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Abstract

In this paper, the notion of the interval valued neutrosophic soft sets
(fvn—soft sets) is defined which is a combination of an interval valued
neutrosophic sets [36] and a soft sets [30]. Our ivn—soft sets generalizes
the concept of the soft set, fuzzy soft set, interval valued fuzzy soft set,
intuitionistic fuzzy soft set, interval valued intuitionistic fuzzy soft set and
neutrosophic soft set. Then, we introduce some definitions and operations
on ivn—soft sets sets. Some properties of ivn—soft sets which are con-
nected to operations have been established. Also, the aim of this paper
is to investigate the decision making based on ivn—soft sets by level soft
sets. Therefore, we develop a decision making methods and then give a
example to illustrate the developed approach.

Keyword: Interval sets, soft sets, fuzzy sets, intuitionistic fuzzy sets, neu-
trosophic sets, level soft set.

1 Introduction

Many fields deal with the uncertain data may not be successfully modeled by
the classical mathematics, since concept of uncertainty is too complicate and
not clearly defined object. But they can be modeled a number of different
approaches including the probability theory, fuzzy set theory [39], rough set
theory [33], neutrosophic set theory [34] and some other mathematical tools.
This theory have been applied in many real applications to handle uncertainty.
In 1999, Molodtsov [30] succesfully proposed a completely new theory so-called
soft set theory by using classical sets because its been pointed out that soft sets
are not appropriate to deal with uncertain and fuzzy parameters. The theory
is a relatively new mathematical model for dealing with uncertainty from a
parametrization point of view.

After Molodtsov, there has been a rapid growth of interest in soft sets and
their various applications such as; algebraic structures (e.g.[I} 2] 5, 41]), ontol-

ogy (e.g.[22]), optimization (e.g.[19]), lattice (e.g.[I7, B2, [37]), topology (e.g.[8|
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29, [35]), perron integration, data analysis and operations research (e.g.[30} 31]),
game theory (e.g.[13] 14 [30]), clustering (e.g.[4, 28]), medical diagnosis (e.g.[18]
38]), and decision making under uncertainty (e.g.[10, [16, 23]). In recent years,
many interesting applications of soft set theory have been expanded by embed-
ding the ideas of fuzzy sets (e.g. [9} [I1} 12 [I6] 26]), rough sets (e.g. [15]) and
intuitionistic fuzzy sets (e.g. [20, [25]), interval valued intuitionistic fuzzy (e.g.
[211, [40]), Neutrosophic (e.g. [24] 27]).

Intuitionistic fuzzy sets can only handle incomplete information because
the sum of degree true, indeterminacy and false is one in intuitionistic fuzzy
sets. But neutrosophic sets can handle the indeterminate information and
inconsistent information which exists commonly in belief systems in neutro-
sophic set since indeterminacy is quantified explicitly and truth-membership,
indeterminacy-membership and falsity-membership are independent. It is men-
tioned in [36]. Therefore, Maji firstly proposed neutrosophic soft sets with
operations, which is free of the difficulties mentioned above, in [24]. He also,
applied to decision making problems in [27]. After Maji, the studies on the
neutrosophic soft set theory have been studied increasingly (e.g. [6] []).

From academic point of view, the neutrosophic set and operators need to
be specified because is hard to be applied to the real applications. So the con-
cept of interval neutrosophic sets [36] which can represent uncertain, imprecise,
incomplete and inconsistent information was proposed. In this paper, we first
define interval neutrosophic soft sets (INS-sets) which is generalizes the concept
of the soft set, fuzzy soft set, interval valued fuzzy soft set, intuitionistic fuzzy
soft set, interval valued intuitionistic fuzzy soft sets. Then, we introduce some
definitions and operations of interval neutrosophic soft sets. Some properties
of INS-sets which are connected to operations have been established. Also, the
aim of this paper is to investigate the decision making based on interval valued
neutrosophic soft sets. By means of level soft sets, we develop an adjustable
approach to interval valued neutrosophic soft sets based decision making and a
examples are provided to illustrate the developed approach.

The relationship among interval neutrosophic soft set and other soft sets is
illustrated as;

Soft set C Fuzzy soft set
C Intuitionistic fuzzy soft set (Interval valued fuzzy soft set)
C Interval valued intuitionistic fuzzy soft set
C Interval valued neutrosophic soft set

Therefore, interval neutrosophic soft set is a generalization other each the soft
sets.

2 Preliminary

In this section, we present the basic definitions of neutrosophic set theory [36],
interval neutrosophic set theory [36] and soft set theory [30] that are useful for



subsequent discussions. More detailed explanations related to this subsection
may be found in [6] [7, O 2] 24] 27, 36].

Definition 2.1 [/ Let U be a space of points (objects), with a generic element
in U denoted by u. A neutrosophic sets(N-sets) A in U is characterized by a
truth-membership function Ta, a indeterminacy-membership function 14 and a
falsity-membership function Fa. Ta(u); Ia(x) and Fa(u) are real standard or
nonstandard subsets of [0,1].

There is no restriction on the sum of Ta(u); Ta(u) and Fa(u), so 0 <
supTa(u) + supla(u) + supFa(u) < 3.

Definition 2.2 [36] Let U be a space of points (objects), with a generic element
in U denoted by u. An interval value neutrosophic set (IVN-sets) A in U is
characterized by truth-membership function Ta, a indeterminacy-membership
function 14 and a falsity-membership function F4. For each point u € U; Ty,
Iq and Fp C [0,1].

Thus, a IVN-sets over U can be represented by the set of

A={{Ta(u),Ia(u), Fa(u))/u:uec U}

Here, (Ta(u),Ia(u), Fa(u)) is called interval value neutrosophic number for all
w € U and all interval value neutrosophic numbers over U will be denoted by

IVN(U).

Example 2.3 Assume that the universe of discourse U = {u1,us} where uy and
characterises the quality, ua indicates the prices of the objects. It may be further
assumed that the values of u; and ug are subset of [0,1] and they are obtained
from a expert person. The expert construct an interval value neutrosophic set
the characteristics of the objects according to by truth-membership function T,
a indeterminacy-membership function I4 and a falsity-membership function Fa
as follows;

A ={{[0.1,1.0],[0.1,0.4], [0.4,0.7]) /u1, ([0.6,0.9], [0.8,1.0], [0.4, 0.6]) /uz}
Definition 2.4 [36] Let A a interval neutrosophic sets. Then, for all u € U,

1. A is empty, denoted A = a, is defined by

0={<[0,0],[1,1],[1,1] > /u:u e U}
2. A is universal, denoted A = E’, is defined by
E ={<[1,1],]0,0],[0,0] > /u:u e U}

3. The complement of A is denoted by A and is defined by

A= {<[infFa(u),supFa(u)],[1 — supla(u),1 —infls(u)l,
[infTa(u), supTa(u)] > /u:ueU}



Definition 2.5 [36] An interval neutrosophic set A is contained in the other
interval neutrosophic set B, ACB, if and only if

infTa(u) <infTs(u) supla(u) > suplp(u
supTa(u) < supTp(u) infFa(u) > infFp(u)
infla(u) > inflg(u) supFu(u) > supFp(u)

forallueU.

Definition 2.6 An interval neutrosophic number X = (T'x,Ix, Fx) is larger
than the other interval neutrosophic number Y = (Ty, Iy, Fy), denoted X<Y,
if and only if

infTx <infly suplx > suply
supTx < supTy infFx >infFy
inflx > infly supFx > supFy

Definition 2.7 [36] Let A and B be two interval neutrosophic sets. Then, for
aluecU,acRT,

1. Intersection of A and B, denoted by ANB, is defined by

ANB = {< [min(infTa(u),infTs(u)), min(supTa(u), supTp(u))],
[maz(infls(u),inflg(u)), maz(supl A(x), supIp(u))],
[maz(infFa(u),infFg(u)), max(supFa(u), supFg(u))] > /u:ue U}

2. Union of A and B, denoted by AUB, is defined by

AUB = {< [maz(infTa(u),infTs(u)), mazx(supTa(u), supTs(u))],
[min(infla(u),inflg(u)), min(supla(u), suplpg(u))],
[min(infFa(u),infFp(u)), min(supFa(u), supFg(u))] > /u:u e U}

8. Difference of A and B, denoted by AKB, is defined by

AKB = {<[min(infTa(u),infFp(u)), min(supTa(u), supFg(x))],
[max(infla(u),1 — suplg(u)), maz(supls(u),1 —inflg(u))],
[max(infFa(u),infTp(u)), maz(supF4(u), supTp(u))] > /u:ue U}

m
m

4. Addition of A and B, denoted by AT B, is defined by

A¥B = {< [min(infTa(u) +infT(u), 1), min(supTa(u) + supTp(u),1)],
[min(infIa(u) +inflg(u),1), min(supls(u) + suplp(u),1)],
[min(infFa(u) + infFg(u), 1), min(supFa(u) + supFp(u),1)] > /u:ue U}

5. Scalar multiplication of A, denoted by Ata, is defined by

Aa= {<[min(infTa(u).a,1), min(supTs(u).a,1)],
[min(infIa(u).a,1), min(supla(u).a,1)],
[min(infFa(u).a,1), min(supFa(u).a,1)] > /u:u € U}



6. Scalar division of A, denoted by A7a, is defined by

A7a = {< [min(infTa(u)/a,l), min(supTa(u)/a,1)],
[min(infla(u)/a,1), min(supla(u)/a,1)],
[min(infFa(u)/a,1), min(supFa(u)/a,1)] > /u:u e U}

7. Truth-Favorite of A, denoted by AA, is defined by

AA = {< [min(infTa(u) + infla(u),1), min(supTa(u) + supls(u),1)],[0,0],
[infFa(u), supFa(u)] > /u:ueU}

8. False-Favorite of A, denoted by 614, is defined by

VA= {<[infTa(u), supTa(u)],[0,0],
[min(infFa(u) +infla(u), 1), min(supFa(u) + supla(u),1)] > /u:u € U}

Definition 2.8 [30] Let U be an initial universe, P(U) be the power set of U,
E be a set of all parameters and X C E. Then a soft set Fx over U is a set
defined by a function representing a mapping

fx:E— PU)suchthat fx(z)=0if v ¢ X

Here, fx is called approzimate function of the soft set Fx, and the value fx(x)
is a set called z-element of the soft set for all x € E. It is worth noting that the
sets is worth noting that the sets fx(x) may be arbitrary. Some of them may be
empty, some may have nonempty intersection. Thus, a soft set over U can be
represented by the set of ordered pairs

Fx ={(z,fx(2)) :x € E, fx(x) € P(U)}

Example 2.9 Suppose that U = {u1, us, us, ug, us, ug} s the universe contains
siz house under consideration in an real agent and E = {x1 = cheap,zy =
beatiful, xs = greensurroundings, x4 = costly, x5 = large}.

A customer to select a house from the real agent. then, he can construct a
soft set Fx that describes the characteristic of houses according to own requests.
Assume that fx(x1) = {ur,u2}, fx(x2) = {wa}, fx(a3) =0, fx(xs) = U,
{u1, u2,us, ug, us} then the soft-set Fx is written by

Fx = {(z1,{u1,u2}), (z2, {u1, us, us, ue}), (x4, U), (x5, {u1, vz, us, us, us})}

The tabular representation of the soft set Fx is as follow:

U Ul U2 us Uy us Ug
1| 1 10 0 0 O
|1 0 0 1 1 1
zz| 0 0 0 0 0 O
x4 | 1 1 1 1 1 1
z5 | 1 1 1 1 1 0




Table 1: The tabular representation of the soft set Fx

Definition 2.10 [253] Let U = {uy, ua, ..., ur} be an initial universe of objects,
E ={x1,22,...,xm} be a set of parameters and Fx be a soft set over U. For any
zj € E, fx(x;) is a subset of U. Then, the choice value of an object u; € U is ¢;,
gwen by ¢; = Zj u;5, where u;; are the entries in the table of the reduct-soft-set.

That is,
v — 1, u; € fx(zj)
“ 0, wi ¢ fx(z;)

Example 2.11 Consider the above Example[2.9. Clearly,

J=1
5 5
CS—CG—EUB‘j:EUGsz
J=1 J=1

5 5 5
0220426525 ’U,szg ’U,4j=E ’U,5j=3
j=1 j=1 j=1

Definition 2.12 [10] Let Fx and Fy be two soft sets. Then,

1. Complement of Fx is denoted by F$. Its approzimate function fx<(z) =
U\ fx(z) foralzeE

2. Union of Fx and Fy is denoted by FxUFy. Its approrimate function
fxor, is defined by

Ixoy (@) = fx(@) U fy(z) forallzeE.

3. Intersection of Fx and Fy is denoted by FxNFy . Its approzimate function
Ixmy is defined by

Ixay (@) = fx(@) N fy(z) forallz e E.

3 Interval-valued neutrosophic soft sets

In this section, we give interval valued neutrosophic soft sets (ivn—soft sets)
which is a combination of an interval valued neutrosophic sets[36] and a soft
sets[30]. Then, we introduce some definitions and operations of ivn—soft sets
sets. Some properties of {vn—soft sets which are connected to operations have
been established. Some of it is quoted from [6], [7 [0, O} 2T}, 24) 27, [36].



Definition 3.1 Let U be an initial universe set, IVN(U) denotes the set of all
interval valued neutrosophic sets of U and E be a set of parameters that are
describe the elements of U. An interval valued neutrosophic soft sets(ivn-soft
sets) over U is a set defined by a set valued function Y i representing a mapping

vk : E—=IVN(U)
It can be written a set of ordered pairs
Tk ={(z,vx(z)):x € E}

Here, v, which is interval valued neutrosophic sets, is called approximate func-
tion of the ivn-soft sets Yk and vk () is called x-approzimate value of x € E.
The subscript K in the vy indicates that vy is the approrimate function of Y.

Generally, v, v, Uu,... will be used as an approximate functions of Y,
Yr, YTar, ..., respectively.

Note that the sets of all ivn-soft sets over U will be denoted by IVNS(U).
Now let us give the following example for ivn-soft sets.

Example 3.2 Let U = {uj,us} be set of houses under consideration and E
is a set of parameters which is a neutrosophic word. Consider E = {x; =
cheap,xo = beatiful, xs = greensurroundings,xs = costly,xs = large}. In
this case, we give an (ivn-soft sets) Tk over U as;

Tk = {(z1,{{[0.6,0.8],[0.8,0.9],[0.1,0.5]) /u, {[0.5,0.8],[0.2,0.9], [0.1,0.7]) /uz}),
(x2,{([0.1,0.4],[0.5,0.8],[0.3,0.7]) /uq, {[0.1,0.9], [0.6,0.9], [0.2,0.3]) /ua}),
(x3,{([0.2,0.9],[0.1,0.5],[0.7,0.8]) /uq, {[0.4,0.9],[0.1, 0.6], [0.5,0.7]) /ua}),
(x4, {{[0.6,0.9],[0.6,0.9],[0.6,0.9]) /u1, ([0.5,0.9], [0.6,0.8],[0.1,0.8]) /ua}),
(x5, {{[0.0,0.9],[1.0,1.0], 1.0, 1.1]) /uq, ([0.0,0.9],[0.8,1.0], [0.2,0.5]) /u=}) }

The tabular representation of the ivn-soft set Y is as follow:
U (751 u
x1 | ([0.6,0.8],[0.8,0.9],[0.1,0.5]) {[0.5,0.8],[0.2,0.9],[0.1,0.7])
x2 | ([0.1,0.4],[0.5,0.8],[0.3,0.7])  {[0.1,0.9],[0.6,0.9],[0.2,0.3])
zs | ([0.2,0.9],[0.1,0.5],[0.7,0.8]) {[0.4,0.9],[0.1,0.6],[0.5,0.7])
x4 | {[0.6,0.9],[0.6,0.9],[0.6,0.9]) ([0.5,0.9],[0.6,0.8],[0.1,0.8])
x5 | ([0.0,0.9],[1.0,1.0],[1.0,1.1]) ([0.0,0.9],[0.8,1.0],[0.2,0.5])

Table 1: The tabular representation of the ivn-soft set YT g

Definition 3.3 Let Tx € IVNS(U). If vk(z) = 0 for all v € E, then N is
called an empty ivn-soft set, denoted by 0.

Definition 3.4 Let Y € IVNS(U). If vi(z) = E for all z € E, then Y is
called a universal ivn-soft set, denoted by Yy .
E
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X4, 5} 18 a set of all parameters. Consider the tabular representation of the Tﬁ

Example 3.5 Assume that U
s as follows;
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The tabular representation of the Y is as follows;

x4, x5} is a set of all parameters. Consider the tabular representation of the T
1s as follows;

Example 3.7 Assume that U = {u1,us} is a universal set and E = {x1, x2, 3,

Y1, denoted by Y CYp, if vk (x)Cvr(x) for all z € E.

Definition 3.6 Let Yg, Y € IVNS(U).

The tabular representation of the Y, is as follows;




Table 5: The tabular representation of the ivn-soft set Y,
Clearly, by Definition 3.8, we have Y xCT L.

Remark 3.8 TKQTL does not imply that every element of Y is an element
of Y1, as in the definition of the classical subset.

Proposition 3.9 Let Ti, Y, Ty € IVNS(U). Then,
1. TCY5
2. T3C Tk
3. TCTk
4. TCYp and TCYy = YxCYy

Proof 3.10 They can be proved easily by using the approximate function of the
twn-soft sets.

Definition 3.11 Let Yk, Y, € IVNS(U). Then, Tk and Y are ivn-soft
equal, written as T x="p, if and only if vk (x) = v (x) for all x € E.

Proposition 3.12 Let Tg, Yy, Ty € IVNS(U). Then,
1. TK:TL and TLZT]w(:}TK:T]u
2. TKQTL and TLETK@TK:TL

Proof 3.13 The proofs are trivial.

Definition 3.14 Let Y € IVNS(U). Then, the complement Tg( of Tk is an

twn-soft set such that
v:};(:zr) =vg(x), forallxz € E.

Example 3.15 Consider the above Example[3.7, the complement T/CL\ of Y can
be represented into the following table;

U U7 ug

21 | ([0-1,0.5],]0.1,0.2],0.6,0.8]) ([0.1,0.7],[0.1,0.8], [0.5, 0.8])
zo | ([0.3,0.7],]0.2,0.5],[0.1,0.4])  ([0.2,0.3],[0.1,0.4],[0.1,0.9])
zs | {[0.7,0.8],[0.5,0.9],[0.2,0.9])  ([0.5,0.7],[0.4,0.9],[0.4,0.9])
z4 | ([0.6,0.9],[0.1,0.4],[0.6,0.9]) ([0.1,0.8],[0.2,0.4],[0.5,0.9])
zs | ([1.0,1.0],[0.0,0.0],[0.0,0.9]) ([0.2,0.5],[0.0,0.2],[0.0,0.9])

Table 6: The tabular representation of the jvn-soft set T

Proposition 3.16 Let Y € IVNS(U). Then,
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Proof 3.17 By using the fuzzy approzimate functions of the ivn-soft set, the
proofs can be straightforward.

Theorem 3.18 Let Ti € IVNS(U). Then, TxCYp < TS TS,

Proof 3.19 By using the fuzzy approzimate functions of the ivn-soft set, the
proofs can be straightforward.

Definition 3.20 Let Tk, Y, € IVNS(U). Then, union of Yk and Ty, de-
noted YUY, is defined by

Vit (@) = v (@)0vp(z)  for all z € E.

Example 3.21 Consider the above Ezample [377, the union of Tk and Y,
denoted Y kU1, can be represented into the following table;

U U1 u9

21 | {[0.6,0.8],[0.8,0.9],[0.1,0.5]) ([0.5,0.8],[0.2,0.9],[0.1,0.7])
zo | ([0.1,0.4],]0.5,0.8],[0.3,0.7])  ([0.1,0.9],[0.6,0.9],[0.2,0.3])
x5 | ([0.2,0.9],]0.1,0.5],[0.7,0.8])  ([0.4,0.9],[0.1,0.6],[0.5,0.7])
24 | ([0.6,0.9],]0.6,0.9],[0.6,0.9]) ([0.5,0.9],[0.6,0.8],[0.1,0.8])
zs | ([0.0,0.9],[1.0,1.0],[1.0,1.0])  {[0.0,0.9],[0.8,1.0],[0.2,0.5])

Table 7: The tabular representation of the ivn-soft set TKOTL

Theorem 3.22 Let Yx, Y € IVNS(U). Then, YUY is the smallest ivn—
soft set containing both Yx and Y.

Proof 3.23 The proofs can be easily obtained from Definition [T20.
Proposition 3.24 Let Ti, Yy, Ty € IVNS(U). Then,

1. YUY =Tk

2. TKOTa =Tgk

3. TKOTE =75

4. YOYp =710 Tk

5. (YOYL)OYy = Y O(YL0T )

Proof 3.25 The proofs can be easily obtained from Definition [T20.
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Definition 3.26 Let Y, Y € IVNS(U). Then, intersection of Ti and Yy,
denoted Y Y1, is defined by

UKﬁL(I) = v (x)wr(z) forallz € E.

Example 3.27 Consider the above Example [3.7, the intersection of Ti and
Y1, denoted Y DY 1, can be represented into the following table;

U Uq u9

21 | {[0.5,0.7],[0.8,0.9],[0.2,0.5]) ([0.3,0.6],[0.3,0.9],[0.2,0.8])
25 | ([0.0,0.3],]0.6,0.8],[0.3,0.9]) ([0.1,0.8],[0.8,0.9],[0.3,0.5])
x5 | ([0.1,0.7],]0.4,0.5],[0.8,0.9])  ([0.2,0.5],[0.5,0.7],[0.6,0.8])
24 | ([0.2,0.4],]0.7,0.9],[0.6,0.9]) ([0.3,0.9],[0.6,0.9],[0.3,0.9])
zs | ([0.0,0.2],[1.0,1.0],[1.0,1.0])  {[0.0,0.1],[0.9,1.0],[0.2,0.9])

Table 8: The tabular representation of the ivn-soft set TKﬁTL

Proposition 3.28 Let Yx, Yy € IVNS(U). Then, YNYy is the largest
twn— soft set containing both Yx and Y.

Proof 3.29 The proofs can be easily obtained from Definition [3.26.
Proposition 3.30 Let T, Yy, Ty € IVNS(U). Then,

1. TNYg =Tk

2. TKﬁTa = Ta

3. ’I'Kﬁ’rﬁ =Tgk

4. YYp =T ATk

5 (YxAYL)AYy = TOA(TLAT )
Proof 3.31 The proof of the Propositions 1- 5 are obvious.

Remark 3.32 Let T € IVNS(U). If Tk # Ta orTg # TE\, then TKOTE\{ #+
TE and TKﬁT(I:( #+ Ta.

Proposition 3.33 Let Tk, Y € IVNS(U). Then, De Morgan’s laws are valid
1. (TxOTL)e = TSATS
2. (TATL)E = Te.0Ts.

Proof 3.34 The proofs can be easily obtained from Definition [3.14], Definition
and Definition [3.20.

Proposition 3.35 Let Tk, Yy, Ty € IVNS(U). Then,

11



Proof 3.36 The proofs can be easily obtained from Definition[3.200 and Defini-
tion [3.20.

Definition 3.37 Let Yk, Yy € IVNS(U). Then, OR operator of Ti and Ty,
denoted Yk \/ Y1, is defined by a set valued function Yo representing a mapping

vo : Ex E— IVN(U)

where
vo(z,y) = v (z)0vr(y) for all (x,y) € E x E.

Definition 3.38 Let Yk, Yr € IVNS(U). Then, AND operator of YTk and
Y5, denoted Tk AT, is defined by is defined by a set valued function T 4

representing a mapping
va: ExE—=IVN(U)

where
va(r,y) = v ()N (y)  for all (v,y) € E x E.

Proposition 3.39 Let Tk, Yy, Ty € IVNS(U). Then,

1 (TVYTL)® = YL ATS
2 (T ATL) = T5 VTS
)

3. (TN = Y V(TLV )
4 (P ATLAT 1 = T ATLAT 1)
Proof 3.40 The proof of the Propositions 1- 4 are obvious.

Definition 3.41 Let Tk, Yy € IVNS(U). Then, difference of Tk and Ty,
denoted T \Y, is defined by
UK/\\L(‘T) = ’UK(I')\V’UL(SC) for all z € E.

Definition 3.42 Let Yk, Y, € IVNS(U). Then, addition of Tk and Yy,
denoted Y g+, is defined by

UKiL(I) = UK(I)‘T‘UL(CC) for all x € E.

12



Proposition 3.43 Let T, Y, Ty € IVNS(U).
1 Y (2)F 1 (2)=0 () F Tk (2)
2. (Tr(@)FYL(x)FTa(z) = Tr ()T (Yo (2)F T (2))

Proof 3.44 The proofs can be easily obtained from Definition [543

Then,

Definition 3.45 Let T € IVNS(U).
denoted ax Yk, is defined by

Then, scalar multiplication of Y,

axY kg = avg forallxz e E.
Proposition 3.46 Let Yk, Y, Ty € IVNS(U).
1 T (2)X T (2)="r(2) X Tk ()
2. (Tr(z)XYTr(x)XYar(x) = T (x) X (Tp(2) X T ar ()
Proof 3.47 The proofs can be easily obtained from Definition [543

Then,

Definition 3.48 Let T € IVNS(U).
Yx/a, is defined by

Then, scalar division of T, denoted

TK7Q = TK7a

Example 3.49 C’onszder the above Example[37, for a =5, the scalar division
of Y, denoted TK/E) can be represented into the following table;

forallx € E.

U U1 u9

21 | ([0.1,0.14],[0.16, 0.18],[0.04,0.1]) _ ([0.06,0.12],0.15, 0.18], [0.04, 0.16])
2o | ([0.0,0.06],[0.12,0.16],]0.16,0.18])  ([0.02,0.16],[0.16,0.18], [0.15, 0.25])
x5 | ([0.02,0.14],]0.08,0.1],[0.16,0.18])  ([0.04,0.1],[0.1,0.14],[0.12,0.16])
24 | ([0.04,0.08],[0.14,0.18],[0.12,0.18])  ([0.15,0.18], [0.12,0.18],[0.06, 0.18])
5 ([0.0,0.04], [0.2,0.2],[0.2,0.2]) ([0.0,0.05], [0.18,0.2], [0.04, 0.18])

Table 9: The tabular representation of the ivn-soft set T K75

Definition 3.50 Let T € IVNS(U).
ATk, is defined by

Then, truth-Favorite of Y, denoted

A’I‘K = A’UK forallx € E.

Example 3.51 Consider the above Example[3.7, the truth-Favorite of Tk, de-
noted AY g, can be represented into the following table;

U U7 ug

21 | ([1.0,1.0],]0.0,0.0],[0.2,0.5]) ([0.6,1.0],[0.0,0.0], 0.2, 0.8])
2o | ([0.6,1.0],[0.0,0.0],[0.3,0.9])  ([0.9,1.0],[0.0,0.0],[0.3,0.5])
zs | ([0.5,1.0],[0.0,0.0],[0.8,0.9]) ([0.7,1.0],[0.0,0.0], 0.6, 0.8])
x4 | ([0.9,1.0],[0.0,0.0],[0.6,0.9])  ([0.9,1.0],[0.0,0.0],[0.3,0.9])
zs | ([1.0,1.0],[0.0,0.0],[1.0,1.0])  ([0.9,1.0],[0.0,0.0],[0.2,0.9])




Table 10: The tabular representation of the ivn-soft set gTK

Proposition 3.52 Let T, Y, € IVNS(U). Then,

1. AAT = ATk

2. A(TxUTx)CATLUAT
3. ( )iﬁ kNAT i
4. ATFYx) = AT FATK

Proof 3.53 The proofs can be easily obtained from Definition [3.20, Definition
[7.28 and Definition [Z.50.

Definition 3.54 Let T € IVNS(U). Then, False-Favorite of Y, denoted
VYK, is defined by R _
VY =g foralxeE.

Example 3.55 Consider the above Example[3.7, the False-Favorite of T, de-
noted 7Y ik, can be represented into the following table;

U U7 ug

21 | {[0-5,0.7],]0.0,0.0],[1.0, 1.0]) ([0.3,0.6],[0.0, 0.0, [0.5, 1.0])
zo | {[0.0,0.3],[0.0,0.0],[0.9,1.0]) ([0.1,0.8],[0.0,0.0], 1.0, 1.0])
zs | ([0.1,0.7],[0.0,0.0], [1.0,1.0]) ([0.2,0.5],[0.0,0.0],[1.0,1.0])
z4 | ([0.2,0.4],[0.0,0.0], [1.0,1.0])  ([0.3,0.9],[0.0,0.0],[0.9, 1.0])
zs | ([0.0,0.2],[0.0,0.0],[1.0,1.0])  ([0.0,0.1],[0.0,0.0], 1.0, 1.0])

Table 11: The tabular representation of the ivn-soft set oY ¢
Proposition 3.56 Let Yk, Y, € IVNS(U). Then,
1 YVTREVTk
2. V(YkOTR)EVTKOV Tk
3. V(YN R)EV TNV Tk
4 V(YT Tk) = VTV Tk

Proof 3.57 The proofs can be easily obtained from Definition [3.20, Definition
[3.28 and Definition [3.57)

Theorem 3.58 Let P be the power set of all ivn— soft sets defined in the
universe U. Then (P,N,0) is a distributive lattice.

Proof 3.59 The proofs can be easily obtained by showing properties; idempo-
tency, commutativity, associativity and distributivity
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4 jvn—soft set based decision making

In this section, we present an adjustable approach to ivn—soft set based decision
making problems by extending the approach to interval-valued intuitionistic
fuzzy soft set based decision making. [40]. Some of it is quoted from [20] 23]
36, [40].

Definition 4.1 Let Tx € IVNS(U). Then a relation form of Yk is defined
by
Ry, ={(ryy(z,u)/(z,w)) : ry, (x,u) € IVN(U),z € E,u € U}

where
v ExU = IVN(U) and 1y, (z,u) = Vg (z)(u) for allz € E andu € U.
That is, Ty (T,u) = Vi (s)(u) is characterized by truth-membership function
Tk, a indeterminacy-membership function [k and a falsity-membership function
Fy. For each point x € E and uw € U; Tk, Ix and Fr C [0,1].

Example 4.2 Consider the above Example[3.7, then, ry . (z,u) = vk (5 (u) can
be given as follows

Uk (a1 (u1) = ([0.6,0.8],[0.8,0.9],[0.1,0.5]),
Uk (a1 (u2) = ([0.5,0.8],[0.2,0.9],[0.1,0.7]),
UK (2 (u1) = ([0.1,0.4],[0.5,0.8],[0.3,0.7]),
UK (2 (u1) = ([0.1,0.9],0.6,0.9],0.2,0.3]),
Uk (2 (1) = ([0.2,0.9],0.1,0.5], 0.7, 0.8]),
Uk () (u2) = ([0.4,0.9],0.1,0.6], [0.5,0.7]),
Uk () (u1) = ([0.6,0.9],0.6,0.9], 0.6, 0.9]),
UK (s (u2) = ([0.5,0.9],[0.6,0.8],[0.1,0.8]),
UK (g (u1) = ([0.0,0.9], [1.0,1.0], [1.0,1.0]),
UK () (u2) = ([0.0,0.9],[0.8,1.0],0.2,0.5]).

Zhang et al.[40] introduced level-soft set and different thresholds on different
parameters in interval-valued intuitionistic fuzzy soft sets. Taking inspiration
these definitions we give level-soft set and different thresholds on different pa-
rameters in vn—soft sets.

Definition 4.3 Let Yx € IVNS(U). For o, 8,7 C [0,1], the («,B3,7)-level
soft set of Tk is a crisp soft set, denoted (Ti; < a, 8,7 >), defined by

(TK; < a,ﬁ,7 >) = {(CL'“ {’U,ij TUG € U,/L(’U,ij) = 1}) T € E}
where,

) — 17 (aaﬂa’}/)gvK(wl)(uJ)
(i) _{ 0, others

for all u; € U.
Obviously, the definition is an extension of level soft sets of interval-valued
intuitionistic fuzzy soft sets [40].
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Remark 4.4 In Definition[{-3, o = (a1, a2) C [0,1] can be viewed as a given
least threshold on degrees of truth-membership, B = (81,02) C [0,1] can be
viewed as a given greatest threshold on degrees of indeterminacy-membership
and vy = (y1,72) C [0,1] can be viewed as a given greatest threshold on degrees of
falsity-membership. If (c, B, ”Y)%UK(:“)(U); it shows that the degree of the truth-
membership of u with respect to the parameter x is not less than «, the degree of
the indeterminacy-membership of u with respect to the parameter x is not more
than v and the degree of the falsity-membership of u with respect to the parameter
x 1s not more than . In practical applications of inv—soft sets, the thresholds
a, B, v are pre-established by decision makers and reflect decision makers re-
quirements on truth-membership levels, indeterminacy-membership levels and
falsity-membership levels, respectively.

Example 4.5 Consider the above Example[3.7
Clearly the ([0.3,0.4],[0.3,0.5],[0.1,0.2])-level soft set of Ti as follows

(TK; < [0.3, 04], [0.3, 0.5], [0.1, 02] >) = {(J,'l, {ul}), (1'4, {ul, u2})}

Note 4.6 In some practical applications the thresholds «, B, decision mak-
ers need to impose different thresholds on different parameters. To cope with
such problems, we replace a constant value the thresholds by a function as the
thresholds on truth-membership values, indeterminacy-membership values and
falsity-membership values, respectively.

Theorem 4.7 Let T, Y € IVNS(U). Then,

1. (TK;< a1, B1,71 >> and (TK;< s, B2, Y2 >) are < aq, B1,v1 >-level soft
set and < ag, B2, 72 >-level soft set of Yk, respectively.
If < ag, B2, 72 > << at, 81,71 >, then we have
(Tr; < on,B1,m >)C(Tr; < az, B2,72 >).

2. (Tr;< a,B,v >) and (Tr;< o, 8,7 >) are < a, 3,v-level soft set Ti
and Y, respectively.
If Y CYp, then we have (Yr;<a,B,7y>)C(Tr;< o, B,y >).

Proof 4.8 The proof of the theorems are obvious.

Definition 4.9 Let T € IVNS(U). Let an interval-valued neutrosophic set
< a, B,y >rg: A= IVN(U) in U which is called a threshold interval-valued
neutrosophic set. The level soft set of Y with respect to < «a, 8,7 >v, is a
crisp soft set, denoted by (Ti;< o, 8,7 >, ), defined by;

(Trs <o, B,y >y, ) = {(@i, {uij 1wy € U, p(ugy) = 1}) 1 vy € E}

where,

L < By S () S0k e (1))
lusg) _{ 0, others "

forallu; € U.
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Obviously, the definition is an extension of level soft sets of interval-valued
intuitionistic fuzzy soft sets [40)].

Remark 4.10 In Definition[{.9, o = (a1, a2) C [0,1] can be viewed as a given
least threshold on degrees of truth-membership, 8 = (81,82) C [0,1] can be
viewed as a given greatest threshold on degrees of indeterminacy-membership
and v = (y1,72) C [0,1] can be viewed as a given greatest threshold on degrees
of falsity-membership of u with respect to the parameter x.

If<a,B,v >y, (:vi)guK(mi)(u) it shows that the degree of the truth-membership
of u with respect to the parameter x is not less than «, the degree of the
indeterminacy-membership of u with respect to the parameter x is not more than
v and the degree of the falsity-membership of w with respect to the parameter x
18 not more than 3.

Definition 4.11 Let Yx € IVNS(U). Based on Tk, we can define an interval-
valued neutrosophic set < a, 3,7~ >ilrvlf: A— IVN(U) by

<a7ﬁ7’7>§‘v Z Z’UK(mI |U|
uclU

forallx € E.

The interval-valued neutrosophic set < a, 8,7 >%? is called the avg-threshold
of the ivn—soft set Tx. In the following dlscussmns, the avg-level decision
rule will mean using the avg-threshold and considering the avg-level soft set in
1wn—soft sets based decision making.

Let us reconsider the ‘vn—soft set T in Example 371 The avg-threshold

<a,B,y >'wq of Tk is an interval-valued neutrosophic set and can be calculated
as follows:
<a,B,y >'“”7 Z’UK(II) (u;)/|U] = ([0.55,0.8],[0.5,0.9],[0.1,0.6])
<a,pB,y >‘wg ZUK(M) u;)/|U| = (]0.1,0.65], [0.55,0.85], [0.25, 0.5])

<, By >3 (x3) vas) w;)/|U| = ([0.15,0.9],[0.1,0.55], [0.6,0.75])
<@, B,y >3 (24) ZUK(M) u;)/|U| = ([0.55,0.9], [0.6,0.85], [0.35, 0.85])

< By >89 (@ vas) u;)/|U| = ([0.0,0.9],[0.9,1.0], [0.6,0.75])
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Therefore, we have

<a, By >59= {{[0.55,0.8],[0.5,0.9], [0.1,0.6]) /1, ([0.1,0.65], [0.55, 0.85],
[0.25,0.5]) /22, ([0.15,0.9], 0.1, 0.55], [0.6,0.75]) /3, ([0.55, 0.9],
[0.6,0.85],[0.35,0.85]) /2.4, (0.0, 0.9], [0.9, 1.0], [0.6, 0.75]) /a5 }

Example 4.12 Consider the above Example[3.7 Clearly;

(T < a, B,y >57) = {(ws, {u2})}

Definition 4.13 Let T € IVNS(U). Based on Yk, we can define an interval-
valued neutrosophic set < a, 3,7~ >¥;{”m: A— IVNU) by

<aBy> MM o< mazueu{inf Ty . o} mazuer {supTog . o}
[minuGU{ianvK(zi)(u)}v minuGU{SuvaK(zi)(u)}]a
[minueu{infFo., @} minueco{supF, ., w} > /=i z; € E}

The interval-valued neutrosophic set < «, 3,7 >¥;{”m is called the max-min-
min-threshold of the ivn—soft set T x. In what follows the Mmm-level decision
rule will mean using the max-min-min-threshold and considering the Mmm-level

soft set in ivn—soft sets based decision making.

Definition 4.14 Let Y € IVNS(U). Based on Yk, we can define an interval-
valued neutrosophic set < a, B,y >¥'"™: A — IVN(U) by

[minuGU{ianvK(zi)(u)}v minuGU{SuvaK(zi)(u)}]a
[minuEU{ianvK(mi)(u)}u minueU{SuvaK(mi)(u)}] > /Jil HE TS E}

The interval-valued neutrosophic set < «, 8,y >¥""™ is called the min-min-

min-threshold of the ivn—soft set T . In what follows the mmm-level decision
rule will mean using the min-min-min-threshold and considering the mmm-level
soft set in ivn—soft sets based decision making.

Theorem 4.15 Let T € IVNS(U). Then, (Yi;< o, 8,7 >77), (Tk;<

o‘aﬂa’}/ >’I}/[;<nm)a(TKa< o‘aﬂa’}/ >r’I?};<nm)7(TK7< O[,B,")/ >¥;£V[M)) are the avg-

level soft set, Mmm-level soft set, mmm-level soft set, MMDM-level soft set of
Tx € IVNS(U), respectively. Then,

1. (T;< a, B,y >¥gm)§(TK; <a, B,y >%7)

2. (Tr; < o, B,y SHEM™MC(Ti; < o, B,y >Hmm)
Proof 4.16 The proof of the theorems are obvious.

Theorem 4.17 Let Yg, Y € IVNS(U). Then,
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1. Let < a1,b1,71 >vx and < agz,B2,7%2 >t be two threshold interval-
valued neutrosophic sets. Then, (Yk;< a1,B1,711 >vx) and (Ti;<
a27ﬂ2572 >TK) are < alvﬂ1571 >TK_16U61 SOﬁ set and < o‘27ﬂ2572 >TK_
level soft set of Y i, respectively.

If< Oég,ﬁg,’)@ >TK g < O‘laﬁlu/yl >TK7 then we have
(TK7 <oy, ﬂlvp)/l >TK)§(TK7 < ag, [32772 >TK)'
2. Let < o, 8,7 >v, be a threshold interval-valued neutrosophic sets.

Th6n7 (TK3< 047577 >TK> and (TL7< o‘;ﬂa’}/ >TK) are < a?ﬂvﬂy_level
soft set T and Y, respectively.

If Y CYp, then we have (Yi; < o, B,y >1,.)C(TL; < o, B, >1y)-
Proof 4.18 The proof of the theorems are obvious.

Now, we construct an jun—soft set decision making method by the following
algorithm;
Algorithm:

1. Input the tvn—soft set Tk,

2. Input a threshold interval-valued neutrosophic set < a, 8,7y > (or <
a, B, >¥;{”m, < a, B,y >F7™) by using avg-level decision rule (or Mmm-
level decision rule, mmm-level decision rule) for decision making.

avg

3. Compute avg-level soft set (Tx;< o, 8,7 >77) (or Mmm-level soft set
(Tr;< a, B,y >¥;”m), mmm-level soft set (Tx; < a, 8,7 >F)))

4. Present the level soft set (Tx; < a, 8,7 >577) (or the level soft set((Tx; <
a, B,y >¥;{”m, the level soft set (Yx; < o, B,y >¥7'™))) in tabular form.

5. Compute the choice value ¢; of u; for any u; € U,

6. The optimal decision is to select uy if ¢, = max,,cvc;.

Remark 4.19 If k has more than one value then any one of uy may be chosen.

If there are too many optimal choices in Step 6, we may go back to the second
step and change the threshold (or decision rule) such that only one optimal
choice remains in the end.

Remark 4.20 The aim of designing the Algorithm is to solve ivn—soft sets
based decision making problem by using level soft sets. Level soft sets construct
bridges between ivn—soft sets and crisp soft sets. By using level soft sets, we
need not treat ivn—soft sets directly but only cope with crisp soft sets derived
from them after choosing certain thresholds or decision strategies such as the
mid-level or the topbottom-level decision rules. By the Algorithm, the choice
value of an object in a level soft set is in fact the number of fair attributes which
belong to that object on the premise that the degree of the truth-membership
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of w with respect to the parameter x is not less than truth-membership levels,
the degree of the indeterminacy-membership of u with respect to the parame-
ter x is not more than indeterminacy-membership levels and the degree of the
falsity-membership of u with respect to the parameter x is not more than falsity-
membership levels.

Example 4.21 Suppose that a customer to select a house from the real agent.
He can construct a ivn—soft set Y i that describes the characteristic of houses
according to own requests. Assume that U = {u1,us, us, ug, us, ug} is the uni-
verse contains siz house under consideration in an real agent and E = {x1 =
cheap, xo = beatiful, x5 = greensurroundings, x4 = costly, x5 = large}.

Now, we can apply the method as follows:

1. Input the ivn—soft set Tk as,

U Uq u9

21 | {[0.5,0.7],[0.8,0.9],[0.2,0.5]) ([0.3,0.6],[0.3,0.9],[0.2,0.8])
zo | {[0.0,0.3],]0.6,0.8],[0.3,0.9]) ([0.1,0.8],[0.8,0.9],[0.3,0.5])
x5 | ([0.1,0.7],]0.4,0.5],[0.8,0.9]) ([0.2,0.5],[0.5,0.7],[0.6,0.8])
24 | ([0.2,0.4],]0.7,0.9],[0.6,0.9]) ([0.3,0.9],[0.6,0.9],[0.3,0.9])
x5 | ([0.0,0.2],[1.0,1.0],[1.0,1.0]) ([0.0,0.1],[0.9,1.0],[0.2,0.9])
U us Uy

21 | ([0.5,0.8],]0.8,0.9],[0.3,0.9]) ([0.1,0.9],[0.5,0.9], 0.2, 0.4])
25 | ([0.9,0.9],[0.2,0.3],[0.3,0.5]) ([0.7,0.9],[0.1,0.3],[0.5,0.6])
zs | ([0.8,0.9],[0.1,0.7],0.6,0.8])  ([0.8,0.9],[0.1,0.2],[0.5,0.6])
x4 | {[0.6,0.9],[0.6,0.9],[0.6,0.9]) ([0.5,0.9],[0.6,0.8],[0.5,0.8])
x5 | ([0.8,0.9],[0.0,0.4],[0.7,0.7])  {[0.7,0.9],[0.5,1.0],[0.6,0.5])
U us Ug

21 | {[0.6,0.8],[0.8,0.9],[0.1,0.5]) ([0.5,0.8],[0.2,0.9],[0.1,0.7])
zo | ([0.1,0.4],]0.5,0.8],[0.3,0.7])  ([0.1,0.9],[0.6,0.9],[0.2,0.3])
x5 | ([0.2,0.9],]0.1,0.5],[0.7,0.8])  ([0.4,0.9],[0.1,0.6],[0.5,0.7])
24 | ([0.6,0.9],]0.6,0.9],[0.6,0.9]) ([0.5,0.9],[0.6,0.8],[0.1,0.8])
z5 | ([0.0,0.9],[1.0,1.0],[1.0,1.0]) ([0.0,0.9],[0.8,1.0],[0.2,0.5])

Table 12: The tabular representation of the ivn-soft set %TK

2. Input a threshold interval-valued neutrosophic set < a, 3,7 >'wq by using
avg-level decision rule for decision making as;

<a,By> $9={([0.41,0.76],0.56,0.9],[0.18,0.63]) /a1, {[0.31,0.7],[0.46, 0.66],
0.31,0.58]) /22, ([0.41,0.8], [0.21, 0.53], [0.61, 0.76]) /x5, ([0.45, 0.81],
[0.61,0.86], [0.45, 0.86]) /2.4, ([0.25, 0.65], [0.7,0.9], [0.61, 0.76]) /a'5}

3. Compute avg-level soft set (Ti;< «, 8,7 >(wg)

(Tr; < o, B,y >77) = {(w2, {us}), (3, {ua}), (x4, {us}, (x5, {us})}
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4. Present the level soft set (Ti;< a, B, >TK) in tabular form as;

U U1 U2 us U4 us Ug
z |0 0 0O O 0 O
2|0 0 1 0 0 O
zz| 0 0 0 1 0 O
4| 0 0 0 0 0 1
zs| 0 0 1 0 0 O

Table 13: The tabular representation of the soft set F'x

5. Compute the choice value ¢; of u; for any u; € U as;

5 6 5
0120226525 ’U,lj:E ’U,szg h5j:0,
j=1 j=1 j=1
5 6
0420625 U4j:E hﬁjzl
Jj=1 Jj=1

5
C3 = E Uu3j =2
Jj=1

6. The optimal decision is to select ug since c3 = MATy,cvC;-

Note that this decision making method can be applied for group decision making
easily with help of the Definition [3.37 and Definition 3.3§]

5 Conclusion

In this paper, the notion of the interval valued neutrosophic soft sets (ivn—soft
sets) is defined which is a combination of an interval valued neutrosophic sets[36]
and a soft sets[30]. Then, we introduce some definitions and operations of
twn—soft sets sets. Some properties of ivn—soft sets which are connected to
operations have been established. Finally, we propose an adjustable approach
by using level soft sets and illustrate this method with some concrete examples.
This novel proposal proves to be feasible for some decision making problems
involving ‘vn—soft sets. It can be applied to problems of many fields that
contain uncertainty such as computer science, game theory, and so on.
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