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A bstract

A stochastic genetic m odelfor biologicalaging is introduced bridging the gap

between the bit-string Penna m odeland the Pletcher-Neuhauser approach. The

phenom enon ofexponentially increasingm ortality function atinterm ediateagesand

its deceleration at advanced ages is reproduced for both the evolutionary steady-

state population and thegenetically hom ogeneousindividuals.
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1 Introduction

Theproblem ofbiologicalaginghasattractedm uch attention inrecentyears.Based onthe

data ofhum an dem ography and experim entsofotherliving organism s,m any im portant

phenom ena oflongevity have been found [1,2,3]. Forinstance,the Gom pertz law was

observed for interm ediate ages,that is,the m ortality function increases exponentially

with age,while atold agesthe m ortality wasfound to decelerate orlevelo� ,and even

decline forsom eorganism slike ies,worm s,and yeast[2,4,5].

To reproduce and explain these phenom ena,variousm odelsofsenescence have been

proposed,with genetic ornongenetic m echanism s [1,2,3,6,7]. Am ong them ,the one

widely used by physicistsisthePenna m odel[7,1],whereonecom puterword isused to

representtheinherited genom eofoneindividualand each bitoftheword correspondsto

oneageoftheindividuallifetim e.A bitsetto onerepresentsa deleteriousm utation and

thesu� ering from an inherited diseasefrom thisageon,and theindividualwilldieifthe

accum ulation ofthesesetbitsexceedsa threshold.

Although thePenna m odelhasbeen wellapplied tom any problem srelated tobiologi-

calaging[1,8],thereexistsan im portant aw in thism odelaspointed outbyPletcherand

Neuhauservery recently [3]. Thatis,the m odelpredictsthatfora genetically identical

population allindividualshavetheirgeneticdeath atthesam eage,butthisisinconsistent

with the experim entalresults[4,2]which also exhibited the exponentialGom pertz law

and thedeceleration oftheold agem ortality forthegenetically hom ogeneouscase.Thus,

a m orecom plicated m odelhasbeen proposed [3].
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In thispaperwedevelop asim plerstochasticm odelbridgingthegap between thestan-

dard (determ inistic)Pennam odeland thePletcher-Neuhauserapproach.Thesim ulations

and analytic resultsofthism odelare shown to agree with som e featuresofthe biologi-

calaging,e.g.,theexponentialincreaseofthem ortality function and thedeceleration at

advanced ages,and the aw ofthePenna m odelm entioned abovecan beavoided.

2 M odel

Asin thestandard Penna m odel,herethegenom eofeach individualischaracterized by a

string (com puterword)of32 bits,and each bitisexpressed asa particularagein thelife

oftheindividual.A bitiissetto 1 ifitrepresentsa deleteriousm utation,and from this

age ion thisbitwillcontinuously a� ectthe survivalprobability ofthe individual. That

is,atagea (� i)thedeath probability contributed by them utated bitiisf(a� i),with

thecorresponding survivalprobability 1� f(a� i).Otherwise,thisbitissetto zero and

hasno e� ecton death.Thusourassum ptionsare very di� erentfrom an earlier"Ferm i"

function in anotherstochasticPenna m odel[9].

Theindividual’ssurvivalprobability G up toagea istheproductofthecontributions

from allthebitsbeforea:

G(1;2;:::;a)= (1� b1f(a� 1))(1� b2f(a� 2))� � � (1� bif(a� i))� � � (1� baf(0)); (1)

where bi= 1 or0 (i= 1;:::;a)representstheith bit.W ith theform off(a� i),onecan

obtain the m ortality function by sim ulation oranalyticalwork. In thiswork we sim ply

assum ethat

f(a� i)= (a� i+ 1)C; (2)

with the constant C = 0:03 and the lim it f � 1:0,which m eans that the contribution

of death probability from bit i (if set to 1) is assum ed to increase linearly with the

age. The other form s off(a � i),such as the exponentialand the square root form s,

have been tried,and we have also sim ulated the other probabilistic Penna m odelwith

Ferm ifunction [9].Although som ephenom ena forthe genetically heterogeneoussteady-

state population can be reproduced,they cannot give a good result for the genetically

hom ogeneouspopulations.

The alive individualwillgenerate B o� springsfrom the m inim um reproduction age

R m in to the m axim um one R m ax,and the genom e ofeach o� spring is the sam e as the

parent one,except forM m utations random ly occurring atbirth. Ateach tim e step t,

a VerhulstfactorV = 1� N (t)=N m ax denoting the survivalprobability oftheindividual

duetothespaceand food restrictionsisintroduced,whereN (t)isthecurrentpopulation

size and N m ax isthecarrying capacity oftheenvironm ent,usually setto 10N (0).In the

next section 3 the sim ulations based on these rules are presented,while forgenetically

identicalindividuals,which havethesam egenotyperandom lysam pled from thesim ulated

steady-statepopulation,theanalyticresultscan bederived,asshown in section 4.

M oreover,in thispaperthem ortality function �(a)atagea isde� ned as

�(a)= �
dlnN a

da
’ � lnS(a);
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where N a denotes the num ber ofalive individuals with age a,and S(a) = N a+ 1=N a is

thesurvivalrate.To elim inatethee� ectoftheVerhulstfactor,thenorm alized m ortality

function ispreferred [1],i.e.,

�(a)= � ln[S(a)=S(0)]: (3)

3 Sim ulations

In oursim ulations,initially thepopulation size N (0)is107 and allbitsofallthestrings

aresetto zero,i.e.,freeofm utations.Onetim estep tcorrespondsto oneaging interval

ofthe individuals,orreading one bitofallstrings. The reproduction range issetfrom

R m in = 6 to R m ax = 20 with thebirth rateB = 1,and theresultsaresim ilarifusing the

m axim um valueofR m ax = 32.M = 1m utation foreach o� springgenom eisintroduced at

birth,and hereonly thebad m utationsaretaken into account,thatis,thebitrandom ly

selected form utation isalwayssetto 1.(Thegood m utationshavealso been considered,

e.g.,10% good m utationsand 90% bad ones,and sim ilarresultsarefound.)

Fig. 1 showsthe evolution ofthe whole population size N (t)untilt= 104. Sim ilar

to the standard Penna m odel,the steady-state population isobtained atlate tim esteps,

and asa resultofevolution and selection,the frequency ofdeleteriousbits(setas1)for

the individualofthe steady-state population is low atearly ages(especially before the

reproduction age)and very high atold ones.Thisbehaviorofthefrequency (orthebad

m utation rate)isshown in theinsetofFig.1.

Them ortality function iscalculated using Eq.(3)and averaged overthesteady-state

population from tim esteps 5000 to 10000,asshown in Fig. 2. The result is consistent

with theexperim entaland em piricalobservations[1,2],thatis,atinterm ediateagesthe

m ortality function increasesexponentially,exhibiting theGom pertzlaw,and deceleration

occurs for old ages. For com parison,the m ortality sim ulated by the standard (deter-

m inistic) Penna m odelis also shown in Fig. 2,with the threshold ofthe accum ulated

bad m utationsT = 3 and the otherparam etersunchanged. The exponentialGom pertz

law can also be obtained forthe standard Penna m odel[1],however,no deceleration is

observed exceptforsuitablem odi� cationssum m arized in [1];seealso [9].

4 G enetically identicalpopulation

Tostudythegenetically hom ogeneouspopulation,onecan random lysam plean individual

(genotype)from thesim ulated steady-statepopulation,and then "clone" itto createthe

whole genetically identicalpopulation. According to the form ofthese bit-strings,the

m ortality function can bederived and calculated analytically.

Asin som e experim ents offruit ies[4],reproduction isprevented during the aging

ofgenetically hom ogeneousindividuals.Thus,forthispopulation ofsingle genotype,we

have

N 1 = N 0(1� b1f(0))= N 0G(0);

N 2 = N 1(1� b1f(1))(1� b2f(0))= N 1G(1;2);

...
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N a = N a� 1(1� b1f(a� 1))(1� b2f(a� 2))� � � (1� baf(0))= N a� 1G(1;2;:::;a);

...

whereN a,a = 1;2;:::;32,isthenum berofindividualswith agea in thepopulation,and

thefunction G(1;2;:::;a)isde� ned by Eq.(1).Then thesurvivalrateiseasily obtained:

S(a)=
N a+ 1

N a

= G(1;2;:::;a+ 1): (4)

Forthe m ortality function,the norm alized form ula (3)isused to be consistentwith the

sim ulationsin Sec.3,and then wehave

�(a)= � ln[G(1;2;:::;a+ 1)=G(1)]: (5)

Di� erentgenotypeshavebeen selected random ly from thestablepopulation ofSec.3,

and thecorresponding m ortality function ofeach type iscalculated using Eq.(5).Som e

exam plesareshown in Fig.3forlinear-logplots,wherepartofthem obeytheexponential

Gom pertz law atthe interm ediate ages,sim ilarto thatofthe above sim ulation (Sec. 3)

and experim ents[2,4].M oreover,allofthesecurvesexhibitthedeceleration forold ages.

M oreover,the analytic calculation is also available ifthe reproduction is allowed as

in otherexperim entsofgenetically identicalpopulation,butforthecaseofno m utation.

Thedetailsareshown in theappendix,and them ortality function derived isthesam eas

Eq.(5).

5 D iscussion and conclusion

In thispaperastochasticgeneticm odelofagingisdeveloped based on thebit-stringasex-

ualPennam odel,and theresultsoftheexponentially increasingm ortalityatinterm ediate

agesand itsdeceleration atold agesareobtained forboth thegenetically heterogeneous

steady-statepopulation and thehom ogeneousindividuals.However,thedecreaseofm or-

tality forthe oldestages,observed in som e experim ents[2],cannotbe described by the

m echanism ofthism odel.

Although thepropertiesforinterm ediateand old ageshavebeen wellsim ulated in this

m odel,the behavior at early ages cannot be wellreproduced,which is also an artifact

ofthe Penna-type genetic m odels. From Fig. 3 forgenetically identicalpopulations,it

can be found thatsom e populationshave unrealistic zero m ortality atsom e early ages.

Thus,thee� ectsfortheearly agesstudied in theexperim ents,such astheinvestigations

ofgenetic variation for ln-m ortality contributed by steady-state population or by new

m utations[10],cannotbeproduced in thism odel.M oree� ortsshould bem adeto avoid

thisdi� culty,e.g.,byconsideringdi� erentkindsofgenesbeforeandafterthereproduction

age[11].
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A ppendix

Herean exam pleoftheanalyticsolution forthisstochasticm odelispresented,forthecase

wherethereproduction isallowed in theagingprocessofgenetically identicalpopulation,

butno m utation occurswhen generating thegenom esofo� springs.Thus,theindividuals

keep hom ogeneous,characterized by the sam e bit-string b1b2:::bL with L the length of

genom e(L = 32 in abovestudies).

W hen thesystem evolvesto thesteady state,thepopulation sizeattim estep tofthis

state

N (t)= N 0(t)+ N 1(t)+ � � � + NL(t) (6)

as wellas the Verhulst factor V can be considered as constant. Thus,the num bers of

individualswith agesfrom 1 to L atthisstep tare

N L(t)= N L� 1(t� 1)V G(1;2;:::;L);

N L� 1(t)= N L� 2(t� 1)V G(1;2;:::;L � 1);

...

N a(t)= N a� 1(t� 1)V G(1;2;:::;a);

...

N 1(t)= N 0(t� 1)V G(1); (7)

where G(1;2;:::;a)isthe living probability ofindividualatagea,asde� ned in Eq.(1),

and theindividualsofagezero (newly born)aregenerated by theoneswith reproducible

age(from ageR m in to R m ax),thatis,

N 0(t) = B [N R m in
+ N R m in+ 1

+ � � � + NR m ax
]

= B V [N R m in� 1(t� 1)G(1;2;:::;R m in)+ N R m in
(t� 1)G(1;2;:::;R m in + 1)

+ � � � + NR m ax� 1(t� 1)G(1;2;:::;R m ax)] (8)

with thebirth rateB .

Consequently, the num ber ofindividuals with certain age a (0 < a � L) can be

expressed as

N a(t)= N 0(t� a)V
a
G(1)G(1;2)� � � G(1;2;:::;a): (9)

Therefore,ifN 0(t) is unchanged for the steady state,allthe N a(t),a = 1;:::;L,will

also keep unchanged,i.e.,independentoftim estep t,and then thesurvivalrateS can be

obtained from Eq.(7),thatis,

S(a)= N a+ 1=N a = V G(1;2;:::;a+ 1)

and

S(0)= N 1=N 0 = V G(1):

TheVerhulstfactorcan beelim inated when calculating thenorm alized rate:

S(a)=S(0)= G(1;2;:::a+ 1)=G(1);

and from the de� nition ofEq. (3) one can obtain the norm alized m ortality function,

which isthesam easEq.(5).
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The constantproperty ofthe population size N (t) and the num ber N 0(t)forage 0,

aswellastheaboveanalyticresultofthem ortality function havebeen con� rm ed by the

sim ulation. M oreover,the steady state condition can be derived from Eqs. (8)and (9),

which is

B V
R m inG(1)G(1;2)� � � G(1;2;:::;Rm in)[1+ V G(1;2;:::;R m in + 1)

+V
2
G(1;2;:::;R m in + 1)G(1;2;:::;R m in + 2)+ � � �

+V
R m ax� R m inG(1;2;:::;R m in + 1)� � � G(1;2;:::;Rm ax)]= 1; (10)

depending on theparam etersB ,R m in,and R m ax.
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Figure1:Theevolution ofthewholepopulation sizeN (t)with tim estep t,fortheinitial

population N (0)= 107 and the param eters R m in = 6,R m ax = 20,B = 1,and M = 1.

Only the bad m utationsare considered. Inset: the frequency ofdeleterious bits(setas

1)asa function ofage forthe individualsofthe steady-state population (averaged over

tim estep 5000 to 10000).
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Figure2:Linear-log plotofthem ortality function fortheevolutionary steady-statepop-

ulation,with the sam e param etersofFig. 1 and averaged overtim estep 5000 to 10000.

The m ortality ofthe standard (determ inistic) Penna m odelis also shown (pluses) for

com parison,with thesam eparam etersaswellasthedeath threshold T = 3.
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Figure 3: The m ortality function for the genetically identicalpopulations, with each

genotyperandom ly sam pled from thesteady-statepopulation ofthesim ulation shown in

Figs.1 and 2.Theresultsarecalculated by Eq.(5),and shown in thelinear-log plots.
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