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Abstract

In this work, we obtain the group inverse of the combinatorial Laplacian matrix of distance-
biregular graphs. This expression can be obtained trough the so-called equilibrium measures
for sets obtained by deleting a vertex. Moreover, we show that the two equilibrium arrays
characterizing distance-biregular graphs can be expressed in terms of the mentioned equilib-
rium measures. As a consequence of the minimum principle, we provide a characterization of
when the group inverse of the combinatorial Laplacian matrix of a distance-biregular graph
is an M-matrix.
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1 Introduction

One problem with the theory of distance-regular graphs is that it does not apply directly to the
graphs of generalised polygons. Godsil and Shawe-Taylor (1987), overcame this difficulty by
introducing the class of distance-regularised graphs, a natural common generalisation. These
graphs are shown to either be distance-regular or distance-biregular. This family includes the
generalised polygons and other interesting graphs. Distance-biregular graphs, which were
introduced by Delorme et al. (1983) in 1983, can be viewed as a bipartite variant of distance-
regular graph: the graphs are bipartite and for each vertex there exists an intersection array
depending on the stable component of the vertex. Thus such graphs are to distance-regular
graphs as bipartite regular graphs are to regular graphs. They also are to non-symmetric
association schemes as distance-regular graphs are to symmetric association schemes. Since
their introduction, distance-biregular graphs have received quite some attention, see (van
den Akker 1990; Curtin 1999a,b; Delorme 1994; Fiol 2013; Howlader and Panigrahi 2022;
Mohar and Shawe-Taylor 1985) or (Brouwer et al. 1989, Chapter 4) for an overview.

In the first part of this paper we compute the group inverse of the combinatorial Laplacian
matrix of distance-biregular graphs. The group inverse matrix can be seen in the framework
of discrete potential theory as the Green’s functions associated with the Laplacian operator
and it can be used to deal with diffusion-type problems on graphs, such as chip-firing, load
balancing, and discrete Markov chains. For some graph classes, the group inverse is known.
Instances of it are the work of Urakawa (1997), Bendito et al. (2000, 2010) or more recently
the study of the Green function for forests by Chung and Zeng (yyy). Other generalized
inverses, such as the Moore—Penrose inverse, have been studied. For instance, the Moore—
Penrose inverse of the incidence matrix of several graphs has been investigated by Azimi and
Bapat (2019, 2018) and Azimi et al. (2019). Nevertheless, the problem of computing group
inverses still remains wide open for most graph classes. In the first part of this paper we
obtain an explicit expression for the group inverse of the combinatorial Laplacian matrix of
a distance-biregular graph in terms of its intersection numbers. This result, together with the
group inverse of a distance-regular graph found by Bendito et al. (2010), and independently,
by Chung and Yau (2000), completes the investigation for distance-regularised graphs.

In matrix theory, the Laplacian matrix is known to be a symmetric M-matrix (a symmetric
positive semi-definite matrix with non-positive off-diagonal elements). Nonnegative matri-
ces and M-matrices have become a staple in contemporary linear algebra, and they arise
frequently in its applications. Such matrices are encountered not only in matrix analysis,
but also in stochastic processes, graph theory, electrical networks, and demographic mod-
els (Kirkland and Neumann 1995). A fundamental problem related with M-matrices is the
so-called inverse M-matrix problem, that consists in characterizing all nonnegative matrices
whose inverses are M-matrices. For singular matrices, the inverse problem was originally
posed by Neumann, Poole and Werner as follows.

Question 1 (Deutsch and Neumann 1984; Neumann et al. 1982; Kirkland and Neumann
2013, Question 3.3.8) Characterize all singular and irreducible M-matrices for which its
group inverse is also an M -matrix.

This is an open problem that has been solved for some few family of matrices. In the graph
setting, this question has been answered for weighted trees by Kirkland and Neumann (1998),
and for distance-regular graphs by Bendito et al. (2012). In a more general setting, Question
1 has been investigated for nonnegative matrices having few eigenvalues by Kirkland and
Neumann (1995), for periodic and nonperiodic Jacobi matrices by Chen et al. (1995) and for
general symmetric M-matrices whose underlying graphs are paths by Bendito et al. (2012)
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and Carmona et al. (2013). Recently, matrices whose group inverses are M-matrices were
investigated by Kalauch et al. (2021).

We answer Question 1 for distance-biregular graphs, completing, together with the known
results for distance-regular graphs (Bendito et al. 2012), the characterization of when the
group inverse of the combinatorial Laplacian matrix of a distance-regularised graph is an
M -matrix.

2 Preliminaries

The triple I' = (V, E, c¢) denotes a finite network; that is, a finite connected graph without
loops or multiple edges, with vertex set V, whose cardinality equals n > 2, and edge set E,
in which each edge {x, y} has been assigned a conductance c(x,y) > 0. The conductance
can be considered as a symmetric function c: V x V. — [0, 4+00) such that c(x, x) = 0
for any x € V and moreover, x ~ y, that is vertex x is adjacent to vertex y, iff c¢(x, y) > 0.
We define the degree function k as

k(x) =) c(x, )

yeVv

for each x € V. The usual distance from vertex x to vertex y is denoted by d(x, y) and
D = max{d(x,y) : x,y € V} stands for the diameter of I"'. We denote as I'; (x) the set
of vertices at distance i from vertex x, [';(x) = {y : d(x,y) =i}, 0 <i < D and define
ki(x) = |T;(x)|. Then,

Bi(x) =) kj(x)
j=0

is the cardinal of the i-ball centered at x. The complement of T is defined as the graph " on
the same vertices such that two vertices are adjacent iff they are not adjacent in I'; that is
x ~ yinT iffc(x, y) = 0. More generally, forany i = 1, ..., D, we denote by I'; the graph
whose vertices are those of I' and in which two vertices are adjacent iff they are at distance
i in I". Therefore for any x € V, I';(x) is the set of adjacent vertices to x in I';. Clearly I';
is the graph subjacent to the network I' and I’ = T" when D = 2.

The set of real-valued functions on V is denoted by C(V)). When necessary, we identify
the functions in C(V) with vectors in RIV! and the endomorphisms of C(V) with |V |-order
square matrices.

The combinatorial Laplacian or simply the Laplacian of the graph I is the endomorphism
of C(V) that assigns to each u € C(V) the function

L) =Y e, ) (uer) —u()) = k@ouw) = Y e, Nu@), xeV. (1)
yev yev

It is well-known that £ is a positive semi-definite self-adjoint operator and has 0 as its
lowest eigenvalue whose associated eigenfunctions are constant. So, £ can be interpreted as
an irreducible, symmetric, diagonally dominant and singular M-matrix, that in the sequel
will be denoted as L. Therefore, the Poisson equation £(u) = f on V has solution iff

> @) =0

xeV
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and, when this happens, there exists a unique solution # € C(V) such that > u(x) = 0, see

xeV
(Bendito et al. 2000).
The Green operatoris the linear operator G : C(V) — C(V) thatassignstoany f € C(V)

the unique solution of the Poisson equation L(u) = f — % > f(x)suchthat ) u(x) =0.
xeV xeV
It is easy to prove that G is a positive semi-definite self-adjoint operator and has 0 as its

lowest eigenvalue whose associated eigenfunctions are constant. Moreover, if P denotes the
projection on the subspace of constant functions then,

LoG=GoL=T—-"7P.

In addition, we define the Green functionas G : V xV —> R givenby G(x, y) = G(gy)(x),
where ¢, stands for the Dirac function at y. Therefore, interpreting G, or G, as a matrix it is
nothing else but L* the group inverse inverse of L, that coincides with its Moore—Penrose
inverse. In consequence, L* is a M-matrix iff L#(x, y) <Oforany x,y € V withx # y
and then L# can be identified with the combinatorial Laplacian matrix of a new connected
network with the same vertex set, that we denote by r#,

From now on we will say that a network I has the M -property iff L* is an M-matrix; that
is, if L provides an answer to Question 1.

In Bendito et al. (2000) it was proved that for any y € V, there exists a unique v¥ € C(V)
such that v’(y) = 0, v¥(x) > 0 for any x # y and satisfying

L) =1-ne, onV. 2)

We call v the equilibrium measure of V '\ {y} and then we define capacity as the function
cap € C(V) given by cap(y) = Y v’ (x).

Following the ideas in Bendifoe ‘e/:t al. (2000, 2012) and Urakawa (1997), we define, for
any y € V, the equilibrium array for y as the set {v”(x) : x € V} of different values taken
by the equilibrium measure of y, and we consider the length of the equilibrium array to be
£(y) = |{v?(x) : x € V\{y}}|. Since T"is connected and n > 2, we obtain that £(y) > 1 for
any y € V. On the other hand, since 0 = v (y) we obtain that {vY(x) : x € V} = {g;i(y) :
i=0,...,20)}, where 0 = go(y) < q1(y) < -+ < qey)(y). In addition, given y € V for
anyi =0,...,£¢(y), we define m; (y) = ’{x eV:iv(x)=gq (y)}’. Clearly, forany y € V
we have that

£(y) £(y)
mo(y) =1, n=y mi(y), andcap(y) =Y mi(»)gi().

i=0 i=1

In (Bendito et al. 2000, Proposition 3.12) it was shown that, forany y € V, the equilibrium
measure (and hence the equilibrium array) reflects the graph depth from y, since

v(x) =qi(y) =dx,y) <i 3)
and hence
D mj(y) < Bi(y)
j=0

forany 0 < i < D. In particular, (3) implies that if v¥(x) = ¢;(y) then x ~ y; that is, that
the minimum values of the equilibrium measure for y are attained at vertices adjacent to y
(in fact this a formulation of the so-called minimum principle).
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Ty ‘1 T

Cy C3

T3

Fig. 1 Complete graph K3

In general, when d(x, y) = i, Property (3) only assures that v¥(x) > g;(y), but the
inequality can be strict. In particular the length of some equilibrium arrays could be greater
than D.

Example 2 To illustrate the above statements, consider the complete graph K3 with vertex
set V = {x1, x2, x3} and conductances c; = c¢(x1, x2), c2 = c¢(x2, x3) and ¢3 = c(x3, X1),
see Fig. 1.

Then, keeping in mind that the Laplacian matrix is

c1+c3 —cy —C3
L = —Cc1 Cc1+c —¢ “)
—C3 —C2 C2+c3
we find that
2¢y +¢3 2¢o + ¢ 4cp 41 +¢3
Vi) = ——— () = ——————qap(x)) = ————
c1c2+cgi3 + c3c1 cien -é-czig +c3c1 clczg +£26‘3i— c3C1
c3+c2 c3 + | c3+cp+c2
V2 (x))= —————— "2 (x3) = ap(xp) = —M—
crex + 6213 +c3cq cie ercz—cﬁ +c3cq 01642 +_£263;_r €3¢
]+ c1+¢3 cp+c2+c3
W)= ——— B )= ————cap(xz) = —————.
c1c2 +c2c3 + e3¢ cle2 +c2c3 + ¢3¢ clcp +cpe3 + e3¢

So, D =1,butf(x;) =1iff c; = c¢3, £(xp) = 1iff c; = cp and £(x3) = 1 iff cp = c3.

The group inverse of the Laplacian matrix and the equilibrium measures provide an equiv-
alent information about the network structure, since the expression of L* can be obtained
from equilibrium measures and conversely. Specifically, see (Bendito et al. 2000, Proposition
3.9), the group inverse L is given by

1 ,
L¥(x, ) = —(cap(y) = n v’ (x) ®)
and this equality also implies that cap(y) = n?L*(y, y) and that
v (x) =n(L*¥(y,y) = L*(x,y)), x,yeV. (©6)
Applying the above expressions for our small example, we will get that

1 des +c1+c —2(ca +c3) +c1 —2(cy +c2) +c3
LY = 5 S —2(cr+c3)+cy 4der+cr+ez —2(c1 +c3)+ e
AQTAaGTAUN 2+ ) +e3 —20c1+e3)+er der+earta

In addition, the symmetry of the group inverse leads to the following relation for the equi-
librium measures

1
VY (x) — v (y) = ;(cap(w —cap(x)) =n (L*(y,y) = L*(x,x)), x,yeV. (D

@ Springer f DMAC



158 Page6of 16 A. Abiad et al.

From (5) the minimum principle states that a network I' has the M-property iff for any
yeV

cap(y) < nv¥(x) foranyx ~y, )

see (Bendito et al. 2012, Theorem 1). In this case, T is a subgraph of the subjacent graph of
I'* . In fact, to achieve the M-property it is sufficient to satisfy that

£(y)
D omi(»ai(y) < ngi(y)

i=1

forany y € V. Since this inequality trivially holds when £(y) = 1, and assuming the common
agreement that empty sum equals 0, we have that I" has the M-property iff

£(y)

D omiM(@ ) —a()) <qi(y) ©

i=2
for any y € V. Therefore, when £(y) = 1 for any y € V, then I' is a complete network
and moreover satisfies the M-property. As Example 2 shows, a complete network does not
necessarily satisfy the M-property: K3 has the M-property if and only if 3 max{ci, c2, c3} <
2(c1 4 c2 4 ¢3). In particular, if c; = ¢ = ¢3, then K3 has the M-property, but if for instance
c3 > 2(c1 + ¢2), then K3 does not satisfy the M-property.

3 Group inverse for distance-biregular graphs

We say that the graph I' = (V, E) is semiregular if T is bipartite with V = V,y U V1, where
the degree of each vertex in V) and the degree of each vertex in V; are (possibly different)
constants. Hereinafter, we denote these two constants as the numbers kg and k| such that
each vertex in Vj has ko neighbors and each vertex in V| has kq neighbors. In this case, we
define Dy = max{d(x,y) : y € V,x € Vy}, £ = 0, 1. Moreover, for £ = 0, 1, we denote
by £ = 1 — £. In the sequel without loss of generality we always suppose that 1 < Do < Dj.

A connected graph I' is a distance-biregular graph if T" is semiregular and for any two
vertices x and y at distance 7, the numbers |I';_1(x) N I'1(y)| and |I'j4+1(x) N T'1(y)| only
depend on i and on the stable set where x is. Remember that a stable set is a subset S of V
containing no edges of I', so in this case these sets are Vj and V.

Examples of distance-biregular graphs are the subdivision graph of minimal (k, g)-cages.
In particular, the subdivision graph of the Petersen graph is a distance-biregular graph, see
Fig.2. Also, any bipartite distance-regular graph is a distance-biregular graph with kg = k.

For x € Vy, £ = 0, 1, we define the intersection numbers by cp; = |I'i—1(x) N T1(y)|
and by ; = |Tip1(x) NI (»)], i =0, ..., Dy, with the usual agreement ¢, o = by p, = 0.
Clearly, for £ = 0, 1 it is satisfied that b0 = k¢, cg,1 = 1,b¢,1 = k; — 1, £ =0, 1 and more
generally for any i € {0, ..., Dy} the following holds

ke if i is even,

critbei= {kz if i is odd.

Therefore, a distance-biregular graph has a double intersection array which will be denoted
by

{k(;c‘@,l, ~--CK,D¢}» £=0,1.
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Fig.2 Petersen graph and its subdivision graph

i
If, fori € {0,..., D;} and x € Vy we define k¢; = |Tj(x)| and Be; = > ke, j. Then,
j=0
keo=1,k¢1 =k¢andn = By p,, £ =0, 1 and moreover the following relationships hold,
see the Lemmas 2.1—2.8 in (van den Akker 1990, Section 2.1) and the references therein.

Lemma 3 If T is a distance-biregular graphs with intersection arrays {kg; Ce1s---CU Dy },
£ =0, 1. Then,

(i) 0 < Dy — Dy < 1 and when D\ = Dy + 1, then Dy is odd.
(i) Fort =0,1,

) b
j
k@z = l_[ cr =0, , Dy
g CLiH
and hence,
keibei = keiviceivr, i=0,..., Dy
. Do—1
(ii1) kok1,2i+1 = k1k0,2j+1,f0r anyi =0,..., LOTJ
. . Do—1
(iv) co,2ic02i+1 = €1,2iC1,2i+1 and by 2i—1bo2i = b12i—1b12i foranyi =1, ..., | =5—].
(v) Fort =0,1,1 <c¢i <cj;44 and by ; > bg’inoranyi =0,..., D;— 1. Moreover,
b[J‘ ZCZJ»+1, 1= 1,...,Dz—2.
. _ cp3—1
(vi) For£ =0,1,¢p2 < (Cm_l).

(vii) For£ =0, 1, ifi + j is even and i +J < Dy, thencg; < by ;.
(viii) For€ =0, 1, ifi 4 jisoddandi + j < Dy, then c;; < bZ,j and cpi < by j.

The properties (ii), (iii) and (iv) imply that for £ = 0, 1, the intersection numbers {c¢ ;, b¢ i}
are determined by the intersection numbers {c; ;, b; ;}. In particular both sequences are the
same iff ko = k1 and in this case I is a (bipartite) distance-regular graph.

Lemma4 (vanden Akker 1990, Corollary 2.11) Let I be a distance-bipartite regular graph.
We can assume w.l.o.g. that one of the following holds

1. Dy = Dy and ko = k1, so I is a bipartite distance-regular graph.
2. Dy = D| — 1is odd and kg > k.
3. Dy = Dy is even and ko > k.
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We display some preliminary results about the intersection parameters of a distance-
biregular graphs, whose proofs are omitted since they follow trivially from (van den Akker
1990).

Lemma5 Ifky > ki, then

bii ki c1
< <

Zo,i llgo co,i
0,i 1 Coi ...
= ifi is odd.
bii ko c1

, Ifi is even,

The result provides an explicit expression of the equilibrium measure for sets V\{y}, Vy €
V of distance-biregular graphs.

Proposition 6 Let " be a distance-biregular graph with V.= Vo U Vy. Then, forany £ = 0, 1,
there exists an array q¢ of length Dy such that if x € Vi, for any y € V it holds

Vi) =qem = dx,y)=m, m=0,..., Dy.

Moreover,
m—1
n— By n— B j1
qe, =
" X:(:) kg'jbg,j 2; kl,jcé Jj
_ n—1 n—1 n—1—k
In particular, g1 = and q¢p =

+ .
ke ke(ky — 1)

Proof Take x € V; with £ = 0, 1. Assume that the value v* (y) depends only on the distance
fromx to y, thatis, thereexists g¢ ;,i = 1, ..., Dgsuchthatv'(y) = qp; < d(x,y) =1i.
Moreover, we define g, D+l = 0. Note that, since the equilibrium system £v*(y) = 1 for all
y € V \ {x} has a unique solution, then if with our hypothesis we can solve the system, such
solution must correspond to the equilibrium measure v*(y) = gy,;.

In our case, Lv¥(y) = 1 forall y € V \ {x} is equivalent to the system

(bei +coidqei —ceiqei-1 —beiqeiv1i =1, i=1,..., Dy
where ¢ = 0, 1. Multiplying by k¢ ;, we obtain
keicei(qei —qei—1) —keibei(qeiv1 —qei) =kei, i=1,..., Dy.
Since k¢ icei = kei—1b¢,i—1 and denoting ye; = ke,ibe,i(qe.i+1 — qe.i), then
Vei—1— Ye.i =kei, fori =1,..., Dy.

Observing that y, ;, = 0, then summing up

Dy
n—Bej= Y kii=Vej— Vi, = Vi,
i=j+1
for j =0,..., Dy — 1, it follows
n— By; .
qe,i+]—QZ,i=7'l, fori =0,...,D¢— 1.
ke ibe,i
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Finally, since g;,0 = 0, it follows

m—1

n— B[ j
= _— form =0,..., Dy.
qe,m Z k[,jbﬁ,j ¢
Jj=0
The expression for g, in terms of ¢; ; follows from Lemma 3 (i1). ]

The above proposition motives the definition of equilibrium arrays for a distance-biregular
graph. If I' is a distance-biregular graph, we call equilbrium arrays to the values g¢ ;, £ =0, 1
andi =0, ..., Dg. Denote my; = |{y eV vy = qg’,-}|.

Corollary 7 Let T be a distance-biregular graph with y € Vg and x € V;, £, £ =0, 1. Then,

1 1
qed(x.y) = qz,d(x,y) + (n - 1) <E B ;) '

Proof From (7) we know that v?(x) — v¥(y) = l(cap(y) - cap(x)). On the other hand,

n
cap(y) = cap(z) for any z € Vy and cap(x) = cap(w) for any w € V;. So, for £ # £, we
can choose z € Vy and w € Vi such that d(z, w) = 1, then

%(cap(y) — cap(x)) = %(cap(z) —cap(w)) = qe,1 — g1 =0—-1 (é - kll> ’
which implies that
1 1
Adxy) =4 ac,y T =1 (E B k) '

If¢ = f, the result trivially holds. O

As an straightforward application of Proposition 6 we can find the intersection array of
a distance-biregular graph in terms of the equilibrium arrays, analogously as was done in
(Bendito et al. 2000, Proposition 4.5) for distance-regular graphs.

Proposition 8 Let I' be a distance-biregular graph with equilibrium arrays qq.; for £ = 0, 1
andi =0, ..., Dy. Then, foranyi =0, ..., Dy — 1, it holds

kei =myg;,
D
1 (4
bei= e — ) me,j,
¢,i\qei+1 — qe,i =it
1 D
Clitl = e — 20 mg, j
£i+1ge,i+1 qe,i =it

The computation of the equilibrium measure is usually done using linear programming
(Bendito et al. 2000). In this regard, Proposition 8 provides a tool to calculate the intersection
arrays of a distance-biregular graph solving one linear system.

Another application of the equilibrium measure concerns the estimation of the effective
resistance of a resistive electrical network as well as the Kirchhoff Index, a well-known
parameter in the context of organic chemistry. As a consequence of Proposition 6, we deter-
mine the effective resistance of distance-biregular graphs.
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Corollary9 Let T be a distance-biregular graph with 'y € Vy and x € V, ¢, 0 =0, 1. Then,
the effective resistance bewteen x, y is

2 n=D (1 1
R(x,y) = S ded(x,y) + 0 ko ke )
4

Moreover,
1 1
K(') = cap(y) + (n — D[V (; - F) .
Y] 14

x y
Proof The result follows from Corollary 7 taking into account that R (x, y) = Vo) )

and from the fact that
K@) =2 Y Rawv) =+ (1Vileap(o) + Veleap())
= — , V) = — 7 .
> u - [Veleap(u tlcap(v
u,vevV
see (Bendito et al. 2003). ]
The next results shows the group inverse of the Laplacian of a distance-biregular graphs
in terms of the intersection arrays.

Theorem 10 Let I' be a distance-biregular graph. Then, for each'y € Vy with £ = 0, 1, the
group inverse of L is given by

Dy
1 n— By ;_ B n—B
L#(x,y):; Z - .f].l_iz 0,j— 1k( - 0, j— 1)
jmdy)+l (Gictd £jCej

Proof From (5), we know that L* (x, y) = n%(cap(y) —nvY(x)). Takey € Vy with¢ =0, 1.
Now, using Proposition 6,

Dy m
n — Bl, i—1
cap) = T 00 = 3 ki = 3 b 3 20
xeV m=0 m=0 =1 £,jCe,j
D
i kem( = Bej-1) _ Z (1= Buj-1)?
priy SN ke jce.j
Therefore,
D d(x,y)
L*( )—im_ ~n = Beji
X, yY) = . nzkg jce.j ‘ nky jce,;
j=1 R j=1 ’
D D
_ i n—Bej-1 _ZZ:BM 11— Bej-1)
= . 2k, icr
jmdmn "Resenr G ntkeee

m}

Remark 11 Observe that, since the intersection numbers of a distance-biregular graph are
related, from Theorem 10, the expression of the group inverse is equivalent to

Dy—1 Dy—1
Py =t 3 2B 15 BBy
n J—dtey) ke, jbe, | n? s ke, jbe, |
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Example 12 As an application of Theorem 10 we obtain the group inverse of the Laplacian
of a complete bipartite graph using its parameters:

Dy =2,ko,co,1 =1,co2 = ko, boo =ko,bo,1 =k —1,

= n =ko+kj.
01=2,k1,c1,1=1,c1,z=k1,b1,o=k1,b1,1=ko—1,} oA

Take x,x € Vo, X #xand y,y € Vi, J # y. Then,

1 [ ko +ki — D> k1 —1 —1)? —ko—1 R———
LA x) = = (ko + ki )+1 :(n ) +n—ko _ni-n 0
n? ko 5 ko , n2kg kon?
1 [ ko+ki —1) ko —1 n°-—n—ki
# _ _
L (y,y)—ni[ T + T ] o’
4 _n —n—ko nn—1) 1 "
L7(y,x) = o2 ko2 ——nfz—L (x, ¥),
L¥Gx) n>—n—k nmn—-1 n (n + ko)
X,X) = — — [ ,
kon? kon? kon? kon?
#oA (n + ki)
L (% ):_ k1n2

Observe that for a complete bipartite graph, it holds that L¥ is always an M-matrix. The
above expression is valid when Dy = D; = 1, and Dy = 1 and D = 2; that is, for the star
graph.

4 Distance-biregular graphs with the M-property

In this section, we answer Question 1 for distance-biregular graphs, completing, together
with the known results for distance-regular graphs (Bendito et al. 2012), the characterization
of when the group inverse of the combinatorial Laplacian matrix of a distance-regularised
graph is an M -matrix.

Proposition 13 Let " be a distance-biregular graph. Then, T has the M -property if and only
if, it holds

Do—1

2

j=1

Do

! ( Z ko,i)zf (nl;l)-

ko jbo.j N 7,

Proof We know that a graph I' satisfies the M-property if and only if the entries of L¥ (x, y) <
0 for all x ~ y. The result follows from using that

Dy
koo =1, boo =ko, and » ko;j=n— 1.

i=1

O
Remark 14 The condition from Proposition 13 is equivalent to
Di—1 Dy
1 2 (n—1
ki) = : (10)
Z k]yjb]’j( Z ! k1

j=1 i=j+1

Using Proposition 13 we can also obtain the following necessary condition for a distance-
biregular graph having the M-property.
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Corollary 15 If T is a distance-biregular graph with the M -property and Do > 2, then

n < 2ky + ko.

Proof Since Dy > Dy > 2, from Proposition 13 we obtain that

Di—1

1 i 2 o)
k1’1b1’1<§k1’i) : Z kljblj( Z kl’) = .

ki

Now, observing that

Dy 2
1 2 (n—k -1
<Zkl’i> _r—a-)
kiabia N kiby,1
we get
(n—k—1D*< (= Db =n—ko—1) <>
(n—1*=2ki(n—1)+k3 < (n— (ko — 1) =
k2
n—2ky + 1 — ko <0,
n—1
2
and since ”le] > 0, the result follows. O

Note that the inequality n < 2k; + ko turns out to be a strong restriction for a distance-
biregular graph to have the M -property. Observe that such condition implies that the distance-
biregular graph needs to be quite dense.

The following result generalizes the above observation by showing that only distance-
biregular graphs with small D, can satisfy the M-property. A related result appeared in
(Bendito et al. 2012, Proposition 5), where it was shown that the diameter of a distance-
regular graphs with the M-property must be at most 3.

Proposition 16 If I is a distance-biregular graph with the M-property, then D1 < 4 and
Do < 3.

Proof By means of a contradiction, assume Dy, D; > 4. Then,
l4+ke+keo+kes <l+ke+keo+kes+kes <n.

We can assume that kg > k1, since otherwise I' is a bipartite distance-regular graphs and
hence Dy = D; < 3, see (Bendito et al. 2012, Proposition 5). Then,

Finally, from Corollary 15 it follows that n + 1 < 1 + 2ko + k; < n, a contradiction. O
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As an application of Proposition 16, we classify distance-biregular graphs having the
M -property. We follow the notation from (van den Akker 1990).

Case 1: Do = D; = 1. This case corresponds to a digon that is a distance-regular and has
the M-property.

Case 2: Dy = 1, D1 = 2. This case corresponds to star graphs, which are known to have the
M -property, see (Carmona et al. 2014; Kirkland and Neumann 1998) or Example
12.

Case 3: Dyg = D1 = 2. This case corresponds to a complete bipartite graph (see Example
12).

Case 4: Do = D; = 3. This case corresponds to a bipartite distance-regular graph (van den
Akker 1990, Section 5.1), and thus it was already studied in Bendito et al. (2012).
In this case, the intersection array is {k, k — 1, k —u; 1, u, k},where 1 < pu <k—1
and p divides k(k — 1). They are antipodal iff @ = k — 1. Otherwise, they are the
incidence graphs of nontrivial square 2 — % k, /L) designs. Therefore, kK —  must

be a square, see (Brouwer et al. 1989, Th. 1.10.4).

Proposition 17 (Bendito et al. 2012, Proposition 13) A bipartite distance-regular graph with
D = 3 satisfies the M -property if and only if

4k

— <pu<k-1

5 = n=

and these inequalities imply that k > 5. In particular, if 1 < u < k — 1, then either I or
'3 has the M -property, except when k — 1 < 5u < 4k, in which case none of them has the
M -property.

Case 5: Do =3, D = 4 with kg > kj. In (van den Akker 1990, Proposition 5.3) it is shown that
I" is the point-line incidence graph of a quasi-symmetric design with x = 0 if and only
if I' is a distance-biregular graph with Dy = 3, D1 = 4 and intersection array

r; 1, A, k
{k; Ly, @k}
y
Recall thata2-(v, k, A) quasi-symmetric design is a design with two intersection numbers,
and we are interested in those having x = 0 < y < k. Moreover, kA needs to be a multiple
of y, thatis, kA = ay, o € N. Also, recall that » > A. Moreover, since By p, = Bi,p,, it

holds that (y — 1)(r — 1) = (k — 1)(A — 1), see also (Baartmans and Shrikhande 1982)
for a proof based on design techniques.

Next, using the condition in Proposition 13 with r = ko, k = ki, we obtain a necessary
and sufficient condition for a distance-biregular graph with Dy = 3, D; = 4 to have the
M -property.

Proposition 18 A distance-biregular graph with diameters Dy = 3, D1 = 4 has the M-
property if and only if

k — 1)(r — A)((k +r)? - Ak) < K22,

Proof We use Proposition 13 to obtain:

(k0,3)2 =< (nk_o 1).
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Keeping in mind that

ko=r, boy=k—1,byo=r—2,
k—1) k=10 -2
, ko3 =r ,
A ’ A k

koo=1, ko1 =7, koo =r

we get that

n—1 k—1)
=1
r + Mk

After performing some simplifications on the first inequality, the desired result follows. 0O

(k+r—2).

Finally, we study the M -property for some classes of distance-biregular graphs with Dy =
3and D; = 4.

Example 19 Consider the point-line incident graph of the affine plane A(2, n) of order n,
whose intersection array is

n+1;1,1,n

n; I, 1,n,n|"

It is easy to check that it does not verify the inequality in Proposition 13 and hence it does
not verify the M-property.

Example20 Let I' = S(K,+1) be the subdivision graph of the the complete graph K,
of order r + 1. This provides a class of distance-biregular graphs with diameters Do = 4,
Dy = 3 and parameters

Dy=3, ko=r,co1=co2=1,c03=2,bp0=r,bp1=1,bpp=r—1,
D=4 ki=2cri=cipo=lLcaz=cra=2,b10=2,b11=r—1,b1p=1,
b1,3 :r—2;

which does not hold the condition from Proposition 13, and thus does not have the M-
property. In fact, we can find the group inverse. We denote L?’ = L*(x,y) when y € V,
and d(x, y) = j. Then,

y _rr+3)HQr+3) r+3)?-2) r2+7r +8
Loow= oo L= oo Loe= T e o
(r—i—lz) (r+2) r+D?(r+2) (r+ D*(r+2)
4 2(r° +5r +5)
Los=——""Tvpo 12
(r + D2(r +2)
and
[ _ENEASI 2w —d) 302 -2) ¢ _ r=r’—18r—20
O 42422 T e D222 T 20 4+ D20 + 2%
L __2(r2+5r+5) 1 _ 3G+
1,3 — 1.4 —

r+ D2 +2)% r+ D +2)%

For the classification of existing quasi-symmetric 2-designs, see (Shrikhande 2007, Table
48.25). We should note that for the existing quasi-symmetric 2-designs with x = 0, none
passes the condition from Proposition 18.

The above discussion extends the results in Bendito et al. (2012) and completes the clas-
sification of distance-regularised graphs that have the M -property. There, it was shown that
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if there are distance-regular graphs with valency k¥ > 3 and diameter D > 2 having the
M -property, then they have at most 3k vertices and D < 3. Also in Bendito et al. (2012), it
was conjectured that there is no primitive distance-regular graph with diameter 3 having the
M -property. This conjecture was shown to be true except possibly for finitely many primitive
distance-regular graphs (Koolen and Park 2013, Theorem 1).

In view of the above results, we conclude this paper with the following conjecture.

Conjecture 21 There are no point-line incidence graphs of a 2-quasi-symmetric design with
x = 0 that have the M-property.
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