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Abstract
By experimental measurements and theoretical analyses, this paper investigates the variation of the Sun’s visual shape and figures out
the reasons for the variation of its shape. First, themethod of image processing, themethod ofmoments and the least-squaremethod are
combined to perform experimental measurements and calculations, and the features of the Sun’s visual shape are extracted from the
photos of the Sun. Second, theoretical analyses are conducted based on atmospheric refraction and the Einstein’s special relativity
theory. The relationship model is established between the zenith and azimuth angles of the Sun, the velocity of the Sun relative to the
Earth, and the observation time and position; the refraction index of the atmosphere is expressed as a function of altitude and
wavelength of light; an iterative algorithm is constructed to trace rays of light in the atmosphere; a set of formulas is derived to
determine the contraction ratio and contraction direction of the Sun’s visual shape. Finally, the theoretical and experimental results are
compared; their relative errors are less than 0.3%, which verifies the theoretical analyses. Both theoretically and experimentally, this
research proves that the Sun’s visual shape is an ellipse; its shape variation mainly results from atmospheric refraction effects; and the
length contraction effect of the Einstein’s special relativity also contributes a little, except at the time of sunrise and sunset.

Keywords Imageprocessing .Datafitting .Atmospheric refraction .TheEinstein’sspecial relativity .Zenithandazimuthanglesof
the sun . Ray tracing

Introduction

When you enjoy sunrise and sunset, do you pay attention to
the variation of the Sun’s visual shape? Comparatively speak-
ing, the Sun’s image at sunrise or sunset is flatter than that at
noon; however, although the Sun’s image at noon is the
roundest on a day, it still appears to be an ellipse and not a
perfect circle. Very few research papers systemically explain
the theoretical reasons for the variation of the Sun’s visual
shape, and only a few very short articles on Wikipedia and
in popular science magazines simply outline the natural phe-
nomenon based on atmospheric refraction.

The effects of atmospheric refraction have been studied
widely in the fields of optical communications and weather

forecast. For the free-space optical communication systems,
by applying astronomical refraction formulas and considering
meteorological conditions on ground, Karin and Florian
(2004) have simulated the refraction angles of solar rays in
the atmosphere, and calculated the vertical deviation of solar
beams at various wavelengths. For the earth-to-satellite laser
communications, Xiang (2008) analyzed the effect of atmo-
spheric chromatic dispersion on the pointing error of the up-
link laser beam. For the sake of improving accuracy of satellite
laser ranging, Yuan et al. (2011) used ray tracing to compute
the various optical paths caused by atmosphere refraction, and
gave a regional distribution of the optical path difference in
China. Jiang et al. (2013) investigated the relationship be-
tween the optical paths and the satellite zenith angles, and
proposed an atmospheric refraction compensation scheme
for the different satellite zenith angles. In order to find out
about the effect of atmospheric refraction on the propagation
of weather radar beams, Wang et al. (2018) explored the ver-
tical variation of the refraction index in the first kilometer of
the atmosphere with regional climate and topography. Balal
and Pinhasi (2019) evaluated the effect of atmospheric refrac-
tion and absorption on the propagation of millimeter and sub-
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millimeter wavelengths from land to satellite. Chaim and Hall
(2000) made use of ray tracing to determine atmospheric
refraction, and combined the digital terrain model to
calculate the visual sunrise and sunset times at some cities in
Israel. Kambezidis and Papanikolaou (1990) researched the
relationship between solar position and atmospheric
refraction. Kambezidis and Tsangrassoulis (1993) proposed
a new correction of right ascension according to solar position.
Kambezidis (1997) established a set of appropriate spherical
trigonometric formulas to estimate sunrise and sunset hours by
considering flat and complex terrains and atmospheric
refraction. Instead of spherical trigonometry, Sproul (2007)
used vector analysis to research the position relationship be-
tween the Sun and the Earth.

This paper investigates the variation of the Sun’s visual
shape on a day, and figures out the reasons for the shape
variation by massive experimental measurements and system-
ic theoretical analyses. First, hundreds of photos of the Sun
were taken from sunrise to sunset; an image processing was
performed to extract features of the Sun’s visual shape from
the photos. The method of moments and the least-square
method were combined to fit the periphery of the Sun in the
processed images; and a set of formulas was derived to calcu-
late the feature parameters of the elliptic Sun. Error analyses
showed that the relative measurements accuracy was about
0.023%, the standard deviation of the fitting curve of the el-
lipse was only 4 pixels. The experimental results proved that
the Sun’s visual shape can be accurately approximated by an
ellipse. Second, in order to investigate the reasons for the
variation of the Sun’s visual shape, the atmospheric refraction
effects were first researched to simulate the influence on the
Sun’s visual shape at different observation times and posi-
tions. Based on Kepler’s laws, the relative position and veloc-
ity between the Sun and the Earth were analyzed, and a set of
formulas was derived to calculate the zenith and azimuth an-
gles of the Sun for different observation positions and times;
according to the differential equation of light propagation in
an inhomogeneous medium, an iterative algorithm was devel-
oped to trace the rays of light in the atmosphere. Meanwhile,
because the refraction index of the atmosphere mainly de-
pends on air density, it is expressed as a function of altitude
and wavelength of light. Under this expression, it is proved
theoretically that the trajectory of sunlight is a planar curve.
Nevertheless, as a result of atmospheric refraction, the Sun’s
visual shape contracts only in the zenith direction, resulting in
an elliptic Sun in the observer’s eyes. In addition, the length
contraction phenomenon in the Einstein’s special relativity
theory due to the relative movement between the Sun and
the observer was also investigated to simulate its effects on
the Sun’s visual shape at different observation times and po-
sitions. Because the relative velocity between the Sun and the
observer varies with time, especially the direction of the mo-
tion, the effect of the length contraction phenomenon on the

Sun’s visual shape also varies with time; therefore, the analy-
sis included the contraction ratio and the contraction direction
of the Sun’s visual shape, which describe a ratio of the minor
to the major axis and the direction of semi-minor axis of the
Sun’s visual shape. A relationship between the length contrac-
tion effect, observation positions and times was established.
Although the effect of the Einstein’s special relativity theory
also makes the Sun’s visual shape contract in one direction
and results in an elliptic Sun, this differs from the atmospheric
refraction effect, because the contraction direction caused by
the Einstein’s special relativity theory varies with time.
Comprehensively considering the effects of atmospheric re-
fraction and the Einstein’s special relativity theory on the
Sun’s visual shape, although different, we can prove that the
Sun’s visual shape is still an ellipse. Therefore, a formula
calculating the shape parameter of the ellipse was derived.
Finally, the observation position was chosen to be Dalian,
and the observation time mid-December 2018. Then, the var-
iation of the Sun’s visual shape was simulated, including two
cases: one with atmospheric refraction effects only, and anoth-
er with both atmospheric refraction and the Einstein’s special
relativity theory. By comparison, it can be found that the rel-
ative errors of the simulation results and the experimental data
are less than 0.3%. These results show that the reason for the
variation of the Sun’s visual shape is mainly atmospheric re-
fraction; and at times except of sunrise and sunset, the length
contraction effect of the Einstein’s special relativity theory
also contributes, but little.

Experimental measurements and calculations

In order to investigate the variation of the Sun’s visual shape, a
high-resolution digital camera was used to take more than 300
photos of the Sun from sunrise to sunset. The time chosen was
before the winter solstice in the year 2018; the position was
Dalian, a city in northeast China. In Fig. 1, three photos are given,
the projection plane is perpendicular to the direction from the
camera to the Sun, and the horizontal direction of the photo is
about parallel to the sea level. Here, the Sun’s visual shape is
assumed an ellipse. In the later Sections, the assumption will be
verified by experimental results and theoretical analyses. A shape
parameter describing the ellipse is defined as k = b/a, where a
stands for the dimension of its semi-major axis, b the dimension
of its semi-minor axis. When the sun rises or sets, the vertical
direction of the photo or the direction of b is about perpendicular
to the sea level. A bigger k means that the Sun’s visual shape is
rounder. Seeing from Fig. 1, at sunrise, noon and sunset, the
major and minor axes of the Sun are basically along the horizon-
tal and vertical directions of the images.

For extracting the shape parameter k from the Sun’s photos,
image processing, and the methods of moments and least-
squares were employed. First, the Sun’s image expressed by

Earth Sci Inform (2020) 13:129–151130



RGB was converted to a binary image expressed by two lu-
minance values of 0 and 1; then the periphery of the Sun was
extracted from the binary image by removing the interior
pixels; next, considering the Sun’s binary image as an ellipse,
the method of moments was used to evaluate its feature pa-
rameters, such as the semi-major axis, the semi-minor axis, the
coordinates of the center, and the angle between the major axis
of the ellipse and the horizontal direction of the image, which
were defined as the initial values of the iterative algorithm for
fitting an ellipse to the periphery of the Sun. Finally, the least-
squares method or the iterative algorithm was applied to fit an
ellipse to the periphery of the Sun and compute the feature
parameters of the Sun’s elliptical image.

Processing the Sun’s image taken by a camera

A photo of the Sun taken by a camera is a true color image
expressed in RGB. In order to extract the shape parameter k
from the Sun’s photo, the Sun’s image should be processed.

First, the true color image was converted to a grayscale
image by removing the hue and saturation information, while
retaining luminance. The mapping relationship between lumi-
nance and RGB can be described as

Y ¼ 0:299Rþ 0:587Gþ 0:114B ð1Þ
where Y denotes the luminance value at every pixel, ranging
from 0 to 1, Y = 1 denotes white, Y = 0 stands for black. Then,
in order to reduce noise in the grayscale image, a 3-by-3
neighborhood median filtering was performed. Fig. 2a is a
true color image taken by a camera, and Fig. 2b is a processed
image after median filtering. Next, according to the contrast of

Fig. 2b, a luminance threshold eY was estimated, and the lu-

minance values of all pixels with Y≥ eYwere replaced with the
value 1, while the luminance values of the other pixels were
set to 0. In this way, Fig. 2b is converted to a binary image
expressed by two luminance values of 0 and 1. Besides, in
order to eliminate isolated points and burrs on the periphery,
the morphological operations were applied to the binary im-
age, including image erosion and dilation. During the image

erosions and dilations, a 3-by-3 matrix SE was used as a
structuring element object

SE ¼
1 1 1
1 1 1
1 1 1

24 35 ð2Þ

After performing 3 times erosions, 3 times dilations were
implemented. Fig. 2c is the binary image after performing ero-
sions and dilations. The last step was to remove the interior
pixels and retain the periphery of the Sun. For a pixel in Fig.
2c, if the luminance values of all its 4-connected neighbors were
1, its luminance value would be set to 0, otherwise, the pixel
would be retained as a point on the periphery of the Sun, and its
luminance value is 1. Fig. 2d illustrates the periphery of the Sun.

Extracting features from the Sun’s binary image
by the method of moments

Fig. 2c is a binary image, where the Sun can be regarded as an
ellipse. The feature parameters of the ellipse include the di-
mension a of the semi-major axis, the dimension b of the
semi-minor axis, the center coordinate C (xc, yc), and the angle
γ between the major axis of the ellipse and the horizontal
direction of the image, as shown in Fig. 3.

The binary image is expressed by anM×Nmatrix consisting
of 0 and 1; 1 and 0 denote white and black, respectively. It is
assumed that the matrix element is IMi, j, i = 1, 2,⋯, M; j = 1, 2,
⋯, N, using the method of moments, the Sun’s area A and the
center coordinate C (xc, yc) can be calculated by

A ¼ ∑M
i¼1∑

N
j¼1IMi; j

xc ¼ 1

A
∑M

i¼1∑
N
j¼1 i� IMi; j

� �
yc ¼

1

A
∑M

i¼1∑
N
j¼1 j� IMi; j

� � ð3Þ

The angle γ between the major axis of the ellipse and the
horizontal direction of the image can also be obtained by

tan 2γð Þ ¼ 2Ixy
Ixx−Iyy

ð4Þ

Fig. 1 Images of the Sun

Earth Sci Inform (2020) 13:129–151 131



where, Ixx, Ixy and Iyy are the secondary moments rela-
tive to C (xc, yc), which can be computed by the fol-
lowing equations

Ixx ¼ ∑M
i¼1∑

N
j¼1 i−xcð Þ2 � IMi; j

Ixy ¼ ∑M
i¼1∑

N
j¼1 i−xcð Þ � j−ycð Þ � IMi; j

Iyy ¼ ∑M
i¼1∑

N
j¼1 j−ycð Þ2 � IMi; j

ð5Þ

Applying Eqs. (4) and (5), the principal moments of inertia,
I1 and I2, are obtained

I1 ¼ cos2 γð ÞIxx þ sin2 γð ÞIyy þ sin 2γð ÞIxy
I2 ¼ cos2 γð ÞIyy þ sin2 γð ÞIxx−sin 2γð ÞIxy

ð6Þ

If the Sun in the binary image is considered as an
ellipse with two semi-axes a and b, its area A and the
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Fig. 2 Image processing
procedure

Fig. 3 Relationship between two
coordinate systems
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principal moments of inertia I1 and I2 can be expressed
as

A ¼ πab I1 ¼ π
4
ab3 I2 ¼ π

4
a3b ð7Þ

Therefore, a and k can be solved by

a ¼ 2
ffiffiffiffiffiffiffiffiffiffi
I2=A

p
k ¼

ffiffiffiffiffiffiffiffiffiffi
I1=I2

p
ð8Þ

Applying the method of moments, the feature parameters
of the Sun’s binary image are finally extracted, including a, b,
C (xc, yc), γ and k.

Taking the Sun’s image in Fig. 2c for example, the feature
parameters are extracted. The result data are given in Table 1,
where the length unit is pixel. Comparing the binary image of
the Sun with the ellipse obtained by Eq. (7), the area of non-
overlapped domain is calculated, equal to 37,418; and its error
relative to the total area is about 0.38%.

Fitting an ellipse to the Sun’s periphery
by the least-square method

Fig. 2d illustrates the periphery of the Sun’s visual shape. It is
assumed that Pi (xi, yi), i = 1, 2,⋯, q is a point on the periph-
ery. In order to fit an ellipse to the periphery points, two co-
ordinate systems are established, one is the global coordinate
system O −XY, the other is the local coordinate system C −
XeYe, as shown in Fig. 3. In O −XY, X and Y are along the
horizontal and vertical directions of the image, respectively.
In C −XeYe, the original point is set as the center of the ellipse;
Xe and Ye are along the semi-major axis and semi-minor axis
of the ellipse, respectively.

In the local coordinate system C-XeYe, Pi (xi, yi) on the

Sun’s periphery can be expressed in the form of a vector P
!

i,
satisfying

P
!

i ¼ exi i!e þ eyi j!e i ¼ 1; 2;⋯; qexi ¼ xi−xcð Þ � cos γð Þ þ yi−ycð Þ � sin γð Þeyi ¼ − xi−xcð Þ � sin γð Þ þ yi−ycð Þ � cos γð Þ
ð9Þ

The equation of fitting a reference ellipse can be written as

r! θð Þ ¼ xe i
!

e þ ye j
!

e θ∈ 0; 2π½ �
xe ¼ a � cos θð Þ
ye ¼ b � sin θð Þ

ð10Þ

where, r! θð Þ is the polar radius of an edge point on the fitting
reference ellipse; θ is the corresponding curve parameter; i

!
e

and j
!

e stand for the unit vectors along Xe and Ye; (xe, ye) is
the coordinate of the point in C-XeYe. Its unit tangent vector

T
!

θð Þ and unit normal vector N
!

θð Þ can be expressed as

T
!

θð Þ ¼ Tx i
!

e þ Ty j
!

e

N
!

θð Þ ¼ Nx i
!

e þ Ny j
!

e

ð11Þ

Setting D ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � sin2 θð Þ þ b2 � cos2 θð Þ

q
, Tx, Ty, Nx and

Ny satisfy

Tx ¼ −a � sin θð Þ=D
Ty ¼ þb � cos θð Þ=D

�
Nx ¼ −Ty

Ny ¼ þTx

�
ð12Þ

A fitting error ε*i is defined as the shortest distance from the

Sun’s periphery point P
!

i to the fitting reference ellipse

ε*i ¼ P
!

i− r! θ*i
� �� �

� N! θ*i
� � ð13Þ

where, the sign “ · ” means the scalar product of vectors; r!
θ*i
� �

is the projection of point P
!

i on the fitting reference

ellipse along the normal direction. θ*i satisfies

P
!

i− r! θ*i
� �� �

� T! θ*i
� � ¼ 0 ð14Þ

In order to calculate θ*i , first connect P
!

i to the center C of
the fitting reference ellipse by a straight line; and determine

the intersection r! θið Þ of the line and the ellipse; then take θi
as an initial value of θ*i , where θi satisfies

tan θið Þ ¼ a � eyi� �
= b � exi� �

ð15Þ

Based on Eq. (14), an iterative algorithm is constructed to

calculate θ*i

θnþ1
i ¼ θni þ P

!
i− r! θni

� �� �
� T! θni
� �

=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � sin2 θni

� �þ b2 � cos2 θni
� �q

ð16Þ
where, n stands for the number of iterations. During fitting the
ellipse, the number of iterations is not more than 2, that is n ≤
2, because P

!
i is near the ellipse when taking θi as an initial

value of θ*i .

Table 1 Results calculated by the
method of moments (Fig. 2c) xc yc A Ixx Ixy Iyy

2540.6 1968.8 9,788,446 8.0768 × 1012 1.3993 × 1010 7.1981 × 1012

a b k I1 I2 γ

1816.7 1715.0 0.9440 8.0771 × 1012 7.1978 × 1012 −0.9123o
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During the iterative calculation, the fitting error ε*i ; i ¼ 1;
2;⋯; q can be obtained by Eq. (13). For the sake of reducing
the error and finding the optimal fitting to the ellipse, the
feature parameters of the ellipse should be modified iterative-
ly, including a, b, C (xc, yc), and γ. Assuming that the incre-
ments of the five parameters are Δxc, Δyc, Δγ, Δa and Δb,
applying Eq. (13), the relationship between the increments
and the fitting errors can be established

εi ¼ ε*i −Δγ xe θ*i
� �

Ny θ*i
� �

−ye θ*i
� �

Nx θ*i
� �� 	

−ΔxcNx θ*i
� �

−ΔycNy θ*i
� �

−Δa � cos θ*i
� �

Nx θ*i
� �

−Δb � sin θ*i
� �

Ny θ*i
� �
ð17Þ

where εi is the shortest distance from P
!

i to the fitting refer-
ence ellipse with modified feature parameters. For conve-
nience, Eq. (17) is rewritten as

ε½ �q�1 ¼ ε*
� 	

q�1− X½ �q�5 Δ½ �5�1 ð18Þ

The parameter adjustment results in the change of the lo-
cation and normal vector of the fitting reference ellipse. In Eq.
(18), [ε]q × 1 is a column vector consisting of the normal errors
calculated after adjusting the parameters, and its ith element is
εi; [ε

∗]q × 1 is a column vector consisting of the normal errors
calculated before adjusting the parameters, and its ith element
is ε*i ; [X]q × 5 is a matrix, and its ith row [X]i × 5 is

xe θ*i
� �

Ny θ*i
� �

−ye θ*i
� �

Nx θ*i
� �

;Nx θ*i
� �

;Ny θ*i
� �

; cos θ*i
� �

Nx

�
θ*i
� �

; sin θ*i
� �

Ny θ*i
� ��; [Δ]5 × 1 is a column vector consisting

o f t h e a d j u s t e d p a r a m e t e r s , [ Δ ] 5 ×

1 = [Δγ,Δxc,Δyc,Δa,Δb]T, and the sign “T” means the
transpose of a vector or matrix.

The least-square method is applied to adjust the five feature
parameters. The objective is to make∑q

i¼1ε
2
i minimum. Based

on Eq. (18), the normal equation of the least-square method
can be described as

X½ �Tq�5 X½ �q�5

� �
Δ½ �5�1 ¼ X½ �Tq�5 ε*

� 	
q�1 ð19Þ

By Solving Eq. (19), the parameter increments Δxc, Δyc,
Δγ, Δa and Δb can be figured out.

According to the principle of statistics, by applying Eq.
(18), the variance SE2 of the residuals of the fitting ellipse
can be calculated

SE2 ¼ 1

q−5
∑q

i¼1ε
2
i ð20Þ

Subsequently, the variances S2a and S2b are obtained

S2a ¼ SE2 � V4;4 S2b ¼ SE2 � V5;5

where, S2a is the variance of a; S
2
b is the variance of b; V4, 4 and

V5, 5 stand for the 4th and 5th diagonal elements of

X½ �Tq�5 X½ �q�5

� �−1
.

By employing the least-square method (LSM) to fit an
ellipse to the periphery of the Sun’s image, the optimal result
parameters are obtained, including the semi-major axis anew,
the semi- minor axis bnew, the angle γnew

anew ¼ aþ Δa bnew ¼ bþ Δb γnew ¼ γþ Δγ ð21Þ

and the center coordinate xnewc ; ynewc

� �
of the fitting ellipse in

O −XY

xnewc ¼ Δxc � cos γnewð Þ−Δyc � sin γnewð Þ þ xc
ynewc ¼ Δxc � sin γnewð Þ þ Δyc � cos γnewð Þ þ yc

ð22Þ

Taking the Sun’s periphery in Fig. 2d for example, the
least-square method is used to fit an ellipse to the periphery.
The initial values are the data listed in Table 1, which are the
feature parameters calculated by the method of moments. The
final results are shown in Fig. 4 and Table 2.

Seeing from Table 2, the variances S2a and S
2
b are very little.

If the confidence level is 99.73%, for the semi-major axis a, its
measurement accuracy is ±3Sa = ± 0.1971, and the relative
accuracy is 0.011%; for the semi-minor axis b, its measure-
ment accuracy is ±3Sb = ± 0.2016, and the relative accuracy is
0.012%. For the shape parameter k in Table 2, its relative
measurement accuracy can be estimated as 0.023%, the sum
of the relative accuracies of a and b. The standard deviation of
the fitted ellipse to the periphery of the Sun is only about 4
pixels, while the average diameter of the Sun is about 1765
pixels. The results show that the Sun’s image can be described
as an ellipse.

Experimental results

Themethod of moments and the least-square method are com-
bined to calculate the shape parameters k of the Sun’s images.
The images have been taken from sunrise to sunset in mid-
December at Dalian. In the Sun’s binary image, the Sun is
considered as an ellipse. The method of moments is used to
evaluate the feature parameters of the ellipse at first, and the
feature parameters are set as the initial values of the iterative
algorithm for fitting an ellipse to the periphery of the Sun;
then, the least-square method or the iterative algorithm is per-
formed to fit an ellipse to the periphery of the Sun and com-
pute the feature parameters of the ellipse.

The resulting data are listed in Table 3, including the shape
parameter k, the semi-major axis a, the semi-minor axis b, and
the corresponding errors, where the maximum and minimum
values of k, and their corresponding timings, as well as the
maximum error of k are marked in bold. Obviously, the Sun’s
visual shape always appears to be an ellipse instead of a per-
fect circle. The Sun’s image is the roundest at noon, while at
7:11 Beijing time, the Sun’s image is a flat ellipse with the
minimum shape parameter of 88.13%. It should be noted that
the sunset photos were taken at Jinshitan Beach. Because the
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mountains obstruct some sunset view, the last time in Table 3
is 16:20 Beijing time.

To easily observe the variation of the shape parameter, a
variation curve is plotted based on the data of Table 3, as
shown in Fig. 5, where the horizontal axis is Beijing time,
and the vertical axis is k. Seeing from Fig. 5, it is observed
that k varies fast and abruptly around sunrise and sunset,
whereas it is almost flat from 8:00 to 15:00 Beijing time.

Theoretical analyses and simulation

When the Sun is just rising in the morning, the Sun’s image is
flattened in the vertical direction, and its shape parameter is
minimal; as time goes on, the Sun’s visual shape becomes
rounder and rounder, until noon, when the shape parameter
reaches its maximum; however, the roundest image of the Sun
is still an ellipse, but not a circle. In this Section, based on
atmospheric refraction effects and the length contraction phe-
nomenon in the Einstein’s special relativity theory, the theo-
retical analysis and simulation are conducted to investigate the
reasons for the variation of the Sun’s visual shape.

Atmospheric refraction effects

By considering the atmospheric refraction effects only, the
Sun’s visual shape is affected by the refractive index of the
atmosphere, the Sun’s position in the sky and observation

time; therefore, a model to estimate the refraction index at an
altitude was established, and a set of formulas was derived to
determine the zenith and azimuth angles of the Sun for differ-
ent observation times and positions. Finally, an iterative algo-
rithm was constructed to trace rays of light in the atmosphere.

Model of the atmospheric altitude and the refraction index

The Sun’s diameter is 1.392 × 106 km, and the average Sun-
Earth distance is about 1.496 × 108 km. It is assumed that the
rays from the Sun travel in straight lines.When an observer on
the Earth sees the Sun, his angle of view can be calculated by
the Sun’s diameter over the average Sun-Earth distance, equal
to 32.004′ or 0.5334o. However, the Earth is surrounded by a
thick atmosphere, and the rays of light must pass through the
atmosphere before reaching the Earth. By increasing the alti-
tude, the air density decreases, resulting in a decrease in the
refractive index of the atmosphere. As a result, the rays of light
are bent in the atmosphere, which means the angle of view
varies. The variation in the angle of view mainly occurs in the
vertical direction, while in the horizontal direction, the angle
of view almost remains unaffected. Therefore, the Sun in our
eyes is like an ellipse, but not a circle. The shape of the ellipse
varies with the observation time and position. The altitude
influences the refractive index by the varying temperature
and pressure. When the altitude is above 50 km, the refractive
index approaches 1, so the paper mainly focuses on the prop-
agation of light rays in the atmosphere below this altitude.

The relationship between air temperature T (in °K) and
altitude H (in km) can be formulated as (Karin and Florian
2004; Jiang et al. 2013; Wang et al. 2018)

T Hð Þ ¼
T0−6:5H H≤11 km
T0−71:5 11 km < H≤22 km
T0 þ H−93:5 22 km < H≤32 km
T0 þ 3H−157:5 32 km < H≤50 km

8>><>>: ð23Þ

where, T0 is the air temperature at ground level.
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Fig. 4 The Sun’s periphery and
the fitting ellipse

Table 2 Results calculated by the least-square method (Fig. 2d)

Δxc Δyc Δγ Δa Δb
0.0693 0.2682 −0.0248o −1.2094 −0.7831
xnewc ynewc γ a b

1968.9 2540.9 −0.9371o 1815.5 1714.2

q SE Sa Sb k

11,504 4.1252 0.0657 0.0672 0.9442
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Setting T0 = 269.15oK, i.e. −4oC, based on Eq. (23), a tem-
perature variation curve T(H) is given in Fig. 6, where the
horizontal axis is the altitude H, the vertical axis is the tem-
perature T.

According to hydrostatics, the air pressure P and the alti-
tude H satisfy the condition

dP

dH
¼ −ρg ð24Þ

where, ρ is the air density in g/m3; g is the gravitational accel-
eration, equal to 9.8 m/s2. In the atmosphere, the air satisfies
the equation of state

P ¼ ρ
μ
RT ð25Þ

where, R = 8.3144 J · Mol−1 · K−1 is the gas constant; μ =
28.966 g · Mol−1 is the molar mass of air. Substituting Eq.

(25) into Eq. (24), the relationship between the air pressure
P and altitude H is obtained

dP

dH
¼ −

μg
R

P

T
ð26Þ

The relationship between air density ρ and altitude H can
be expressed as

dρ
dH

¼ −
ρ
T

μg
R

þ dT

dH


 �
ð27Þ

Substituting Eq. (23) into Eqs. (26) and (27), the following
formulas are obtained by calculating the integral

P Hð Þ ¼

P0 � 1−
6:5

T0
H


 �5:2526

H≤11 km

P 11ð Þ � e34:1416
T 11ð Þ H−11ð Þ 11 km < H≤22 km

P 22ð Þ � 1þ 1

T 22ð Þ � H−22ð Þ
� −34:1416

22 km < H≤32 km

P 32ð Þ � 1þ 3

T 32ð Þ � H−32ð Þ
� −11:3805

32 km < H≤50 km

8>>>>>>>>>><>>>>>>>>>>:
ð28Þ

and

ρ Hð Þ ¼

ρ0 � 1−
6:5

T0
H


 �4:2526

H≤11 km

ρ 11ð Þ � e34:1416
T 11ð Þ H−11ð Þ 11 km < H≤22 km

ρ 22ð Þ � 1þ 1

T 22ð Þ � H−22ð Þ
� −35:1416

22 km < H≤32 km

ρ 32ð Þ � 1þ 3

T 32ð Þ � H−32ð Þ
� −12:3805

32 km < H≤50 km

8>>>>>>>>>><>>>>>>>>>>:
ð29Þ

where, P0 and ρ0 stand for the air pressure and air density at
ground level. P0, ρ0 and T0 satisfy Eq.(25); P, T and ρ are
functions of H.

Setting T0 = 269.15oK, P0 = 1.01325 × 105 Pa, ρ0 can be

calculated from Eq. (25), that is ρ0 ¼ P0μ
RT0

¼ 1:3115 kg=m3.

Based on Eqs. (23), (28) and (29), the variations of atmospher-
ic pressure and air density as a function of altitude are obtain-
ed, as shown in Fig. 7.

Neglecting influences of vapor in the air on the refractive
index of the atmosphere, based on Eq. (25), the refractive
index n can be calculated by (Karin and Florian 2004; Jiang
et al. 2013; Xiang 2008)

n Hð Þ ¼ 1þ 7:76� 10−8 � 1þ 7:52� 10−3λ−2� � � P Hð Þ
T Hð Þ

¼ 1þ 2:23� 10−8 � 1þ 7:52� 10−3λ−2� � � ρ Hð Þ
ð30Þ

Where, λ (in μm) is the wavelength of light.
Based on Eq. (30), the refractive index n(H) is plotted in Fig.

8, where the red line stands for the red light from the Sun at

Table 3 Results calculated based on the Sun’s images

time a ± 3Sa b ± 3Sb k k errors: ±3
(Sa/a+Sb/b)

07:11
07:15
07:16
07:16
07:17
07:18
07:22
07:25
07:32
07:36
07:37
07:49
08:07
08:11
08:21
09:18
09:47
10:09
10:25
11:38
12:07
13:09
14:10
14:50
15:04
15:28
15:44
16:10
16:10
16:12
16:12
16:13
16:15
16:15
16:19
16:20
16:20

2051.60 ± 0.422
1918.37 ± 0.572
1652.57 ± 0.397
1653.31 ± 0.604
1657.26 ± 0.350
1814.23 ± 0.587
1659.54 ± 0.414
1653.11 ± 0.552
1651.89 ± 0.296
1672.73 ± 0.252
1669.71 ± 0.196
1590.75 ± 0.181
1866.79 ± 0.136
1713.01 ± 0.134
1692.02 ± 0.103
1777.32 ± 0.098
1817.90 ± 0.086
1741.56 ± 0.094
1663.48 ± 0.105
1636.65 ± 0.081
1792.39 ± 0.184
1856.95 ± 0.155
1699.52 ± 0.421
1726.93 ± 0.211
1568.53 ± 0.216
1680.15 ± 0.119
1610.27 ± 0.122
1788.21 ± 0.268
1859.19 ± 0.214
1893.49 ± 0.242
1895.24 ± 0.213
1918.92 ± 0.249
1832.14 ± 0.372
1847.69 ± 0.380
1996.37 ± 0.484
1776.78 ± 0.390
1773.00 ± 0.382

1808.13 ± 0.377
1740.53 ± 0.540
1509.73 ± 0.367
1515.34 ± 0.550
1520.83 ± 0.331
1673.19 ± 0.555
1562.01 ± 0.400
1570.95 ± 0.497
1594.07 ± 0.291
1624.79 ± 0.252
1624.07 ± 0.192
1564.15 ± 0.179
1849.31 ± 0.136
1698.65 ± 0.132
1680.89 ± 0.102
1772.44 ± 0.097
1814.91 ± 0.085
1739.42 ± 0.094
1662.66 ± 0.105
1635.88 ± 0.081
1791.52 ± 0.181
1855.72 ± 0.158
1695.62 ± 0.424
1719.97 ± 0.204
1560.47 ± 0.227
1664.06 ± 0.118
1584.30 ± 0.121
1696.28 ± 0.259
1760.80 ± 0.206
1781.53 ± 0.233
1780.28 ± 0.207
1797.80 ± 0.242
1704.38 ± 0.351
1715.54 ± 0.360
1807.51 ± 0.450
1607.40 ± 0.383
1600.67 ± 0.371

0.8813
0.9073
0.9136
0.9166
0.9177
0.9223
0.9412
0.9503
0.9650
0.9713
0.9727
0.9833
0.9906
0.9916
0.9934
0.9973
0.9984
0.9988
0.9995
0.9995
0.9995
0.9993
0.9977
0.9960
0.9949
0.9904
0.9839
0.9486
0.9471
0.9409
0.9393
0.9369
0.9303
0.9285
0.9054
0.9047
0.9028

±0.041%
±0.061%
±0.048%
±0.073%
±0.043%
±0.066%
±0.051%
±0.065%
±0.036%
±0.031%
±0.024%
±0.023%
±0.015%
±0.016%
±0.012%
±0.011%
±0.009%
±0.011%
±0.013%
±0.010%
±0.020%
±0.017%
±0.050%
±0.024%
±0.028%
±0.014%
±0.015%
±0.030%
±0.023%
±0.026%
±0.023%
±0.026%
±0.041%
±0.042%
±0.049%
±0.046%
±0.045%
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sunrise, at the wavelength of λ= 0.685 μm; the black line stands
for the white light from the Sun at noon, at the wavelength of λ=
0.550 μm. Seeing Fig. 8, it can be found that with an increase in
the altitude, the refractive index n decreases. When H> 30 km, n
approaches 1, i.e. the refractive index in a vacuum.

In order to investigate the influence of wavelength of light
on the refractive index n, the difference of n between the red
and white light is calculated; the results are shown in Fig. 9.
Obviously, the influence of wavelength on n mainly occurs in
the atmosphere below 30 km, but the influence is very little
and can be neglected.

Model of the theoretical zenith angle of the sun,
the observation time and position

The Sun’s photos were taken in mid-December 2018 at
Dalian. Besides the refractive index of the atmosphere, the
observation time and position also affect the Sun’s visual
shape. Therefore, a model of the Sun’s zenith angle, the ob-
servation time and position should be established. Here,
neglecting atmospheric refraction effects, a set of formulas
was derived to calculate the theoretical zenith angle of the
Sun according to the observation position and time.

Figure 10 is a sectional view of the Earth surrounded by a
thick atmosphere. Dalian is located at 121.62oE longitude and
38.92oN latitude. It is assumed that a line connects Dalian
(point A) and the Earth’s center (point O), another one con-
nects the Sun and the Earth’s center (point O). The angle φDL

between the two lines is the theoretical zenith angle of the Sun.

The Earth rotates around its axis, and simultaneously moves
around the Sun on the ecliptic plane. The Earth’s axis is not
perpendicular to the ecliptic plane since there is the declina-
tion angle between the equatorial plane and the ecliptic plane.
Therefore, the theoretical zenith angle φDL of the Sun varies
with the Earth’s rotation and its position on the ecliptic plane.

For convenience, it is assumed that the Sun moves around
the Earth in an elliptical orbit, and the Earth is located at a
focal point of the elliptical orbit. The parameters of the ellip-

tical orbit are: the semi-major axis aŜ ¼ 1:4960� 108 km,

the semi-minor axis bŜ ¼ 1:4958� 108 km, the focal length

cŜ ¼ 25� 105 km, the eccentricity e ̂S ¼ 0:0167.
The Sun coordinate system O −XsYs is shown in Fig. 11,

where the original point is set as the focus where the Earth is
located; Xs points to the perihelion; Ys is perpendicular to Xs.
In terms of Xs the elliptical orbit can be described as

r θð Þ ¼ eŜPŜ
1þ eŜcos θð Þ ð31Þ

where, r(θ) is the polar radius; θ is the corresponding polar

angle; P ̂S ¼ b ̂S
� �2

=cŜ.
According to Kepler’s second law, r(θ) satisfies

r2 θð Þ � dθ
dt

¼ C0 ð32Þ

where, C0 is an undetermined constant; t stands for the time
counting from the perihelion.
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Fig. 5 Shape parameter extracted
from the Sun’s images
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Calculating the integral of Eq. (32), t(θ) can be expressed as

t θð Þ ¼ 1

C0
∫θ0r

2 θð Þdθ ð33Þ

The area of the elliptical orbit is π � aŜ � bŜ, which is de-
fined as

1

2
∫2π0 r2 θð Þdθ ¼ π � aŜ � bŜ ð34Þ

Because the period of revolution of the Earth is T0 =
365.2422 days, and T0 = t(2π), substituting Eq. (34) into Eq.
(33), C0 can be obtained

C0 ¼ 2π � aŜ� bŜ
T0

ð35Þ

Substituting Eqs. (31) and (35) into Eq. (33), t(θ) can be
rewritten as

t θð Þ ¼ T0

2π � aŜ� bŜ
∫�0ð eŜPŜ

1þ eŜcos θð ÞÞ2dθ ð36Þ

Letting

tanðφ̂

2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−eŜ
1þ e ̂S

tan
θ
2


 �s
ð37Þ

replacing the variable θ in Eq. (36) yields

tðφ̂Þ ¼ T0

2π
φ−̂eŜsin φ̂Þð Þð ð38Þ

For a given time t0, in order to determine the Sun’s polar
angle θ, φ̂ should be first solved by using Eq. (38); then θ is
obtained by substituting φ̂ into Eq. (37).

Eq. (38) is a transcendental equation. In order to solve for
φ̂, an iterative algorithm is constructed

φ̂nþ1 ¼ 2π � t0
T0

þ e ̂Ssin φ̂nÞð ð39Þ

where, φ̂n is the iteration variable in the nth iteration, with an

initial iteration value of φ̂0 ¼ 2π�t0
T0

. The error formula of the

iterative algorithm can be expressed as

jφ̂n−φ̂*j≤ Ln

1−L
jφ̂0−φ̂1j ð40Þ

where, φ̂* is the solution to Eq. (38); L is Lipschitz constant,
the maximum value of the derivative of φ̂n, satisfying

L ¼ jdð 2π � t0
T0

þ eŜsin φ̂ð ÞÞ
dφ̂

j≤e ̂S ¼ 0:0167 ð41Þ

From Eqs. (40) and (41), it is seen that the iterative algo-
rithm converges very fast. During the iteration, when setting
the accuracy as 10−6(o), the number of iterations is not more
than 3, that is n ≤ 3.

In Fig. 11, the Earth coordinate system O −XEYEZE is also
established, where the original point is the Earth’s center,
which coincides with the original point of the Sun coordinate
systemO −XsYs; ZE is the Earth’s axis; YE is along the line of
the intersection of the equatorial plane and the ecliptic plane,
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and coincides with Ys; XE is in the equatorial plane, the angle
δ is the declination angle equal to 23.433o.

According to the Gregorian calendar, when the Sun is located
at an intersection of the equatorial plane and the ecliptic plane, or
when the Sun is on the YE, the time in 2018 is 00:15:24 on
March 21 (Beijing time); in this paper, this time is taken as
reference time. Beijing time is defined as the time at 120oE

longitude. At 00:15:24 on March 21, ξ0BJ is used to denote the
angle between the projection of the 120oE longitude on the plane
O −XEYE and the XE axis. At the reference time, the Sun’s polar
angle θ = 90o, and there are 11.7433 h from 00:15:24 to 12:00:00

Beijing time; then, ξ0BJ can be calculated by

ξ0BJ ¼ 90o−11:7433 ωE−ωS

� �
¼ −86:1495o ð42Þ

where,ωE ¼ 15:0411o=hour, is the average angular velocity of
the Earth around its axis; ωS ¼ 0:0411o=hour, is the average
angular velocity of the Earth around the Sun.

Dalian is located at 121.62oE longitude, with a longitude dif-
ference between Dalian and Beijing of 1.62o. ξDL is used to
denote the angle between the XE axis and the projection of the
121.62oE longitude on the O−XEYE, as shown in Fig. 11. At the

reference time, using ξ0DL to describe ξDL, and ξ0DL can be cal-
culated by

ξ0DL ¼ ξ0BJ þ 1:62o ¼ −84:5295o ð43Þ

Taking 00:15:24 on March 21, 2018 (Beijing time) as ref-
erence time, after Δt hours, ξDL can be obtained

ξDL ¼ ξ0DL þ Δt ωE−ωS

� �
ð44Þ

In the Earth coordinate system O −XEYEZE, ηDL is used to
stand for the angle between the radius direction from the orig-
inal point (point O) to Dalian (point A) and the coordinate
plane O −XEYE, as shown in Fig. 11. Because Dalian is lo-

cated at 38.92oN latitude, ηDL = 38.92o. OA
�!

is the unit vector
along the radius direction OA, and can be expressed by

OA
�! ¼ cos ηDLð Þcos ξDLð Þ iE!þ cos ηDLð Þsin ξDLð Þ jE

!þ sin ηDLð Þ kE�!
ð45Þ

where, iE
!
, jE
!

and kE
�!

are the unit vectors along XE, YE and
ZE, respectively.
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Based on Eqs. (37) and (38), setting θ = 90o, the moving
time of the Sun from the perihelion to the reference time can
be obtained, that is Δt0 = 89.367789 days. In the Sun coordi-
nate system O −XsYs, applying the iterative algorithm of Eq.
(39), setting to = Δt0 + Δt, the polar angle θ of the Sun after
moving Δt hours can be obtained from Eqs. (37) and (38). At

the moment to, it is assumed that OS
�!

is the unit vector along
the radius vector r(θ) of the Sun. In the Earth coordinate sys-

tem O −XEYEZE, OS
�!

can be expressed as

OS
�! ¼ cos θð Þcos δð Þ iE!þ sin θð Þ jE

!
−cos θð Þsin δð Þ kE�! ð46Þ

The angle between OS
�!

and OA
�!

is the theoretical zenith
angle φDL of the Sun relative to Dalian, as shown in Fig. 10.
Based on Eqs. (45) and (46), φDL can be figured out by

cosφDL ¼ OS
�! � OA�!
¼ cos ηDLð Þcos ξDLð Þcos θð Þcos δð Þ

þ cos ηDLð Þsin ξDLð Þsin θð Þ−sin ηDLð Þcos θð Þsin δð Þ
ð47Þ

Projecting OS
�!

on the equatorial plane O −XEYE, ξSun is

used to denote the angle between the projection vector of OS
�!

and the XE, which describes the direction of the Sun, satisfying

tan ξSunð Þ ¼ sin θð Þ
cos θð Þcos δð Þ ð48Þ

12:00:00 Beijing time is not the moment when the Sun
shines over Dalian. The time difference Δt can be calculated
by

Δt ¼ ξSun−ξDL
ωE−ωS

ð49Þ

In Fig. 11, the Dalian coordinate systemA −XDLYDLZDL is
established too, where the original point is Dalian (point A);

AN
�!

DL is the unit vector of the XDL axis, and it is tangent to the

longitude of Dalian, pointing to the North Pole; AW
��!

DL is the
unit vector of the YDL axis, and it is tangent to the latitude of
Dalian, pointing to west; ZDL is the Zenith direction, and its

unit vector is OA
�!

expressed by Eq. (45). AN
�!

DL and AW
��!

DL

can be given by

AN
�!

DL ¼ −sin ηDLð Þcos ξDLð Þ iE!−sin ηDLð Þsin ξDLð Þ jE
!þ cos ηDLð Þ kE�!

AW
��!

DL ¼ sin ξDLð Þ iE!−cos ξDLð Þ jE
!

ð50Þ

In the Dalian coordinate system A −XDLYDLZDL, the com-

ponents of OS
�!

can be written as

XS
DL ¼ AN

�!
DL � OS�!

¼ −cos θð Þcos δð Þsin ηDLð Þcos ξDLð Þ
−sin θð Þsin ηDLð Þsin ξDLð Þ−cos θð Þsin δð Þcos ηDLð Þ

ð51Þ

YS
DL ¼ AW

��!
DL � OS�! ¼ cos θð Þcos δð Þsin ξDLð Þ−cos ξDLð Þsin θð Þ ð52Þ

Fig. 11 Two coordinate systems O −XsYs and O −XEYEZE
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Thus, relative to Dalian, the Sun’s azimuth angle ψDL can
be figured out by

tan ψDLð Þ ¼ −
YS

DL

XS
DL

ð53Þ

Defining clockwise rotation as positive, ψDL de-

scribes the angle between the Sun’s direction OS
�!

and
due north.

It is assumed that atmospheric refraction effects are
neglected, the observation position is Dalian, and the
observation time is Beijing time one day in mid-
December 2018. In Fig. 12, the variations of the theo-
retical zenith angle φDL and the azimuth angle ψDL are
given, which are calculated from Eqs. (47) and (53).

Besides, the time when the Sun shines over Dalian is cal-
culated by Eq. (49). The simulation results are given in
Fig. 13, where the horizontal axis is the date in the whole year
of 2018, and the vertical axis is the time when the Sun shines
over Dalian. From Fig. 13, it is seen that the time ranges from
11:36 to 12:08.

Iterative algorithm for tracing rays of light in the atmosphere

Because the refractive index of the atmosphere varies with
altitude, the rays of light are bent in the atmosphere

surrounding the Earth. In the inhomogeneous medium, the
propagation of light satisfies (Born and Wolf 2007)

d

ds
n
dR
!

sð Þ
ds

 !
¼ ∇

!
n ð54Þ

where, R
!

sð Þ stands for the trace of light; s is the length of arc;
n is the refractive index of the atmosphere; ∇

!
n is the gradient

of the refractive index.
According to Eq. (30), the refractive index of the atmo-

sphere can be expressed as n(R), where R is the distance of
a point in the atmosphere to the Earth’s center. Because the
contour surface of n(R) is spherical, its gradient direction is
parallel to the radial direction of the Earth, that is

R
!� ∇

!
n ¼ 0. Thus, Eq. (54) can be simplified as

R
!

sð Þ � d

ds
n
dR
!

sð Þ
ds

 !
¼ 0 ð55Þ

or

d

ds
R
!

sð Þ � n
dR
!

sð Þ
ds

 !
¼ 0 ð56Þ
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So

R
!

sð Þ � n
dR
!

sð Þ
ds

¼ Const
���! ð57Þ

where, Const
���!

denotes a constant vector; dR
!

sð Þ
ds describes the

propagation direction of light. It can be seen from Eq. (57) that

all position vectors R
!

sð Þ of a ray are perpendicular to the

constant vector Const
���!

. Meanwhile, the position vectors R
!

sð Þ
pass through the original point, so all position vectors R

!
sð Þ

are in the same plane, and the constant vector Const
���!

is normal
to the plane. Therefore, Eq. (57) proves that the trace of light
in the atmosphere is a plane curve, and the plane is determined
by the Earth’s center, the incidence point and incidence direc-

tion of light, as shown in Fig. 14. Using θ̂ to denote the angle
between the propagation direction of light and the radial di-
rection of the Earth, taking the modulus of the two sides of Eq.
(57) derives

R sð Þ � n � sin θ̂Þ ¼ Const
� ð58Þ

In order to trace the rays of light in the atmosphere, the
atmosphere below the altitude of 50 km is equally divided into
500 layers. It is assumed that the refractive index of each layer
is constant. For convenience, the subscript"i" is used to ex-
press the ith layer of the atmosphere, i = 1, 2⋯500. Ri stands
for the distance of the ith layer of the atmosphere from the
Earth’s center; ni is the refractive index of the ith layer; θi is the
angle between the radial direction of the Earth and the propa-
gation direction of light in the ith layer, as shown in Fig. 14.

Eq. (58) is rewritten as

Riþ1 � niþ1 � sin θîþ1Þ ¼ Ri � ni � sin θîÞ
�� ð59Þ

According to Eq. (59), an iterative algorithm for tracing the
rays of light can be constructed. In Fig. 14, a coordinate sys-
tem O −XYwas established, where the original point was the
Earth’s center; the horizontal axis X pointed to the Sun; the Y
axis was perpendicular to the X axis in the propagation plane
of the rays. Based on the reversibility of the optical path, it is
assumed that the rays of light travel from the Earth to the Sun.

P
!

i xi; yið Þ is an incidence point of light in the ith layer in the

atmosphere, and OP
�!

i

��� ��� ¼ Ri; αi is the angle between OP
�!

i

and the X axis; P
!

iþ1 xiþ1; yiþ1

� �
is the incidence point of light

in the (i + 1)th layer, and OP
�!

iþ1

��� ��� ¼ Riþ1. P
!

iþ1 xiþ1; yiþ1

� �
can be traced and calculated by

sinθîþ1 ¼ Rini
Riþ1niþ1

sinθ̂i

sinβiþ1 ¼
Ri

Riþ1
sinθ̂i

αiþ1 ¼ αi þ βiþ1−θî
xiþ1 ¼ Riþ1cos αiþ1ð Þ
yiþ1 ¼ Riþ1sin αiþ1ð Þ

ð60Þ

where, βi + 1 is the incidence angle of light from the ith to the
(i + 1)th layer. Eq. (60) is a one-step explicit scheme with first-
order accuracy, and can be used to simulate the propagation
path of light in the atmosphere. During the simulation, the

observation position coordinate P
!

0 x0; y0ð Þ and the angle θ̂0

Fig. 14 Propagation direction of
rays in the atmosphere
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between the direction of light from the observation position
and the radial direction of the Earth should be determined first.
When simulating the rays of light from the center of the Sun,

θ̂0 is the observed zenith angle eφDL.
Taking Dalian as the observation position, the rays of light

propagate in the plane determined by Dalian, the Earth’s cen-

ter and the Sun, as shown in Fig. 10. The coordinates of P
!

0

can be obtained by [OAcos(φDL), OAsin(φDL)], where φDL

is the theoretical zenith angle calculated by Eq. (47). Because
the observation position is at the seaside in Dalian, OA is set
as the Earth’s radius, that is OA = 6371 km. In order to solve

for θ̂0, the method of bisection is performed. An initial guess

of θ̂0 is set to [φDL − 2o,φDL + 2o]. After the light from the
Earth reaches the altitude of 50 km, its propagation direction
remains unchanged, so the angle τSun between the ray and the
x axis at that altitude is constrained as a given value.

The observation time is in mid-December 2018. Fig 15
shows the propagation paths of rays from the center of the
Sun in the atmosphere. In Fig. 15, Dalian is set as the origin,
the horizontal and vertical directions are the same as the X and
Y axes in Fig. 10, and the time is Beijing time. During the
simulation τSun = 0, which means when the light reaches the
atmosphere at the altitude of 50 km, its propagation direction
is parallel to the X axis.

Defining δφ ¼ eφDL−φDL, φDL is the theoretical zenith
angle of the Sun, and eφDL is the observed zenith angle of

the Sun. In Fig. 16, the difference between φDL and eφDL is
given, where the horizontal axis is Beijing time of a day, the
vertical axis is δφ. From Fig. 16, it could be found that δφ is
bigger at sunrise and sunset than at noon, a result caused by
atmospheric refraction.

In the Dalian coordinate system A −XDLYDLZDL, the di-
rection of the Sun can be described by the observed zenith
angle eφDL and the azimuth angle ψDL

XS
DL ¼ sin φ

∼
DL

� �
cos ψDLð Þ

YS
DL ¼ −sin φ

∼
DL

� �
sin ψDLð Þ

ZS
DL ¼ cos φ

∼
DL

� � ð61Þ

Based on Eq. (61), the direction of the Sun in A −
XDLYDLZDL can be calculated. Fig. 17 is the projection of
the Sun’s path on the YDLZDL plane at XDL = − 1km.

The length contraction effects in the Einstein’s special
relativity theory

Here, atmospheric refraction effects are neglected, and the
length contraction phenomenon in the Einstein’s special rela-
tivity theory is considered to investigate its effect on the Sun’s
visual shape. The length contraction phenomenon in the Sun’s
image can be described by the contraction ratio and the
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Fig. 15 Propagation paths of light
rays in the atmosphere at different
times in the morning at Dalian
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contraction direction, which are determined by the relative
velocity between the Sun and the Earth.

Because the Sun is far away from the Earth, and the Earth
rotates around its axis and simultaneously around the Sun, the
relative velocity between the Earth and the Sun is very big.
According to the length contraction phenomenon in the
Einstein’s theory of special relativity, when an observer on the
Earth sees the Sun, the size of the Sun’s visual shape in itsmoving
direction will become shorter, while the size perpendicular to the
moving direction remains unchanged. Assuming that the Sun is a
sphere, the Sun in the eyes of the observer will be an ellipsoid,
and its ratio of the minor to the major axis can be expressed as

kSRT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−v2=c2

p
ð62Þ

where, c = 3 × 108 m/s, the velocity of light in vacuum; v is the
relative velocity between the Sun and the observer.

Taking into account that the average angular velocity of the
Earth around its axis is ωE ¼ 15:0411o=hour, the average
angular velocity of the Earth around the Sun is
ωS ¼ 0:0411o=hour, the average distance from the Sun to
the Earth is 1.496 × 108 km, the relative velocity between
the Sun and the observer can approximate to

v≈1:496� 108 ωE−ωS

� �
≈1:088� 107 m=s ð63Þ

Substituting Eq. (63) into Eq. (62) yields

kSRT≈99:93% ð64Þ

kSRT is the shape parameter of the Sun’s visual shape, de-
scribing the effect of the Einstein’s special relativity theory on
the visual shape of the Sun. Eq. (64) proves that even if
neglecting atmospheric refraction effects, the Sun’s shape in
our eyes is an ellipse but not a perfect circle, and the ratio of the
length contraction or the ratio of the dimensional deviation
between the minor and major axes to the major axis is about
0.07%. However, seeing from Fig. 17, the Sun’s direction rel-
ative to the observer varies with time; as a result, the direction
of the major axis in the ellipse image of the Sun also varies.

Applying Eqs. (31), (32) and (35), the transient angular ve-
locityωS(θ) of the Sun around the Earth can be expressed as

ωS θð Þ ¼ ωS
1þ eŜcos θð Þð Þ2

1−e ̂
2
S

� �3=2 ð65Þ

The Sun rotates around the Earth in the elliptical plane, as

shown in Fig. 11; its angular velocity vector ω!S θð Þ can be
written as

ω!S θð Þ ¼ ωS θð Þ sin δð Þ iE!þ cos δð Þ kE�!h i
ð66Þ

The Earth rotates around its axis kE
�!

; its angular velocity

vector ω!E can be written as

ω!E ¼ ωE �kE�! ð67Þ
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XDL = − 1 km at Dalian

Jan. Feb. Mar. Apr. May Jun. Jul. Aug. Sept. Oct. Nov. Dec.
0.99930
0.99932
0.99934
0.99936
0.99938
0.99940
0.99942
0.99944
0.99946
0.99948
0.99950

k SR
T

Spring equinox Autumnal equinox

Summer solstice

Winter solstice
Fig. 18 Variation of the shape
parameter kSRT in 2018 at Dalian

Earth Sci Inform (2020) 13:129–151144



Meanwhile, applying Eqs. (31) and (46), the relative radial

velocity V
!

r θð Þ is obtained

V
!

r θð Þ ¼ eŜsin θð Þ
1þ eŜcos θð Þ � r θð Þ �ωS θð Þ � OS�! ð68Þ

where, V
!

r θð Þ is caused by the variable distance between the
Sun and the Earth.

Based on Eqs. (66), (67) and (68), the transient relative

velocity V
!

SE θð Þ between the Sun and the Earth can be calcu-
lated by

V
!

SE θð Þ ¼ V
!

r θð Þ þ r θð Þ ω!S θð Þ−ω!E θð Þ
h i

� OS
�! ð69Þ

Substituting Eq. (69) into Eq. (62) yields

kSRT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− V

!
SE θð Þ

��� ���2=c2r
ð70Þ

Eq. (70) describes the way that the Einstein’s special rela-
tivity theory affects the visual shape of the Sun when the
relative position varies between the Sun and the Earth.

When a high-resolution digital camera is used to take
photos of the Sun, the camera remains horizontal and points
to the Sun, which means the Sun’s image is taken in the di-

rection OS
�!

. In the Dalian coordinate systemA −XDLYDLZDL,
the horizontal direction of the camera can be described by the

Sun’s azimuth angle ψDL, the unit vectors AN
�!

DL and AW
��!

DL

along two coordinate axes, that is

H
!

camera ¼ −sin ψDLð ÞAN�!DL−cos ψDLð ÞAW��!DL ð71Þ

where, H
!

camera is the horizontal direction of the camera or

image. The vertical direction V
!

camera of the camera or image
can be determined by

V
!

camera ¼ H
!

camera � OS
�! ð72Þ

In the Sun’s image, the direction of the semi-minor axis
caused by the Einstein’s special relativity theory is along the

projection of the Sun’s velocity V
!

SE θð Þ relative to the Earth
on the image. DefiningψbH as the angle between the horizon-
tal direction of the camera and the semi-minor axis of the Sun’
image, it describes the direction of the length contraction or
semi-minor axis of the Sun’s image, and can be calculated by

tan ψbHð Þ ¼ V
!

camera � V!SE θð Þ
H
!

camera � V!SE θð Þ
ð73Þ

Upon neglecting atmospheric refraction effects or only
considering the Einstein’s special relativity theory, and regard-
ing the Sun’s visual shape as an ellipse, its shape parameter
kSRTand the angleψbH can be evaluated by Eqs. (70) and (73),
respectively.
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Fig. 19 Variation of the angle
ψbH on a day of mid-December
2018 at Dalian

0 100 200 300 400 500 600 700 800 900
-15

-10

-5

0

5

10

x / km

y 
/ k

m

Ray from the Sun's lower edge
Ray from the Sun's upper edge
the Earth

Dalian

Fig. 20 Propagation paths of the
rays at 07:06 on a day in mid-
December at Dalian

Earth Sci Inform (2020) 13:129–151 145



In Fig. 18, the variation of the shape parameter kSRT is
given, where the horizontal axis is the date in the whole year
of 2018, and the vertical axis is kSRT. During the simulation,
the observation time is set to 12:00:00 Beijing time every day,
and the observation position is Dalian. Figure 18 shows that
the Sun’s visual shape is the roundest at the winter solstice,
and the flattest at the spring and autumnal equinoxes.

In Fig. 19, the variation of the angle ψbH is given, where
the horizontal axis is the Beijing time of a day in mid-
December 2018, the vertical axis is the angle between the
semi-minor axis of the Sun’s ellipse image and the horizontal
direction of the camera, which describes the direction of the
length contraction in the Sun’s image. Figure 19 shows that
the angle ranges from 47o to −47o, and the extremes occur at
sunrise and sunset. The two directions of the length contrac-
tion occurring at sunrise and sunset basically satisfy the
mirror-image relation.

Numerical simulation and experimental
verification

Numerical examples of the atmospheric refraction
effects

Eq. (57) shows that the light in the atmosphere propagates in a
plane, and the plane is determined by the Earth’s center, the
incidence point and incidence direction of light, as shown in
Fig. 10 or Fig. 14. In the following numerical examples, the

propagation path is simulated and analyzed by applying Eqs.
(47) and (60).

When an observer on the Earth sees the Sun, the rays from
the Sun pass through the thick atmosphere, and then focus on
the observer’s eyes. The Sun’s visual shape is determined by
the rays from the upper and lower edges of the Sun; therefore,
during the analysis, only the rays from the edges of the Sun are
simulated and analyzed. Meanwhile, due to the reversibility of
optical path, it is assumed that the rays travel from Dalian to
the Sun. In addition, when the altitude in the atmosphere is
above 50 km, its refractive index approaches 1; therefore, the
atmosphere below the altitude of 50 km is only considered. If
the Sun’s rays propagate in straight lines, the observer on the
Earth has an angle of view of 0.5334o. As a result, when
simulating the ray of the upper edge of the Sun, the angle
constraint τSun is set to +0.2667o, and when simulating the
ray of the lower edge of the Sun, τSun is set to −0.2667o.
This means that when the rays reach the atmosphere at the
altitude of 50 km, the angles between the rays and the x axis
are restricted to be ±0.2667o.

Dalian is taken as the observation position. The coordinates

o f Da l i an a r e P
!

0 OAcos φDLð Þ;OAsin φDLð Þ½ �, OA =
6371 km, and the observation times are in the morning, at
noon and in the afternoon on one day in mid-December

2018. In order to determine the initial angle θ̂0 between the
ray from Dalian and the radial direction of the Earth, the
method of bisection is performed by setting the initial range

of θ0̂ to [φDL − 2o, φDL + 2o] and constraining the
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propagation direction of the ray in the atmosphere at the alti-

tude of 50 km as τSun = ± 0.2667o. θ̂
Up
0 denotes the incident

angle of the ray from the upper edge of the Sun at Dalian,
which is the angle between the ray and the radial direction of

the Earth; θ̂
Lo
0 expresses the incident angle of the ray from the

lower edge of the Sun at Dalian, which is the angle between
the ray and the radial direction of the Earth. After performing

the method of bisection, θ̂
Up
0 and θ̂

Lo
0 can be obtained by

iteration; then the shape parameter of the Sun’s visual shape
is evaluated by

kRef ¼ θ̂
Up
0 −θ̂

Lo
0

0:5334o
ð74Þ

where, kRef describes the effect of atmospheric refraction on
the Sun’s visual shape.

Figures 20 and 21 show the propagation paths of the rays
from the upper and lower edges of the Sun at 7:06 Beijing
time. In Fig. 20, Dalian is set as the origin, the horizontal and
vertical directions are the same as the X and Yaxes in Fig. 10.
From the figure, it can be found that the horizon is basically
tangent to the ray from the lower edge of the Sun in the
morning.

Figure 21 illustrates bending deformations of the rays in the
atmosphere. In Fig. 21, the horizontal axis is the horizontal
distance between the observer and the Sun, and the vertical
axis is the angle between the propagation direction of the ray
and the line connecting the Sun’s and the Earth’s centers.
(+793.40, +0.2667) and (+787.10, − 0.2667) are the coordi-
nates of the right end points of the two curves, i.e. the coordi-
nates of the rays of the upper and lower edges of the Sun at the

altitude of 50 km. When the rays reach an observer at Dalian,
his angle of view becomes 0.4457o, that is

θ̂
Up
0 −θ̂

Lo
0 ¼ 0:4457o. According to Eq. (74), the shape param-

eter kRef = 0.8357, which means that the Sun in the observer’s
eyes is flattened in the vertical direction.

Figures 22 and 23 show the propagation paths of the rays
from the upper and lower edges of the Sun at 11:40 Beijing
time. In Fig. 23, (+105.50, +0.2667) and (+91.37, − 0.2667)
are the coordinates of the right end points of the two curves,
i.e. the coordinates of the rays of the upper and lower edges of
the Sun at the altitude of 50 km. At noon, the Sun shines
overhead in Dalian. The angle φDL between the line
connecting Dalian and the Earth’s center and the x axis is
62.42o, as shown in Fig. 22.

Compared with the morning, the propagation distance of
the rays from the edge of the Sun becomes short in the 50-km-
thick atmosphere. Meanwhile, the angles between the rays
from the Sun and the Earth’s radial direction passing through
Dalian (point A) also become small. As a result, bending
deformations of the rays in the atmosphere are weakened,
which can easily be observed in Fig. 23. When the rays reach
Dalian at noon, an observer’s angle of view becomes 0.5327o,
bigger than 0.4457o (in the morning) and a little less than
0.5334o(the angular diameter of the Sun). According to Eq.
(74), the shape parameter kRef = 0.9986, which means that the
Sun’s image is rounder than that in the morning.

Figures 24 and 25 show the propagation paths of the rays
from the upper and lower edges of the Sun at 16:28 Beijing
time. In Fig. 25, (+777.50, +0.2667) and (+770.40, − 0.2667)
are the coordinates of the right end points of the two curves,
i.e. the coordinates of the rays of the upper and lower edges of
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the Sun at the altitude of 50 km. Similarly to the situation in
the morning, the angle between the line connecting Dalian and
the Earth’s center and the x axis is φDL = 90.18o, as shown in
Fig. 24. At this moment, an observer on the Earth can see the
whole image of the Sun; however, the fact is that the whole
Sun have almost gone under the horizon. The observer’s angle
of view is 0.4471o, approximate to 0.4457o (in the morning).
According to Eq. (74), the shape parameter kRef = 0.8382,
which means that the Sun’s image becomes flattened again.

In order to further investigate the effects of atmospheric
refraction on the Sun’s visual shape in the whole year, a var-
iation of the shape parameter is given in Fig. 26, where the
horizontal axis is the date in the whole year of 2018, and the
vertical axis is the shape parameter kRef, which is calculated
by Eq. (74). During the simulation, the observation time is set
as 12:00:00 Beijing time every day, the observation position is
Dalian. Fig. 26 shows that the Sun’s visual shape is the
roundest at the summer solstice, and the flattest at the winter
solstice.

Comparison and verification

When researching the effect of the Einstein’s theory of
special relativity on the Sun’s visual shape, it is proved
that the contraction ratio occurring in the Sun’s image
varies slowly and little with time. The shape parameter
kSRT ranged from 0.99934 to 0.99948 in the whole year

of 2018, as shown in Fig. 18. However, the contraction
direction or the semi-minor axis direction in the Sun’s
ellipse image varies rapidly and greatly with time. The
angle ψbH between the horizontal direction of the image
and the semi-minor axis of the Sun’s ellipse image
ranged from 47o to −47o on one day of mid-December
2018, as shown in Fig. 19.

When researching the effect of atmospheric refraction on
the Sun’s visual shape, it was shown that the shape parameter
kRef of the Sun’s ellipse image changes greatly. kRef ranged
from 0.8357 to 0.9986 on one day of mid-December 2018, as
shown in Figs. 21, 23 and 25. However, the contraction direc-
tion of the Sun’s ellipse image caused by the atmospheric
refraction remains unchanged. Because Eq. (57) proves that
the propagation path of light in the atmosphere is a planar
curve, the semi-minor axis of the Sun’s ellipse image is always
perpendicular to the horizontal direction of the image.

Assuming that the Sun is a circle, by applying the elemen-
tary transformation, it can be shown that after the Einstein’s
theory of special relativity and atmospheric refraction effects
are applied to the circle, the circle will become an ellipse, and
the shape parameter k of the ellipse can be calculated by

k2 ¼
Θ1cos 2αð Þ−Θ2

Θ1cos 2αð Þ þΘ2
α≠

π
2

Θ1sin 2αð Þ−Θ3

Θ1sin 2αð Þ þΘ3
α≠0

8>><>>: ð75Þ
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where

p ¼ 1−k2SRT
1þ k2SRT

q ¼ k2Ref−1
1þ k2Ref

Θ1 ¼ 1þ p � qcos 2ψbHð Þ
Θ2 ¼ qþ p � cos 2ψbHð Þ
Θ3 ¼ p �

ffiffiffiffiffiffiffiffiffiffi
1−q2

p
� sin 2ψbHð Þ

tan 2αð Þ ¼ Θ3

Θ2

ð76Þ

Based on Eq. (70), the shape parameter kSRT can be figured
out, which describes the effect of the Einstein’s theory of
special relativity on the Sun’s visual shape; based on Eq.
(74), the shape parameter kRef can be evaluated, which de-
scribes the effects of atmospheric refraction on the Sun’s vi-
sual shape; combining Eqs. (70), (73), (74) and (75), the shape
parameter k can be calculated, which describes the effects of
atmospheric refraction and the Einstein’s theory of special
relativity on the Sun’s visual shape.

In order to show the reasons for the variation of the Sun’s
visual shape, the theoretical simulation results and the

experimental results were compared, as shown in Figs. 27
and 28. The horizontal axis is Beijing time from sunrise to
sunset, the vertical axis is the shape parameter, and the pink
circles are the experimental results in Table 3. In Fig. 27, the
blue line stands for the simulation results by only considering
atmospheric refraction effects. In Fig. 28, the blue line stands
for the simulation results by considering the combination of
atmospheric refraction effects and the Einstein’s theory of
special relativity.

The relative error is defined as the difference be-
tween simulations and experimental results over the ex-
perimental results. Fig. 29 shows the relative errors of
the simulated results, where the blue line is the errors
calculated when only considering atmospheric refraction;
the green dotted line is the errors calculated when con-
sidering the combination of atmospheric refraction and
the Einstein’s theory of special relativity.

Fig. 29 shows that the Einstein’s special relativity theory
affects the Sun’s visual shape much more at noon than at
sunrise and sunset. For example, at 11:38 Beijing time, the
shape parameter extracted from the Sun’s photo is kMeas =
0.9995; the shape parameter caused by atmospheric refraction
is kRef = 0.9987 with a relative error of 0.8 × 10−3; the shape
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parameter calculated by considering the combination of atmo-
spheric refraction and the Einstein’s theory of special relativity
is k = 0.9993 with a relative error of 0.2 × 10−3. Although the
relative error of kRef is about four times than that of k, the error
is still very small and can be neglected. Figs. 27, 28 and 29
illustrate that the simulated results are coincident with the
experimental ones in Table 3.

The comparison study showed that the theoretical analyses
in the paper are corrected; the reason for the variation of the
Sun’s visual shape is mainly due to atmospheric refraction
effects, while the length contraction effect of the Einstein’s
special relativity theory also contributes a little except at sun-
rise and sunset. Therefore, the Einstein’s special relativity the-
ory can explain why the Sun’s visual shape always appears to
be an ellipse instead of a perfect circle.

In order to further analyze the contributions of atmospheric
refraction and the Einstein’s special relativity to the variation
of the Sun’s visual shape, three variations of the shape param-
eter were simulated in Fig. 30, where the horizontal axis is the
date in the whole year of 2018, and the vertical axis is the
shape parameter. The blue line stands for kRef caused by at-
mospheric refraction effects, similar to the curve in Fig. 26;
the pink dotted line stands for kSRT caused by the length con-
traction effect in the Einstein’s special relativity theory, which
is the same with the curve in Fig. 18; the black line is the shape
parameter calculated when considering the combination of
atmospheric refraction and the Einstein’s special relativity

theory. During the simulation, the observation time was set
at 12:00:00 Beijing time every day, and the observation posi-
tion was Dalian.

Fig. 30 shows that in the whole year, the Sun’s visual shape
at Dalian is the roundest at the end of February, and is the
flattest at the winter solstice. The conclusion differs from that
drawn from only considering atmospheric refraction or the
Einstein’s special relativity, because both of them contribute
to the variation of the Sun’s visual shape.

Conclusions

From sunrise to sunset, the Sun’s visual shape changes con-
tinuously from a flatter ellipse to almost a circle and then back
to a flatter ellipse. In the paper, the experimental measure-
ments and theoretical analyses were performed to investigate
the reasons for the variation of the Sun’s visual shape. Some
meaningful conclusions were drawn:

The method of image processing, the method of moments
and the least-square method were combined to perform experi-
mental measurements and calculations. The statistical error anal-
yses showed that the relative measurements accuracy was about
0.023%, and the standard deviation of the fitting curve of ellipse
was only 4 pixels. The experimental results showed that the
Sun’s visual shape can be approximated by an ellipse accurately.
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simulations on a day in mid-
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Atmospheric refraction effects make the Sun’s visual shape
become an ellipse, and have a great influence on its shape
during a day. Because the refraction index of the atmosphere
was expressed as a function of altitude and wavelength of
light, the trajectory of sunlight is a planar curve, when consid-
ering the atmospheric refraction effects only, the Sun’s visual
shape contracts in the zenith direction, resulting in an elliptic
Sun. In the Sun’s photo, the contraction direction remains
unchanged, but the contraction ratio varies rapidly and greatly
with time, especially at sunrise and sunset.

The length contraction effects in the Einstein’s special relativ-
ity theory also transform the Sun’s visual shape to an ellipse, and
contribute a little to its shape variation on a day, especially at
noon. Due to the relative movement of the Sun to the observer
standing on the Earth, the Sun’s visual shape contracts in a di-
rection, resulting in an elliptic Sun. However, unlike atmospheric
refraction effects, the contraction ratio varies slowly and little
with time, and it is about 0.06%, while its contraction direction
varies rapidly and greatly with time.

Comprehensively considering effects of atmospheric re-
fraction and the Einstein’s special relativity theory on the
Sun’s visual shape, although their contraction directions are
different, it is shown that the Sun’s visual shape is still an
ellipse.

On a day, the Sun’s visual shape is the roundest at noon and
the flattest at sunrise and sunset; in the whole year, the Sun’s
visual shape for an observer at Dalian is the roundest at the end
of February, and the flattest at the winter solstice. For ob-
servers at different geographic positions, if they see the Sun
at the same moment, the Sun looks different. In theory, an
observer at the equator could see the roundest Sun.

Comparing the theoretical simulations and experimental
measurements, the relative errors were less than 0.3%. The
results, thus, verified the theoretical analyses in the paper,
including a set of formulas describing the relationship be-
tween the zenith angle of the Sun, the observation times and
positions, the model of altitude and refraction index, the iter-
ative algorithm for tracing rays of light in the atmosphere, and
the calculation of feature parameters of the Sun’s visual shape.
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