

−
d2b

2
2

2b2b
2
3

)

.

It follows from [15] that the classical convolution theorem for the Fourier transform, the
generalized convolution theorem for the fractional Fourier transform, and some existing
canonical convolution theorems associated with the LCT can be regarded as the special
cases for (14).

The canonical convolution operators for the LCT introduced in the six papers men-
tioned above are very interesting, and can be applied to solving many theoretical or prac-
tical problems, since they can be considered as some extensions of classical convolution
operator for the Fourier transform. In this paper, our goal is to introduce a new canonical
convolution operator for the LCT, and then derive a generalized version of the classical
convolution theorem, and Young’s inequality associated with the Fourier transform. Fur-
thermore, we discuss the solvability of a class of convolution equations associated with
the new canonical convolution operator. In Sec 3, we verify that our new defined canoni-
cal convolution operator can be performed into two different ways for implement in filter
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design. This fact may have some advantages over others in filter design, for example, com-
pared with the canonical convolution operators introduced in references [5, 15, 16, 22, 23],
which only have one way of convoluting, respectively. In fact, by considering the compu-
tational complexity or input conditions, we can have two options for choosing filtering,
since in some cases, the first one may be perform better than the second one, or vice versa.
Therefore, when applied to solving some specific problems, our canonical convolution in-
troduced in this paper is much more flexible than the existing ones for the LCT mentioned
in [5, 15, 16, 22, 23].

The rest of paper is organized as follows. In Sec 2, we briefly recall the definition of
the LCT. In Sec 3, we introduce a new canonical convolution operator, and prove that
it satisfies the generalized convolution theorem for the LCT. In Sec 4, we present two
applications for the new canonical convolution operator. First, we derive a generalized
Young’s inequality for the new canonical convolution operator associated with the LCT.
Second, we give some sufficient and necessary conditions for the solvability of a class of
convolution equations associated with our new defined canonical convolution operator.
Finally, we conclude the paper.

2 The Linear Canonical Transform

Definition 2.1. The LCT of a signal f(t) ∈ L1(R) is defined by [17]:

LAf(u) := LA{f(t)}(u)

=







√

1

j2πb

∫ +∞

−∞

f(t)ej
a

2b
t2−j 1

b
ut+j d

2b
u2

dt, b 6= 0,
√
dej

cd

2
u2

f(du), b = 0.

(15)

where A = (a, b, c, d), and parameters a, b, c, d ∈ R satisfy ad− bc = 1.

For b = 0, the LCT becomes a Chirp multiplication operator. Hence, without loss of
generality, we assume that b 6= 0 in the rest of the paper. As aforementioned, the LCT
includes many linear integral transforms as special cases. For instance, let A = (0, 1,−1, 0),
then the LCT (15) reduces to the Fourier transform; let A = (cosα, sinα,− sinα, cosα),
then the LCT (15) becomes to the fractional Fourier transform.

3 A New Generalized Convolution Theorem for the LCT

In this section, we first introduce a new canonical convolution operator which is quite
different from the existing ones. It is shown that our new canonical convolution operator
is much more flexible and useful in certain cases. Then, we study the corresponding gen-
eralized convolution theorem associated with the LCT. Finally, we give several properties
that the new canonical convolution operator satisfies.

First, we introduce a new notion of canonical convolution operator, which is related
to the LCT parameter A. Our new definition is a generalized version of [2, Definition 1].

Definition 3.1. Given two functions f, g ∈ L1(R), the canonical convolution operator
⊗A is denoted as

(f ⊗A g)(t) =

√

1

j2πb

∫ +∞

−∞

f(u)g(t− u+ b)
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Figure 1: One expression of the canonical convolution operator ⊗A

×ej
a

b
u2−j a

b
ut+jat−jaudu, (16)

where A = (a, b, c, d) is defined the same as the LCT parameter.

The new canonical convolution expression (16) can be rewritten into two different
forms, according to the classical convolution operator ∗. First, it can be represented as

h(t) :=(f ⊗A g)(t)

=(ej
a

2b
s2 · f(s)) ∗ (ejas · ej a

2b
s2 · g(s+ b))(t)

×
√

1

j2πb
e−j a

2b
t2 . (17)

Second, it can also be described as

h(t) :=(f ⊗A g)(t)

=(e−jas · e−j a

2b
s2 · f(s)) ∗ (ej a

2b
s2 · g(s + b))(t)

×
√

1

j2πb
ej

a

2b
t2+jat. (18)

Thanks to (17) and (18), we give two realizations for the new canonical convolution oper-
ator ⊗A in Fig. 1, and Fig. 2, respectively.

Compared to the canonical convolution operator defined in (3), our new canonical
convolution is a single integral, which is much simpler than the triple integral mentioned in
(3). Furthermore, the definition of canonical convolution operator in (12) is so complicated
that it is not quite useful in filter design. Although the form of the new defined canonical
convolution operator (16) is similar to those of (5), (7) and (10), it follows from (17) and
(18) that the new canonical convolution operator ⊗A has two realizations in filer design.
Therefore, in certain cases, our new canonical convolution operator is much more flexible
and useful than those in [5, 11, 15, 16, 22, 23].

Based on the new canonical convolution operator ⊗A, we derive the generalized con-
volution theorem associated with the LCT as follows.
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Figure 2: Alternative representation of the canonical convolution operator ⊗A

Theorem 3.2. Let f, g ∈ L1(R), Φ(u) := eju−j d

2b
u2−j ab

2 . Then, we have

‖f ⊗A g‖1 ≤
√

1

2π|b| ‖f‖1‖g‖1, (19)

and
LA(f ⊗A g)(u) = Φ(u)LAf(u)LAg(u). (20)

Proof. First, we prove (19). Let s = t− u+ b. By the definition of canonical convolution
operator ⊗A (16), we have

‖f ⊗A g‖1 =

∫ +∞

−∞

|(f ⊗A g)(t)|dt

≤
√

1

2π|b|

∫ +∞

−∞

∫ +∞

−∞

|f(u)g(t − u+ b)|dudt

=

√

1

2π|b|

∫ +∞

−∞

|f(u)|du
∫ +∞

−∞

|g(s)|ds

=

√

1

2π|b| ‖f‖1‖g‖1. (21)

Next, we prove (20). By using the definition of the LCT, making change of variable
v = s− t+ b, and then utilizing the definition of canonical convolution operator (16), we
have

Φ(u)LAf(u)LAg(u)

=eju−j d

2b
u2

−j ab

2

1

j2πb

∫ +∞

−∞

f(t)ej
a

2b
t2−j 1

b
ut+j d

2b
u2

dt

×
∫ +∞

−∞

g(v)ej
a

2b
v2

−j 1

b
uv+j d

2b
u2

dv
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=eju−j d

2b
u2

−j ab

2

1

j2πb

∫ +∞

−∞

∫ +∞

−∞

f(t)g(v)

× ej
a

2b
(t2+v2)−j 1

b
u(t+v)+j d

b
u2

dtdv

=
1

j2πb
e−j ab

2

∫ +∞

−∞

∫ +∞

−∞

f(t)g(v)

× ej
a

2b
(t2+v2)−j 1

b
u(t+v−b)+j d

2b
u2

dtdv

=
1

j2πb
e−j ab

2

∫ +∞

−∞

∫ +∞

−∞

f(t)g(s− t+ b)

× ej
a

2b
[t2+(s−t+b)2]−j 1

b
us+j d

2b
u2

dsdt

=
1

j2πb
e−j ab

2

∫ +∞

−∞

∫ +∞

−∞

f(t)g(s− t+ b)

× ej
a

2b
[2t2−2st+s2+2bs−2bt+b2 ]−j 1

b
us+j d

2b
u2

dsdt

=

√

1

j2πb

∫ +∞

−∞

ej
a

2b
s2−j 1

b
us+j d

2b
u2

×
{
√

1

j2πb

∫ +∞

−∞

f(t)g(s− t+ b)ej
a

b
t2−j a

b
st+jas−jatdt

}

ds

=

√

1

j2πb

∫ +∞

−∞

ej
a

2b
s2−j 1

b
us+j d

2b
u2

(f ⊗A g)(s)ds

=LA(f ⊗A g)(u). (22)

This completes the proof.

After simple computation, it follows from Theorem 3.2 that the canonical convolution
operator ⊗A satisfies three properties: Commutative property, associative property, and
distributive property. More clearly, the following three equalities hold for any f, g, h ∈
L1(R):

(1) Commutativity: f ⊗A g = g ⊗A f.

(2) Associativity: (f ⊗A g)⊗A h = f ⊗A (g ⊗A h).

(3) Distributivity: f ⊗A (g + h) = f ⊗A g + f ⊗A h.

4 Two Applications for the New Canonical Convolution Op-

erator

4.1 Generalized Young’s Inequality

In this subsection, we investigate the generalized Young’s inequality for the new canonical
convolution operator ⊗A. First, let us recall the classical Young’s inequality as follows.

Proposition 4.1 ([6]). Let f ∈ Lp(R), g ∈ Lq(R), 1
p + 1

q = 1 + 1
r ,

1
r +

1
r′ = 1. Then,

‖f ∗ g‖r ≤ ApAqAr′‖f‖p‖g‖q, (23)

7



where

Ap =
( p1/p

p′1/p
′

)1/2
, (24)

and 1/p + 1/p′ = 1.

Next, we show that our new canonical convolution operator ⊗A also satisfies the
Young’s inequality.

Theorem 4.2. Let f ∈ Lp(R), g ∈ Lq(R), 1
p + 1

q = 1 + 1
r ,

1
r +

1
r′ = 1. Then,

‖f ⊗A g‖r ≤
√

1

2π|b|ApAqAr′‖f‖p‖g‖q , (25)

where Ap is defined the same as in (24).

Proof. By (17), we obtain

‖f ⊗A g‖r

=

(
∫ +∞

−∞

∣

∣

∣
(ej

a

2b
s2 · f(s)) ∗ (ejas · ej a

2b
s2 · g(s+ b))(t)

×
√

1

j2πb
e−j a

2b
t2
∣

∣

∣

r

dt

)
1

r

=

√

1

2π|b|

(
∫ +∞

−∞

∣

∣

∣

∣

(ej
a

2b
s2f(s)) ∗ (ejas+j a

2b
s2g(s+ b))(t)

∣

∣

∣

∣

r

dt

)
1

r

=

√

1

2π|b|
∥

∥

∥
(ej

a

2b
(·)2f(·)) ∗ (eja(·)+j a

2b
(·)2g(·+ b))

∥

∥

∥

r

,

√

1

2π|b|‖f̃ ∗ g̃‖r, (26)

where f̃(·) , ej
a

2b
(·)2f(·), g̃(·) , eja(·)+j a

2b
(·)2g(· + b). Note that f̃ ∈ Lp(R), g̃ ∈ Lq(R).

Applying the classical Young’s inequality (23) for the functions f̃ and g̃, we have

‖f̃ ∗ g̃‖r ≤ ApAqAr′‖f̃‖p‖g̃‖q, (27)

Note that ‖f̃‖p = ‖f‖p, ‖g̃‖q = ‖g‖q . Substituting (27) into (26), we get

‖f ⊗A g‖r =

√

1

2π|b| ‖f̃ ∗ g̃‖r

≤
√

1

2π|b|ApAqAr′‖f̃‖p‖g̃‖q

=

√

1

2π|b|ApAqAr′‖f‖p‖g‖q , (28)

which completes the proof.
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4.2 Solvability for One Class of Convolution Equations

In this subsection, we mainly discuss the solution for a class of convolution equations
associated with the canonical convolution operator ⊗A. Assume that λ ∈ C, and f, g ∈
L1(R) are given, φ is unknown, consider the following canonical convolution equation:

λφ(t) + (g ⊗A φ)(t) = f(t). (29)

In the sequel, we will determine the value of φ .
Before presenting our main result, we give a lemma, which is very important for proving

our theorem.

Lemma 4.3. Let Λ(u) := λ+ LAg(u)Φ(u), then the following two statements hold:

(a) If λ 6= 0, then there exists a constant C, such that Λ(u) 6= 0 for every |u| > C.

(b) If for all u ∈ R, Λ(u) 6= 0, then 1
Λ(u) is continuous and bounded on R.

The proof of Lemma 4.3 is similar to those of [1, Proposition 7] and [2, Proposition 1],
hence, we omit the proof.

Theorem 4.4. Let Λ(u) 6= 0 for all u ∈ R. Suppose that one of the following two
conditions holds:

(1) λ 6= 0, and LAf ∈ L1(R);

(2) λ = 0, and LAf
LAg ∈ L1(R).

Then equation (29) has a solution in L1(R) if and only if LA−1

(

LAf
Λ

)

∈ L1(R). Further-

more, the solution has the form of φ = LA−1

(

LAf
Λ

)

.

Proof. We only consider the case when the condition (1) is satisfied. Since Φ(u) =

eju−j d

2b
u2−j ab

2 , |Φ(x)| = 1, we know that 1
Φ is continuous and bounded on R. Hence,

LAf
LAg ∈ L1(R) if and only if LAf

ΦLAg ∈ L1(R). Therefore, the case (2) becomes to the case (1).

Necessity: Suppose that equation (29) has a solution φ ∈ L1(R). Multiplying the
operator LA to the both sides of the equation (29), then we have

λLAφ(u) + LA(g ⊗A φ)(u) = LAf(u). (30)

By using (20), we obtain

λLAφ(u) + Φ(u)LAg(u)LAφ(u) = LAf(u), (31)

i.e.,
(λ+Φ(u)LAg(u))LAφ(u) = LAf(u). (32)

Since λ 6= 0, then
Λ(u) = λ+Φ(u)LAg(u) 6= 0

for all u ∈ R. Therefore, the equation (32) becomes

LAφ(u) =
LAf(u)

Λ(u)
. (33)

9



By Lemma 4.3, we know that 1
Λ(u) is continuous and bounded on R. Since LAf ∈ L1(R),

we have LAf(u)
Λ(u) ∈ L1(R). Taking inverse LCT transform to the both sides of equation

(33), we obtain the solution

φ(t) = LA−1

(LAf(u)

Λ(u)

)

(t).

Since φ ∈ L1(R), then LA−1

(

LAf
Λ

)

∈ L1(R).

Sufficiency: Let

φ(t) := LA−1

(LAf(u)

Λ(u)

)

(t).

Then, we have φ ∈ L1(R). Applying the LCT to φ, we get

LAφ(u) =
LAf(u)

Λ(u)
.

That is to say,
(λ+Φ(u)LAg(u))LAφ(u) = LAf(u).

By using (20) again, we obtain

LA {λφ(t) + (g ⊗A φ)(t)} (u) = LAf(u).

Due to the uniqueness of LCT operator LA, φ satisfies the equation (29) for almost every
t ∈ R, which means that equation (29) has a solution. This completes the proof.

Corollary 4.5. Let A = (cosα, sinα,− sinα, cosα), then Theorem 4.4 reduces to the
Theorem 3 mentioned in [2].

Remark 4.6. Similar to the Definition 3.1, we can define another canonical convolution
operator ⊙A by

(

f ⊙A g
)

(t) =

√

1

j2πb

∫ +∞

−∞

f(u)g(t− u− b)

×ej
a

b
u2−j a

b
ut−jat+jaudu. (34)

Then, the new canonical convolution operator ⊙A also has three properties: Commutative
property, associative property, and distributive property. In addition, the statements in
Theorem 3.2, Theorem 4.2, and Theorem 4.4 also hold for operator ⊙A with some minor
adjustments. Due to the similarity, we omit the proof of this claim.

5 Conclusion

In this paper, we first define a new canonical convolution operator, which is much more
flexible and simple than the existing ones. Then, we show that it satisfies the generalized
convolution theorem and Young’s inequality. Finally, we investigate the solvability of a
class of convolution equations associated with the new canonical convolution operator.
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