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Abstract

We define a family of quaternary sequences over the residue class ring mod-
ulo 4 of length pg, a product of two distinct odd primes, using the general-
ized cyclotomic classes modulo pg and calculate the discrete Fourier transform
(DFT) of the sequences. The DFT helps us to determine the exact values of
linear complexity and the trace representation of the sequences.
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1 Introduction

Due to the applications of quaternary sequences in communication systems, radar
and cryptography, see [14.[15] it is of interest to design large families of quaternary
sequences over Z4. There are many ways to define quaternary sequences. A main
method (for constructing quaternary sequences) is to use trace functions over Galois
rings [16,22-25]. Second important way is to use the inverse Gray mapping along
two binary sequences [I3],[17,[I8,[30]. Using cyclotomic and generalized cyclotomic
classes is another important technique to define quaternary sequences [21]29][30].
Most references concentrated on the correlation of the quaternary sequences. Lin-
ear complexity, as an important measure in cryptography, is also paid attention for
certain quaternary sequences over Z, [11L[12l[23]. However, it meets more difficulties
due to the phenomenon of zero divisors in Z,. In this manuscript, we will define a
family of quaternary sequences over Z, by using the generalized cyclotomic classes
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modulo pg and investigate their linear complexities in terms of the discrete Fourier
transform(DFT), from which we also derive the trace of the sequences.

Let m be a positive integer. We identify Z,,, the residue class ring modulo m,
with the set {0,1,---,m — 1} and we denote by Z¥, the unit group of Z,,.

Let p and ¢ be two distinct primes with ged(p—1,¢g—1) =4 and e = (p—1)(¢—1)/4.
By the Chinese Remainder Theorem there exists a common primitive root g of both
p and g. There also exists an integer h satisfying

h=g (modp), h=1 (mod q).

Below we always fix the definitions of g and h. Since g is a primitive root of both p
and ¢, by the Chinese Remainder Theorem again the multiplicative order of g modulo

pq is e.
Define the generalized cyclotomic classes of order 4 modulo pq as

D; ={g°h" (modpq):s=0,1,...,e—1}, 0<i<4

and we have
Z;;q :DOUD1UD2UD3.

We note that h* € Dy, since otherwise, we write h* = ¢°h’ mod pq for some 0 < s < e
and 1 <i < 4 and get g°*h*~" = 1 € Dy, a contradiction.
We also define

Then we define the sequence (e, ) over Z, of length pg by

2, if umod pge QUR,
e, =< 0, if uwmodpqg € P, (1)
1, if umodpge D;,i=0,1,2,3.

We remark that, except [12], most references mainly focused on binary sequences
defined using the generalized cyclotomic classes modulo pq, see e.g. [2/3/5H7T0/27.28].

We organize this correspondence as follows. In Section 2, we calculate the Mattson-
Solomon polynomial (see below for the definition) of (e,). We determine the linear
complexity and present the trace representation of (e,) in terms of its Mattson-
Solomon polynomial in Sections 3 and 4, respectively.

We conclude this section by introducing the notions of Galois rings of characteristic
4 and of the Mattson-Solomon polynomial of a quaternary sequence over Zy.

For a basic irreducible polynomial f(X) € Z4[X] of degree r, which means that
f(X) modulo 2 (i.e., the coefficients of f(X) is reduced modulo 2) is irreducible over
the finite field Fy, the Galois ring of characteristic 4 is defined as the residue class
ring Z4[X]/(f(X)) of 47 many elements and denoted by GR(4,4"). The group of
units of GR(4,4") satisfies

GR*(4,4") = G x Go,

2



where GGy is a cyclic group of order 2" — 1 and G is a group of order 2". So we write
Gy =(§) ={¢:0<i<2" —1} for some £ € GR(4,4") of order 2" — 1. Let

T={0}UuG ={0,1,6¢&, ...},

which is referred in the literature to as Teichmuller set. Each element o« € GR(4,4")
can be represented as
a:=a;+ 209, aj,an €T.
See [26, Ch. 14] for details on the theory of Galois rings.
For a quaternary sequence (s,) over Z, of odd period T (such that 7'|(2" — 1) for
some 7), there exists a primitive 7-th root v € GR(4,4") of unity such that

Sy = Z pic, 0<u<T,

0<i<T

where p;’s are given by

pi = Z Sua_iua 0§Z<Ta

0<u<T

see [20L25]. In fact, this is an extension of the discrete Fourier transform of binary
sequences [14, Ch. 6].
If we write G(X) = Y. p X" € GR(4,4")[X], we have
0<i<T
sy = G(a"), u>0.

G(z) is called the Mattson-Solomon polynomial of (s,) in coding theory [19]. Note
that for a given o, G(X) is uniquely determined modulo 27 — 1 since T is co-prime
to the characteristic of GR(4,4").

2 Mattson-Solomon polynomial of (e,)

It is easy to see that
uD; £ {uv mod pq : v € D;} = Dy

for v € D;. Here and hereafter the subscript of D is performed modulo 4, i.e.,
D;yy=D;forall 0 <1i<4.

For a unit v € GR*(4,4"), we denote by ord(vy) the order of v, i.e., the least
positive integer n such that v = 1. From now on, we always suppose that the order
of 2 modulo pq is ¢, i.e., £ is the least number such that 2° = 1 (mod pq). So there
exists a v € GR(4,4%), the order of which is ord(v) = pq.

Define polynomials

Di(X) = Z X" € Zy[X]
ueD;

for i = 0,1,2,3.



Lemma 1. Let v € GR(4,4%) be a primitive pg-th root of unity, i.e., ord(y) = pq.
We have

(1) P4+ + . A TIP =3 or 1 +4P 4+ 42 4. 4 Hle-P =,

(2). Y1+~ 4P =3 or 1 494 4% .. 4 A4Pa =,

(3). 'S 7* =1 or Do) + Di(7) + Daly) + Da() = 1.

2€L%q

Proof. It is easy to check these results. We note that the calculations are per-

formed in the Galois ring GR(4,4%) with characteristic four. O
Lemma 2. Let v € GR(4,4") be a primitive pg-th oot of unity. For 0 < i < 4, we
have

(1). D;(1) =0.

(2). D;(v*) =3(qg—1)/4, 1 <k <p.

(
(v") =3

(3). Di(v*?) =3(p—1)/4, 1 <k <q.
(

Proof. (1). Since each D; contains (p—1)(¢—1)/4 many elements and 4|W,

we have D;(1) = 0.
(2). We first compute

D;modp = {(¢°h" mod pg) modp:s=0,1,...,e—1}
= {(¢** Dp modpg) mod p: 0<j<p—2,0<k<(q¢—1)/4}
= {1,2,...,p—1},

when s ranges over {0,1,...,e—1}, g°h’ mod p takes on each element of {1,2,...,p—
1} (¢ —1)/4 times. So for 1 < k < p we get by Lemma [1[(2)

Dily) = 15 3 M =3¢ - 1)/4.

jETs
(3). The proof is similar to (2). O

Lemma 3. Let 0 < a < 4 be a fixred number.

(1). There are exactly % many w € Dy such that h* +w =0 (mod p).
(2). There are exactly =2 many w € Dy such that h® + w =0 (mod q).
(8). There is a unique w € Dy such that h* +w = 0 (mod p) and h* +w = 0

(mod q) if and only if 4/(2* + a — 5*).

Proof. (1). Let w = ¢* € Dy for 0 <z < (p—1)(q — 1)/4. We have

g:c _he = g(p—l)/2+a (mod p)’

from which we derive x = (p—1)/24a (mod p—1) and hence x = k(p—1)+(p—1)/2+a
for any 0 <k < (¢ —1)/4.
One can prove (2) similarly.



For (3), we need to consider the equations

{IE(p—l)/Q—l—a (mod p — 1),
r=(q—1)/2 (mod ¢ — 1).

By [5, Lemma 5], z exists iff 4/(%51 + a — 1), If  exists, z is unique modulo

(p=1)(g—1) ]

4
We define 4-tuples
CZ(X) = (DZ(X)>D7,+1(X)>D7,+2(X)’ Di+3(X))a L= 07 1a 273

We will calculate the inner product C;(3)-C;() for 0 < i,j < 4, where 8 € GR(4,4")
is a primitive pg-th root of unity.

Since ged(p — 1,9 — 1) = 4, we see that p and ¢ satisfy one of the following

-p =1 mod 8 and ¢ = 5 mod 8§,

-p =5 mod 8 and ¢ = 1 mod 8,

-p =5 mod 8 and ¢ = 5 mod 8.

Lemma 4. Let 8 € GR(4,4%) be a primitive pq-th root of unity. For any fized pair
0<1i,5 <4, we have

qg—1 p—1 [ 1, if i=y,

Ci(B) - G;(B) + 4 + 4 { 0, otherwise,

if p=5mod 8 and ¢ =5 mod 8, and

ifp=1mod8 and ¢ =5 mod 8 or p=>5mod 8 and ¢ =1 mod 8.

Proof. Since D; = htD, for all 0 < i < 4, we calculate

C(B)-Ci(B) = D D gt N g

k=0 wu€eDg vE Dy
3

— Z Z Buh*E Z B (we use v = uw)
k=0 wu€Dog weDo

= i Dy e

k=0 u€Doy w€eDg

3
= 20 Y v (weuse s = ul g, = g

we€Dy k=0 2€D; g
3

= Z ZDk(Vw)'

weDgy k=0



Now we need to determine ord(+y, ), the order of +,, above for each w € Dy. We note
that ord(v,)|pq since § is a primitive pg-th root of unity, hence the possible values of
ord(vy) are 1,p, q, pq.

We first suppose that p =5 mod 8 and ¢ = 5 mod 8.

If ord(7,) = 1, we find that "7 + w = 0 (mod pq). By Lemma [3(3), there is a
unique w € Dy satlsfylng this condition iff 4|(i — j) or i = j.

If ord(v,) = p, we find that A7 +w = 0 (mod ¢) but "7 + w #Z 0 (mod p).
By Lemma B(2), there are p%l —1 or ’%1 many w € Dy satisfying this condition
depending on whether ¢ = j or not.

Similarly, if ord(vy,) = ¢, we find that h"7 +w = 0 (mod p) but A7 + w # 0
(mod ¢). By Lemma [(1), there are ©1 — 1 or £ many w € Dj satisfying this
condition depending on whether ¢ = j or not.

So the number of w € Dy satisfying h'™ + w # 0 (mod p) and h'™7 +w % 0
(mod q), i.e., ord(yy,) = pq, is 7(p_1¥q_1) —(%—1)—(’%1—1)—1 or 7(p_1¥q_1) —a1l_pd
depending on whether ¢ = j or not.

Putting everything together, we derive

C(B)-Ci(B) = > ZDk”Yw > ZDk’Yw

we Do we Do

ord(yw)=1 ord(yw)=p
> Yo ¥ Yo
weDg weDq
ord(vw)=¢ ord(yw)=pq

and hence
qg—1 p—1 [ 1, if i =7,
Ci(B) - C;(B) + 4 + 4 _{0, otherwise.
For the case of p = 1 mod 8 and ¢ = 5 mod 8 or p = 5 mod 8 and ¢ = 1 mod 8§,

one can derive the following result in a similar way

o) ¢+ L+ P ={ ) Ny S 1060, 0.2, 0.9

+ 4 T 4 0, otherwise.

We note that in this case h'™7 +w = 0 (mod pq) has a (unique) solution w € Dy iff
42+ —3) or (1,) € {(2,0),(3,1), (0,2), (1,3)} by Lemma B(3). 0

Now we present our main results.

Theorem 1. Let 3 € GR(4,4%) be a primitive pq-th root of unity. If p = 5 mod 8
and ¢ = 5 mod 8, then the Mattson-Solomon polynomial G(X) (corresponding to )
of the quaternary sequence (e,) over Z, defined in (1) is

p—1 3
X)=2> X4+ (p—k)Di(X
j=0 k=0



where p = D1(B8) + 2D5(8) + 3D3(8).
Proof. By Lemma [ One can check that the defining polynomial G(X) of (e,) is

o) = 85t (52425

42 (@(5) )+ 4 ;%1>

+3 (@,(5) LCy(X) + % + 1%1)

3
_ Z 3q+Zz’Ci(ﬁ) Co(X

=0
In fact, for u = 0, since Cy(1 ) (0,0,0,0) by Lemma [2(1), we have

G(8%) _2Z1+ch Co(BY) =2p+0=2=ep.
Foru=kpw1th1§k:<q, we have

() o(8) = 22 (Dy(8) + Du(8) + DlB) + Da(8) =

since Co(f) = (3=l 3=l 3l 5( p ) by Lemma B(3) and hence

4 4 4
3(p—1)
9

3(p—1)
4

G(B") —2Z1+ch - Co(BM) = 2p +

—24+2=10= e

Similarly for u = kq with 1 < k < p, due to Co(8*) = (3(‘14_1), 3(‘14_1), 3(‘14_1), S(qﬁt_l))
we have by Lemma [I}(2)

G(pM) = 2§:wm<+z)c ﬁq—0+3(;&):2:qm

For u € Dy with 0 < k < 4, we have by Lemmas [I(2) and [

G(BY) = 225“]%2%: ) - Co(8Y)

3
B g—1 p—1
_z( +4+4)

|
?v
D
<



Hence we get e, = G(p*) for all u > 0.
On the other hand, we re-write G(X) as

GUX) = 237 X094 (D(9) +2D(8) + 8D5(8) Dol X)

+(3Do(8) + D2(B) + 2D5(8)) D1(X)
+(2Do(8) + 3D1(8) + D3(8)) D2(X)
+(Do(B) + 2D1(B) + 3Do(8)) D3(X).

Since p = D1(8) + 2D5(8) + 3D3(8), from Lemma [I(3) we get

( 3

3Do(B) + Da(B) + 2Ds(B) = D1(B) + 2D5(B) + 3D3(B) — ;Di(ﬁ) =p—1,
2D0(8) + 3D1(8) + Da(8) = 3Do(8) + Da(B) + 2Ds(5) — é D) = p—2,
Do) + 2D1(8) + 3D(8) — 2D0(8) + 3D (8) + Ds(8) — 32 Ds(B) = p— 3.

\ =0

This completes the proof. O

Using a method similar to the one in proving Theorem [, one can obtain the
Mattson-Solomon polynomial G(X) of (e,) if p = 1 mod 8 and ¢ = 5mod 8 or
p=>5mod 8 and ¢ = 1 mod 8.

Theorem 2. Let 8 € GR(4,4%) be a primitive pq-th root of unity. If p = 1 mod 8
and ¢ = 5 mod 8, then the Mattson-Solomon polynomial G(X) (corresponding to )
of the quaternary sequence (e,) over Zy defined in (1)) is

p—1 q—1 3
G(X) =2 X +23 X7+ 3 (p+2 — k)Dyp(X),
§=0 j=1 k=0

where p = Dy(B8) + 2D5(8) + 3D3(8).

Theorem 3. Let 3 € GR(4,4%) be a primitive pq-th root of unity. If p = 5 mod 8
and ¢ = 1 mod 8, then the Mattson-Solomon polynomial G(X) (corresponding to 3)
of the quaternary sequence (e,) over Z, defined in (1) is

G(X) =2+ (p+2—k)Di(X),

where p = Dy(8) + 2D»(8) + 3D3(8).



3 Linear complexity

We recall that the linear complexity LC((s,)) of a quaternary sequence (s,) over Z,
with period T is the least order L of a linear recurrence relation over Z,

SutL + C1Sugyr—1+ ...+ cp18Sus1 tcpsy =0 for u >0,

which is satisfied by (s,) and where ¢y, ¢s, ..., ¢ € Zy. The connection polynomial is
C(X)given by 14+, X +...+c . X Let S(X) = s+ 51X +...+sp 1 X171 € Zy[X]
be the generating polynomial of (s,). Then an LFSR with a connection polynomial
C(X) generates (s,), if and only if,

S(X)O(X)=0 (mod X7 —1).
That is,
LC((s,)) = min{deg(C(X)) : S(X)C(X)=0 (mod X" —1)}.

If T'is odd, Udaya and Siddiqi proved in [25, Theorem 4] that the linear complexity
LC((sy,)) equals the number of nonzero coefficients of the Mattson-Solomon polyno-
mial G(X) of (s,).

Theorem 4. The linear complezity LC((ey)) over Z4 of the quaternary sequence (e,,)

defined in (1) is

(p—D(g—1)

LC((en))=p+(p—1)(g—1L)orp+(p—1)(g—1) - 1 :

if p=>5mod 8 and ¢ =5 mod 8; and

LC((en) =p+q—1+(p—-1)(¢—1) orp+q—1+(]9—1)(q—1)—w’
If p=1mod 8 and ¢ = 5 mod 8; and
LO((e)) =1+ (p—1)g— 1) or 1+ (p—1)(g—1) - W’

if p=5mod 8 and ¢ =1 mod 8.

Proof. We only need to consider the coefficients of G(X) in Theorems [I], 2 and
are whether zero or not. We find that at most one element of p,p —1,p—2,p— 3 is
zero. So the desired result follows by [25, Theorem 4]. O



4 'Trace representation
Let ¢ : GR(4,4") — GR(4,4") be the Frobenius automorphism defined by
¢ ay+ 20— al +2a3, a,a €T,

where 7 is the Teichmuller set of GR(4,4"). Let ¢° = 1 be the identity map of
GR(4,4") and ¢ = ¢/7' o ¢ for j > 2. Then the trace function TR}(—) from
GR(4,47) to Z4 is defined by

TR (a) = ¢°(a) + ¢(a) + ...+ ¢" Ha), a € GR(4,4").

If s|r, the generalized Frobenius automorphism of GR(4,4") over GR(4,4°) is defined
by

., ap + 2 aF +2a5, al,a €T,

then the generalized trace function TR,(—) from GR(4,4") to GR(4,4°) is defined by
TR.(a) = ®%(a) + ®,(a) + ...+ 7/*1(a), a € GR(4,4").

We note that the order of @, is r/s, i.e., ®Y* = 1. In particular, for any a; € T we
have
s s(r/s—1
TR (o) = a1 + o +...+ozf(/ '
For more details on trace functions over Galois rings, we refer the reader to [26]. The
trace functions play an important role in sequences design [14125].

Lemma 5. (1). 2 € DyU Dy if and only if p =5 mod 8 and ¢ = 5 mod 8.
(2). 2 € D;UDs if and only if p = 1 mod 8 and ¢ = 5 mod 8, or p = 5 mod 8
and ¢ = 1 mod 8.

Proof. Let 2 = ¢*h’ mod pq for some 0 < s < W and 0 <7 < 4. Ifiis
even, we see that both s and s+ ¢ are odd or even. Hence 2 is quadratic non-residue
or quadratic residue modulo p and ¢ respectively, which means that p = 5 mod 8 and
g = 5 mod 8 under the assumption of ged(p—1,¢—1) = 4. Conversely, if p = 5 mod 8
and ¢ = 5mod 8, 2 is quadratic non-residue modulo p and ¢, respectively. From
2 = ¢°ht = ¢ mod p and 2 = ¢°h’ = ¢°* mod ¢, we see that both s and s + i are
odd, which indicates i is even. We prove (1).

For odd i, we can prove (2) in a similar way. O

Lemma 6. Let ¢ be the order of 2 modulo pq. We have
(1). 2|¢ if 2 € Ds.

Proof. Let 2 = g*h’ mod pq for some 0 < s < W and 1 <14 < 3. Then from
1 = 2% = ¢*h* mod pq € Dy, we see that h** € Dy and hence 4|if, which implies the
desired results. 0
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Theorem 5. With notations g, h,e as in Section 1. Let £ be the order of 2 modulo pg
and €, the order of 2 modulo p. Let 3 € GR(4,4%) be a primitive pg-th root of unity.
If p = 5mod 8 and ¢ = 5 mod 8, then the trace representation of the quaternary
sequence (e,) over Zy defined in (1) is

1 3 71
ew=2+2 3 TRY (3 +) (p—3) D TRI(F™)
i=0 =0 i=0
if 2 € Dy, and
% 1 3 T
eo=2+2 3 TRY(B1) + 3 (p—j) Y TRy(B™™)
i=0 =0 i=0
if 2 € Dy, where p = Dy(B) + 2D5(B) + 3D3(5).
p—1
Proof. We only need to describe D;(X) and Y X7¢ using (generalized) trace
=1

functions over Galois rings.
First let '
Up=12" (modp):0<j</l,} C7Z,

then Zy is divided into (p — 1)/¢, many disjoint subsets
Up, gUp, ..., g" V0710,
So we have in Z4[X]

Up(X) =Y X'=X+X+...+X* (mod X”—1)

uclUp

and
r—1_4

p—1 p

Y oxii= Y v, (Xglq) (mod X” — 1).

j=1 i=0

Now if 2 € Dy, let
U=1{2" (modpq):0<j<l}CD,.
then Dy is divided into e/¢ many disjoint subsets
U, gU,..., ¢ U
Applying
UX)=) X"=X+X+...+X*" (mod X" —1)

uelU

11



we derive

e/l—1 .
Dx) =S U (Xg’) (mod X7 — 1)
7=0
and
e/l—1 o
D(xX)=Y U (XW) (mod X7 — 1)
=0
for 1 <4 < 4.

If 2 € Dy, we have 4 € Dy and the order of 4 modulo pq is ¢/2 by Lemma [6](1).
So let .
V={4 (modpq):0<j<{/2} C D,.

Then Dy is divided into 2¢/¢ many disjoint subsets
V, gV..... g%/
We can use
VX)) =Y X" =X+ X'+ .+ XY (mod X7 1),
ueV

to describe
2e/0—1

Di(x)= YV (ngh") (mod X* — 1)

for 0 <1 < 4.
So for 8 € GR(4,4%) of order pq, we use the trace representations

U,(8%) = TRY (5%), U(8) = TR{(B). V(5) = TRy(B)
to complete the proof. O

Theorem 6. With notations g, h,e as in Section 1. Let £ be the order of 2 modulo
pq, L, the order of 2 modulo p and {, the order of 2 modulo q. Let 8 € GR(4,4%)
be a primitive pq-th root of unity. Then the trace representation of the quaternary
sequence (e,) over Zy defined in () is

=l =1l de
2 & 3 1

ew=2+2 Y TRY(B)+2 Y TRI(BP)+Y (p+2—j) > TRi(BM),
1=0 =0 j=0 i=0

if p=1mod 8 and ¢ = 5 mod 8; while

4de
3 71
=2+ (p+2-4) Y TR,
7=0 =0

if p=5mod 8 and ¢ =1 mod 8, where p = D1(8) + 2D2(8) + 3Ds3(8).

12



Proof. The proof is similar to that of Theorem [l here we only present some
sketch. since 2 € D; U D3 by Lemma [l(2), we have 16 € Dy and the order of 16
modulo pq is £/4 by Lemma [6(2). Let

W = {16’ (mod pq):0<j<(/4} C D,.
Then for 8 € GR(4,4%) of order pq, we use the trace representation

W () = TRi(6)

to complete the proof. O

5 Conclusions

Determining linear complexity of quaternary sequences over Z, is a bottleneck prob-
lem due to the zero divisors of Z,. It is interesting to develop a way to solve this
problem. In this work, we define a special family of quaternary sequences over Z, using
the generalized cyclotomic classes modulo pq and determine the linear complexities
by computing their discrete Fourier transform. We also give the trace representation
of the sequences.

The way in this work can be used to determine the linear complexities and the
trace representations of r-ary sequences over Z, (r is a prime power) defined by
the cyclotomic generator of order r studied in [§], the Ding-Helleseth generalized
cyclotomic classes of order r modulo pq [I], and the generalized cyclotomic classes of
order r modulo p™ [9128].
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