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Abstract

In this paper, we present two new constructions of complex codebooks with multiplicative characters,
additive characters and trace functions over finite fields, and determine the maximal cross-correlation
amplitude of these codebooks. We prove that the codebooks we constructed are asymptotically optimal
with respect to the Welch bound. Moreover, in the first construction, we generalize the result in @] In
the second construction, we generalize the results in @], we can achieve Welch bound for any odd prime
p, we also derive the whole distribution of their inner products. The parameters of these codebooks are
new.
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1 Introduction

An (N, K) codebook C = {cg, c1,...,cn_1} is a set of N unit-norm complex vectors ¢; € CX over an alphabet
A, where ¢ = 0,1,..., N — 1. The size of A is called the alphabet size of C. As a performance measure of
a codebook in practical applications, the maximum magnitude of inner products between a pair of distinct
vectors in C is defined by

Inaz(C) = OSigzgg{fJCiCJHL
where cJH denotes the conjugate transpose of the complex vector c;. To evaluate an (IV, K) codebook C, it
is important to find the minimun achievable I,,,45(C) or its lower bound. The Welch bound [25] provides a
well-known lower bound on I, (C),

N-K

Iaz(C) > Iy = m

The equality holds if and only if for all pairs of (4, j) with i # j

I N-K
leic;' | = N-DK

A codebook C achieving the Welch bound equality is called a maximum-Welch-bound-equality (MWBE)
codebook ] or an equiangular tight frame ﬂﬁ] MWBE codebooks are employed in various applications
including code-division multiple-access(CDMA) communication systems [20], communications [23], combina-
torial designs |3, 4, [26], packing [2], compressed sensing [1], coding theory kﬂ] and quantum computing [21].
To our knowledge, only the following MWBE codebooks are presented as follows:
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(N, N) orthogonal MWBE codebooks for any N > 1 23], [26];

(N,N — 1) MWBE codebooks for N > 1 based on discrete Fourier transformation matrices [23], [26] or
m-sequences [23];

(N, K) MWBE codebooks from conference matrices [2], [24], where N = 2K = 29+ for a positive integer
dor N = 2K = p? 4 1 for a prime p and a positive integer d;

(N, K) MWBE codebooks based on (N, K, \) difference sets in cyclic groups |26] and abelian groups [3],
Ml;
(N, K) MWBE codebooks from (2, k, v)-Steiner systems [6];

e (N, K) MWBE codebooks depended on graph theory and finite geometries |79, 22].

The construction of an MWBE codebook is known to be very hard in general, and the known classes of
MWBE codebooks only exist for very restrictive N and K. Many researches have been done instead to
construct near optimal codebooks, i.e., codebook C whose I,,4,(C) nearly achieves the Welch bound. In [23],
Sarwate gave some nearly optimal codebooks from codes and signal sets. As an extension of the optimal
codebooks based on difference sets, various types of near optimal codebooks based on almost difference sets,
relative difference sets and cyclotomic classes were proposed, see |3, [11, 128-30]. Near optimal codebooks
constructed from binary row selection sequences were presented in |12, [27]. In [13, [16-18], some near optimal
codebooks were constructed via Jacobi sums and hyper Eisenstein sum.

In this paper, we present two new constructions of complex codebooks with multiplicative characters, addi-
tive characters and trace functions over finite fields, and determine the maximal cross-correlation amplitude
of these codebooks. The key ideas in our new constructions are based on transitivity of trace and the Fourier
expansion of characters. We prove that the codebooks we constructed are asymptotically optimal with respect
to the Welch bound. Moreover, in the second construction, we also derive the whole distribution of their inner
products. As a comparison, in Table 1, we list the parameters of some known classes of near optimal codebooks
and those of the new ones.

This paper is organized as follows. In section 2, we recall some notations and basic results which will be
needed in our discussion. In section 3, we present our first construction of codebooks. In section 4, we present
our second construction of codebooks. In section 5, we conclude this paper.

2 Preliminaries

In this section, we introduce some basic results on trace functions, characters and character sums over finite
fields, which will be needed in the following sections.

2.1 Trace functions of finite fields
Let Fp, . and F; be finite fields, with F, C F,. C F,. Let Try/.(-) be the trace functions from F, to F,.
with

g
r

Try /() =r+a2" 2" otz , €y

Transitivity of trace in [19] is stated as
Tr,p - Trgr(x) = Trgyp(x), © € Fy,

it plays important role in our constructions.

2.2 characters over finite fields
Let IF; be a finite field, in this subsection, we recall the definitions of the additive and multiplicative characters
of IFy.

For each a € Fy, an additive character of F, is defined by the function y,(x) = , where ¢, is a
primitive p—th root of complex unity. By the definition, xq(z) = x1(az). If a = 0, we call x¢ the trivial

CpTrq/p(az)



Table 1: The parameters of codebooks asymptotically meeting the Welch bound

Parameters (N, K) Loz References
(p" K = pg__pl(P" +p"?) 4+ 1) (p+1)p"/? [12]
with odd p 2pK

(¢?, @), q = p® with odd p ﬁ [28]
q(g+4), %1, q is a prime power q% [15]
q, %, q is a prime power ‘f_ﬁl [15]
(p" — 1, 271 with odd p el [27]

(" + ¢~ 1 —1,¢"1) for any [ > 2 q1l71 [30]

((qil)k“i’qkilvqkil)a \/qkT [13]

for any k> 2 and ¢ > 4 (q—DF+(-1)F+!
((g— ¥+ K, K), for any k > 2, ) 13
where K = (=0 0" K [13]
q
((q‘S - 1)n +K7K7
for any s > 1 and n > 1, gt [16]

s_qyn n (g*—1)"+(-1)n+1
where K = (¢ =D+ H)

q
((qs _ 1)n + qsnfl7 qsnfl)7 \/W [16]

forany s >1and n > 1 (=) +(=1)"+!

(q -1 Q(Té—l)) v )
hoodd ——L——  |th
r=p', g =% with odd p and p 1s Va/r-1)K 1S paper
(q2 %) (r+1)q .
, T with o th
r=p',q=r® with odd p 2rK 1S paper

additive character of IF,. Let E be the set of all additive characters of ;. The orthogonal relation of additive

characters (see [19]) is given by
_Jq ifa=0,
Z Xa(2) = { 0, otherwise.

z€lF,

As in [19], the multiplicative character of Fy is defined as follows. For j = 0,1, ...,¢ — 2, the functions ¢;
defined by ) -
‘Pj(al) = C;J—h
are all the multiplicative characters of Fy, where « is a primitive element of Fy, and 0 <i < ¢ —2. If j =0,
we have ¢o(z) = 1 for any x € F7, o is called the trivial multiplicative character of Fy. Let IF% be the set of
all the multiplicative characters of Fy.
Let ¢ be a multiplicative character of Fy, the orthogonal relation of multiplicative characters (see [19]) is

given by
_ q— 17 if ¥ = o,
Z plr) = { 0, otherwise.
z€Fy

2.3 Character sums over finite fields
Let ¢ be a multiplicative character of I, and x an additive character of FF,. Then the Gauss sum over [,
is given by
G(p,X) =Gyl x) = Y pla)x().

z€Fy

It is easy to see the absolute value of G4(¢p, x) is at most ¢ — 1, but is much smaller in general, the following
lemma shows all the cases.



Lemma 2.1. [19, Theorem 5.11] Let ¢ be a multiplicative character and x an additive character of Fy. Then
the Gauss sum Gq(p, Xx) satisfies

(J*l, ifSQZQOO;X:XO;
Golp:x) =9 —L, =0, X7 Xo,
Oa Zf@#@07><:x0'

For ¢ # ¢o and x # xo, we have |G4(p, x)| = /4.

Lemma 2.2. [19] Gauss sums for the finite field F, satisfy the following properties:

(1)Gq(p; xab) = p(a)Gy(p, xp) for a € Fy, b € Fy, where p(a) denotes the complex conjugate of (a);
(2)Gq(p, X)Gq(®. X) = o(=1)q,

Lemma 2.3. [19] Let ¢ be a multiplicative character of Fy, then for any c € Fy, we have
1 _
QO(C) = a Z Gq(% X)X(C)a
X

where the sum is extended over all additive characters x of Fy.

This is the Fourier expansion of the multiplicative character ¢ in terms of the additive characters of F,,
with Gaussian sums appearing as Fourier coefficients.

2.4 A general construction of codebooks

Let D be a set and #D = K. Let E be a set of some functions which satisfy
f:D — S, where S is the unit circle.

A general construction of codebooks is stated as follows in the complex plane,

C(D;E) = {Cs = \/%(f(z))xep, f e E}.

3 The first construction of codebooks

In this section, by multiplicative characters, transitivity of trace and fourier expansion, we construct new
series of codebooks which nearly meet the Welch bound.
We first recall the construction in [28]. Let

D={z e, :nx+1)=—1},

where 7 is the quadratic multiplicative character of F,, n(0) is defined as 0 for convenience. Let #D = K and
E =T;.

The codebooks C(D; E) = {c, = \/%(go(x))mep : ¢ € E'}, which are constructed in [28] are asymptotically
optimal when g — oo.

In this section, we generalize this construction in [28] by the transitivity of trace functions.

Let p be an odd prime, » = p and ¢ = r®, where p { s. Let 7 be the quadratic multiplicative character of
F,. Let

D ={z € F: :n(Try/ (z + 1)) = —1(s)},

and #D = K. Let E = F?.
We define a codeword of length K as

Cp = \/%((p(‘r))mED’ pEe E



and construct the following (N, K) codebook C(D; E) as:

1
C(D;E)={c, = —(¢(x))zep : p € E}. 1
( ) { (4 \/?(90( )) eD P } ( )
We set (o (Tro s (41))
51 () = n(s)n Tolr , %f Try/r(z+1) # 0,
0, if Trg/p(z +1) = 0.

Through the definition of D, we know that

1, ifzxeD,
o) = { 0, otherwise.

Theorem 3.1. With the above notation, we have N =q—1, K = =Y 4nd

2r
\/;
Imaz(C(D; E)) < < 1.
Valyr—1)
Proof. By the definition of D and E, it is easy to see that N =¢— 1 and K = %.

For any characters ¢; and ¢; in F* wy where 1 < i # j < ¢ —2. Let p := ¢;pj, since i # j, ¢ is nontrival.
Then we have

K(c%; ng )

= Y pil@)p;(@)

xeD

= > ol

xeD

= Y o))

ze]FZ

o 1- 77(5)77(T7’q/r(50 + 1))
> el 5

®EFY,
Try . (@+1)70

o 1- U(S)H(Trq/r(x + 1))
> ola) 5

1- n(S)U(TTq/T(z + 1))

- > el 5

ze]FZ

mEF‘z,
Try /. (z41)=0
1
= = Z n(Tre/m(x+1)) — 3 Z o(x)
ze]F* z€Fy,
Try . (2+1)=0
1 1
— __p(s)A--B
5(s)A 5B,
where A and B are defined in Lemma [3.4] and Lemma [3.5]
By the results in Lemma [34] and Lemma B35, we get
Ima:(C(D; E)) = max{|c% | 1<i#£j<qg—2}
< |Al + |B] < A <1
2K S A



Using Theorem Bl we can derive the ratio of I, (C(D; E)) of the proposed codebooks to that of the
MWBE codebooks and show the near-optimality of the proposed codebooks as in the following theorem.

Theorem 3.2. Let Iy be the magnitude of the optimal correlation, i.e. the Welch bound equality, for the
given N, K in the current section. We have

lim Iz (C(D; E))

=1
T—00 IW

)

then the codebooks we proposed are near optimal.

Proof. Note that N =¢ —1 and K = q(r D Then the corresponding Welch bound is
N-K qr —2r+q
Iy = = .
(N-DK  \alg—2)(r—1)

| < Ima(C(DSE)) - _ VT Valg=2)(r - 1)
Iy T VA1) Ve —=2r+g¢
r/q— 2
(Vr—1D/qr —2r +¢q

1—2
q

1 2, 1
1=/ -5++

It can easily be seen that

Since r = p! and g = r®, it follows that lim,_, %ﬂw = 1. The codebook C(D; E) asymptotically

meets the Welch bound. This completes the proof. [l
Remark 1. When r = g, it is exactly the first construction of codebooks in [28].

The Lemmas which are used in the proof of Theorem Bl are as follows.

Let ¢ be a multiplicative character of IF; and ¢* the restriction of ¢ to F,.. Let x, be an additive character
of IFy, and x7 the restriction of x, to F,, where a € F;. Let ¢, be an additive character of F,, where b € F,.
Let x = x1 and 1 =, be the canonical additive characters of F, and F, respectively.

Lemma 3.3. x* is nontrivial if and only if p1 s.

Proof. For any b € F,., we have

% Try/pb Try/p Trg/r b Try/pbTrg 1
X)) = x(b)=¢ ! =G / ! =(p ! /
Tr,/p(bs
= G = p(bs) = v 0).
It follows that x* = 9, the result is obtained. [l

Lemma 3.4. Let A = EmEF* o(@)n(Try/(x + 1)), then we have

V4

1A = V@, if n@" is nontrivial,
N NG if np* is trivial.

Proof. By the Fourier expansion in Lemma 23] A can be rewritten as

A = Z Z G "/)b "/)b Trq/r('r + 1))

€l be]F
1 I
belF, mE]F;



bEF, zEF;
_ % > G ) Y p(x)x(bx)x(b)
beF, z€F:
_ ! > Gr(1,0) G0, x6)X(b)
beF,.
:% 1(=0)Gy (0, B)p(0) Gy (0, X)X (D)
beF*
— %U(A)GT(??,E)GQ(%X) > n(®)ed)x(d)
beF:
1

= —n(=1)Gr(0,9)Gql0, X)Gr (18", X).

Since p 1 s, the result follows from Lemma 2.J] and Lemma B3]

We set i
da(z) = - Z Up(Trg)p(x + 1))
beF,.

It is easy to see that
1, if Try(z+1) =0,
02(w) = { 0, if Try/p (2 +1) # 0.

Lemma 3.5. Let B=) .er:, (), then we have

Tryp (z+1)=0

Va

r?

B| = %, if P° is nontrivial,
if p* is trivial.

Proof. By the definition of d3(z), we have

B = Do wl@) =) )b (2)

zeFy, z€F};
T‘q/r(m+1) 0
= Z @(x); Z Yo(Trgp (x4 1))
z€Fy beF,
= — Z Z Trq/,r bx+b))
bEFTmEF*
= = Z > o) x (b +b)
bGF zGF*
1
= = >N l@)x(ba)x(b)
beF, z€F;;
1
= - > Galep, xe)x(b)
beF,.

D M OIHERING

beFy

1 —x *
= ;(;q(¢akﬁ(;r(¢ 7Xf>'

Since p 1 s, the result follows from Lemma 2] and Lemma B3



In Table 2 we provide some explicit values of the parameters of the codebooks we proposed for some given
r and ¢, and corresponding numerical data of the Welch bound for comparison. The numerical results show

that the codebooks C(D; F) asymptotically meet the Welch bound.

Table 2: Parameters of the (N, K) codebook of Section III

r | q N K Imaz (C) Ly |
32| 3¢ 80 36 0.1667 0.1244 1.3399
19 | 192 360 171 0.0683 0.0555 1.2310
179]1792 32040 15931 0.006 0.0056 1.0748
35 | 310 59048 29403 0.0044 0.0041 1.0642
37| 3™ 4782968 2390391 | 0.00046724 | 0.00045746 | 1.0214
53 1 5% | 244140625 | 121101500 |6.5028¢ — 05| 6.541e — 05 | 1.0080
731 712 11.19158¢ + 20{9.5511e + 19| 7.2670e — 11]7.2459¢ — 11| 1.0029
5% 1 510 | 2.3283e + 22 [1.1623e + 22| 6.5746e — 12| 6.5641e — 12| 1.0016
1951970 6.1311e + 12 |3.0655¢ + 12 [4.0412¢ — 07| 4.0386¢ — 07| 1.0006

4 The second construction of codebooks

In this section, by additive characters, transitivity of trace and fourier expansion, we construct new series
of codebooks which nearly meet the Welch bound.

In fact, we generalize the construction of codebooks in [12] and show that I,,4, of the proposed codebooks
asymptotically achieves the Welch bound. We also derive the whole distribution of inner products of the
proposed codebooks. In [12] the Welch bound can be asymptotically achieved only for sufficiently large prime
p, while in our construction the Welch bound can be asymptotically achieved for any odd prime p.

We first recall the construction in [12].

Let p be an odd prime and ¢ a power of p. Let n be the quadratic multiplicative character of F,. The
construction in [12] is equivalent to the following one.

Let
D ={xzcFp:n(Try, 2Ty = —1},
and #D = K, where T = g+ 1. Let E = F»
The codebooks 1

C(D7E) = {Ca = (Xa(‘r))acED ‘Xa € E}7

VK
are asymptotically optimal when p — oo.
In this paper we generalize the construction in [12].
Let p be an odd prime, r = p* and ¢ = r®. Let n be the quadratic multiplicative character of F,. Let x, be
an additive character of F,2, where a € Fg2. Let x = x1 be the canonical additive characters of F 2

Let
D ={x e Fgp:n(Try, oy = -1},
and #D = K, where T =g+ 1.
Let E=Fp ={xa:a€Fg;}.
We define a codeword of length K as
¢o = —=(xal®))
a = 7=XalT))z >
\/E X eD

and construct the following (V, K) codebooks as:
C(D;E)={cq:acFp}.

By the definition of D and E, it is easy to see that N = ¢% and K = M

The following theorem gives the whole distribution of inner products of C(D E).



Theorem 4.1. Let CaiC(Z be the inner product between a pair of code vectors Cy, and Cq; of the proposed
codebooks C(D; E), where a; and aj; are distinct elements in Fp2, 0 < i # j < q> — 1. Then Caicg has the
following distribution
et { FEy B E - s
g 50 S-(¢* +q°) times.

Proof. We set

1-n(Try)r z7) .
d3(x) = f/’ ?f Tryyy x; 70,
0, if Try/p x* = 0.
By the definition of D, we known that

1, ifzxeD,
0s() = { 0, otherwise.

As the notations defined in this section, we have

K(CalC}) = ZDx (2)Xa; ()
= Iesz«ai —a;)z)
- ZEZDX(M), 0#acFg
= Z x(az)s(x)

1 —n(Try, 2T)
SR L
@€F o
Trq/TIT¢o

1
= _5 X( )(Trq/rx)
IEIF(IQ
1
LY e
mEF‘qg
Trg/pzT'=0
1 1
_EQ_Q )

where Q and P are defined in Lemma and Lemma,
By the results in Lemma and Lemma 6 we have

=lq, if Trya’ =0,

K(Co, Gy =< g, if Trgpra” =1,
72;1(], if Try ), al = —1.

To find the distribution, we need the following illustrations. (1) For any a € F;Z, there are N groups (a;, a;)
satisfying a; — a; = a.
(2) For any z € IFy, there are T different a € IF7. which satisfy z = a”.
(3) There are £ — 1 different 2z € IF; with Tr,/, 2 = 0, and there are  different z € F}, with Tr,/, 2 # 0.
(4) The number of squares and nonsquares in F¥ is %



Then it is easy to get the distribution of Cg;, C,g as follows:

C CH — % 7‘2—qu, T;;} (q4) - %(qg) - q2 times,
a;i“a; 1 T;,;lq7 7‘2—Tl (q4 + q3) times.
This completes the proof. O

The following corollary which is a direct consequence of Theorem 1] gives the upper bound of I,,4.C(D; E).

Corollary 4.2. The mazimum magnitude IL,q..C(D; E) of inner products between a pair of code vectors of the
proposed codebooks is upper bounded by

1r4+1
K 2r

Ima:C(D; E) = max |cic§{| <

q.
0<i#j<q?—1

Theorem 4.3. Let Iy be the magnitude of the optimal correlation, i.e. the Welch bound equality, for the
given N, K. We have

lim Iz (C(D; E))
T—00 IW

:1’

then the codebooks we proposed are near optimal.

Proof. Note that N = ¢? and K = %. Then the corresponding Welch bound is

o [ N-K [ 2rq—(g+1)(r—1)
YUV W -DE @ D2 - Dir 1)

It can easily be seen that

1<

T4 (C(D)) < iTJrl 2rq — (g+ 1)(r—1)
T = K o2r NWgr12@-00 -1

\/ (r+1)2(¢— 1)
(r=DR2rg— (g + D —1)
\/ (r+1)2%(g— 1)
(r=Dlgr+ 1) = (r—1)]
<\/ (r+17(¢— 1)
(r=Dlg(r+ 1) — (r+ 1]

r+1
r—1"

It follows that lim, 4o Imas CDE)) | The codebooks C (D; E) asymptotically meet the Welch bound.

Iw

This completes the proof. O

Remark 2. When r = p, the construction we proposed is exactly the one in [12]. In [12] the codebooks are
construced by selecting K rows from N x N Hadamard matrices based on binary row selection sequence, but
we use the additive character of finite field and a set D to construct our codebooks. It is pointed out in [14]
that Lnaz of the codebooks asymptotically achieves the Welch bound equality only for sufficiently large prime
number p. For small p, Ihq: of the codebooks has larger value than the Welch bound equality, though ¢ — +oo.
It is hard to find sufficiently large primes. While, in our construction, for any fized odd prime p, we can let t
increase and then r = p* — 4+00. 50 Inax(C(D)) can asymptotically achieve the Welch bound equality.

The Lemmas which are used in the proof of Theorem 1] are as follows.

10



Lemma 4.4. Let fy(z) = Ty, (ba"), fb( ) = D zer 2wTr"/P(sz)+Trr12/p(am), where b € F, and w is the

complex p-th root of unity. Then we have

aT
ﬁ(a) — 7qw_ Tra/p Tv Zfb S F:v
0, ifb=0.

where a € Fye

Proof. When b € F7, it holds that

[aB]

—~ T q,.4q
fb(a> _ § wTrq/p(bm +az+alz?)
z€eF 42
+1
— E wTrq/p(bmq(m+ )+ (I‘f‘ )_aq D
zG]F 2
+1
= 3 WMl )= )
zG]F 2
+1
=Y Tl @)
z€F 42
a adtl
= Y wTrasp (bt %) T —2%)
zG]Fq2
T
= E wTrq/p(bnyaT)
yG]Fq2
T
= warq/paT E wTrq/p(byT)
y€F 2
T
= w_Trq/paT E E wTrq/p(bz)
2€Fg veF 2
yT:z
WT
= W_Trq/pT E wTrq/p(bz) E 1
z€F, yeF 2
yT:z

T

= wiTrfl/PT[lﬁ»(q{»l) Z w Q/p(bz)]
2€F »
= —qw7 Tre/p %
When b = 0, it is easy to see that fy(a) = 0. O
Remark 3. By the result in Lemmal[{-4), fo(z) is a regular bent function, see [1(].

Let ¢, be an additive character of F,., where b € F,.. Let x = x1 and ¥ = 11 be the canonical additive
characters of IF > and IF, respectively. We set

Z wb q/r T a
be]F
then .
1, if Try/x't =0
_ ) q/r ;
%4(x) = { 0, if Tryy, 2T # 0.

Lemma 4.5. Let P =) acr, x(ax), where a # 0, then we have

—L(r—1), if Tryr al =0,
o if Try/r a® # 0.

11



Proof. 1t follows that

zEF o
Trg/r zT =0
= > xlax)ds(z)
IE]qu
1 T
= E x(am); E Uy(Trg)p ™)
me]qu beF,.
— 1 § § wTrT/p(bTrq/T zT)wTqu/p(am)
r
ZE]FqQ beF,.
_ 1 wTrq/p(sz)—i-Tqu/p(am)
beF,. ze]Fqg
1 ~
= —_ b a
A0
beF,
T
= 1 E 7qw7 Trfl/PaT
T
belFx:
= 7q E wTr(I/P CaT
T
ceFx
- _ g wTrT/p cTrq/T aT
r z :
ceFr
q T
= - E Y(cTrg/ra™)
ceF:

The result follows from the fact that

Z "/)(CTrq/T :CT> =

{ r, if Try/, T =0,
ceF,

0, if Try/a” #0.

Lemma 4.6. Let Q =5 Y(az)n(Try/, a1, where a # 0. Then we have

ze]FqQ

e={?% py e =0
—qn(=Trg/pa”), if Trg/ra® # 0.

Proof. Tt holds that

Q = Z X(ax)n(Trq/r zT)
zG]Fq2
1 I
= Z X(a’x); Z GT(na¢b)wb(Trq/r :CT)
IE]qu beF,
1 I
=~ Genn) Y x(ax)up(Try2”)
beF, ze]FqQ
1 — Trpo,,(az), Tryp(bTry, (7))
= ; Z Gr(ﬁﬂﬂb) Z w / w
beF, ze]FqQ
_ 1 o Tr o (az)-i—Trq/p(sz)
- ; Z Gr(ﬁﬂﬂb) Z w /
beF, ze]FqQ
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1

belx

r

1

beFy

; Z Gr(na %)ﬁ(a)

beF:

_g ﬁ(—b)Gr(UﬂﬂW(—g Trq/r aT)

beF

The result follows from the fact that

ceF:

= 3 G, T (g™ Mo 5T

q =\, Tr. (=1 Try /. a”)
—= G, (n, r/p\" % *Tq/r
oD Gr(m Gp)w

1

96, (1.0) Y 0(e)i(e Ty, o)

- gG7 (77; ’L/J)G, (77; wTrq/T aT)'

0,
Gr(nv’l/)Trq/r aT) = { ﬁ(rj[‘rq/r G/T)Gr(nyw)7

and

G’l“ (775 Z/J)Gr (775 1/}) - 77(71)7’

if Try a’ =0,
if TI'q/T aT 75 0,

O

In Table B, we provide some explicit values of the parameters of the codebooks we proposed for some given
r and ¢, and corresponding numerical data of the Welch bound for comparison. The numerical results show
that the codebooks C(D; E) asymptotically meet the Welch bound.

Table 3: Parameters of the (N, K) codebook of Section IV

r|a N K Inaz (C) Ly [
32|34 6561 2952 0.0152 0.0137 1.1166
19 [192] 130321 61902 0.0031 0.0029 1.0539
52 | 50 | 244140625 | 11719500 [6.9329e — 056.6609e — 05| 1.0408
33136 531441 256230 0.0015 0.0014 1.0377
53 | 55 | 244140625 | 121101500 |6.5028¢ — 05| 6.410e — 05 | 1.0080
35 [319]3.4868¢e + 09]1.7362e + 09 | 1.7075e¢ — 05 | 1.7005¢ — 05| 1.0041
73 1712]1.9158¢ +20[9.5511e + 19(7.2670e — 11 |7.2459¢ — 11| 1.0029
36 [312]2.8243e + 11]1.4102e + 11 |1.8868¢ — 06 | 1.8843¢ — 06 1.0014
13%]13%]2.3298¢ + 13]1.1644¢e + 13[2.0736e — 07[2.0727e — 07| 1.0005

5 Concluding remarks

In this paper, we presented two new constructions of codebooks asymptotically achieve the Welch bounds
with multiplicative characters, additive characters, trace functions and Fourier expansion of finite fields. Our

two constructions are the generalizations of the constructions in [28] and [12], respectively. The parameters of

our codebooks are flexible and new.

One feature of our construction is the combination of the character sums and the transitivity of trace
functions. Since character sums of finite fields are one of the main methods used in the constructions of near
optimal codebooks, we believe that using trace functions we can generalize more known codebooks constructed

by character sums.

In our second construction, one key point is that f,(z) in the Lemma IV .4 is a regular bent function. We
wonder if there exist other (weakly) regular bent functions such that the codebooks constructed by them can

asymptotically achieve the Welch bound.
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