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Abstract Linear codes have been an interesting subject of study foymears, as linear
codes with few weights have applications in secrete shaauathentication codes, associa-
tion schemes, and strongly regular graphs. In this papdass of linear codes with a few
weights over the finite field Gfp) are presented and their weight distributions are also de-
termined, wherep is an odd prime. Some of the linear codes obtained are optinthle
sense that they meet certain bounds on linear codes.
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1 Introduction

Throughout this paper, lgb be an odd prime and lef = p™ for some positive integer
m. An [n, k, d] code C over GH p) is ak-dimensional subspace of G&" with minimum
(Hamming) distancel. Let A; denote the number of codewords with Hamming weight

a codeC of lengthn. Theweight enumeratoof C is defined by 1-Ajz+ AyZ2 - -+ AqZ".
Theweight distribution(1,Aq, ..., A,) is an important research topic in coding theory, as it
contains crucial information as to estimate the error aimg capability and the probability
of error detection and correction with respect to some élyos. A codeC is said to be a
t-weight code if the number of nonzefpin the sequencéA;, A, - -+, An) is equal ta.
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LetD = {d;, dy, ...,ds} € GF(q). Let Tr denote the trace function from Gfj onto
GF(p) throughout this paper. We define a linear code of lemgtkier GK p) by

Co = {(Tr(xch), Tr(xdy),..., Tr(xch)) : x € GF(q)}, 1)

and callD thedefining sebf this code(p. By definition, the dimension of the cod® is at
mostm.

This construction is generic in the sense that many classksosvn codes could be
produced by properly selecting the defining Bet GF(q). If the defining seD is well
chosen, some optimal linear codes with few weights can bairedd. This construction
technique was employed inl[6]._[13[, 1141/ [7[.I[9].T10] afb] for obtaining linear codes
with a few weights. For more details, we refer interestedeesto [8, 21, 29,28,24,22] and
the references therein.

The purpose of this paper is to construct a class of lineaesayer GFp) with a
few nonzero weights using this generic construction metlaod determine their weight
distributions. Some of the linear codes obtained in thisspape optimal in the sense that
they meet some bounds on linear codes. The linear codes W aveights presented
in this paper have applications also in secret shafifid [P} authentication codes [11],
combinatorial designs and graph thedry |2, 3], and assoniachemes]2], in addition to
their applications in consumer electronics, communicesiod data storage systems.

The remainder of this paper is organized as follows. Se@iantroduces some basic
notations and results of group characters, Gauss sumsnexi@ sums and cyclotomic
fields which will be needed in subsequent sections. Sectpe&ents a class of linear codes
with a few weights and the proofs of their parameters arengiveSection #. Sectiohl 5
summarizes this paper.

2 Preliminaries

In this section, we state some notations and basic facts mrpgrharacters, Gauss sums,
exponential sums and cyclotomic fields. These results wiliged later in this paper.

2.1 Some notations fixed throughout this paper

For convenience, we adopt the following notations unleksrtise stated in this paper.

o p' = (,1)(p—1)/2p_

o (p= ezlpgl, a primitive p-th root of unity.

o L(X) =X +x.

e Im(L) = {L(x) : xe GF(q)}.

e X, € GF(q) denotes a solution of the equatib(x) = —bP if b € Im(L).

e my=mmodpe{0,1,..,p—1}, the least non-negative residue moduio

e SQ and NSQ denote the set of all squares and nonsquareg p) 'GFespectively.

¢ n andn are the quadratic characters of @F and GR p)*, repsectively. We extend these

quadratic characters by lettimg0) = 0 andn(0) = 0.
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2.2 Group characters and Gauss sums

An additive characteiof GF(q) is a nonzero functiorx from GHq) to the set of nonzero
complex numbers such thatx+y) = x(x)x(y) for any pair(x,y) € GF(q)?. For eactb €
GF(q), the function

Xo(c) = Z3'®® for all c € GF(q) )

defines an additive character of @&ff. Whenb = 0, Xo(c) = 1 for allc € GF(q), and is
called thetrivial additive characterf GF(q). The charactex, in @) is called thecanonical
additive characterof GF(q). It is known that every additive character of @ff can be
written asxp(x) = x1(bx) [20, Theorem 5.7].

The Gauss surs(n, x1) over GKq) is defined by

Gn.x) = > nExuc)= > n(e)xalc) ®3)

ceGHq)* ceGHaq)

and the Gauss suf@(n, x1) over GH p) is defined by

GIX)= T AOK©= Y AKX, (4)

ceGHp)* ceGHp)

wherey; is the canonical additive characters of @l
The following three lemmas are proved n]20, Theorem 5.1 Emeorem 5.33] and
[14, lemma 7], respectively.

Lemma 1 With the symbols and notations above, we have

p-1y2
G, x1) = ()™ V=T " g
and
_ p=1y2
GMX) = V=1 /B= Vpr.

Lemma 2 Letx be a nontrivial additive character cBF(q) with g odd, and let x) =
ax? +ay X+ ag € GF(q)[x] with & # 0. Then

X(f(c)) = X(a0—aj(4a2) ")n(a2)G(n,X).
ceGHa)

Lemma3 If m > 2 is even, them(y) = 1 for each ye GF(p)*. If m > 1 is odd, then

n(y) =n(y) for each yc GF(p).

2.3 A type of exponential sums

For anya andb in GF(q), we define the following exponential sum

Saby= 5 xi(ad+bx)
xeGHaq)

in this paper. To prove our main results, we need the valuésesdumS(a, b) and the help
of a number of lemmas that are proved]inh [5, Theorem 1, The@:gRheorem 2.3].
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Lemma 4 Letm be odd, fx) = aPx” +axe Fy[X] and be GF(q). Then f(x) is a permuta-
tion polynomial oveiGF(q) and

S@ab)=+/p n@xu(—ay"),

where p = (_1)‘32—1 p and %, is the unique solution of the equatiorixj = —bP.
Particularly, Sa,0) = \/p*'n(a).

Lemma5 Letm be even, (k) = aPx”* +axe Fy[x] and be GF(q). There are two cases.

1. If v # (—=1)7, then f(x) is a permutation polynomial oveBF(q). Let %, be the
unique solution of the equationX) = —bP. Then

S(a,b) = (-1)% p"2xe(~ax}h)

2. If av = (-1)2, then f(x) is not a permutation polynomial oveBF(q). We have
S(a,b) = 0 unless the the equation(X) = —bP is solvable. If this equation is solvable,
with solution %, say, then

S(a,b) = —(—1)7 "2 Iy (—adh).
Particularly,
(-1)%p%  ifart £ (-1)

m

(—1)%+1p3+1 jfamt = (—1)

N
[NERNIE]

S(a,O) = {

2.4 Cyclotomic fields

In this subsection, we state some basic facts on cyclotosiitsfi These results will be used
in the rest of this paper.

Let Z be the rational integer ring ar@be the rational field. Some results on cyclotomic
field Q({p) [17] are given in the following lemma.

Lemma 6 We have the following basic facts.

1. The ring of integers in K= Q({,) is Ok = Z[(,] and {ZQ 11<i< p-1}isanintegral
basis ofO.

2. The field extension KQ is Galois of degree p 1 and the Galois group G&K/Q) =
{0a:a€ (Z/pZ)*}, where the automorphism, of K is defined bya({p) = 3.

3. The field K has a unique quadratic subfieletlQ(,/p*). For1<a< p—1, 04(\/p") =
n(a)\/p*. Therefore, the Galois group G@dl/Q) is {1,0,}, wherey is any quadratic
nonresidue irGF(p).
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3 The linear codes with a few weights

We only describe the codes and introduce their parametetssrsection. The proofs of
their parameters will be given in Sectioh 4.
In this paper, the defining sEtof the code(;; of (@) is given by

D = {x€ GF(q)": Tr(x*"* —x) = 0}. (5)

Whenp = 2, the weight distribution of the cod&, was settled in[26]. In this paper, we
study the cod&}, for p being an odd prime.
The following three theorems are the main results of thispap

Theorem 1 Let m> 3 be odd, and let D be defined [@ (5). Then the@eof (@) is an[n, m|
linear code oveGF(p) with at most five weights and the weight distribution in Talend
[, where

p-1m-1 — m-1
)2 2

n=p"t-1+(-1 n(mp)p = . (6)

Table 1: The weight distribution afy of Theorenil whemn, =0

Weightw Multiplicity Ay
0 1

(p—1p™? -1
(p-(p" 2 ()7 " p") | Bpm 2y ()’ " p")
(- 24 (12 " p") | BApm 2o (1 % p")

P—Im-1 m-3

(p-DP" 24 (-7 2 pT 3(p—1)2pm2
(p-Dp"2-(-1) 7 2 p= 3(p—1)?p™?

Table 2: The weight distribution afp of Theorenill whem, # 0

Weightw Multiplicity Ay
0 1
(p—1)p™2 P2 -1+ A(my) (-1 "7 (p-1)p"7
(p—1)p™2+a(mp)(—-1) " " p" P 2(p—1) —A(mp) (-1 " (p-1)p"2’
(p-DP™2+A(my) (D2 "7 (p+1p"> | 3(p-1(p-2p"2 (p"2 —A(My)(-12 7))
(p—1)p™ 2+ n(mp)(-1) 7 "7 (p—1)p"7 B (P! A(mp) (—1) 7 "2 p")
(p—1)p™ 2+ A(my)(-1) % "7 p"7 (P-1)p™ 2 +A(mp) (-1 "7 (p-1)%p"7

Example 1Let (p,m) = (3,5). Then the cod&p has parametef§1,5,42 and weight enu-
merator 14 302*2 4 607 + 9078 + 42251 4 20724, which is verified by a Magma program.

Example 2Let (p,m) = (3,9). Then the cod&p has parametef§56Q9,4320 and weight
enumerator % 226843204 43747347+ 65607374+ 43747*401+ 21067*428, which is verified
by a Magma program.
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Remark 1The code(p of Theorenfl is a five-weight linear code except in the folluyvi
two cases:

p—1m-1 m-3

1. Whenm= 3 andmj, = 0, the frequency of the weiglip—1)(p™2—(-1)z z p 2 )
of Table[d turns out to be 0. Thus, the cadghas four nonzero weights.

2. Whenm= 3, m, # 0 andp =2 (mod 3, the frequency of the weiglitp — 1) p™ 2 of
Table[2 turns out to be 0. Thus, the cadghas only four nonzero weights.

Example 3Let (p,m) = (3,3). Then the cod&p has parameteri8,3,4] and weight enu-
merator 1-62* +62° +82° 4-67’, which is verified by a Magma program. This code is almost
optimal, since the optimal linear code has paramd&&;5|.

Example 4Let (p,m) = (5,3). Then the cod&p has parametefd 9, 3,14 and weight enu-
merator 14 3621 + 247'5 + 6026 + 47'°, which is verified by a Magma program. This code
is optimal.

Theorem 2 Let m> 2 be even and ne 2 (mod 4), and let D be defined iX5). Then the
set(p of (T) is an[n,m] linear code ovelGF(p) with at most three weights and the weight
distribution in TabldB and Tabld 4, where

m1_1_(p—1pim1+-D%) jfm =
n_{p 1 (p 1)p 'fmp 0, (7)

P14 phm-1+(-0%) if mp, # 0.

Table 3: The weight distribution afp, of Theoreni2 whem, =0

Weightw Multiplicity Ay
0 1
(p—1p™?

(p—1(p™2-pz Y

P2 (p—1p? i1
(p—1(2p™2+p2 Y

(p—1)p™2—(p-2)pz *

(p—1)%p™?

Table 4: The weight distribution afp of Theoreni? whem, # 0

Weightw Multiplicity Ay
0 1
(p—1)p™2 pr 2+ B (pM T4 p?) 1

(p—1)p"2+p? 1
(p—1)pm242p7~*

Example 5Let (p,m) = (3,6). Then the code} has parameter224 6,144 and weight
enumerator 4 3427444 4 3247153 + 627462, which is verified by a Magma program.

Example 6Let (p,m) = (5,6). Then the cod&p has parametel8149 6,2500 and weight
enumerator 3 712472590 25254900 1 25503600 \which is verified by a Magma program.



A Class of Linear Codes with a Few Weights 7

Remark 2The code(p of TheorenTP has three weights except in the case 2, as the
frequency of the weightp — 1) p™ 2 + 2p? 1 of Table[3 turns out to be 0. Hence, The code
(p of Theoreni R is a two-weight linear code if and onlyrif= 2.

Example 7Let (p,m) = (3,2). Then the cod&} has parameter, 2, 2] and weight enu-
merator 14 62° 4 223, which is verified by a Magma program. This code is optimal.

Theorem 3 Let m> 6 be even and = 0 (mod 4), and let D be defined ift]5). Then the set

(p of @) is a four-weight linear code ov&F(p) with the parametefn, m| and the weight
distribution in Table§b andl6, where n is definedBy (7).

Table 5: The weight distribution afp of TheoreniB whemn, =0

Weightw Multiplicity Ay
0 1
P 2(p-1—(p—1)%p% " (p°—2)p" ?
P 2(p—1) P —(p—1pz 21
(p—Dp2(pz2-1) | (p—1)(@p™*+p2"?)
(p—1p™2—(p—2)p? (p—1%p™*

Table 6: The weight distribution afp of TheoreniB whem, # 0

Weightw Multiplicity Ay
0 1
(p—1)(p% 1+pm?) pm—pm 2
(p—1)p™?2 pri+ B (p? T+pm ) -1
(p—1)p™2+p? (p—1)(2p™*—pZ ?
(p—1)p™2+2p7 [ I(p-1)(p—2)(p™*—p? ?)

Example 8Let (p,m) = (3,8). Then the cod&p has parametef2267,8,1458 and weight
enumerator 3 35071458 4 583271512 1 30671539 + 3271620 which is verified by a Magma
program.

Example 9Let (p,m) = (5,8). Then the coda’r has parameter§r87498,6250Q and

weight enumerator 4 71247525001 37500@53000 1 490053125+ 36005275, which is veri-
fied by a Magma program.

4 The proofs of the main results

Our task of this section is to prove Theorelm&ll, 2[and 3, réisple To this end, we shall
prove a few more auxiliary results before proving the masults of this paper.
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4.1 Some auxiliary results

Lemma 7 With the symbols and notations above, we have
(-1 n(m

; S(c,—¢)=¢{ —(p—1) ps!

ceGHp)” p%( 1+(-1)

Proof For anyc € GF(p)*, it is easily seen thatt(x) = cPx”* +cx= —(—c)P is solvable and
1 is its solution.
By definition, LemmaEl4 arld 5, we have

S(Cv 7C)

ceGH(p)*

DI IR A
ceGH(p)* xeGHq)

mp)y/p - if mis odd,
+1H(=12) if mis even and =0,
) if m is even and g 0.

3'5

[SE]

Y cearp); VP ﬂ( ) (-%) ?f mis odd,
Y ceGrp) (— 1)2p 2x1(-%) it m=2( mod 4,
S cearpr —(—1)? pm/2+1xl(—§) if m= 0( mod 4),
\/_ ZceGF o N( ))?1(l D) if mis odd,
= —P"2 S cearp) Xa( ()) if m=2( mod 4,
P2 S cearp): xl(”“ )  ifm=0(mod 4,

VP S cearpy N(C) if mis odd andn, =0,
VP S ecorp N(—2)N(—F2)Xa(—2) if mis odd andm, # 0,
_}-p"%(p-1) if m= 2( mod 4 andm, =0,
) pm2 if m=2('mod 4 andm, # 0,
—pY*(p-1) if m= 0( mod 4 andm, =0,
pr/Zet if m= 0( mod 4 andm, # 0,

0 if mis odd andm, =0,
VPN (—=mp)G(N,X1) if mis odd andm, # 0,

) -p™2(p-1) if m=2( mod 4 andm, =0,
) p™? if m=2( mod 4 andm, # 0,
—p™#(p-1) if m=0( mod 4 andm, =0,
p2+t if m=0( mod 4 andm, #0 .

The desired conclusion then follows from Lemia 1.

The next lemma will be employed in proving the code length.

Lemma 8 Let
no = [{x € GF(q) : Tr(x*"* —x) = 0} .

Then

Pt (—1) "7 A(my)pty/p T ifmis odd,

No=< p™1—(p—1)pz(M1t-12) if m is even and m= 0,
pm-14 p2(m-1+(-1)7) if m is even and g+ 0.
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Proof By definition, we have

o = QT

_ pm—l + l Z’T)r(yxp”—y)
P yedFp) xebFa)

1
=p™t+ = ; Sy, —y).
pyeGFp)*

The desired conclusion then follows from Lemija 7.

From Lemmd.b, the conclusion of the following lemma is stnéfigrward and we omit
their proofs.

Lemma 9 With the symbols and notations above, we have the following.
p—1ifz=0
1. ZyeGF(p oy(sz) {_1 IfZ;éO
0 if mis odd,

2. Yyeorpy Oy(VP) = {\/ﬁm(pf 1) ifmis even.

) 0 ifz=0,
3. 3yecrpy Oy(VP" {g) = {ﬁ(z)p* :f;éo.

Particularly,
m__m 0 if mis odd and rp=0,
o/ %) = {{_yn fmi
yerF(p)* (VP ) (=) q(my)y/p " ifmis odd and rp# O.
and
_ Mo p—1ifm,=0,
oy(Cp *) = {7 i
yelpy 1 ifmy#0.

The following result will play an important role in provinge main results of this paper.

Lemma 10 Let be GF(g)*, L(X) = x** +x and

M = T+ (bz-y)x)
D .
yeGH(p)* zeGF(p)* xeGH(q)

(I) If mis odd, then we have the following.

— Whenm =0,
0 if TrOCH) =
()%= (p—1)y/p™t iTIE e SQandTr( )=0,
M={ (-1 (p—1)yp" if TrE™) € NSQandTr(x,) =0,
— (-1 pmt if Tr(x"™") € SQand Tr(x,) # 0,
(-1 /pt if Tr(x?") € NSQand Tr(x,) # O.
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— Whenm € SQ
(- (p-1yp if Tr(x?"*) = 0and Tr(x,) = 0,
— (-1 pmt if TrOE) = 0andTr(x,) #0,
M= ¢ -2 (-1)% /pm if Tr(xP*1) € SQand Tr(x,) =0,
0 if Tr(x®™) e NSQ
(p—2)(-1)7 P ™ or —2.(=1)7 /P if TrE™) € SQand Tr(x,) # 0
— When m € NSQ,
~(-1"% (p-1)yp if Tr(*%) = 0 and Tr(xp) = O,
(-1 vt if Tr(x*%) = 0 and Tr(xp) # 0,
M=<{0 if Tr(™) € SQ
2. (1% \/F““ if Tr(x¢*1) € NSQand Tr(x,) = 0
—(p=2)(-1)7 P or 2 (1) P if TrE) € NSQand Tr(x,) # 0.

where ¥ is the unique solution of the equatioff ¥ x = —bP.
(I Ifm =2 (mod 4, then we have the following.

— Whenm =0,

—pZ(p—1)2 if Tr(x?™) = 0andTr(x,) = O,

M — p?(p—1) if Tr(xX™) = 0andTr(x,) #0

or Tr(x¥™*) £ 0 and Tr(x,) = 0,

—p? if Tr(x?™*) £ 0 and Tr(x,) # O.

— Whenm # 0,
Z(p—1) if TrE™) =0andTr(x) =0,
M—dP? if Tr(x*Y) = 0andTr(x,) #0
- 1

or Tr(x)™) # 0and A=0,
p?(p—1)or —p?(p+1) if TrE™) #£0and A% 0,

. m Tr(xp)?
where A= — 2 + prm e
(1) Ifm =0 (mod 4, then we have the following.

— Whenm =0,

and x, is the unique solution of the equatioff ¥- x = —bP.

0 if b ¢ Im(L),
—p2+i(p—1)? ifbelIm(L), Tr(E" ) 0andTr(xy) =0,
M =< pZti(p—-1) |fbe|m(|_),Tr(§ Y =0andTr(x) # 0
or Tr(xp" l);zféOandTr (%) =0,
—pztt ifb e Im(L), Tr(x2™™) # 0and Tr(xy) # 0.
— Whenm # 0,
0 ifb ¢ Im(L),
p¥+i(p-1) ifb e Im(L), Tr(™) = 0and Tr(x,) = O,
M={ —pi+l ifb e Im(L), Tr(x)™) = 0and Tr(x,) # 0
or Tr(x)") # 0and A=0,
p?i(p—1)or —p3ti(p+1) .fbe|m(L),T(xg+1)¢0andA¢o.
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Tr(x)*
4TI
condition that be Im(L).

where A= —% + and % is some solution of the equatior{X) = —bP under the

Proof We have

M = Z’T)r(yxp‘ L+(bz-y)x)

yTr(xP* 1 (b-1)x)

= {p

GH
= ZyTr (xP+14+(zb-1)x)
yeG;p)* ZeG;p) *xeGH0)

_ O'y( ZTr (xPH14(bz— 1)x)) (8)
yeGHp)* zeGH(p)* xeGHq)

It is easily seen that(x) = x*" + x is a permutation polynomial over Gf) if m= 2
(mod 4 or mis odd. Hencey, is the unique solution of the equatidrix) = —bP, while
2%+ 3 is the unique solution of the equatituix) = —(bz— 1)P for ze GF(p)*.

For m= 0 (mod 4), althoughL(x) = x** + x is not a permutation polynomial over
GF(q), 2% + 3 is the solution of the equatioh(x) = —(bz— 1)P for z€ GF(p)* when
b € Im(L) with some solutiorx,.

Therefore, by Lemmds 4 afdl 5, Equatibh (8) becomes

G 1ypit T
2 yeGF(p) O (ZZGGF (p) VP r]( 1)¢p " Z)b:—z)l )) if mis odd
—T 1\p+ .

M = J Syecrp) Oy(Saccrip: (—1)% P2Lp (22", if m=2( mod 4

0 if m=0( mod 4 andb ¢ Im(L)
Syearp Oy(Sacorpy —(~DEpE g @ ) if m=0( mod 4 andb € Im(L)

7 - 2- I

Y yeGr(p) Oy(VP° Zp © > 2GRp) ZpTrXb ) Tr(xb)z) if mis odd,

—Tr 2T, .
— ) Syecrp): Oy(— p? Zp > 2cGF(p)- Cp 8 r(Xb)Z) if m=2( mod 4,
0

if m=0( mod 4 andb ¢ Im(L),
if m= 0( mod 4andb € Im(L),

TP 2T
3 yeGH(p) Oy(— pz+t Zp ZzeGF Zp 03 rwz)

We distinguish the following three cases.
() If mis odd, by Lemm&l2, we have

y { Syecripr Oy (VP Gt Saccrpr o) itTr (") =0

= f(><b)2
Syeorp OV G * (N(-TrOE™™  G(M.X) — 1) i Tr(¢™) #0
(p—1)A if Tr(x)"*) = 0 and T(x,) =0,
—Ag if Tr (x} 1) =0and Tfx,) #£0,

— 1 _m

NG +irl (fTr(x.")Hi) Yyearp: Oy(Lp ) — Ao if Tr(xé”i) #0and T(x,) =0,
VETA(TIOE™) Byeerpy Oy(@) —Ao IFTTOE™) # 0 and Tix,) #0,

whereAg = S ycarp) Oy(V/P Z;LT‘E) andA= -7 4T:(<xp+l The desired conclusion in

Part (1) of this lemma then follows from Lemrhh 9.
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(I If m=2 (mod 4, by Lemma$P and 1, we have

m TP _ .
M — {ZyeGF(p)‘ Uy( p? Zp 2 ZzeGF - ZpTr xb)z) if Tr (XFH—l)
B m - —Tr 2 —Tr(x)z . p+
Yyecrp)y Oy(—P2 o (ZzeGF mCp —1)) ifTr(x )
*p% 2 yeGF(p)* oy( Z ZZEGF(D ZBTr Xb)z) if Tr (Xp+l) 0
= m Tr( pr)rl) )
m — 4 1 4Tr(x, — —
—P? Syearp: Oy( 4o * (N(=TrOG™)Z™ "GN Xe) — 1)) i Tr(xg™) #0
—p?(p—1)A if Tr(x0"*) = 0 and T¥x,) =0,
p? A if Tr(0*') = 0 and T(x,) # 0,
T P DT AT ™) Syeompr O (VPn | )+ PEAL f TrOG™) #0and Tihw) =0,
—p? (1) 7 A(Tr§™)) Syeorip- Oy(VPTE ,ﬁ) +pEAL I Tr(x™) #0and Tex,) #0,
whereA; = ¥y ccrp) Oy( Z;T“E) andA= — mp +3 ( ) . The desired conclusion in Part (11)
of this lemma then follows from Lemnfid 9
(M If m=0 (mod 4, then from LemmaS]2 arid 1 we have
0 if be Im(L)
n _m _ .
M = *pi+lZyeGF(p (ZP ! ZZGGF (p)* ZPT Xb)z) ifbe Im('—) and T'( p+1) 0
_m - 2 .
P Sy omp Oy(G * (Tacrp G 7P 1)) if be Im(L) and TG ) #0
0 if b & Im(L),
) P (p-DA if be Im(L), Tr(™) = 0 and T(x,) =
~ ) prtia if be Im(L), TrE™) = 0 and Texy) # 0,
—p2tL(—1) " n(TrOE™)A+ p2 Ay if be Im(L) and T(xP™) 0,

m,

_Op -
whereA, = ZyeGF(p)* Oy( ZP ¢ ) andA= ZyeGF(p)‘ oy(\/EZP
clusion in Part (lll) of this lemma then follows from Lemifak 9.

This completes the proof of this lemma.

'). The desired con-

In order to calculate the Hamming weight of each codeworéinwe need the follow-
ing result.

Lemma 11 For any be GF(q)*, let
N(b) = [{x € GF(q) : Tr(x*"* —x) = 0 and Tr(bx) = O} |.

There are three cases.
(I) If mis odd, then we have the following.

e Whenm =0,
pm-2 if Tr(xP™) =
(p—1)B+p™2 ifTr(™h e SQandTr( )=0,
N(b) = { —(p—21)B+p™2 if Tr(x)"") € NSQand Tr(x,) = O,
—B+pm? if Tr(x™*) € SQand Tr(x,) # 0,
B+ p™2 if Tr(x?"*) € NSQand Tr(x,) # O.
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e Whenn(m,) =1,

pB+ p™-2 if Tr(x?") = 0andTr(x,) = 0,
pm-2 if Tr(x>") = 0and Tr(x,) # O,
N(b) = ¢ —B+p™?2 if Tr(x; ) € SQandTr(x,) =0,
Bt pm2 if Tr(x) ™) € NSQ
(P—1)B+pm2or —B+p™2 if Tr(x}™") € SQandTr(x,) # 0.
e Whenn(m,) = —1,
pB 2 i Tr(x¢ ™) = 0 and Tr(x,) =0,
pm-2 if Tr(xX™) = 0and Tr(x,) # 0,
—B+pm2? if Tr®™) e SQ
B pm2 if Tr(x"*) € NSQand Tr(x,) =0,
—(p—1)B+p™2or B+ p™2 if Tr(x™") € NSQand Tr(x,) # O.
where B= ( %mT mT
(I If m 2 (mo 4) then we have the following.
e Whenm =0,
~(p-DpE L2 TG = 0and Tr(x,) = O,
N - pm-2 if TrC*) = 0and Tr(x) # 0,
- or Tr(x?™*) £ 0 and Tr(x,) = 0,
—pZ-l4pm2 if Tr(®™) £ 0 and Tr(xy,) # O.
e When mg # 0,
p?-1y pm2 if Tr™) = 0andTr(x) = 0,
N(b) — pm-2 if Tr(x?") = 0and Tr(x,) # O,
- or Tr(x*™) £ 0and A=0,
p? 14 p™2or —p? -4 p™2 if Tr(x) £ 0and A#0,
Tr(xp)?

— M
where A= — 2 + ey

and x, is the unique solution of the equatioff ¥- x = —bP.

(1) Ifm =0 (mod 4, then we have the following.

e Whenm =0,

—(p :
—(p=1)p= +p™*
m—2

N(b) =

el

e Whenm #0,

p%—l+ pm—2
p? +p"?

N(b) = ¢ p™?

p?+p"Zor —p? +pn?

ifb e Im(L), Tr(x2™™) # 0 and Tr(x

—1)pzt4+p™2? ifb ¢ Im(L),
ifbelm(L), Trd™) =
ifb e lm(L), Trod™

OandTr(xp)
r )=0andTr(x)

or Tr(xg”) #0andTr(x,) =
)

if b ¢ Im(L),
if b e Im(L), Tr(
if b e Ilm(L), Tr(
or Tr(x}
ifbelm(L), Tr (

1y = 0andTr(x,) =
=0andTr(x,) #
) #0and A=0,

a

1 £ 0and A% 0.

o?% o?%

0,
+l) 0

=

+

o?%
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where A= -2 + ﬁgg)ﬁ) and x, is some solution of the equatior(X) = x** + x = —bP
b

when be Im(L).

Proof By definition, we have

N(b) _ ( ZyTrx"“x))( z ZéTr(bx))
xeGF(q) \yeGF(p zeGH(p)

=p? Geo4p? Y Y gy
ZeGF<p> xeGHaq) yeGF(p)* xeGF(q)
1 - -
Z'gr(yxp +(bz-y)x) + I:)m 2

Note that

Z Z'gr(bm —0.
zeGH(p)* xeGHq)

The desired conclusions then follow from Lemrhas 7[add 10tlkedact that

(-1 P = ()T

In order to calculate the frequency of each weightin we need a few more auxiliary
results which are given and proved in the following threerfes.

Lemma 12 For any ac GF(p), let
Na = [{x € GF(q) : Tr(x"*1) = a}|.

Then

pm-1 if m is odd and a= 0,
p™14p-ty/p " n(—a) if mis odd and a% 0,
N — p™1—pz-l(p—1) if m=2( mod 4 and a= 0,
R L p"i—l if m=2( mod 4 and a# 0,
pm™1— -p? Z(p—1) if m=0( mod 4 and a= 0,
p™t 4 p? if m=0( mod 4 and a# 0.
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Proof By definition, Lemmagl4 arld 5, we have
1

N G
x€GHq) yeGH(p)
1 +1
_ pm71+_p Z;ya z Z;r(yxp )
yeGRp:  xeGFa)
1
=p"t4= (p""S(y,0)
pyeGF p)*
pmitpt 2yearipy &p \/_mn() if mis odd
= priqypt zyeGF(p (Y- pz) !meZ( mod 4
P+ p S yearp): (pY3(—p2 ) if m=0( mod 4
Pt p ZyeGF o NY) if mis odd anca=0
_ lip l\/_ n(— )zyeG,:m {,Yn(—ya) if mis odd anda# 0
P14 pi(—p )ZyeGFp) Sk !fm_2( mod 4
Pt p (- pz+ ) Zyecrpr Gp’ if m= 0( mod 4
prlypty/pt Syecrp:N(y) if mis odd anda=0,
Pt p—l\/_ n(—a)G (n X1) if mis odd anda# 0,
pm-1 ,p:] Y yeerpr Gp° ?meZ( mod 4),
P~ p? SRy i if m=0( mod 4.

Note thaty .- N(y) = 0 and

> & ={%" fazo
YEGHp)* '
The desired conclusion then follows from Lemigha 1.
Lemma 13 For any ac GF(p), let
Nao) = [{x € GF(q) : Tr(x*") = a and Tr(x) = 0}|.

Then, for ; = 0, we have

pm-2 if m is odd and a= 0,

p" 2+ p~ /P ™ n(—a) ifmis odd and a0,
N pm Pi‘l(p—l) if m=2( mod 4 and a= 0,
@0 pr 2+ p: if m=2( mod 4 and a0,
pm2— —p: Z(p—1) if m= 0( mod 4 and a= 0,
P2+ p? if m= 0( mod 4) and a# 0.

and for m, # 0, we have

P24 p2n(—my) /P (p—1) ifmis odd and a=0,
p p2n(—mp) P if mis odd and a£ 0,
Nao = P™? if mis even and a0,
p™ _ﬁ(mp)ﬁ(a)(—l)zi -1 ifm=2( mod 4 and a0,
9] 2

n(my)n(a)(—1) if m= 0( mod 4 and a+ 0.
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Proof By definition, we have

N(a,o)z p_z z ( z Z)F/)(Tr(xml)_a))( Z ZéTr(x)>
xeGF(q) \yeGF(p) zeGH(p)

_ p—2 Z Z Z'I';r(zx)_i_p—z Z
zeGH(p) xeGHq) yeGH(p)* zeGF(p) xeGHq)

_ _ _ y(Tr(xP+iy 2 X))
=p 2(q+ ; Z Zgr(zx))+p 2 Z (Zpya z Z Zp )
zeGH(p)* xeGHq) yeGHp)* zeGH(p) xeGHq)

Note that

ZTr(yx’”r Lizx-ya)
p

ZTr (z%)

zeGH(p)* xeGHq)

Therefore,

Nao) = P™ 2+ p 2 (Zﬁya > Z’{»ﬁ’(x“ﬂx)))

YeGH(p)* 2eGF(p) xeGF(q)
_2 oy (Zpa z z Z‘I';r(xp+1+zx)> ) (9)
YeGH(p)* zeGF(p) xcGF(q)

It is clear that—%z is the solution of the equatiox?” +x = —z° for anyz € GF(p). Hence,
by Lemmag¥ and]5, Equatidnl (9) becomes

p72 4 p2 z oy (Zpa z Z Z;“X”“Hx))
yeGHp)* zeGH(p) xeGH(q)

Mmoo
"2+ P7 3 yeorpy Oy(Cp® Sacorp) \/Emme:zz ) if mis odd,

=\ PP Syearr O(G? Tacomp —PELp * ) if m=2(mod 4, (10)
pm 2"‘ p- ZyeGF(P (Zp ZZEGF —p%”lﬁ ¢ ) if m= 0( mod 4)

N(a.0)

We distinguish the following two cases.

1. Whenm, = 0, Equation[(ID) becomes

P2+ p2 ~ ZyeGH(p) oy(Z; Sarp) V/PT) if mis odd,
N(a,O) = pm 2+ p ZyeGF(p) oy(z ZZGGF (p) 7p_) if m= 2( mod 4)1
p™ 24 p- ZyeGF(p) O-y(zp 2 2cGF( p)—lf)2 ) if m=0( mod 4,
P24 p- 1\/_ 'S yeorp) 0y(Lp2/PF) if mis odd,
=9 P 2= P2t S ycarp Oy((p?) if m=2( mod 4,
P™%— P? 3yecrp) 0y(4p7) if m= 0( mod 4.

2. Whenm, # 0, from LemmagR2 arld 1, we can easily get

ot = R(—mp) /P

zeGH(p)



A Class of Linear Codes with a Few Weights 17

Thus, Equation{10) becomes

pm—2+ p_2 2 yeGRp)* Oy (Zﬁaﬁ( p)\/ﬁm-H) if mis odd,
N(a,o) = pm 2+ p ZyeGF (p)* Oy (Zpa( )_(_ mp \/_) ?f m= 2( mod 4)!
P™ 24P %S yearpy Oy(Zp( pﬁ)n( m)\/_*) if m=0( mod 4.
p™ 2+p n mp)\/_ zyeGFp) oy (¢?) if mis odd,
pm 2_ p2 n( mp) ZyeGF(p*Oy ézp S if m= 2( mod 4),
p™ 2 — P2 N (—Mp) Syearp) Oy ((p2VPT)  if m=0( mod 4).

The desired conclusions then follow from the facts that

_ p—1ifa=0,
0y((p*) = { _ ;
ye(;p)x p 1 ifa#0,
and .
0 ifa=0
G(Z‘a\/p*)={ A\ ’
yeG%p)* a (F)p" ifazo.

Lemma 14 Suppose that g 0. Let
No = |[{x € GF(q) : Tr(x**1) — miTr(x)2 =0}/
p

Then

N — { P14 pin(—my) VP (p—1) ifmis odd,
0 pm-t if m is even.

Proof By definition, we have
— 1 YT = 55 Tr(x)?)

NO_Z ZZD

P xeGHq) yeGH(p)

1 YTHOPH) — A Tr(x)2)
— pm 1+ = D P
P yedFp) xebFa)

- 1 Tr(xP+h)— L Tr(x)?
" Y (Y % ). (11)
P yeGH(p)* xeGHq)

1
—1x2
Since the Fourier expansion b,t ™" can be expressed as

1 y2

-Lx X
LY =Y alg

zeGH(p)
for anyX € GF(p), we have
1 — L X2-zX
a=- Y 4" (12)
p XeGHp)
for anyz € GF(p) and
—-LTr(x)?
Zp _ Z aZZzTr
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Therefore, Equatioi{11) becomes

l\To = pm71 + E Z;r(x”*l)«s»zTr(x))

; Oy( az
PyedRpyr  26Fp)  xebRa)
To2 . .
pm 1ip zyeGF(p . oy(\/_ 3 2GF(p) aZmeE“Z2 ) if mis odd,
Pl p ZyeGF(p -Oy(—p 2 2cGF(p) aLp *") if m=0(mod 4.

However, by Equatiori{12) and Lemilna 2 we obtain

m

2

M
2

_Mp 2 1 —LX2-zX- 22
azZp U= z - z Zp b !
zeGH(p) zeGHp) pXeGF(p)
11 —
= _n(_F)G(le)
2GF(p) P b

N(—mp)/p".

Hence, Equatiori{13) becomes

- { P14 pty/p N (—my) S yecrp)y Oy(1) if mis odd ,
No = l

INE]

pm‘1+p‘1( P2 )N(=Mp) Yyecrp) Oy(v/P7)  if m=2(mod 4,
P+ p (=P )N(—Mp) Yyearp: Oy(v/PF) if m=0( mod 4.

The desired conclusions then follow from the fact that

{oy(l) =1,
3 yeGr(p): Oy(v/P*) =0.

|§

4.2 The proof of Theorenid [ 2 apd 3

By definition, the code length afp isn = |D| = ng — 1, whereng was defined in Lemnia 8.
This means that Equatiorid (6) aid (7) follow.
For eactb € GF(q)*, define

Co = (Tr(bdy), Tr(bdy), ..., Tr(bdh)), (14)
whered;, d,, ..., d, are the elements @. Then the Hamming weight \d;,) of ¢y is
wt(cp) = ng— N(b), (15)

whereng andN(b) were defined before. By Lemias 8 11, we hayepyt= ng—N(b) >
0 for eachb € GF(q)*. This means that the cod® hasq distinct codewords. Hence, the
dimension of the codep is m.

Next we shall prove the multiplicities,, of the codewords with weight; in (p, and
will distinguish the following three cases.

1. The case thahis odd.
It follows from Lemmd% that (x) = X + x is a permutation polynomial over G).
Thus the unique solutior, of L(x) = —bP runs through GFg)* whenb runs through
GHa)".
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e Whenm, = 0, the desired conclusion of Tal{flé 1 follows from EquatioB)(and
Lemmad 8T 12 arid11.3.

e Whenm, # 0, we only give the proof for the casgmy,) = 1 and omit the proof for
the case)(m,) = —1 whose proof is similar. Suppose thag = 1 andn(m,) = 1,
then from LemmakI8 aridL1 we obtain

wt(cp) = no —N(b)
+1

By if Tr(x) ") = 0 and T(x,) = O,

B.+Bp if Tr(x2*) = 0 and Tix,) # 0,
={ B +B(p+1) if Tr(x2*) € SQ and Tex,) =0,

By +B(p—1) if Tr(x)™) € NSQ,

Bi+Bor B +B(p+1) if Tr(x°™) e SQ and Ttx,) # 0,

whereB; = p™2(p—1) andB = (—1)Pz_mT p"z’. Therefore, the weight wty)
satisfies

Co) € {B1,B1+Bp,B; +B(p+1),B1+B(p—1),B, + B}
for eachb € GF(q)*. Define

Wy =By,

W, =B, +Bp,
w3 =B +B(p+1),
ws =B +B(p-1),
ws = B, +B.

We now determine the numbay, of the codewords with weight; in (. By Lem-
mad 12 anfl13, we can directly determine

Ay, =Ngo—1=p"?-1+(p—1)B,
Ay, = (No— ) (Nooy—1) =B1—(p—1)B, (16)
AW4 = b 1Na: l(p Bp)

wherea is a nonsquare in Gp)*. Since 0¢ D, the minimum distance of the
dual codeCs of (p cannot be 1. This means that the minimum weight of the dual
code (g is at least 2. The first two Pless Power Momehts [16, p.26@] teahe
following system of equations:

{AN1+AN2+AN3+AW4+AN5 =p"- (17)
Wi A, -+ WoAw, +WaAu, +WaAy, +WsAy, = (P— >nld“‘
where the code lengtii=ng — 1 = p™* — 1+ pB. Solving the system of equations

in (I7) yields

N

{ A = 3(p=D(p=2P"7 (p™7 — (1)),
Ay, = (p—1)p™2+(-1)7 7 (p—1)2pT.

This completes the proof of the weight distribution of TdBle
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2. The case thah=2 (mod 4.
It follows from Lemmdb that (x) = X + x is a permutation polynomial over G).
Similar to the analysis for the casebeing odd, we have the following.
e Whenm, =0, it is clear that the desired conclusion of TdHle 3 follovesrf Equation

(@5) and Lemmals|8 1L 112 and 13.
e Whenmj, # 0, by Lemma§IB anid 11 we have

wt(cp) = no— N(b)
(p—1)p™ if Tr
(p—1)p™ 2+p”l if Tr
orTr
(p—1)p™2or (p—1)p™242p7 1 if Tr

+1
+1

e 0 and Tixp) =

)=
Xp ) =0 and Ti(Xy)
X2 #0andA=0, 7%1%)
X'

A~ T~~~

1) £ 0 andA # 0,

whereA= — %2 + ;&g)ﬁ) . Therefore, the weight Wty,) satisfies
b

wt(co) € {(P—1)p™ 2, (p—1)p™ 2+ p? L (p—1)p" 2 +2p% 1}
for eachb € GF(q)*. Define
=(p-1)p"?
=(p-1)p"?+p?-
=(p-1p"?+2p7 L.
We now determine the numbAQJ;\,i of the codewords with weight; in (5. Note that
[{be GF(q) : Tr(x0"") # 0 and A= 0}
= |{be GF(q) : A=0}| — |{be GF(q) : Tr(x*"") = 0and A+ 0}

1
)

= |{xe GF(q) : Tr(x*™1) — miTr(x)2 =0}| - |{xe GF(q) : Tr(x"*!) = 0 and Tr(x) = 0}|,
b

asL(x) = x* + x is a permutation polynomial over G for this casem = 2
(mod 4). Thus from Equation[{18) and Lemmas] £2] 13 14, we cantljirec
obtain

Aw, = (No—Npo) + (No—Nigg) = (p—1)(2p™ % — pz ).
Since the minimum weight of the dual Cod‘é is at least 2, from the first two Pless
Power Momentd[16, p.260] we can comp#éig andA,,. This completes the proof
of the weight distribution of Tablg 4.
3. The case thah=0 (mod 4.
e If m, =0, then by Lemm&s|8 afdll1 we have

wt(cp) = no —N(b)

Bi—(p—1)%pz~t if b¢ Im(L),

B. if be Im(L), TrOE) = 0 and T(xy) =
=<{Bi—(p-1)p if beIm(L), Tr (xg“) OandTl(xb)7é0
or Tr(x2*) # 0 and Tix,) =

if be Im(L), TrEH) # 0 and T(x) 7eo

INE]

[NE]

Bi—(p—2)p

whereB; = p™2(p—1).
Recall that_(x) = x** +x. If b Im(L), then this means thaix) = —bP is solvable.
We point out the following facts:
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— If m=0 (mod 4, thenL(x) is not a permutation polynomial over Gij. How-
ever, for anyb € GF(q), if L(x) = —bP is solvable in this casen=0 (mod 4,

then it hasp? solutions.

— If m=0 (mod 4, then the number df is p™2 such that(x) = —bP is solv-

able wherb runs through GFg).
Therefore, we have

PP 2(p—1) — (p—1)%p%?
P2 (p—1)

WA= (p-1)p (pE2-1)

occursp™ — p™ 2 times,
occursp 2N — 1 times,
occurs(Ng+ p™ 1 — 2N o)) p? times,

(p—1)p™2—(p—2)p?

whenb runs through GFg)*, whereNg andNq o) were defined before. The desired
conclusion of Tablgl5 then follows from Lemniad 12 13.
e If m, # 0, then from Lemmals|8 andl11 we get

wt(cp) = ng— N(b)

occurs(p™— p™ 1 — Ny -+ Ng)) p 2 times,

(P—1)p? *+By if b Im(L),
B: if be Im(L), Tr(E™) = 0 and T(x,) = 0,
={ By +p? if be Im(L), TrE™) = 0 and T(xy) # 0 (19)
or Tr(xE*l) 0andA=0,
ByorB;+2p? if belm(L), Tr(xX"™") # 0 andA # 0,
whereB; = p™2(p— 1). Therefore, the weight Wt,) satisfies
wt(co) € {(p—1)p? '+ By, Br, Bi+ p?, Bi+2p?}

for eachb € GF(q)*. Define
wy=(p—1)p? 4By,

W, = By,
w3 =By + p?,
Wy = Bl<|>2p%1

We now determine the numbay, of the codewords with weight; in (. Itis clear
that

Aw _ pm o pm—2_
By Equation[(19) and Lemm&s]1Z2,]13 14, we can directlyimbta
Aw, = P %(No—Ngo) + |\_r1no),
= (p—1)(2p™“*—p?2).
Since the minimum weight of the dual codg is at least 2, the first two Pless Power
Moments|[16, p.260] lead to the following system of equation
{AN1+AN2+AW3+AM =p"-1,
Wi1Aw, + WAy, +WaAy, +WaAy, = (p—1)np™ L,
wheren=ny— 1= p™ !+ pz — 1. Solving the system of equations [n120) gives
{AWZ =P B (pE e pd) 1,
Aw, = 3(P—1)(p—2)(p™*—p? ).
This completes the proof of the weight distribution of Td@le

(20)

Summarizing all the conclusions above completes the pafofhieorem$§ 1L 12 arld 3.
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5 Concluding remarks

In this paper, we presented a class of linear cagdesvith a few weights and completely
determined their weight distributions. The result showed they have at most five weights.
Particularly, the codesp presented in this paper have three weights winen 6 andm =

2 (mod 4. Many classes of linear codes with a few weights were coatgdu(see, for
example,[[14,29,28]2,15,118/4]28] 12]). Wheis odd, the code&}, presented in this paper
has the same parameter and weight distribution as thap giresented in[[19]. But they
have different defining seé.

Any linear code over Gfp) can be used to obtain secret sharing schemés][4,27]. In
order to obtain secret sharing schemes with interestingsacstructures, one would like
to have linear codeg such thatwmin/Wmax > %1 [27], wherewnin andwmay denote the
minimum and maximum nonzero weight of the linear code.

Whenm > 5 is odd andm, = 0, the code(, of Sectior B satisfies that

Wiin pm—2 _ p(m—a)/Z p— 1
Wmax pm-2 4 p(m-3)/2 ~ p

Whenm > 5 is odd andn, # 0, the code(, of Sectior B satisfies that

Wiin _ (P=1)p™ 2~ (p+1)p™ 2 p-1
Wmax  (P—1)p™ 2+ (p+1)pm3/2 = p

Whenm>6,m=2 (mod 4 andmj, = 0, the codep of SectiorB satisfies that

Wmin i > p—-1
Wmax pm—2 p -

Whenm>6,m=2 (mod 4 andm, # 0, the code’p of Sectior B satisfies that

Win _ (p—1)pm? - p—1
Wmax  (p—1)p™242pm/2-1 p -

Whenm>6,m=0 (mod 4 andm, = 0, the code’p of Sectior B satisfies that

Wimin B pm—27 pm/2 - pfl
Wmaxi pm_2 p .

Whenm>6,m=0 (mod 4 andmj # 0, the code’p of SectiorB satisfies that

Wmin _ (p—l)Pm_z > p-1
Wmax  (p—1)p™2+42p™2 p -

Hence, the linear code%, presented in this paper satisfy the condition thgf, /Wmax >
P=1 ‘and can be employed to obtain secret sharing schemes wétksting access structures

Wiz Ikeivag)
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